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Abstract
The anchorage of the piles on a stiffer soil layer plays an important role to transmit the loads of the superstructure to the 
soil. Depending on the pile toe condition, three configurations of piles are considered: floating piles, rested, and anchored 
piles. To study the effect of the pile toe condition on the dynamic response of pile and pile groups, a three-dimensional finite 
element modeling of the soil–pile–slab dynamic interaction is presented. The soil and piles are represented as continuum 
solids and the slab by structural elements. Quiet boundaries are placed at the boundaries of the model to avoid wave reflec-
tion. The formulation is based on the substructuring method. The dynamic response is obtained in terms of the dynamic 
impedances. In this study the dynamic response of the floating, rested, and anchored piles are analyzed and the group effect 
is shown. An analysis of the horizontal and vertical pile foundation impedances is presented and the results are compared 
with different configurations.
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Introduction

Deep foundations like piles are commonly used to ensure 
the stability of structures located in seismic zones. The sta-
bility of the structures is ensured in relation to the efforts 
or tilting induced by the seismic loading. The design and 
calculation of deep foundations in seismic zones involves 
numerous parameters especially the behavior of soil, of the 
piles and of the different interactions between these constitu-
ents and the structures located at the surface. A very impor-
tant parameter of the soil–pile–structure interaction which 
should be studied is the anchoring of piles in hard soil layers 
(Messioud et al. 2016a). The dynamic response of rested or 
anchored piles is still unclear such as the substratum effect 
on the dynamic response of pile group foundations. Rested 

and anchored piles on a non-deformable substratum reduce 
the vertical and horizontal displacements of the piles and 
increase the rigidity of the piles groups Messioud et al. 
(2016b). Okyay et al. (2012) used a series of dynamic tests 
conducted on an experimental site and developed numerical 
models to study the influence of the pile end-fixity condi-
tions on the dynamic behavior of soil–piles–slab systems. 
Therefore, a thorough study of the seismic behavior of deep 
foundations is necessary to ensure the proper functioning of 
the latter system. The soil–structure interaction in dynamics 
is characterized by impedance functions (Kausel et al. 1978; 
Pecker 1984; Aubry and Clouteau 1992).

For surface foundations, simple expressions exist for the 
calculation of impedance functions (Wolf 1994). On the 
other hand, a few solutions exist for the case of pile groups 
(Mylonakis and Gazetas 1999). The numerical analysis of a 
pile or group of piles integrated in a homogeneous soil in the 
frequency domain is presented by several authors. Using the 
boundary element method, numerical models were developed 
and a group of piles was analyzed by Kaynia (1982) and Kay-
nia and Kausel (1991). Vibration isolation by a row of piles 
has been analyzed in Kattis et al. (1999a, b), and dynamic 
impedances of pile groups have been studied by Vinciprova 
et al. (2003) and Maeso et al. (2005) A coupling between the 
boundary element method and the finite element method is 
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presented by Padron et al. (2007) to determine the impedance 
functions of a group of piles. The CIFEM method (Consistent 
Infinitesimal Finite Element Method) is used by Emani and 
Maheshwari (2009) for the calculation of the dynamic imped-
ances of a pile group. Recently, an analytical layer-element 
method was applied, the responses of the piles and raft are for-
mulated as a series of equations, the pile group in transversely 
isotropic soils layer Ai et al. (2016) and Liu and Ai (2017). 
A simplified solution procedure is proposed for estimating 
the dynamic response of a pile group partially embedded in 
a layered saturated soil and subjected to horizontal harmonic 
loading Liu et al. (2014). Sawant and Ladhane (2012) used 
the finite element method for study the dynamic response 
of pile groups. In this context the dynamic response of the 
inclined piles in time domain than in the frequency analysis 
was obtained by Kouroussis et al. (2013).

The pile toe condition on a stiffer soil layer plays an impor-
tant role to transmit loads from the superstructure to the soil. 
Given the complexity of the soil–pile–slab interaction problem 
and the strong coupling between the different elements form-
ing this foundation system, a three-dimensional finite element 
numerical modeling with absorbing boundaries is proposed. 
The aim of this modeling is to analysis the influence of the 
fixing conditions of the piles in the hard soil on the dynamic 
response of soil–pile–slab systems. To model the soil and 
piles, volumic elements are considered and the slab is con-
sidered using structural elements. The dynamic impedances 
are calculated from the displacements obtained at the point of 
application of the exciting force. Floating, rested and anchored 
piles in a hard soil layer are analyzed and the effect of groups is 
also studied. The vertical and horizontal dynamic impedance 
are presented for different configuration.

