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Abstract In this paper, we derive several identities of

symmetry in three variables related to Carlitz-type q-Euler

polynomials and alternating q-power sums. These and most

of their identities are new, since there have been results

only about identities of symmetry in two variables. The

derivations of identities are based on the fermionic p-adic

q-integral expressions of the generating functions for the

Carlitz-type q-Euler polynomials.

Keywords Carlitz-type q-Euler polynomial � Fermionic
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Introduction

Let p be a prime number with p � 1 (mod 2). Throughout

this paper, Zp, Qp and Cp will, respectively, denote the ring

of p-adic integers, the field of p-adic rational numbers and

the completion of algebraic closure of Qp. Let �j jp be the

normalized p-adic absolute value with pj jp¼ 1
p

and let q be

an indeterminate in Cp with 1� qj jp\p�
1

p�1. For a

continuous function f : Zp ! Cp, the fermionic p-adic q-

integral on Zp is defined by Kim to be [9–17]

I�q fð Þ ¼
Z
Zp

f xð Þdl�q xð Þ

¼ lim
N!1

1

pN½ ��q

XpN�1

x¼0

f xð Þ �qð Þx;
ð1Þ

where x½ ��q¼
1� �qð Þx

1þq
and x½ �q¼

1�qx

1�q
.

From (1), we have

qI�q f1ð Þ þ I�q fð Þ ¼ 2½ �qf 0ð Þ; ð2Þ

where f1 xð Þ ¼ f xþ 1ð Þ.
In general, one derives that

qnI�q fnð Þ þ �1ð Þn�1
I�q fð Þ ¼ 2½ �q

Xn�1

l¼0

�1ð Þn�1�l
qlf lð Þ;

ð3Þ

where fn xð Þ ¼ f xþ nð Þ, n� 1ð Þ.
So, for n � 1 (mod 2),

qnI�q fnð Þ þ I�q fð Þ ¼ 2½ �q
Xn�1

l¼0

�1ð Þlqlf lð Þ; ð4Þ

for n � 0 (mod 2),

qnI�q fnð Þ � I�q fð Þ ¼ � 2½ �q
Xn�1

l¼0

�1ð Þlqlf lð Þ: ð5Þ

In particular, for q ¼ 1, we have

I�1 fð Þ ¼
Z
Zp

f xð Þdl�1 xð Þ ¼ lim
N!1

XpN�1

x¼0

f xð Þ �1ð Þx; ð6Þ

and
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I�1 f1ð Þ þ I�1 fð Þ ¼ 2f 0ð Þ: ð7Þ

As is well known, the ordinary Euler polynomials are de-

fined by the generating function to be

2

et þ 1
ext ¼

X1
n¼0

En xð Þ tn

n!
ð8Þ

(see [1–24]). When x ¼ 0, En ¼ En 0ð Þ are called the Euler

numbers.

From (5) and (6), we can easily deriveZ
Zp

e xþyð Þtdl�1 yð Þ ¼ 2

et þ 1
ext ¼

X1
n¼0

En xð Þ tn

n!
: ð9Þ

By (7), we get

E0 ¼ 1; E þ 1ð ÞnþEn ¼ 2d0;n; ð10Þ

[11, 16, 17] with the usual convention about replacing En

by En.

From (9), we note that

En xð Þ ¼
Z
Zp

xþ yð Þndl�1 yð Þ ¼
Xn

l¼0

n

l

� �
xn�l

Z
Zp

yldl�1 yð Þ

¼
Xn

l¼0

n

l

� �
xn�lEl:

ð11Þ

In light of (10), the Carlitz-type q-Euler numbers are given

by

q qEq þ 1
� �nþEn;q ¼ 2½ �qdn;0; n� 0ð Þ; ð12Þ

with the usual convention about replacing En
q by En;q (see

[10, 12, 15]).

