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Received: 5 June 2014 / Accepted: 18 September 2014 / Published online: 2 October 2014

� The Author(s) 2014. This article is published with open access at Springerlink.com

Abstract In the present paper, we introduce the Eulerian

polynomials attached to v using p-adic q-integral on Zp.

Also, we give some new interesting identities via the

generating functions of Dirichlet’s type of Eulerian poly-

nomials. In addition, by applying Mellin transformation to

the generating function of Dirichlet’s type of Eulerian

polynomials, we define Eulerian L type function which

interpolates Dirichlet’s type of Eulerian polynomials at

negative integers.
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Introduction

Recently, Kim et al. have studied on the Eulerian polyno-

mials and derived Witt’s formula for the Eulerian poly-

nomials together with the relations between Genocchi,

Tangent and Euler numbers. For more on this and related

issues, see, e.g., [1]. Looking at the arithmetic works of T.

Kim, Y. Simsek, H. M. Srivastava and other related

mathematicians, they have introduced many various gen-

erating functions for types of the Bernoulli, the Euler, the

Genocchi numbers and polynomials and derived some new

interesting identities (see [1–28] for a systematic work).

Kim originally defined the p-adic integral on Zp based

on the q-integers (called p-adic q-integral on Zp) and

showed that this integral is related to non-archimedean

combinatorial analysis in mathematical physics such as the

functional equation of the q-zeta function, the q-Stirling

numbers and q-Mahler theory, and so on. We refer the

reader to [4, 5].

We now briefly summarize some properties of the usual

Eulerian polynomials:

The Eulerian polynomials An xð Þ are defined as (known

as the generating function of Eulerian poynomials)

eA xð Þt ¼
X1

n¼0

An xð Þ tn

n!
¼ 1� x

et 1�xð Þ � x
ð1Þ

where we have used An xð Þ :¼ An xð Þ, symbolically. The

Eulerian polynomials can be generated via the recurrence

relation:

A tð Þ þ t � 1ð Þð Þn�tAn tð Þ ¼
1� t if n ¼ 0

0 if n 6¼ 0;

�
ð2Þ

(for details, see [1]).

Suppose that p be a fixed odd prime number.

Throughout this paper, we use the following notations. By

Zp, we denote the ring of p-adic rational integers, Q

denotes the field of rational numbers, Qp denotes the field

of p-adic rational numbers, and Cp denotes the completion

of algebraic closure of Qp. Let N be the set of natural

numbers and N
� ¼ N [ 0f g.

The normalized p-adic absolute value is defined by
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pj jp¼
1

p
:

In this paper, we assume q� 1j jp\1 as an indeterminate.

Let UD Zp

� �
be the space of uniformly differentiable

functions on Zp. For a positive integer d with d; pð Þ ¼ 1,

set

X ¼ Xm ¼ lim
m 

Z=dpm
Z;

X� ¼ [
0\a\dp

a;pð Þ¼1

aþ dpZp

and

aþ dpm
Zp ¼ x 2 X j x � a mod dpmð Þf g;

where a 2 Z satisfies the condition 0� a\dpm.

Firstly, for introducing fermionic p-adic q-integral, we

need some basic information which we state here. A

measure on Zp with values in a p-adic Banach space B is a

continuous linear map

f 7!
Z

f ðxÞl ¼
Z

Zp

f ðxÞlðxÞ

from C0ðZp;CpÞ, (continuous function on Zp ) to B. We

know that the set of locally constant functions from Zp to

Qp is dense in C0ðZp;CpÞ so.

Explicitly, for all f 2 C0ðZp;CpÞ, the locally constant

functions

fn ¼
Xpm�1

i¼0

f ðiÞ1iþpmZp
! f in C0

Now, set lðiþ pm
ZpÞ ¼

R
Zp

1iþpmZp
l. Then

R
Zp

f l is given

by the following Riemann sum

Z

Zp

f l ¼ lim
m!1

Xpm�1

i¼0

f ðiÞlðiþ pm
ZpÞ

The following q-Haar measure is defined by Kim in [2] and

[4]:

lqðaþ pm
ZpÞ ¼

qa

½pm�q

So, for f 2 UD Zp

� �
, the p-adic q-integral on Zp is defined

by Kim as follows:

Iq fð Þ ¼
Z

Zp

f gð Þdlq gð Þ ¼ lim
n!1

1

pn½ �q

Xpn�1

g¼0

qgf gð Þ: ð3Þ

The bosonic integral is considered as the bosonic limit q!
1; I1 fð Þ ¼ limq!1 Iq fð Þ. In [8, 9] and [10], similarly, the p-

adic fermionic integration on Zp is defined by Kim as

follows:

I�q fð Þ ¼ lim
q!�q

Iq fð Þ ¼
Z

Zp

f xð Þdl�q xð Þ: ð4Þ

By (4), we have the following well-known integral

equation:

qnI�q fnð Þ þ �1ð Þn�1
I�q fð Þ ¼ 2½ �q

Xn�1

l¼0

�1ð Þn�1�l
qlf lð Þ

ð5Þ

Here fn xð Þ :¼ f xþ nð Þ. By (5), we have the following

equalities:

If n odd, then

qnI�q fnð Þ þ I�q fð Þ ¼ 2½ �q
Xn�1

l¼0

�1ð Þlqlf lð Þ: ð6Þ

If n even, then we have

I�q fð Þ � qnI�q fnð Þ ¼ 2½ �q
Xn�1

l¼0

�1ð Þlqlf lð Þ: ð7Þ

Substituting n ¼ 1 into (6), we readily see the following

qI�q f1ð Þ þ I�q fð Þ ¼ 2½ �qf 0ð Þ: ð8Þ

Replacing q by q�1 in (8), we easily derive the following

I�q�1 f1ð Þ þ qI�q�1 fð Þ ¼ 2½ �qf 0ð Þ: ð9Þ

In [1], Kim et al. considered f ðxÞ ¼ e�x 1þqð Þt in (9) and

derived Witt’s formula of the Eulerian polynomials as

follows:

For n 2 N
�,

I�q�1 xnð Þ ¼ �1ð Þn

1þ qð ÞnAn �qð Þ: ð10Þ

In the next section we will introduce I�q�1 v xð Þxnð Þ based

on the fermionic p-adic q-integral in the p-adic integer ring

which will be known as the Eulerian polynomials attached

to v (or Dirichlet’s type of Eulerian polynomials) and we

will give some new properties.

On the Dirichlet’s type of Eulerian polynomials

Throughout this section, we always make use of d as an

odd natural number. Firstly, we consider the following

equality using (6):
Z

Zp

f xþ dð Þdl�q�1 xð Þ þ qd

Z

Zp

f xð Þdl�q�1 xð Þ

¼ 2½ �q
X

0� l� d�1

�1ð Þlqd�lþ1f lð Þ:
ð11Þ

Let v be a Dirichlet character of conductor d; which is any

multiple of p (=odd). Then, substituting f ðxÞ ¼
v xð Þe�x 1þqð Þt in (11), we compute as follows:
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Z

Zp

v xþ dð Þe� xþdð Þ 1þqð Þtdl�q�1 xð Þ

þ qd

Z

Zp

v xð Þe�x 1þqð Þtdl�q�1 xð Þ

¼ 2½ �q
X

0� l� d�1

�1ð Þlqd�lþ1v lð Þe�l 1þqð Þt

After some applications, we see that
Z

Zp

v xð Þe�x 1þqð Þtdl�q�1 xð Þ

¼ 2½ �q
Xd�1

l¼0

�1ð Þlqd�lþ1v lð Þ e�l 1þqð Þt

e�d 1þqð Þt þ qd
:

ð12Þ

Let F q t j vð Þ ¼
P1

n¼0An;v �qð Þ tn

n!. Then, we introduce the

following definition of generating function of Dirichlet’s

type of Eulerian polynomials.

Definition 1 For n 2 N
�, we define the following:

X1

n¼0

An;v �qð Þ tn

n!
¼ 2½ �q

Xd�1

l¼0

�1ð Þlqd�lþ1v lð Þ e�l 1þqð Þt

e�d 1þqð Þt þ qd
:

ð13Þ

By (12) and (13), we state the following theorem which

is the Witt’s formula for Dirichlet’s type of Eulerian

polynomials.

Theorem 2.1 The following identity holds true:

I�q�1 v xð Þxnð Þ ¼ �1ð Þn

1þ qð ÞnAn;v �qð Þ: ð14Þ

Using (13), we discover the following applications:

X1

n¼0

An;v �qð Þ tn

n!
¼ 2½ �q

Xd�1

l¼0

�1ð Þlqd�lþ1v lð Þ e�l 1þqð Þt

e�d 1þqð Þt þ qd

¼ 2½ �q
Xd�1

l¼0

�1ð Þlq�lþ1v lð Þe�l 1þqð Þt
X1

m¼0

�1ð Þmq�mde�md 1þqð Þt

¼ q 2½ �q
X1

m¼0

Xd�1

l¼0

�1ð Þlþmdv lþmdð Þq� lþmdð Þe� lþmdð Þ 1þqð Þt

¼ q 2½ �q
X1

m¼0

�1ð Þmv mð Þq�me�m 1þqð Þt:

Thus, we get the following theorem.