Numerical modeling of a soil–pile–slab 
system

Calculation model

In geodynamics, engineers are confronted with very large 
domains. The influence of the dynamic loading on the struc-
tures is often taken into account via a dynamic impedance 
matrix at the soil-structure interface. The terms of the imped-
ance matrix are expressed in the form of functions with com-
plex values of the frequency. The impedance function of a 
foundation can be expressed in general as follows:

With a0 the dimensionless frequency defined by the char-
acteristic dimension Bf of the foundation. For example; the 
radius for a circular foundation, the half width for a rectangular 
foundation and the diameter d for a pile or piles groups. Cs 

(1)K(�) = Ks(k + ia0c) avec ao =
� ⋅ Bf

Cs

is the shear soil wave velocity and � is the pulsation of the 
harmonic excitation.

The majority of the used methods for the determination 
of impedance functions are so-called the classical methods 
(Kattis et al. 1999a, b; Vinciprova et al. 2003; Mamoon et al. 
1990; Coda et al. 1999; Coda and Venturini 1999). Boundary 
element method BEM, Boundary element method coupling 
with Finite Element Method BEM-MEF and Boundary ele-
ment method coupling with Thin Layer Method BEM-TLM 
based on the formalism of the Green functions are often used. 
In this work, the finite element method is used to determine 
the dynamic impedance functions.

Figure 1 shows the finite element discretization of the 
soil–pile–slab systems. To obtain a solution in the frequency 
domain, the equations of the matrix relative to the forces and 
displacements are given by the relation:

where M is the matrix of masses, C is the matrix of damp-
ing, and S is the stiffness matrix. P and U are the force and 
displacement vectors, where � is the excitation frequency.

The dynamic impedance of the foundation is equal to the 
reaction exerted on the massless foundation subjected to har-
monic solicitations according to the considered direction.

With; Pi the force vector (moments) applied to the center of 
the slab, U is the resulting displacement at the point of appli-
cation of force vector and K is the dynamic impedance. The 
dynamic impedance also represents the quotient of a force 
directly applied to the foundation (which is equal to the soil-
reaction) by the resulting displacement. The dynamic-imped-
ance matrix is calculated using the following relation:

(2)
(
−�2 M + i�C + S

)
U = P,

(3)[K] {U} = {P}

(4)K(�) =
Pi e

i�t

Ui e
i�t

Fig. 1   Dynamic impedance solution
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For a rigid foundation with six degrees of freedom, 
the impedance matrix K(w) have a 6 × 6 dimension. If the 
foundation is of an arbitrary shape, the different degrees of 
freedom are coupled and the impedance matrix is full. If 
the foundation has symmetries, some of the coupling terms 
(non-diagonal terms) can be equal to zero. The relation 4 can 
be written as follows:

where Pi =
{
PX , MY , PZ

}
 is the vector of dynamic loading 

and Ui =
{
UX , �Y , UZ

}
 the vector of the displacements. 

Where, subscripts X, � and Z refer to horizontal, rocking and 
vertical motions, respectively. The matrix [K] is symmetric 
and the cross entries except KX� (= K

�X ) in [K] are negligi-
ble. The dynamic impedances are presented in the form, 
Kij(�) =

[
kr
ij
(�) + iki

ij
(�)

]
 , this expression presents a real 

part kr
ij
 and an imaginary part iki

ij
 , the impedance functions 

have been normalized with static-stiffness ( Ks ) or the static 
impedance (ω = 0).

With, k�

ij(�) reflects the elastic behavior and takes into 
account the rigidity and inertia of the medium and k��

ij
(�) 

indicates the vibratory motion is damping.
The dynamic functions impedances Kij(�) obtained using 

a 3-D FEM formulation are analyzed in the following study. 
Using the sub-structuring method, the global soil-structure 
domain is decomposed into subdomains. Due to the wave 
reflection at the numerical model boundaries, the use of 
absorbent boundaries is necessary; paraxial elements already 
implemented in the Software Code-Aster were set up (Code-
Aster 2010).

