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Abstract In this paper, we derive several identities of
symmetry in three variables related to Carlitz-type g-Euler
polynomials and alternating g-power sums. These and most
of their identities are new, since there have been results
only about identities of symmetry in two variables. The
derivations of identities are based on the fermionic p-adic
g-integral expressions of the generating functions for the
Carlitz-type g-Euler polynomials.
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Introduction

Let p be a prime number with p = 1 (mod 2). Throughout
this paper, Z,, Q, and C,, will, respectively, denote the ring
of p-adic integers, the field of p-adic rational numbers and
the completion of algebraic closure of Q,. Let |-|, be the

normalized p-adic absolute value with |p|,= % and let g be

. . . . 1
an indeterminate in C, with [l —g¢[,<p™ 7. For a
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continuous function f : Z, — C,,, the fermionic p-adic g-
integral on Z, is defined by Kim to be [9-17]

1,(f) = / O, (x)
1 A=

(1)
- ,\}E{}C PV, ;f(x)(*qu
where [x]_ = %ﬁy and [x], = 11:‘?.
From (1), we have
ql—4(fi) +1-4(f) = [2],/(0), (2)
where f(x) = f(x + 1).
In general, one derives that
n—1
q'Lg(f) + (1)1 (F) = 21,2 _(=1)"""'d ),
1=0
(3)
where f,(x) = f(x+n), (n>1).
So, for n = 1 (mod 2),
n—1
0"Iq(f) +1-4(f) = 21, (=1)'d’F (0); (4)
=0
for n = 0 (mod 2),
n—1
q"Iq(fn) = 1-4(f) = —[20,>_(=1)'af(0). (5)
=0

In particular, for g = 1, we have

) = [ a0 = im S 6

x=0

and
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I (fi) + 11(f) = 2/(0). (7)

As is well known, the ordinary Euler polynomials are de-
fined by the generating function to be

2 . “E "
et+1e 7; "(x)a (8)

(see [1-24]). When x = 0, E,, = E,,(0) are called the Euler
numbers.
From (5) and (6), we can easily derive

2 - "
(x+y)t _ xt __ b
/ T 0) = e =D B (9)
By (7), we get
Ey=1, (E+ 1)”+En = 250’,1, (10)

[11, 16, 17] with the usual convention about replacing E"

by E,.
" /n
< >X”’ / ydu, (y)
=0 ! Zy

From (9), we note that

E,(x) = / (e y)'du_y () =

_ g(?);c"—fa.
(1)

In light of (10), the Carlitz-type g-Euler numbers are given
by

q(g€q+1)"+Enq = [2],0n0,

with the usual convention about replacing Sg by £, (see
[10, 12, 15]).
The g-Euler polynomials are defined by (see [10, 16])

Ena(x) = (7€, +14,)"

(n>0), (12)

(13)
= Z( ) q"Ergld)
From (2), we derive
o " _ ]t
Z‘E‘n,(/a - ” e dlu—q(y)
n=0 ‘p N (14)
_ [Z]qZ(—l)mqme[m]"t,
m=0
and
N AN A
Zgnq(x)n!* Ze du_,(y)
n=0 P N (15)
=21, (=1)"gmelm i
m=0

Y4
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By (13) and (15), we get

-y (’; )q“szﬁq@) N

=0
Z( ) ", ()

Explicit expressions for Carlitz-type g-Euler numbers can
be obtained, for example, from their generating functions :

Eng(x+y)
(16)

_ [2]4 - n 1\ Ix 1
) =gt () g )
and
LR YIAVIRNER
Ena = (1 _q)n =0 (l>( b 1+gtt (18)

b (x) in

terms of the following multiple fermionic p-adic g-integral

on Z,
-

ey 4 dpdp ) - dpeg (k)
(19)

In [10, 14, 15], Kim introduced the polynomials Sfjlq

In particular, if k = 1, Sﬁf(;l)(x) will be simply denoted by
8<h>( ) so that

EW(x) = /Z q" " x + i, (y). (20)
,7
One can derive the following explicit expression of
ER (x) -
[Z]k " /n 1
gﬁlh,k) X) = q _ < ) 1) I Ix 7
o =g 2 )T g

(21)

where (x:q),= "1y (see [10,
14, 15]).
The following simple facts will be used over and over

again :

fat8],=

(I =x)(1 —xq)--- (1 —xq

ORVAOR (22)
From (22), one can show

(a4 Bl 4, (23)
(ab], = la], ],

In this paper, we give several identities of symmetry in
three variables related to Carlitz-type g-Euler polynomials
and alternating g-power sums which are derived from the

la+b+cl=
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triple fermionic p-adic g-integral on Z,. These and most of
their identities are new, since there have been results only
about identities of symmetry in two variables.