Theorem 2.2 The following

F q t j vð Þ ¼
X1

n¼0

An;v �qð Þ tn

n!
¼ 2½ �q

X1

m¼0

�1ð Þmv mð Þe�m 1þqð Þt

qm�1

ð15Þ

is true.

By considering Taylor expansion of e�m 1þqð Þt in (15), we

procure the following theorem.

Theorem 2.3 For n 2 N, we have

�1ð Þn

q 1þ qð Þnþ1
An;v �qð Þ ¼

X1

m¼1

�1ð Þmv mð Þmn

qm
: ð16Þ

From (14) and (16), we easily derive the following

corollary:

Corollary 2.4 For n 2 N, we have

lim
n!1

Xpn�1

m¼1

�1ð Þmv mð Þmn

qmþ1
¼ 2

X1

m¼1

�1ð Þmv mð Þmn

qm�1
:

We now give distribution formula for Dirichlet’s type of

Eulerian polynomials using p-adic q-integral on Zp, as

follows:

Z

Zp

v xð Þxndl�q�1 xð Þ ¼ lim
m!1

1

dpm½ ��q�1

Xdpm�1

x¼0

�1ð Þxv xð Þxnq�x

¼ dn

d½ ��q�1

Xd�1

a¼0

�1ð Þav að Þq�a

� lim
m!1

1

pm½ ��q�d

Xpm�1

x¼0

�1ð Þx a

d
þ x

� �n

q�dx

 !

¼ dn

d½ ��q�1

Xd�1

a¼0

�1ð Þav að Þq�a

Z

Zp

a

d
þ x

� �n

dl�q�d xð Þ:

Thus, we state the following theorem.

Theorem 2.5 The following identity holds true:

�1ð Þn

1þ qð ÞnAn;v �qð Þ ¼ dn

d½ ��q�1

Xd�1

a¼0

�1ð Þav að Þq�a

�
Z

Zp

a

d
þ x

� �n

dl�q�d xð Þ:
ð17Þ

Notice that the Eq. (17) is related to q-Genocchi poly-

nomials with weight zero, eGn;q xð Þ, and q-Euler polyno-

mials with weight zero, eEn;q xð Þ, which is defined by Araci

et al. and Kim and Choi in [21] and [11], respectively, as

follows:

eGnþ1;q xð Þ
nþ 1

¼ lim
m!1

1

pm½ ��q

Xpm�1

y¼0

�1ð Þy xþ yð Þnqy ð18Þ

and

eEn;q xð Þ ¼
Z

Zp

xþ yð Þndl�q yð Þ: ð19Þ
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By expressions of (17), (18) and (19), we easily discover

the following corollary.

Corollary 2.6 For n 2 N
�, we have

�1ð Þn

1þ qð ÞnAn;v �qð Þ

¼ dn

nþ 1ð Þ d½ ��q�1

Xd�1

a¼0

�1ð Þav að Þq�a eGnþ1;q�d

a

d

� �
:

Moreover,

�1ð Þn

1þ qð ÞnAn;v �qð Þ ¼ dn

d½ ��q�1

Xd�1

a¼0

�1ð Þav að Þq�aeEn;q�d

a

d

� �
:

On the Eulerian L type function

Our goal in this section is to introduce Eulerian L type

function by applying Mellin transformation to the gener-

ating function of Dirichlet’s type of Eulerian polynomials.

By (15), for s 2 C, we define the following

LE s j vð Þ ¼ 1

C sð Þ

Z 1

0

ts�1F q t j vð Þdt

where C sð Þ is the Euler Gamma function. It becomes as

follows:

LE s j vð Þ ¼ q 2½ �q
X1

m¼0

�1ð Þmv mð Þq�m 1

C sð Þ

Z 1

0

ts�1e�m 1þqð Þtdt

� �

¼ q

1þ qð Þs�1

X1

m¼1

�1ð Þmv mð Þ
qmms

So, we give definition of Eulerian L type function as

follows:

Definition 2 For s 2 C, then we have

LE s j vð Þ ¼ q

1þ qð Þs�1

X1

m¼1

�1ð Þmv mð Þ
qmms

: ð20Þ

Substituting s ¼ �n into (20) and comparing with the

Eq. (16), then, relation between Eulerian L type function

and Dirichlet’s type of Eulerian polynomials is given by

the following theorem.

Theorem 3.1 The following equality holds true:

LE �n j vð Þ ¼
�An;v �qð Þ if n odd;

An;v �qð Þ if n even:

�

Open Access This article is distributed under the terms of the
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