Characteristics of models

Figure 2 shows the 3D model used for numerical simula-
tion using the ASTER® code (Code-Aster 2010). The geo-
metrical characteristics of the model were determined with 
a parametric study to ensure the correct functioning of the 
absorbing boundaries. The volume of soil studied is of 
dimensions 40 × 40 × 15 m3. Circular piles of reinforced con-
crete of length 9–11 m are modeled. Their diameter is equal 
to 0.60 m, the length/diameter ratio is between 15 and 16.67. 
The slab is not in contact with the ground and has a thick-
ness of 0.6 m. It is represented by shell elements. The shell 
elements are linked to the volumic elements of the model 
(piles and soil). The elements of the interacting models are 

(5)

⎧
⎪⎨⎪⎩

PX

MY

PZ

⎫
⎪⎬⎪⎭
=

⎡
⎢⎢⎣

KXX KX� 0

K
�X K

��
0

0 0 KZZ

⎤
⎥⎥⎦

⎧⎪⎨⎪⎩

UX

�Y

UZ

⎫
⎪⎬⎪⎭
,

(6)Kij(�) = Ks

[
k
�

ij(�) + ik
��

ij
(�)

]

considered to be linear elastic. The mechanical properties of 
the soil and foundation layers are presented in Table 1. The 
choice of these properties was made from a bibliographic 
search (Emani and Maheshwari 2009; Padron et al. 2007).

The choice of the model and the size of the volumic ele-
ments is in agreement with the wavelength to minimize the 
effect of distortion waves. The maximum size of the mesh 
element allowed for the proper transmission of waves is 
equal to 0.4 m. Kuhlemeyer and Lysmer (1973) show that 
the size mesh element must be less than one tenth of the 
wavelength λ.

With Cs is the shear-wave velocity, Δl the size of the 
mesh element and � the frequency of excitation. The maxi-
mum frequency is depending on the maximum size of the 
element and the natural frequency of the soil–piles–slab sys-
tem is equal to 2.50 Hz (Fig. 3).

Results and discussion

This work analyzes the inertial effect of the slab, the influ-
ence of the distance between the axis of the piles and the 
influence of the fixing conditions of the piles in the support 
layer (more rigid) on the vertical and horizontal dynamic 
impedances. The piles are floating, rested and anchored. The 
floating piles are implemented in the compressible soil and 
have a length of 9 m (Fig. 3a). The rested piles are 10 m long 
and rest directly on the hard soil (Fig. 3b). The anchored 
piles have a length of 11 m and are anchored at 1 m in the 
hard soil layer (Fig. 3c). The vertical and horizontal dynamic 
impedance of the soil–pile–slab system are calculated by 
applying a dynamic load in the center of the slab of the 
models presented in Fig. 2.

Inertial effect of the slab

When the foundation is not massless, one simply has to 
replace [K] by [K ] − �

2 [M ] in the above equations, where 
[M] is the mass matrix of the foundation. Figures 4 and 5 
show, respectively, the variation of the vertical and hori-
zontal dynamic impedances as a function of the frequency 
for a group of four floating piles (Fig. 2). The obtained 
results show that the inertial effect of the slab on the verti-
cal dynamic impedances is important. The stiffness terms 
are strongly attenuated for s/d ratios relatively high and 
the frequency increases in a lower manner. Concerning the 
damping terms, these are not affected by the inertial effect 
of the slab. 

The obtained results show that the horizontal dynamic 
impedances are strongly affected by the slab inertia than the 

(7)f =
Cs

10 ⋅ Δl
with f =

�

2�
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vertical dynamic impedances (Figs. 4 and 5). The inertial 
effect is marked by a high attenuation for ratios s/d = 5 and 
10 relatively high. The frequency becomes smaller and lower 
than the one of the vertical impedances. The dynamic imped-
ances become negative for high frequencies, caused by the 
increase of the vibrating mass. The percentage of attenuation 

(evolution rate) is very high, especially for the horizontal 
dynamic impedance. The variation of the dynamic imped-
ance of the massless foundation and the other with mass is, 
respectively, equal to 0.98 and − 12.73 (Table 2). In per-
centage, it represents, respectively a decrease of 1398.98% 
for the ratio s/d = 10 and a decrease of 345.65% for the 
ration s/d = 5. So at the frequency 20 Hz, the decrease of 
the horizontal dynamic impedance (foundation with mass) 
is almost 13 times the value of the impedance of a massless 
foundation. This is not the case for the vertical dynamic 
impedance, the percentage of attenuation (evolution rate) is 
relatively low compared to the horizontal impedance. It can 
vary between 256% for s/d = 10 and 70% for s/d = 5.