Symmetric identities of g-Euler polynomials

First, we will consider the following triple integral which is
obviously invariant under any permutations of wy, wy, wj.
This simple observation is the philosophy that underlies
this paper.

Let

1:/ eIW2wsxiHwiwsxaFwiwaxs+wiwaws (v +y2+33)],
Z?

X i s (61)B_gores (62)HL_oren (33). (24)

It is not difficult to show that

[Wawsxi + wiwsxa +wiwaxs + wiwaws(yi +y2 +y3)],

waws (.

= [waws], [x1 + Wiyt jows +4q Htwi) wiws], [x2 + waya] s

+ qwzws(xl+vv1}'1)+W1W3(Xz+wzyz)[Wle}q[XS 4 W3y3]qw,w2.

(25)

So the integrand of I is

e [wawsx1Hwiwsxatwiwaxs+wiwaws (v +y2+y3)]

— ebvawsl eitwiy]paws 104" (b g w3], [xatwaya] epwy t

eqwzw3<r1 +wpyp)+wiws (xp+way2) [WIWZ],,[X3+W3)’3]4W1 ot
00

k 1 m_wiwaws(I+m)y
=> > <k L ) [waws]g[wiws]g [wiwa]g'q

n=0  k-+l+m=n

wlwzw-;myzqwzw; (I4+m)x, [xl

xXq + lel] ‘2‘3qWIW3mX2 [x2 + W2)’2] wiw3

n

m t
X [x3 4+ w3ys] g, } o
(26)
Thus the integral in (24) is

-~ n m % m)y

n=0 \ k+l+m=n

% qW|W2W3my2 / qwzm (I4+m)x [xl + W]yl] de'u_ - (xl)
Z

‘»

% / qwnmmxz [XZ + WZYZKI“‘]WS (jl‘uiqw]w3 (XZ)
z,
I

X / [xs + W3y3]Z’wlw2 du_ g, (x3)} =
z, n!

5|

n=0

n
Z (k l m) [W2W3}§[W1W3}l [Wlwﬂmqwlwzw;(l+m)v

k+l+m=n
tﬂ
quwzmm}zg lfr:lvtl)(wlyl)gg,’::r]}g (Wzyz)gmiquz (W3y3)} ; .
(27)

Thus, we get the following theorem.

Theorem 1 Let wi, wy, w3 be any positive integers, n any
nonnegative integer. Then the following expression is in-
variant under any permutations of wi,wa,ws, so that it
gives us six symmetries:

n

% qw1w2w3myzgl(€l;-m’€l:;1) (w11 )gl(’;‘:ll (Wzyz)gmyqum (wsy3)

) [W2W3]5[W1W3}l [Wlwz]mq‘”lww%(”m)}l

" m_wiwow m
- < )[W1W3]5[W2W3}1[W1W2] g™ 3(14+m)y;
iy Nk, l,m

(I+m+1)
WIWaWw3my,
X ¢ E g (

n

WIWaW3my, 5]((l+m+1)
g

21N (W132)Emgriva (W3Y3)

) [W1W3]5[W1W2]l [W2w3]mqw]wzw1(1+m)

1
x q (way1)EY i (W332)Emgrans (W1y3)

>

_ ( "
k+I+m=n k l m

(I4+m+1)
WIWaW3ny)
X ¢ &, g

) [waws s [wiwa], [wyws]l g s
(wiyi )Sl(r;fll (W32)Emgrvs (W2y3)

n m_wiwow: m)y
B <m )WW£MWﬂMwﬂq‘“W>
k+1+m=n y bhm

wiwawymy, o(l+m+1)
x g™ gk‘qwlwz (

n
_k+l+zm n<k l m

X CIW'Wzmmyzgkl;ﬁ]) (w3yi )SETIQ (W2y2)Emgravs (W1y3).-

1
YOEE (W1Y2)Enmgrs (W2y3)

) [Wl Wz]]; [Wl W3]l [wzw3]mqwl waws (I-+m)y;

We define, for nonnegative integers n,m,w, K, ,(w|q)

as
Kum(Wlg) =Y (=1)'q"[ily. (28)
i=0
In particular, for w = 0, or m = 0, we have
1, if m=0

Kym 0 = 29

W ={y Gro 29)
and
Kio(wlg) = [w+1]_ (30)

We now apply the formula of (3) as follows :

Clnl—q(fn)*‘(_l)nill—q qz ) - l 1),

(31)
with
f(x) — e[wlwzx]qz"/lq _ qwlwz//’ n=ws.