The q-Euler polynomials are defined by (see [10, 16])

En;q xð Þ ¼ qxEq þ x½ �q
� �n

¼
Xn

l¼0

n

l

� �
qlxEl;q x½ �n�l

q :
ð13Þ

From (2), we derive

X1
n¼0

En;q
tn

n!
¼
Z
Zp

e y½ �qtdl�q yð Þ

¼ 2½ �q
X1
m¼0

�1ð Þmqme m½ �qt;

ð14Þ

and

X1
n¼0

En;q xð Þ tn

n!
¼
Z
Zp

e xþy½ �qtdl�q yð Þ

¼ 2½ �q
X1
m¼0

�1ð Þmqme mþx½ �qt:

ð15Þ

By (13) and (15), we get

En;q xþ yð Þ ¼
Xn

l¼0

n

l

� �
qlxEl;q yð Þ x½ �n�l

q

¼
Xn

l¼0

n

l

� �
q n�lð ÞxEn�l;q yð Þ x½ �lq:

ð16Þ

Explicit expressions for Carlitz-type q-Euler numbers can

be obtained, for example, from their generating functions :

En;q xð Þ ¼
2½ �q

1� qð Þn
Xn

l¼0

n

l

� �
�1ð Þlqlx 1

1þ qlþ1
; ð17Þ

and

En;q ¼
2½ �q

1� qð Þn
Xn

l¼0

n

l

� �
�1ð Þl 1

1þ qlþ1
: ð18Þ

In [10, 14, 15], Kim introduced the polynomials E h;kð Þ
n;q xð Þ in

terms of the following multiple fermionic p-adic q-integral

on Zp :

E h;kð Þ
n;q xð Þ ¼

Z
Zp

� � �
Z
Zp

q
Pk

l¼1
h�lð Þyl

� xþ y1 þ � � � þ yk½ �nqdl�q y1ð Þ � � � dl�q ykð Þ:
ð19Þ

In particular, if k ¼ 1, E h;1ð Þ
n;q xð Þ will be simply denoted by

E hð Þ
n;q xð Þ so that

E hð Þ
n;q xð Þ ¼

Z
Zp

q h�1ð Þy xþ y½ �nqdl�q yð Þ: ð20Þ

One can derive the following explicit expression of

E h;kð Þ
n;q xð Þ :

E h;kð Þ
n;q xð Þ ¼

2½ �kq
1� qð Þn

Xn

l¼0

n

l

� �
�1ð Þn�l

qlx 1

�qlþh; q�1ð Þk
;

ð21Þ

where x : qð Þn¼ 1� xð Þ 1� xqð Þ � � � 1� xqn�1ð Þ (see [10,

14, 15]).

The following simple facts will be used over and over

again :

aþ b½ �q¼ a½ �qþqa b½ �q: ð22Þ

From (22), one can show

aþ bþ c½ �q¼ a½ �qþqa b½ �qþqaþb c½ �q; ð23Þ

ab½ �q¼ a½ �q b½ �qa :

In this paper, we give several identities of symmetry in

three variables related to Carlitz-type q-Euler polynomials

and alternating q-power sums which are derived from the
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triple fermionic p-adic q-integral on Zp. These and most of

their identities are new, since there have been results only

about identities of symmetry in two variables.

Symmetric identities of q-Euler polynomials

First, we will consider the following triple integral which is

obviously invariant under any permutations of w1;w2;w3.

This simple observation is the philosophy that underlies

this paper.

Let

I ¼
Z
Z

3
p

e w2w3x1þw1w3x2þw1w2x3þw1w2w3 y1þy2þy3ð Þ½ �qt:

� dl�qw2w3 x1ð Þdl�qw1w3 x2ð Þdl�qw1w2 x3ð Þ: ð24Þ

It is not difficult to show that

w2w3x1 þ w1w3x2 þ w1w2x3 þ w1w2w3 y1 þ y2 þ y3ð Þ½ �q
¼ w2w3½ �q x1 þ w1y1½ �qw2w3þqw2w3 x1þw1y1ð Þ w1w3½ �q x2 þ w2y2½ �qw1w3

þ qw2w3 x1þw1y1ð Þþw1w3 x2þw2y2ð Þ w1w2½ �q x3 þ w3y3½ �qw1w2 :

ð25Þ

So the integrand of I is

e w2w3x1þw1w3x2þw1w2x3þw1w2w3 y1þy2þy3ð Þ½ �qt

¼ e w2w3½ �q x1þw1y1½ �qw2w3 teqw2w3 x1þw1y1ð Þ w1w3½ �q x2þw2y2½ �qw1w3 t

� eqw2w3 x1þw1y1ð Þþw1w3 x2þw2y2ð Þ w1w2½ �q x3þw3y3½ �qw1w2 t

¼
X1
n¼0

X
kþlþm¼n

n

k; l;m

� �
w2w3½ �kq w1w3½ �lq w1w2½ �mq qw1w2w3 lþmð Þy1

(

� qw1w2w3my2 qw2w3 lþmð Þx1 x1 þ w1y1½ �kqw2w3 qw1w3mx2 x2 þ w2y2½ �lqw1w3

� x3 þ w3y3½ �mqw1w2

o tn

n!
:

ð26Þ

Thus the integral in (24) is

I ¼
X1
n¼0

X
kþlþm¼n

n

k; l;m

� �
w2w3½ �kq w1w3½ �lq w1w2½ �mq qw1w2w3 lþmð Þy1

(

� qw1w2w3my2

Z
Zp

qw2w3 lþmð Þx1 x1 þ w1y1½ �kqw2w3 dl�qw2w3 x1ð Þ

�
Z
Zp

qw1w3mx2 x2 þ w2y2½ �lqw1w3 dl�qw1w3 x2ð Þ

�
Z
Zp

x3 þ w3y3½ �mqw1w2 dl�qw1w2 x3ð Þ
)

tn

n!

¼
X1
n¼0

X
kþlþm¼n

n

k; l;m

� �
w2w3½ �kq w1w3½ �lq w1w2½ �mq qw1w2w3 lþmð Þy1

(

�qw1w2w3my2E lþmþ1ð Þ
k;qw2w3 w1y1ð ÞE mþ1ð Þ

l;qw1w3 w2y2ð ÞEm;qw1w2 w3y3ð Þ
o tn

n!
:

ð27Þ

Thus, we get the following theorem.

Theorem 1 Let w1;w2;w3 be any positive integers, n any

nonnegative integer. Then the following expression is in-

variant under any permutations of w1;w2;w3, so that it

gives us six symmetries:

X
kþlþm¼n

n

k; l;m

� �
w2w3½ �kq w1w3½ �lq w1w2½ �mq qw1w2w3 lþmð Þy1

� qw1w2w3my2E lþmþ1ð Þ
k;qw2w3 w1y1ð ÞE mþ1ð Þ

l;qw1w3 w2y2ð ÞEm;qw1w2 w3y3ð Þ

¼
X

kþlþm¼n

n

k; l;m

� �
w1w3½ �kq w2w3½ �lq w1w2½ �mq qw1w2w3 lþmð Þy1

� qw1w2w3my2E lþmþ1ð Þ
k;qw1w3 w2y1ð ÞE mþ1ð Þ

l;qw2w3 w1y2ð ÞEm;qw1w2 w3y3ð Þ

¼
X

kþlþm¼n

n

k; l;m

� �
w1w3½ �kq w1w2½ �lq w2w3½ �mq qw1w2w3 lþmð Þy1

� qw1w2w3my2E lþmþ1ð Þ
k;qw1w3 w2y1ð ÞE mþ1ð Þ

l;qw1w2 w3y2ð ÞEm;qw2w3 w1y3ð Þ

¼
X

kþlþm¼n

n

k; l;m

� �
w2w3½ �kq w1w2½ �lq w1w3½ �mq qw1w2w3 lþmð Þy1

� qw1w2w3my2E lþmþ1ð Þ
k;qw2w3 w1y1ð ÞE mþ1ð Þ

l;qw1w2 w3y2ð ÞEm;qw1w3 w2y3ð Þ

¼
X

kþlþm¼n

n

k; l;m

� �
w1w2½ �kq w2w3½ �lq w1w3½ �mq qw1w2w3 lþmð Þy1

� qw1w2w3my2E lþmþ1ð Þ
k;qw1w2 w3y1ð ÞE mþ1ð Þ

l;qw2w3 w1y2ð ÞEm;qw1w3 w2y3ð Þ

¼
X

kþlþm¼n

n

k; l;m

� �
w1w2½ �kq w1w3½ �lq w2w3½ �mq qw1w2w3 lþmð Þy1

� qw1w2w3my2E lþmþ1ð Þ
k;qw1w2 w3y1ð ÞE mþ1ð Þ

l;qw1w3 w2y2ð ÞEm;qw2w3 w1y3ð Þ:

We define, for nonnegative integers n;m;w, Kn;m wjqð Þ
as

Kn;m wjqð Þ ¼
Xw

i¼0

�1ð Þiqni i½ �mq : ð28Þ

In particular, for w ¼ 0, or m ¼ 0, we have

Kn;m 0jqð Þ ¼
1; if m ¼ 0

0; if m [ 0;