Fig. 2   Geometry of the numerical model

Table 1   Mechanical characteristics of the soil and structure elements

Young 
modulus 
(MPa)

Poisson ratio Volumic 
weight (kg/
m3)

Damping ratio

Soft soil 25 0.4 1800 0.05
Hard soil 250 0.3 2200 0.05
Piles/slab 25,000 0.25 2500 0.0
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Fig. 3   Studied systems
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Influence of the anchoring conditions at the pile toe

In this section, three configurations are considered depend-
ing on the relative position of the piles toe to the hard soil 
layer (Fig. 3). Floating piles, rested piles and anchored 
piles in the hard soil layer are considered. The vertical and 
horizontal dynamic impedances are calculated by the same 
principle and for a massless slab (M = 0). Figures 6, 7, 8, 
9, 10 and 11 show the influence of the fixing conditions 

on the variation of the dynamic impedances as a function 
of the frequency.

Vertical impedance

Figures 6, 7 and 8 show the influence of the support layer 
rigidity on one hand and the influence of the fixing condi-
tions on the other hand for different value of the s/d ratio. 
Fixing the piles on the support layer increases the dynamic 
rigidity of the soil–pile–slab system especially for the ratios 
s/d = 2 and 10 (Figs. 6 and 8). For the three s/d ratios, the 
dynamic rigidity of the anchored piles is greater than the 
ones of the rested piles. The latter is superior to the ones of 
the floating piles. The vertical dynamic impedance for the 
anchored piles case is two times the one of the floating piles 
one for the ratio s/s = 2–10. The effect of the support layer 
on the damping is not negligible. The presence of a rigid 
layer induces a reduction of the damping especially for high 
s/d ratios and frequency (Fig. 8). The obtained results show 
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Table 2   Evolution of the horizontal and vertical dynamic impedances 
under the inertial effect

Fre-
quency 
(Hz)

s/d Vertical impedance Kzz Horizontal impedance 
Kxx

Massless With mass Massless With mass

20 5 2.15 0.64 0.98 − 2.427
20 10 2.36 − 3.70 0.98 − 12.73
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that anchoring piles on the rigid layer is the best solution, 
therefore the anchoring of the piles is not a negligible factor 
in the deep foundation.

Horizontal impedance

The horizontal dynamic impedances of soil–piles–slab 
system are calculated by applying a horizontal load on a 
half-model. The size of the half-model is 40 × 20 × 15 m3 
Fig. 2c.

Figures 9, 10 and 11 show the influence of the fixing 
conditions of the piles on the horizontal impedances Kxx. 
For low ratios s/d = 2, Fig. 9 shows some peaks of reso-
nance due to the reflection of the waves at the level of the 

hard soil and the fixing effect of the piles in the hard soil 
layer. The dynamic stiffness and the horizontal damping 
are increased as a function of the fixing of the piles and 
even the system frequency is modified (Figs. 10 and 11).

The horizontal impedances are slightly affected by 
the fixing conditions. A remarkable difference was noted 
between the floating system, the rested and the anchored 
systems from the frequency of 8 Hz and the ratio s/d = 10, 
in which we can note a considerable increase of 0.2 times 
the Ks (static impedance). In general the real part and 
imaginary part of the horizontal dynamic impedances are 
slightly affected by the fixing conditions compared to verti-
cal dynamic impedances.
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The dynamic impedances are strongly attenuated at 
high frequencies, which can result in the occurrence of 
resonance peaks and the amplitude of resonance becomes 
more damped. The latter case occurs, if the depth of the 
piles is relatively large. Increasing the depth of the piles 
can induce a considerable increase of the soil contact sur-
face. The phenomenon of wave refection is then larger. 
Moreover, there is an increase of the soil mass that par-
ticipates in the vibratory movement. So, as the soil is 
damped, the movement will be damped especially for high 
frequencies.