From (35), we have

@ Springer
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(qw,wz)w;/z e[w'WZ('le)]"ldH,qnlnz (x> + (_l)w,afl/z [mw x| ‘d,u o |Wz( )

P P

=11 w2
(71)m, qmwzle[mn’[]qt

:x) [wiwa] t "
_ (71)W371[z}qWIWZZKI.m(WS _ l‘qwlwz)(liz)

m!
=S {wwaly

m=0

m

/ g g A wal e, (1) l[x]q e Z)dﬂ g (X )}
Zp

m!’

X

(32)

Thus, by (32), we obtain the following lemma.
Lemma 2 Let wy, wy be any positive integers.

(i) For ws =1 (mod 2), we have

WIWaW3
1 /
JZ,

'

e[wlwz(I+W3)]"td/l,qu]uz ()C) + / e[w'|w'z)n]qrd#7q“|»2 (X)
JZ,

P

m=0

wi—1

_ [2]([“|W2 Z (71)iqw|w2ie[wlwzi]ql

i=0

- [ ] t m
_ [z]qh’plzZKl.nl(W} _ l‘q‘VLWZ)M.

|
m=0 m:

(i) For w3 =0 (mod 2), we have

qw|wzn*3 /7 e[mw;()Her)],,ldlLL(flw2 (X) _ /7 [n.uz(] ldﬂ o 2( )

Zp JZ,

i{ wiws] / < M'"ZM[Xers]q oy — X ] )du o ,(x)};’l—n

m=0

wi—1

— = Rl Y (1)l
i=0

m
0
([W1W2]ql‘)
- [2][]“‘1 wy Z Kl m (W3 -1 ‘qwun) - 5 -

|
m=0 m:

Consider the following sum of triple integrals.

I :qW]WZWB/ el2wsxiHwiwsxa Wi waxsfwiwaws (y1+y2+1)] 1
Z3

X A gy (261) A gy (302) At gy (X3)

+ / elwawsxitwiwsxatwiwaxsHwiwaws (1))t
Z?

X A s (201) A gy (02)dpt_ gy (X3),

(33)
which is obviously invariant under any permutations of wy,
Wwo, W3,

For simplicity, we put

@ Springer

- Z{[WIWZ] / e M x+ W3]q w2 +[)C]q VI z)d/-‘ "2 ()C)} ﬁ

m!

a=alx) = qW2W3(XI+WI)’l)’ b=b(x) = qwlm(xﬁwzyz).
(34)
Then, from (33), we note that

I = Z[W2W3] [W'W3]‘1k'l'/ e 4 Wiy 62+ wayalgns
k,1=0

o0 [Wlwz]q (abt)"™
o

m=0

« /ZP <qw|wzw3 [XS + W3}lewz +[x3]:;lw|wz ) d,uqum‘z (X3)}
X d.u—qwz“‘s (Xl )dﬂ—qwl”’z (x2)~
(35)
Assume now that w3 = 1 (mod 2). Then, by (i) of Lemma
2, we get

]1 —[2 g"1m Z [WzWa [W1Wq] [W1W2]
k,l,m=0

X KLm(W3 - 1‘qW1W2)/

amxy +wy yl]zwzw3 A gows (x1)
z

‘P

4 N !

></ b’”[x2+wzyz];nmdu,q.‘m (x2).
Z

»

(36)

Recovering a = g"2W3W+win) | p = gwiwsetway) I can be
rewritten as

) tk+l+m
1 m
o E [waws] W1W3]q[W1W2]

9 1))
Ko k'!'m!

wiw wiwaws(I4+m)y; wiwawsny:
XKlm(W3—1|q 1 2) 1waws ( ),lq 1W2W3nys

% / qwzw3(1+m)xl [xl 4 lel}l;wzwg d'uiqu3 (xl)
Z,

P

X / quW3mx2 [)C2 + W2y2]i1w1“'3 d:u—q"'lwz (xz)
Z,

P

:io: [Z}qwlwz Z

( n
n=0 k+l4+m=n k’l’m

wiw, wiwaws (I4+m)y; wiwawsmy
Klm(W3_1‘CI ! 2) 1waws( ),lq 1W2w3my)

) [waws]g [wiws]g wiwa]y

n

(I+m m+1 7
x & Zwtl) (wlyl)gﬁ,,,»ﬁ»% (Wzyz)} e
(37)