�
ð29Þ

and

Kn;0 wjqð Þ ¼ wþ 1½ ��qn : ð30Þ

We now apply the formula of (3) as follows :

qnI�q fnð Þ þ �1ð Þn�1
I�q fð Þ ¼ 2½ �q

Xn�1

l¼0

�1ð Þn�1�l
qlf lð Þ;

ð31Þ

with

f ðxÞ ¼ e w1w2x½ �qt;00q ¼ qw1w2 00; n ¼ w3:

From (35), we have

Math Sci (2014) 8:147–152 149

123



qw1w2ð Þw3

Z
Zp

e w1w2 xþw3ð Þ½ �qtdl�qw1w2 xð Þ þ �1ð Þw3�1

Z
Zp

e w1w2x½ �qtdl�qw1w2 xð Þ

¼ 2½ �qw1w2

Xw3�1

l¼0

�1ð Þw3�1�l
qw1w2le w1w2l½ �qt

¼ �1ð Þw3�1
2½ �qw1w2

X1
m¼0

K1;m w3 � 1jqw1w2ð Þ
w1w2½ �qt

� �m

m!

¼
X1
m¼0

w1w2½ �mq
n

�
Z
Zp

qw1w2w3 x1 þ w3½ �mqw1w2þ �1ð Þw3�1
x½ �mqw1w2

� �
dl�qw1w2 xð Þ

)
tm

m!
:

ð32Þ

Thus, by (32), we obtain the following lemma.

Lemma 2 Let w1;w2 be any positive integers.

(i) For w3 � 1 (mod 2), we have

qw1w2w3

Z
Zp

e w1w2 xþw3ð Þ½ �qtdl�qw1w2 xð Þ þ
Z
Zp

e w1w2x½ �qtdl�qw1w2 xð Þ

¼
X1
m¼0

w1w2½ �mq
Z
Zp

qw1w2w3 xþ w3½ �mqw1w2þ x½ �mqw1w2

� �
dl�qw1w2 xð Þ

( )
tm

m!

¼ 2½ �qw1w2

Xw3�1

i¼0

�1ð Þiqw1w2ie w1w2i½ �qt

¼ 2½ �qw1w2

X1
m¼0

K1;m w3 � 1jqw1w2ð Þ
w1w2½ �qt

� �m

m!
:

(ii) For w3 � 0 (mod 2), we have

qw1w2w3

Z
Zp

e w1w2 xþw3ð Þ½ �qtdl�qw1w2 xð Þ �
Z
Zp

e w1w2x½ �qtdl�qw1w2 xð Þ

¼
X1
m¼0

w1w2½ �mq
Z
Zp

qw1w2w3 xþ w3½ �mqw1w2� x½ �mqw1w2

� �
dl�qw1w2 xð Þ

( )
tm

m!

¼� 2½ �qw1w2

Xw3�1

i¼0

�1ð Þiqw1w2ie w1w2i½ �qt

¼� 2½ �qw1w2

X1
m¼0

K1;m w3 � 1jqw1w2ð Þ
w1w2½ �qt

� �m

m!
:

Consider the following sum of triple integrals.

I1 ¼ qw1w2w3

Z
Z

3
p

e w2w3x1þw1w3x2þw1w2x3þw1w2w3 y1þy2þ1ð Þ½ �qt

� dl�qw2w3 x1ð Þdl�qw1w3 x2ð Þdl�qw1w2 x3ð Þ

þ
Z
Z

3
p

e w2w3x1þw1w3x2þw1w2x3þw1w2w3 y1þy2ð Þ½ �qt

� dl�qw2w3 x1ð Þdl�qw1w3 x2ð Þdl�qw1w2 x3ð Þ;
ð33Þ

which is obviously invariant under any permutations of w1,

w2, w3.

For simplicity, we put

a ¼ a x1ð Þ ¼ qw2w3 x1þw1y1ð Þ; b ¼ b x2ð Þ ¼ qw1w3 x2þw2y2ð Þ:

ð34Þ

Then, from (33), we note that

I1 ¼
X1
k;l¼0

w2w3½ �kq w1w3½ �lq
tkþl

k!l!

Z
Z

2
p

al x1 þ w1y1½ �kqw2w3 x2 þ w2y2½ �lqw1w3

�
X1
m¼0

w1w2½ �mq abtð Þm

m!

