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Abstract
Quantifying the deflection of RC beams has been performed traditionally using full-interaction moment–curvature methods 
without considering the slip that takes place between the reinforcement and the surrounding concrete. This was commonly 
carried out by deriving empirically based flexural rigidities and using elastic deflection equations to predict the deformation 
of RC structures. However, as flexural and flexural/shear cracks form in RC beams with increase in applied load, the rein-
forcement steel begins to slip against the surrounding concrete surface causing the cracks to widen and ultimately increas-
ing the deflection at mid-span. Current design rules cannot cope directly with the deformation induced by the widening of 
cracks. Because of that, this study focused on predicting the non-time dependent deflection of RC beams at both service and 
ultimate limit states using a mechanics-based discrete rotation approach. The mechanics-based solution was compared with 
experimental test results and well-established code methods to which a good agreement between the results was observed. 
The method presented accounts for the non-linear behavior of the concrete in compression, the partial-interaction behavior 
of the reinforcement, and the deflection was computed while considering the rotation of discrete cracks. Due to its generic 
nature, the method presented does not require any calibration with experimental findings on the member level, which makes 
it appropriate to quantify the deflection or RC structures with different types of concrete and novel reinforcement material.

Keywords Reinforced concrete · Partial-interaction · Size-dependent concrete properties · Concrete softening · Moment-
rotation · Discrete rotation deflection

Introduction

The deflection of RC structures is an important part of the 
serviceability design as it often controls member sizes. Fur-
thermore, the determination of the non-linear deflection is 
an important indication to the ductility of RC structures and 
their ability to absorb energy. Much of the previous work 
on calculating the deformation of RC beams and slabs have 
adopted full-interaction moment–curvature methods (Branson 
1965; Bischoff 2005; Castel et al. 2006; Bischoff 2007; Gil-
bert 2007); that is, they did not consider the slip between the 
reinforcement bars and the surrounding concrete surface. The 
moment–curvature analysis was used to derive cracked and 
uncracked flexural rigidities which were later calibrated with 
test data (Branson 1965, 1977). This full-interaction approach 
has been used as the basis for measuring the deformation of 
RC members in many design codes (CEN 1992; ACI (Ameri-
can Concrete Institute) 2005). Being empirically based, the 
method does not account for the deflection associated with 
crack widening; therefore, predicting the deformation of RC 

 * Mohamed El-Zeadani 
 mohamed.elzeadani9595@gmail.com

 Raizal Saifulnaz Muhammad Rashid 
 raizal@upm.edu.my

 Mugahed Yahya Hussein Amran 
 m.amran@psau.edu.sa

 Farzad Hejazi 
 farzad@upm.edu.my

 Mohd Saleh Jaafar 
 msj@upm.my

1 Department of Civil Engineering, Universiti Putra Malaysia, 
43400 Serdang, Malaysia

2 Department of Civil Engineering, Prince Sattam Bin 
Abdulaziz University, 11942 Alkharj, Saudi Arabia

3 Department of Civil Engineering, Faculty of Engineering, 
Amran University, Quhal, 9677 Amran, Yemen

http://crossmark.crossref.org/dialog/?doi=10.1007/s40091-019-00247-5&domain=pdf


474 International Journal of Advanced Structural Engineering (2019) 11:473–490

1 3

members with new reinforcement materials using Branson’s 
approach will require the calibration of a large number of lab-
oratory tests before being used with confidence. This could 
prove to be both time consuming and very costly, and hence 
could halt the development of novel materials in the construc-
tion industry.

With the formation of cracks in RC structures, sliding or 
slip between the reinforcement bars and surrounding con-
crete surface takes place to release strain concentrations at 
the crack (Oehlers et al. 2005, 2014a, b, 2017; Ayesha Sid-
dika et al. 2019). These cracks continue to widen through 
slip, and the widening of individual cracks in RC flexural 
members causes the mid-span deflection to increase (Bach-
mann 1970). Significant research on the topic has followed 
to quantify the deflection induced by flexural and flexural/
shear cracks in RC structures. For example, the tensile 
region of the beam was idealized by an RC prism subjected 
to tensile force at the center and the bondstress–slip behav-
ior between the steel reinforcement bars and adjacent con-
crete was subsequently quantified (CEB 1992; Haskett et al. 
2008). The concrete prism was examined both experimen-
tally (Tastani and Pantazopoulou 2010) and theoretically 
(Yankelevsky et al. 2008). This has allowed researchers to 
quantify tension stiffening behavior of the reinforcement 
steel (Haskett et al. 2009b; Muhamad et al. 2011, 2012). 
This progress in research has inspired several researchers to 
quantify the deflection associated with the discrete rotation 
of cracks using a rigid-body moment-rotation analysis at a 
crack (Haskett et al. 2009a; Muhamad et al. 2013; Oehlers 
et al. 2013) and using a segmental moment-rotation analysis 
(Visintin et al. 2013, 2016; El-Zeadani et al. 2019a, b). In 
all these mechanics-based approaches, the deflection was 
measured under service loads and the concrete in compres-
sion was idealized as linear elastic.