Group effect

In this part, the rested piles system on the hard layer soil 
is considered and the number of piles varies between 
2 × 2, 3 × 3, 4 × 4 and 5 × 5. The dynamic impedances 
of the soil–pile–slab system is calculated by applying a 

dynamic load at the center of the slab presented in Fig. 2a, 
c, respectively. The following figures show the influence 
of the position of pile and the group effect on the dynamic 
impedance of the soil–pile–slab system.

Vertical impedance

The Figs. 12, 13 and 14 show the pile group influence on 
the dynamic impedances for ratios s/d = 2, 5 and 10; the 
dynamic impedances are severely affected by the increase 
of the piles number. The increase of dynamic stiffness is 
proportionally increasing with the piles number. The rate of 
increase is important especially for the ratios s/d = 5 and 10, 
but this variation is not uniform and depends on the consid-
ered pile group. The vertical dynamic impedance of a 3 × 3 
piles group is higher of around 1.14 times the Ks than for 
the 2 × 2 one. It is lower than the impedance of a 4 × 4 pile 
group of 0.44 times the Ks. The dynamic impedance value 
of the latter group is 5% lower than the one of the 5 × 5 
pile group. The rigidity of the system becomes important 
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for a high number of piles and the damping is affected in a 
significant way. The obtained results show that if the piles 
are quite numerous, the soil–pile–slab system becomes more 
rigid and more damped especially for ratios s/d greater than 
2 (Figs. 13, 14).

From the group of 4 × 4 piles, the resonance peaks are 
appearing for high frequencies. These peaks are induced by 
the reflection of the waves at the level of the foundation piles 
and the hard layer which constitutes a rigid block (Fig. 14).

Horizontal impedance

Figures 15 and 16 show the piles group effect on the hori-
zontal dynamic response of rested piles for ratios s/d = 5 and 
10. Contrary to the vertical impedance case, the obtained 
results for horizontal impedances show that for low fre-
quencies, the dynamic rigidity of the soil–pile–slab system 
decreases as a function of the piles number increase. The rate 
of increase is lower than the one of the vertical impedance 

which is about 0.3 times the Ks for the stiffness and damp-
ing. However, for high frequencies the dynamic stiffness is 
increasing as a function of the piles number increase. This 
is probably due to the vibrating mass increase of the pile-
soil block. The damping is strongly affected by the group 
effect. With a higher number of the piles, the soil–piles–slab 
system becomes more damped for low frequencies. For the 
ratio s/d = 10, the increase of the dynamic stiffness and of 
the damping is proportional to the number of piles increase 
(Fig. 17).

Conclusion

In this study, a 3-D FEM dynamic analysis of 
soil–piles–slab systems embedded in a homogeneous 
isotropic visco-elastic soil are presented. The developed 
numerical models permitted the calculation of dynamic 
impedance functions (vertical and the horizontal). The 
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soil–pile–slab systems were simulated with different pile 
toe conditions. The evolution of the vertical and horizontal 
dynamic impedance as a function of the frequency and 
the influence of fixing conditions on the effect of the pile 
groups on the dynamic impedances has been studied. The 
influence of the s/d ratio, the inertial effect of the slab and 
the influence of the hard soil layer on the dynamic imped-
ances were presented.

The inertial effect of the slab affects the dynamic imped-
ance terms in a very significant way. The stiffness terms 
(real part of the dynamic impedance) are strongly attenuated 
for relatively high s/d ratios, mainly for high frequencies. 
These terms become negative after a certain frequency. On 
the other hand, the damping terms are not affected by the 
inertial effect.

The effect of the substratum rigidity affects the dynamic 
impedances in an important way. The results showed that the 
anchored piles have a steeper behavior than the rested piles 

and the floating piles. Increasing the depth of the piles can 
induce a considerable increase of the soil contact surface. 
Therefore, there is an increase of the soil mass that par-
ticipates in the vibratory movement. The results show that 
the anchored piles in the rigid layer give the best solution; 
therefore, the anchoring of the piles is not a negligible factor 
in the case of deep foundations.
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