(

�
Z
Zp

qw1w2w3 x3 þ w3½ �mqw1w2þ x3½ �mqw1w2

� �
dl�qw1w2 x3ð Þ

)

� dl�qw2w3 x1ð Þdl�qw1w3 x2ð Þ:
ð35Þ

Assume now that w3 � 1 (mod 2). Then, by (i) of Lemma

2, we get

I1 ¼ 2½ �qw1w2

X1
k;l;m¼0

w2w3½ �kq w1w3½ �lq w1w2½ �mq
tkþlþm

k!l!m!

� K1;m w3 � 1jqw1w2ð Þ
Z
Zp

alþm x1 þ w1y1½ �kqw2w3 dl�qw2w3 x1ð Þ

�
Z
Zp

bm x2 þ w2y2½ �lqw1w3 dl�qw1w3 x2ð Þ:

ð36Þ

Recovering a ¼ qw2w3 x1þw1y1ð Þ, b ¼ qw1w3 x2þw2y2ð Þ, I1 can be

rewritten as

I1 ¼ 2½ �qw1w2

X1
k;l;m¼0

w2w3½ �kq w1w3½ �lq w1w2½ �mq
tkþlþm

k!l!m!

� K1;m w3 � 1jqw1w2ð Þqw1w2w3 lþmð Þy1 qw1w2w3my2

�
Z
Zp

qw2w3 lþmð Þx1 x1 þ w1y1½ �kqw2w3 dl�qw2w3 x1ð Þ

�
Z
Zp

qw1w3mx2 x2 þ w2y2½ �lqw1w3 dl�qw1w3 x2ð Þ

¼
X1
n¼0

2½ �qw1w2

X
kþlþm¼n

n

k; l;m

� �
w2w3½ �kq w1w3½ �lq w1w2½ �mq

(

� K1;m w3 � 1jqw1w2ð Þqw1w2w3 lþmð Þy1 qw1w2w3my2

� E lþmþ1ð Þ
k;qw2w3 w1y1ð ÞE mþ1ð Þ

l;qw1w3 w2y2ð Þ
o tn

n!
:

ð37Þ

As the expression in (37) is invariant under any permuta-

tions of w1;w2;w3 and it is equal to (37) provided that

w3 � 1 (mod 2), we see that the expression in the curly

bracket of (37) is invariant under any permutations of

w1;w2;w3, when w1 � w2 � w3 � 1 (mod 2). Instead of

the sum of triple integrals in (33), we now consider their

difference, namely,

150 Math Sci (2014) 8:147–152
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qw1w2w3

Z
Z

3
p

e w2w3x1þw1w3x2þw1w2x3þw1w2w3 y1þy2þ1ð Þ½ �qt

� dl�qw2w3 x1ð Þdl�qw1w3 x2ð Þdl�qw1w2 x3ð Þ

�
Z
Z

3
p

e w2w3x1þw1w3x2þw1w2x3þw1w2w3 y1þy2ð Þ½ �qt

� dl�qw2w3 x1ð Þdl�qw1w3 x2ð Þdl�qw1w2 x3ð Þ;

ð38Þ

which is invariant under any permutations of w1;w2;w3.

Proceeding analogously to the above and using (ii) of

Lemma 2, we see that (38) is equal to the negative of the

expression in (37), provided that w3 � 0 (mod 2). Thus, we

see that the expression in curly bracket of (37) is invariant

under any permutations of w1;w2;w3, when w1 � w2 �
w3 � 0 (mod 2).

Thus, we obtain the following theorem.

Theorem 3 Let w1;w2;w3 be positive integers satisfying

either w1 � w2 � w3 � 1 (mod 2) or w1 � w2 � w3 � 0

(mod 2). Then, for any nonnegative integer n, the following

expressions

2½ �qwr 1ð Þr 2ð Þ

X
kþlþm¼n

n

k; l;m

� �
E lþmþ1ð Þ

k;q
wr 2ð Þwr 3ð Þ wr 1ð Þy1

� �

� E mþ1ð Þ
l;q

wr 1ð Þwr 3ð Þ wr 2ð Þy2

� �
K1;m wr 3ð Þ � 1jqwr 1ð Þwr 2ð Þ

� �

� qw1w2w3 lþmð Þy1 qw1w2w3my2 wr 2ð Þwr 3ð Þ
	 
k

q

� wr 1ð Þwr 3ð Þ
	 
l

q
wr 1ð Þwr 2ð Þ
	 
m

q

are all the same for any r 2 S3.