Consider the unconfined concrete cylinder of length Lpr 
and width dpr subjected to compressive axial stress, σax, 
shown in Fig. 1. Initially, the concrete cylinder behaves elas-
tically and the stress–strain curve follows the elastic line 
depicted in Fig. 2, which is a material property independent 
of the size of the concrete cylinder. However, after the strain 
in the concrete reaches εmat at point A in Fig. 2, gradual 
sliding and crack widening of the potential wedge in Fig. 1 
take place. This causes divergence from the elastic line as 
the stress increases indicating the beginning of softening and 
which continues until reaching the maximum unconfined 
concrete strength, fco, at point B. After that, greater soften-
ing takes place as the stress–strain relationship follows the 
linear descending branch. Moreover, it is well recognized 
that the concrete’s stress–strain behavior under compression 
is affected by the method of measuring the strain, and the 
shape of the concrete cylinder (Jansen and Shah 1997; Chen 
et al. 2013, 2015), given as

Furthermore, the concrete’s stress–strain behavior 
depends on the size of the specimen as well, defined as 
the ratio of the prism lengths, given as:

where Lpr−1 and Lpr−2 are the lengths of cylinders 1 and 2, 
respectively. For instance, it has been shown that when is 
greater than 2, the concrete strength fc hardly varies with 

(1)� =
Lpr

dpr
.

(2)� =
Lpr−1

Lpr−2
,

Fig. 1  Unconfined concrete cylinder in compression

Fig. 2  Concrete stress–strain relationship
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increase in length and the strength can be considered inde-
pendent of the size factor. However, as the length of the 
concrete specimen increases, the strain corresponding to 
the peak stress and the concrete strain on the descending 
branch of the stress–strain relationship reduce; that is, the 
strain of the concrete in compression is affected by the size 
factor, (Chen et al. 2013). This made it clear that various 
zones control the behavior of concrete in compression, and 
both energy methods (Shah and Sankar 1987; Jansen and 
Shah 1997) and shear friction methods (Haskett et al. 2010, 
2011) were developed to quantify the compression behavior 
in large deformation zones.

The overall contraction of the cylinder Dax in Fig. 1 is 
attributable to: (1) the elastic material strain, εmat, which does 
not depend on the size factor; and (2) the effective strain, εeff, 
caused by the sliding of the concrete wedge shown as Hwdg 
in Fig. 1. It is the effective strain that causes the strain to be 
size-dependent, and, therefore, should be incorporated in the 
design of reinforced concrete structures. Using shear-friction 
theory, Chen et al. (2013, 2015) developed strain adjustment 
factors for directly converting the strain of a particular test 
specimen of length Lpr−1 to that of length Lpr−2, and it is given 
by following expression:

where εaxgl−1 and εaxgl−2 are the axial global strain for con-
crete cylinders 1 and 2, respectively. Equation (3) can be 
plotted as in Fig. 3 where Lpr−1/Lpr−2 represents the size 
factor . For instance, Lpr−1 could be the size of a stand-
ard 200 mm cylinder (shape factor μ > 2) of which the 
stress–strain relationship is shown by the stress–strain curve 
marked η = 1 in Fig. 3. Doubling the length of the cylin-
der to say 400 mm (Lpr−1 = 200 mm and Lpr−2 = 400 mm) 
gives a shape factor η = 1/2 and from Fig. 3, it can be seen 
that despite having the same strength fc, the ductility of the 
400 mm cylinder is much lower than the 200 mm one. Fur-
ther doubling the cylinder again to 800 mm would give the 
stress–strain curve marked η = 1/4.

With all that in mind, the aim of this study is to present 
a generic mechanics-based discrete rotation approach for 
predicting the non-time dependent mid-span deflection of 
RC beams in bending at all limit states (both service and 
ultimate). This is carried out by first performing a segmen-
tal moment-rotation analysis that incorporates the size-
dependent stress–strain relationship of concrete, the soften-
ing of the concrete in compression, and the slip between 
the reinforcement steel and adjacent concrete. After that, 
the discrete rotation of individual cracks is determined and 
used to compute the deflection at mid-span. The deflection 
results obtained from the discrete-rotation mechanics-based 
approach are then compared with experimental test results 
and well-established code methods for steel-reinforced RC 
beams  (CEN 1992; ACI (American Concrete Institute) 
2005). The approach presented here does not require calibra-
tion with empirical findings; thus, it may be used to predict 
the deflection of RC structures with new types of reinforce-
ment material or refine existing design rules and methods.