As the expression in (37) is invariant under any permuta-
tions of wi,wy, w3 and it is equal to (37) provided that
w3 =1 (mod 2), we see that the expression in the curly
bracket of (37) is invariant under any permutations of
wi, wa, w3, when w; =w, = w3 =1 (mod 2). Instead of
the sum of triple integrals in (33), we now consider their
difference, namely,
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qW1W2W3 / e[w’2w3x1 FwiwsxaFwiwaxsFwiwaws (yi+y2+1)], 1 I =[] Nwmzil(,l)iqw:wi/ oDl bwin] s
z s z
- d”—q“’2”‘3 (XI )d'u_qWI h (XZ)d'u_qw}wz (X3) (38) X e[wwj]" [xﬁwzyﬁ%i] 3 mdll-qwzwz (x1 )d“—quz (x2)
[wawsx; +wiwsxa+wiwaxs+wiwaws (v +y2)] ¢
— & q wy—1 ) ) K ! . ,
Z?) :[z]quz Z (_l)lqwlwzl Z qulwzwgl)l [W2W3]q[W1W3]q
i=0 kl=0"""
X A gy (1) A gy (02)dpt_ gy (X3),

. .o . . X Y PR Y T
which is invariant under any permutations of wy,ws,ws. /z,,q bet v Qg (1)
Proceeding analogously to the above and using (ii) of - w, 1!
Lemma 2, we see that (38) is equal to the negative of the x /Z {XZ w2y +Wj’} qwduqum (x2)

» 3 :
expression in (37), provided that w3 = 0 (mod 2). Thus, we
. i . e " (n
see that the expression in curly bracket of (37) is invariant = {[2](1,,',122( > 5}({»’;1;;1>(W1 y1)g s =k [szﬂz fwpws]l
under any permutations of wi,wy, w3, when w; = w, = n=0 k=0 \ k
w3 = 0 (mod 2). R i < ws ) r
_ _ S (1) g E s (wayy 2 ) b

Thus, we obtain the following theorem. ;( Va e \ w2 00 )

Theorem 3 Let wi, wy, w3 be positive integers satisfying (41)

either wi =wy =w3 =1 (mod 2) or wi =w, =w3 =0
(mod 2). Then, for any nonnegative integer n, the following
expressions

n (I+m+1)
2] oo E ( )5
! k-+l4+m=n k’ l’ m

kg @"o0) (WU(I)yl)

1
X €ty (Wo@2) Kim (W) — 11g"0"7)
> qwlwzvvg(l+m)y] qwlwzw'gmyz I:WG'(Z)WJ<3)]z

m

1
x [WoyWos)], [Wo) W]

are all the same for any ¢ € Sj.

Remark 1 We can obtain many interesting identities by
letting w3 = 1 or wy, = w3 = 1, in view of (29). However,
writing those down requires much space and so we omit it.

With the same

waws (x1+wiyr) wiws (x2+way2)

a=dq ) b= q 3
I, can be written as

Il :/ e[wzw>3]q[x]+w1y1]qw2w3 te[w]W3]q[x2+w2y2]qwlw3 at
z,

X dpt_ gy ()cl)d,tzﬂ]»1-l»1-3 (x2)

% / <qw|wzw3e[wlwz(X3+vV3)]qabr + e[wlwzx3]qabt) d‘uiqu2 (X3).
Z,

(39)
Let w3 = 1 (mod 2). Then, from (i) of Lemma 2, the inner
integral in (39) is

W371

[2] e Z (f 1 )iqwl Wzie[wl wZi]qabt.
i=0

(40)

So (40) is equal to

Recalling that I, is invariant under any permutations of
wi, wp, w3 and it is equal to (41) for w3 = 1 (mod 2), we
see that the expression in the curly bracket of (41) is in-
variant under any permutations of wy, w;, w3, when w; =
wy = w3 = 1 (mod 2). Also, starting from (39), using (ii) of
Lemma 2, and proceeding analogous to the above, we see
that the expression in the curly bracket of (41) is also in-
variant under any permutations of wy,w,, w3, when w; =
wy =w3 =0 (mod 2). Thus, we have the following
theorem.

Theorem 4 Let wi,wy, w3 be positive integers satisfying
either wi =wy, =w3 =1 (mod 2) or wy =w, =w3 =0
(mod 2). Then, for any nonnegative integer n, the following
expressions

. n n—k+1 wiwaws(n—k)y k
[z}qw”(””"(z) Z ( k)gl(s'.q"'ﬂm“?am (Wﬁ(l)y‘)q twaws(o—En [WG(Z)WJ@)L
k=0

Wo3)—1

—k i i Wo(2) .
x [Wa(nwa(z)}z Z (=1)'q " @ E) oty vas) (WJ(Z)YZ + Wisz’)
i=0

are all the same for any ¢ € S3.

Remark 2 In view of (29), by specializing w3 =1 or
wy = w3 = 1, we can obtain many interesting identities.
However, we will omit those, as this requires much space.
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