Remark 1 We can obtain many interesting identities by

letting w3 ¼ 1 or w2 ¼ w3 ¼ 1, in view of (29). However,

writing those down requires much space and so we omit it.

With the same

a ¼ qw2w3 x1þw1y1ð Þ; b ¼ qw1w3 x2þw2y2ð Þ;

I1 can be written as

I1 ¼
Z
Z

2
p

e w2w3½ �q x1þw1y1½ �qw2w3 te w1w3½ �q x2þw2y2½ �qw1w3 at

� dl�qw2w3 x1ð Þdl�qw1w3 x2ð Þ

�
Z
Zp

qw1w2w3 e w1w2 x3þw3ð Þ½ �qabt þ e w1w2x3½ �qabt
� �

dl�qw1w2 x3ð Þ:

ð39Þ

Let w3 � 1 (mod 2). Then, from (i) of Lemma 2, the inner

integral in (39) is

2½ �qw1w2

Xw3�1

i¼0

�1ð Þiqw1w2ie w1w2i½ �qabt: ð40Þ

So (40) is equal to

I1 ¼ 2½ �qw1w2

Xw3�1

i¼0

�1ð Þiqw1w2i

Z
Z

2
p

e w2w3½ �q x1þw1y1½ �qw2w3 t

� e
w1w3½ �q x2þw2y2þw2

w3
i

h i
qw1w3

at

dl�qw2w3 x1ð Þdl�qw1w3 x2ð Þ

¼ 2½ �qw1w2

Xw3�1

i¼0

�1ð Þiqw1w2i
X
k;l¼0

tkþl

k!l!
qw1w2w3ly1 w2w3½ �kq w1w3½ �lq

�
Z
Zp

qw2w3lx1 x1 þ w1y1½ �kqw2w3 dl�qw2w3 x1ð Þ

�
Z
Zp

x2 þ w2y2 þ
w2

w3

i

� �l

qw1w3

dl�qw1w3 x2ð Þ

¼
X1
n¼0

2½ �qw1w2

Xn

k¼0

n

k

 !
E n�kþ1ð Þ

k;qw2w3 w1y1ð Þqw1w2w3 n�kð Þy1 w2w3½ �kq w1w3½ �n�k
q

(

�
Xw3�1

i¼0

�1ð Þiqw1w2iEl;qw1w3 w2y2 þ
w2

w3

i

� �)
tn

n!
:

ð41Þ

Recalling that I1 is invariant under any permutations of

w1;w2;w3 and it is equal to (41) for w3 � 1 (mod 2), we

see that the expression in the curly bracket of (41) is in-

variant under any permutations of w1;w2;w3, when w1 �
w2 � w3 � 1 (mod 2). Also, starting from (39), using (ii) of

Lemma 2, and proceeding analogous to the above, we see

that the expression in the curly bracket of (41) is also in-

variant under any permutations of w1;w2;w3, when w1 �
w2 � w3 � 0 (mod 2). Thus, we have the following

theorem.

Theorem 4 Let w1;w2;w3 be positive integers satisfying

either w1 � w2 � w3 � 1 (mod 2) or w1 � w2 � w3 � 0

(mod 2). Then, for any nonnegative integer n, the following

expressions

2½ �qwr 1ð Þwr 2ð Þ

Xn

k¼0

n

k

� �
E n�kþ1ð Þ

k;q
wr 2ð Þwr 3ð Þ wr 1ð Þy1

� �
qw1w2w3 n�kð Þy1 wr 2ð Þwr 3ð Þ

	 
k
q

� wr 1ð Þwr 3ð Þ
	 
n�k

q

Xwr 3ð Þ�1

i¼0

�1ð Þiqwr 1ð Þwr 2ð ÞiEl;q
wr 1ð Þwr 3ð Þ wr 2ð Þy2 þ

wr 2ð Þ
wr 3ð Þ

i

� �

are all the same for any r 2 S3.

Remark 2 In view of (29), by specializing w3 ¼ 1 or

w2 ¼ w3 ¼ 1, we can obtain many interesting identities.

However, we will omit those, as this requires much space.
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