(3)�axgl−2 =
[
�axgl−1 − �mat

]Lpr−1
Lpr−2

+ �mat,

Fig. 3  Concrete size-dependent stress–strain relationship

Fig. 4  Segmental moment-
rotation analysis: a segment 
of an RC beam subjected to a 
constant moment; b RC beam 
section; c concrete prism
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Segmental moment‑rotation analysis

The first step to determine the non-time-dependent deflec-
tion is to perform a segmental moment-rotation analysis as 
depicted in Fig. 4. A moment M causes the sides of the 
segment to rotate from G–G to H–H by an angle θ as given 
in Fig. 4a. The stress–strain relationship for the concrete in 
compression can be predicted using Popovics (1973) expres-
sion given as

where σax is the axial stress, fco is the unconfined compres-
sive strength, εco is the concrete strain corresponding to the 
peak stress of unconfined concrete determined as (Chen 
et al. 2013)

where fco is in MPa. Furthermore, (εax)200 in Eq. (4) is the 
axial strain of a 100 × 200 mm cylinder, and r is a ductility 
factor taken as

where Ec is the concrete’s elastic modulus. Equation (4) 
applies to a concrete segment where Lpr is equal to 200 mm. 
However, when the size of the concrete segment is greater 
or less than 200 mm, the size-dependent strain can be com-
puted using Eq. (3) which can be rewritten as follows where 
Lpr−1 = 200 mm:

of which, Ldef is half the length of the RC beam segment 
depicted in Fig. 4a. If stirrups are present in the RC beam, 
the confinement effect can be determined in line with Chen 
et al. (2015). For example, the peak concrete stress, fcc, and 
the strain corresponding to the peak concrete stress, εcc, for 
a confined concrete segment can be computed as follows:

where σcon is the confinement stress provided by stirrups 
given as:

(4)�ax =

fco

[
(�ax)200

�co

]
r

r − 1 +
[
(�ax)200

�co

]r ,

(5)�co = 4.76 × 10−6fco + 2.13 × 10−3,

(6)r =
Ec

Ec −
fco

�co

,

(7)�axgl =
[(
�ax

)
200

− �mat

]100
Ldef

+ �mat,

(8)fcc = fco

[
1 + 3.65

(
�con

fco

)0.82
]
,

(9)�cc = �co

[
1 + 14.74

(
�con

fco

)1.03
]
,

of which, fy-link is the yield stress of the steel links, Alink is 
the sectional area of the links, b is the width of the beam, 
Slink is the spacing between links and nleg-link is the number 
of legs of the steel link (e.g. 2 legs or 3 legs). Similarly, the 
stress–strain relationship for a 200-mm confined concrete 
segment can be plotted using Popovics’ (1973) expression 
given by Eq. (4) and the size-dependent strain can be deter-
mined using Eq. (7).

As for the reinforcement steel, the stress–strain relation-
ship can be idealized as given in Fig. 5. The behavior ini-
tially follows an elastic response with a Young’s modulus 
Er up to the yield stress fy at a strain εy. For strains greater 
than εy, the stress in the steel reinforcement follows a strain 
hardening modulus Esh up to the fracture stress σfract. Fur-
thermore, to represent the local deformations of the steel 
reinforcement, the ascending branch of the CEB-FIP bond-
stress–slip model depicted in Fig. 6 (CEB 2010) can be used. 

The steel reinforcement’s tension stiffening behavior can 
be determined from a concentrically loaded concrete prism 
of width b and height 2c as shown in Fig. 4c. The area of the 

(10)�con =
nleg - link(fy - link)(Alink)

b
(
Slink

) ,

Fig. 5  Idealized bi-linear stress–strain relationship

Fig. 6  CEB-FIP bondstress–slip relationship for steel reinforcement
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reinforcement in the concrete prism, Ar, is equivalent to total 
area of the reinforcement steel in the tensile region of the RC 
beam shown in Fig. 4b. In a similar way, the perimeter of the 
reinforcement bar in the concrete prism, Lp, is equivalent to 
the total perimeter of all the reinforcement bars in the ten-
sile region of the RC beam (El-Zeadani et al. 2019a, c). This 
assumption gives fairly accurate results as long as all the ten-
sion reinforcements in the beam have the same bondstress–slip 
properties (Oehlers et al. 2015). A span of the prism in Fig. 4c 
is illustrated in Fig. 7a where the position of the initial crack 
occurs at the left of the prism, while the full-interaction 
boundary occurs slightly to the right at a distance Sp from 
the crack face. As the load Pr increases, the concrete tensile 
stress increases as well until the concrete tensile strength fct is 
reached at a distance Sp from the initial crack by which a new 
crack forms. After that, the behavior of the concrete prism 
shifts to that of a prism with multiple cracks (Fig. 7b) such 
that zero slip is presumed to take place mid-way between the 
cracks.

The moment-rotation analysis is performed on a segment 
of length, Lpr, equal to  2Sp as given in Fig. 4a. The primary 

crack spacing distance  Sp is determined using the following 
closed-form solution given by Muhamad et al. (2012) which 
was derived following the CEB-FIP bondstress–slip model 
shown in Fig. 6:

where

and φ can be as taken as 0.4 (Muhamad et al. 2012) and Ac 
is the concrete prism cross-sectional area. The segmental 
moment-rotation analysis is performed as follows while con-
sidering the formation of cracks.

Uncracked segmental analysis

Before applying any moment M, the RC segment is 
uncracked. Only half of the RC segment of length Ldef is 
considered in ensuring analysis due to symmetry (Fig. 8). 
The first step is to fix the rotation θ; then, the neutral axis 
depth,  dNA, is guessed. The concrete segment’s curvature, χ, 
can be computed as follows:

(11)Sp =

⎡
⎢⎢⎢⎣

(1 + �)fctAc�
�

1

�maxLp

�√
2C9

��

⎤
⎥⎥⎥⎦

1

1+�

,

(12)C9 −

√
2C9fctAc�2�

�

1

�maxLp
= −0.5

�
fct

Ec

+
fctAc

ArEr

�2

,

(13)�2 =
�2�max

�
�

1

,

(14)�2 =
Lp

Ar

(
1

Er

+
Ar

EcAc

)
,

(15)� =
�

Ldef
,

Fig. 7  Tension stiffening mechanism

Fig. 8  Uncracked concrete 
segmental analysis
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where the angle θ is in radians. The strains at the outer most 
compression and tension fibres are determined, respectively, 
as follows;

As for the strain in the compressive and tensile reinforce-
ment, they are given by

where drc and drt are as shown in Fig. 8.
The concrete in compression tends to behave elastically 

at the start of loading and a triangular stress distribution as 
illustrated in Fig. 8d can be assumed to take place. Similarly, 
a triangular stress distribution can be assumed for the concrete 
in tension and the forces acting across the section can be com-
puted accordingly. The concrete compressive force Pcc occurs 
at 1/3  dNA from the top compression fibre, while the concrete 
tensile force Pct occurs at 1/3 (h − dNA) from the bottom tensile 
fibre. The force profile is given in Fig. 8e. The value of dNA 
is guessed until force equilibrium is achieved for a particular 
rotation θ. After that, the moment of the section can be com-
puted from the force profile. The procedure is then repeated for 
a different rotation, θ, and when the concrete tensile strength, 
fct, is first achieved in the bottom tensile fibre of the concrete 
segment, a crack forms as shown in Fig. 9a. The moment at 
which the tensile strength is first achieved is known as the full-
interaction cracking moment, Mcr-FI.

Single crack segmental analysis

After the formation of the first crack, partial-interaction (slip) 
takes place such that the tensile part of the concrete segment 
can be idealized as an infinitely long prism (Fig. 7a). The slip 
of the reinforcement steel can be calculated as follows:

(16)�c−c = �dNA,

(17)�c−t = �(h − dNA).

(18)�rc = �drc,

(19)�rt = �drt,

(20)Δr = �drt.

Partial-interaction closed-from solutions can be used to 
determine the load in the reinforcement for a given reinforce-
ment slip Δr. For instance, while still elastic, the force in the 
reinforcement steel is given by (Muhamad et al. 2012)

However, when the reinforcement steel yields, the force 
can be determined using the following expression:

where

and Δy in Eq. (22) can be determined using the following 
expression:

As for the concrete in compression and prior to soften-
ing, a triangular stress distribution applies (Fig. 9d). The 
concrete compressive force, Pcc, occurs at a distance 1/3 dNA 
from the top compression fibre and the force profile is simi-
lar to that in Fig. 9e. On the other hand, when the concrete 
in compression softens, Simpson’s rule for determining the 
area and centroid of an irregular shape can be used to com-
pute the force exerted by the softened concrete. First of all, 
the area under the stress diagram that is within the softening 

(21)Pr = ArEr

√
2�2Δ

1+�
r

1 + �
.

(22)Pr = ArEsh

√√√√2�sh
(
Δr − Δy

)1+�
1 + �

+ Arfy,

(23)�sh =
�sh�max

�
�

1

,

(24)�sh =
Lp

Ar

(
1

Esh

+
Ar

EcAc

)
,

(25)
�2Δ

1+�
y

1 + �
= 0.5

(
fy

Er

)2

.

Fig. 9  Single crack concrete 
segmental analysis
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zone is divided into an even number of segments of width s 
as shown in Fig. 10b. The strain at the end of each segment 
is determined by simply multiplying the curvature χ by the 
distance from the neutral axis for the respective segment 
end. Next, using the concrete’s size-dependent stress–strain 
relationship, obtained from Eqs. (4) and (7), the stress at 
the end of each segment can be measured. After that, the 
force due to the softened concrete can be computed as fol-
lows assuming that the softening zone in Fig. 10b has been 
divided into six segments:

which acts at a distance dsoft from the neutral axis equal to

As for the concrete in the elastic zone (below the soften-
ing zone), a triangular stress distribution is assumed and the 
force Pmat acts at 2/3 dmat from the neutral axis. The force 

(26)
Psoft = b ×

s

3
×
[(
�6 + �mat

)
+ 4

(
�1 + �3 + �5

)
+ 2

(
�2 + �4

)]
,

(27)
dsoft =

b × s

3Psoft

×
[(
�6d6 + �matdmat

)

+4
(
�1d1 + �3d3 + �5d5

)
+ 2

(
�2d2 + �4d4

)]
.

profile when softening occurs is shown in Fig. 9j. Again, 
force equilibrium is first determined for a particular rotation 
θ by guessing dNA; after which, the moment M is calculated. 
Consequently, the rotation θ is altered and the whole proce-
dure is repeated again. The single crack segmental analysis 
is continued until the force in the reinforcement, Pr, exceeds 
the force to cause additional primary cracks, Fr_cr_p given as 
(Muhamad et al. 2012)

At this point, a new crack forms at a distance  Sp as shown 
in Fig. 11a and the tensile region of the concrete segment 
is idealized as that in Fig. 7b. The analysis is continued as 
follows.

Multiple crack segmental analysis

When multiple cracks form, the total displacement of the RC 
beam segment is as given in Fig. 11b. The total rotation θ of 
the segment is nθi, where n is the number of crack faces and 
θi is the rotation of each individual crack face. In Fig. 11a, 

(28)Fr_cr_p =
fct

Ec

ArEr + fctAc.

Fig. 10  Simpson’s rule for 
determining the softening force

Fig. 11  Multiple crack concrete 
segmental analysis
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the total number of crack faces is 2 (n = 2). The total rein-
forcement pull-out Δr is equal to nΔr−p where Δr−p is the 
pull-out at each crack face. Again, partial-interaction closed-
form solutions can be established for the prism in Fig. 7b to 
determine the load–slip relationship based on the appropri-
ate boundary conditions. For example, prior to yielding, the 
force in the reinforcement steel can be computed using the 
following expression:

where  Ss is Sp/2. When yielding of the reinforcement takes 
place, the force is determined by

where

As for the concrete in the compression zone, the analysis 
follows as before; that is, if the concrete has not softened yet, 
the force profile is similar to that displayed in Fig. 11d, and 
similar to that in Fig. 11f if the concrete has already softened. 
Furthermore, the moment M for a particular rotation θ is deter-
mined when force equilibrium is achieved.

Limits to the moment‑rotation analysis

The moment-rotation analysis is stopped when either (a) the 
concrete in compression reaches its sliding capacity, Sslide, (b) 
the reinforcement debonds when the slip exceeds the maxi-
mum debonding slip, δmax or (c) the reinforcement fractures 
when the strain in the reinforcement reaches the fracture strain, 
εfract, whichever occurs first. The moment M at which one of 
these limits is achieved is the ultimate moment capacity of the 
RC beam segment.

Sliding of the concrete in compression, Δwdg, can be deter-
mined from the size-dependent stress–strain relationship and 
is given as follows:

where

Both Mattock and Hawkins (1972) and Martinez et al. 
(1984) have suggested that the sliding capacity, Sslide for 
unconfined concrete is approximately 0.4 mm. However, con-
finement due to stirrups further increases the sliding capacity 

(29)Pr_p = ArEr

√
2�2Δ

1+�
r_p

1 + �
+

(
Δr_p

Ss

)2

,

(30)

Pr_p = ArEsh

√√√√2�y
(
Δr_p − Δy_p

)1+�
1 + �

+

(
Δr_p − Δy_p

Ss

)2

+ Arfy,

(31)
�2Δ

1+�
y_p

1 + �
+ 0.5

(
Δy_p

Ss

)2

= 0.5

(
fy

Er

)2

.

(32)Δwdg = �wdgLdef,

(33)�wdg = � − �mat.

of concrete wedges and Haskett et al. (2009a) give the sliding 
capacity as

Discrete rotation deflection analysis

Under the discrete rotation approach, the RC beam is separated 
into two regions: (a) an uncracked region of length 2Lu and 
(b) a cracked region of length Lcr as illustrated in Fig. 12b 
(Muhamad et al. 2013; Oehlers et al. 2013; El-Zeadani et al. 
2019a, b). The deflection of the beam due to the uncracked 
region is determined by integrating the curvature along Lu, 
where full interaction can be expected to take place. Mean-
while, the deflection caused by the cracked portion of the beam 
can be computed by considering the discrete rotation of each 
individual crack.

Deflection due to discrete rotation

At the start of loading, the beam is uncracked; however, once 
the moment in the beam reaches Mcr-FI determined from the 
uncracked segmental analysis, a crack forms (shown by the 
initial crack in Fig. 12b. Subsequent cracks at distance Sp from 
the previous crack continue to take place once the moment 
reaches Mcr-FI. Now, consider crack B in Fig. 12c subjected to 
moment MB. The rotation of each crack face can be determined 
from the appropriate M–θ relationship. The sum of both crack 
face rotations gives the total rotation of crack B shown as 2θB 

(34)Sslide = 2.51
�con

fco
+ 0.61.

Fig. 12  Discrete rotation deflection: a moment; b crack formation; c 
deflection due to a single crack
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in Fig. 12c. The mid-span deflection caused by crack B can 
be predicted from the geometry of the shape in Fig. 12c and 
is given as follows:

The procedure described for crack B needs to be 
repeated for each individual crack to determine the con-
tribution of each discrete crack to the total deflection of 
the beam. An important thing to note while computing 
the rotation of the flexural cracks is to use the correct 
M–θ relationship. For instance, consider crack A shown 
in Fig. 12b, which has no cracks to its left; henceforth, 
the left face of the crack is idealized as an infinitely long 
prism with a single crack and its rotation, that is θA−L, is 
determined from a M–θ relationship developed using a 
concrete segment with a single crack. Meanwhile, crack 
B is present to the right of crack A; hence, the rotation of 
the right face of crack A, that is θA−R, is determined from a 
M–θ relationship developed from a multiple crack segmen-
tal analysis. As for crack C, and since cracks are present 
to its right and left, the rotation of both crack faces can 

(35)�mid = LL�B.

be determined from a M–θ relationship developed using a 
concrete segment with multiple cracks. Therefore, it might 
be convenient to plot the M–θ relationships for a segment 
with a single crack and multiple cracks separately.

Deflection due to curvature

The deflection of the uncracked portions of the beam can be 
visualized as that in Fig. 13c and can be determined by sim-
ply integrating the curvature along Lu. For a beam subjected 
to the loading shown in Fig. 13a, the uncracked deflection 
can be solved using elastic bending theory as follows:

Validation with experimental results

Three reinforced concrete beams that included both longi-
tudinal and shear reinforcement were casted and tested in 
the laboratory until failure to determine the load–deflection 
response and to validate the results from the discrete rota-
tion approach. Furthermore, an additional six reinforced 
concrete beams having different dimensions and different 
material properties as reported by previous researchers were 
also used to validate the deflection results obtained from the 
discrete rotation approach.

Beam specimen details

The RC beams tested in this study, named RC-B1, RC-B2 
and RC-B3, were chosen as in Fig. 14. The width of the 
beams, b, was set to 200 mm and the height of the beams, h, 
was kept at 300 mm. The distance between the supports was 
3500 mm and the total length of the beams was 3600 mm. 
The beams had both tensile and compressive steel reinforce-
ment. The tensile reinforcement bars were 16 mm in diam-
eter, while the compressive reinforcement bars were 12 mm 

(36)
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Fig. 13  Deflection due to curvature: a applied load; b RC beam; c 
curvature deflection

Fig. 14  RC-B1, RC-B2, RC-B3 details: a section; b test setup
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in diameter. Furthermore, to tie the longitudinal reinforce-
ment together and to resist the shear force, 8 mm diameter 
mild-steel shear links with two legs were spaced at 150 mm 
along the length of the beam. The cover to the shear links 
was set to 30 mm.

In addition, four simply supported reinforced concrete 
beams tested by Gilbert and Nejadi (2004) were also con-
sidered. Two of the beams, named B1-a and B1-b, had 
cross-sectional dimensions as depicted in Fig. 15a where 
the width, b, was 250 mm and the height, h, was 348 mm. 
Both B1-a and B1-b had two 16 mm diameter tensile rein-
forcement where the concrete cover was maintained at 
40 mm. Meanwhile, the other two beams, named B2-a and 
B2-b, had cross-sectional dimensions as given in Fig. 15b, 
where the width, b, was 250 mm and the height, h, was 
333 mm. The diameter of the tensile reinforcement was 
kept the same at 16 mm, while the concrete cover was 
set to 25 mm. The four beams had an effective span of 
3500 mm as shown in Fig. 15c.

Lastly, two ordinary RC beams tested by Alagusundara-
moorthy et al. (2003) were also taken into account for the 
purpose of comparison and validation. The beams, named 
CB1 and CB2, are depicted in Fig. 16a, where the cross-
sectional dimensions were set as 230 × 380 mm (b × h). 
The reinforcement steel consisted of two 25 mm diameter 
rebars in the tensile region, and two 9 mm diameter rebars 
in the compression region. The beams had 9 mm diameter 
shear links spaced at 150 mm as given in Fig. 16b. The 
concrete cover to the tensile and compressive rebars were 

38 mm and 25 mm, respectively. The overall length of the 
beams was 4880 mm, while the span between the supports 
was kept at 4576 mm.

Material properties

The concrete material properties were determined using con-
crete cylindrical specimens with a diameter-to-height ratio 
of 1:2. The mean unconfined concrete compressive strength, 
fco, was determined in accordance with ASTM C39/C39M 
standard, while the elastic modulus of concrete, Ec, and the 
splitting tensile strength, ftsp, were determined in line with 
ASTM C469/C469M and ASTM C496/C496M test meth-
ods, respectively. The unconfined mean concrete cylinder 
strength, fco, was 22.7 MPa, the elastic modulus of concrete, 
Ec, was 22,717 MPa, while the splitting tensile strength, ftsp, 
was 2.8 MPa. As for the reinforcement steel, the mechanical 
properties were determined in the laboratory using a rebar 
tensile test in accordance with ASTM A370 test procedure. 
The elastic modulus, Er, was 154 GPa, while the strain hard-
ening modulus, Esh, was 1.57 GPa. The yield strength, fy, for 
the steel reinforcement was 535 MPa, while the fracture ten-
sile strength σfract was 615 MPa. As for the shear links, the 
yield strength, fy-link, was given by the supplier as 250 MPa.

As for B1-a, B1-b, B2-a and B2-b tested by Gilbert and 
Nejadi (2004), the unconfined compressive strength, fco, was 
36.3 MPa, the splitting tensile strength, ftsp, was 3.06 MPa, 
the elastic modulus of concrete, Ec, was 26,930 MPa and the 
elastic modulus of the reinforcement steel, Er, was 200 GPa. 

Fig. 15  Gilbert and Nejadi (2004) RC beam details: a B1-a, B1-b; b B2-a, B2-b; c test setup

Fig. 16  Alagusundaramoorthy et al. (2003) RC beam details: a section; b test setup
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As for CB1 and CB2 reported by Alagusundaramoorthy 
et al. (2003), the concrete compressive strength, fco, was 
31 MPa, the yield strength of the reinforcement steel, fy, 
was 414 MPa and the elastic modulus of the reinforcement 
steel, Er, was 200 GPa.

Experimental setup

RC-B1, RC-B2 and RC-B3 were simply supported as 
depicted in Fig. 17a–c. A hydraulic jack was used to apply 
a point load at mid-span as shown in Fig. 17d, where for the 
first 10 kN, the load was applied in 2 kN increments, after 
that, the load was applied in 5 kN increments until failure. 
To measure the deflection, a linear variable differential trans-
ducer (LVDT) was placed at mid-span under the applied load 
as shown in Fig. 17e. In addition, two strain gauges were 
fixed to the tensile steel reinforcement at the center of the 
beam as depicted in Fig. 14b to record the strains as the test 
proceeded. Meanwhile, for B1-a, B1-b, B2-a and B2-b, the 
beams were subjected to a four-point flexural bending and 
the load was applied at 1167 mm from the support as shown 
in Fig. 15c. Similarly, CB1 and CB2 were tested under four-
point flexural bending with the applied load being 1830 mm 
away from the supports as illustrated in Fig. 16b. The deflec-
tion of the beams was recorded using an LVDT placed at 
mid-span.

Test results and discussion

The experimental results for the beams considered in this 
study are reported here and compared with those derived 
from the mechanics-based approach.

Mid‑span reinforcement steel strain results

For RC-B1, RC-B2 and RC-B3, the reinforcement bars strain 
results against the applied mid-span load, P, are shown 
in Fig. 18. For each beam, the tensile reinforcement had 
two strain gauges fixed at mid-span, and the experimental 
results were recorded by the strain gauges marked SG1 and 
SG2 in Fig. 18; whereas the theoretical strain results were 
derived using the segmental moment-rotation analysis. From 
Fig. 18a, c, a significant agreement between the experimen-
tal and the theoretical strains was observed. The reinforce-
ment bars yielded at an applied load, P, of approximately 
55 kN, and the slope of the elastic response and the strain 
hardening response from the experimental and theoretical 
results were almost identical. RC beam 2 was an anomaly 
as yielding occurred at a higher applied load of about 61 kN 
as illustrated in Fig. 18b.

Fig. 17  RC-B1, RC-B2 and RC-B3 experimental setup
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Crack spacing

As the discrete rotation approach accounts for the forma-
tion of additional flexural cracks while computing the 
deflection of the beams, a comparison between the experi-
mental and theoretical crack spacing values would be help-
ful to ensure the validity of the proposed approach. During 
testing of the RC beams, flexural cracks were marked after 
each load increment until failure of the beams took place. 
After unloading the beams, the distance between two con-
secutive primary cracks was measured in the laboratory 
from center-to-center of the crack opening at the level of 
the reinforcement. The primary crack spacing results are 
given in Table 1, while the development of cracks and the 
crack patterns in RC-B1, RC-B2 and RC-B3 as the load 
on the beams increased are given in Figs. 19, 20, and 21, 
respectively.

Furthermore, Table 2 highlights the number of cracks that 
took place in the beams together with the minimum crack 
spacing, Sexp-min, maximum crack spacing, Sexp-max, mean 
crack spacing, Sexp-mean and theoretical crack spacing, Sp, 
given by Eq. (11). Apparently, the experimental mean crack 
spacing results for the RC beams were slightly higher than 
the theoretically predicted crack spacing values. However, 
the difference was not significant and it can be deduced that 
Eq. (11) gives a good approximation of the spacing of cracks 
in RC beams.

Mid‑span deflection

The beams’ short-term discrete rotation deflection results 
together with the experimental results are given in Fig. 22. 
The deflection results for RC-B1, RC-B2, RC-B3, CB1 and 
CB2 were considered until failure, while for the remain-
ing beams, the results were stopped just prior to yielding of 
the reinforcement steel. Furthermore, the mid-span deflec-
tion results obtained from ACI-318 code of practice effec-
tive moment of inertia method (ACI (American Concrete 
Institute) 2005) and EC 2 code deflection prediction tech-
nique (CEN 1992) were also considered and are shown in 
Fig. 22.

From the discrete rotation analysis, only primary 
cracks took place for all the beams considered and the 
step changes in the load–deflection response indicate the 
formation of additional primary cracks. This is illustrated 
clearly in Fig. 23 which gives the discrete rotation deflec-
tion results for RC-B1, RC-B2 and RC-B3 up to a load 
of 15 kN. The horizontal portions on the load–deflec-
tion response in Fig. 23 are caused by the slip induced 
when new cracks form; whereas, the rising portions of the 
load–deflection response indicate the increase in deflection 
with increase in load. Furthermore, if the RC beams were 
cracked before loading due to damage or shrinkage, the 
load–deflection response follows line O–B–C in Fig. 23 
when one crack is present and line O–D–E if three cracks 

Fig. 18  Strain in reinforcement steel: a RC-B1; b RC-B2; c RC-B3
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are present prior to loading. This explains the early dis-
crepancy between the theoretical and experimental results 
seen in RC-B1, RC-B2 and RC-B3 as seen in Fig. 22a, b, 

which could be due to the presence of small cracks prior 
to loading. This discrepancy is almost eliminated for the 
other beams considered in this study.

Table 1  RC beams primary 
crack spacing values

Sp support, Ck crack

RC-B1 RC-B2 RC-B3

Crack Spacing (mm) Crack Spacing (mm) Crack Spacing (mm)

Sp–Ck 1 351 Sp–Ck 1 397 Sp–Ck 1 402
Ck 1–Ck 2 143 Ck 1–Ck 2 138 Ck 1–Ck 2 137
Ck 2–Ck 3 134 Ck 2–Ck 3 143 Ck 2–Ck 3 147
Ck 3–Ck 4 170 Ck 3–Ck 4 178 Ck 3–Ck 4 141
Ck 4–Ck 5 155 Ck 4–Ck 5 138 Ck 4–Ck 5 160
Ck 5–Ck 6 150 Ck 5–Ck 6 140 Ck 5–Ck 6 180
Ck 6–Ck 7 150 Ck 6–Ck 7 124 Ck 6–Ck 7 116
Ck 7–Ck 8 160 Ck 7–Ck 8 196 Ck 7–Ck 8 107
Ck 8–Ck 9 120 Ck 8–Ck 9 142 Ck 8–Ck 9 195
Ck 9–Ck 10 250 Ck 9–Ck 10 155 Ck 9–Ck 10 145
Ck 10–Ck 11 140 Ck 10–Ck 11 160 Ck 10–Ck 11 180
Ck 11–Ck 12 120 Ck 11–Ck 12 150 Ck 11–Ck 12 144
Ck 12–Ck 13 150 Ck 12–Ck 13 150 Ck 12–Ck 13 125
Ck 13–Ck 14 134 Ck 13–Ck 14 210 Ck 13–Ck 14 180
Ck 14–Ck 15 130 Ck 14–Ck 15 120 Ck 14–Ck 15 128
Ck 15–Ck 16 200 Ck 15–Ck 16 178 Ck 15–Ck 16 152
Ck 16–Ck 17 150 Ck 16–Ck 17 143 Ck 16–Ck 17 111
Ck 17–Ck 18 123 Ck 17–Ck 18 138 Ck 17–Ck 18 200
Ck 18–Ck 19 160 Ck 18–Ck 19 126 Ck 18–Ck 19 166
Ck 19–Ck 20 180 Ck 19–Sp 374 Ck 19–Sp 384
Ck 20–Sp 230

Fig. 19  RC-B1 crack development pattern
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Table 3 displays the experimental and theoretical fail-
ure loads and their corresponding mid-span deflection for 
RC-B1, RC-B2, RC-B3, CB1 and CB2. The theoretical fail-
ure load, Pu-theo, was determined from the moment-rotation 
segmental analysis as described in “Limits to the moment-
rotation analysis” when one of the limits was first achieved. 
In all of the beams considered, tension failure by excessive 
yielding of the steel reinforcement took place and Fig. 24 
shows RC-B1, RC-B2 and RC-B3 at failure. From Table 3, 

Fig. 20  RC-B2 crack development pattern

Fig. 21  RC-B3 crack development pattern

Table 2  Summary of crack spacing results for RC-B1, RC-B2 and 
RC-B3

Beam speci-
men

Number 
of cracks

Experimental crack spac-
ing, Sexp, (mm)

Theoretical 
crack spacing, 
Sp (mm)

Sexp-min Sexp-max Sexp-mean

RC-B1 20 120 250 153.6 145.3
RC-B2 19 120 210 151.6 145.3
RC-B3 19 107 200 150.8 145.3
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it is apparent that the mechanics-based approach presented 
here gives a fairly good estimate of the failure load. Moreo-
ver, a significant agreement between the experimental and 
theoretical mid-span deflection results exists at failure load 
as shown in Table 3 for all the beams considered. This fur-
ther shows the suitability of the discrete rotation approach 
in predicting the deflection of the beams at failure loads.

It can be concluded that the discrete rotation approach 
presented here provides accurate predictions of the deflection 
of the RC beams at both service and ultimate limit states, 
and even when the reinforcement steel yields as shown in 

Fig. 22a, e. In addition, the discrete rotation approach cor-
relates well with existing code methods, especially EC2 code 
method where the results were often almost identical. In 
some cases, as in Fig. 22c, d, the discrete rotation approach 
provided significantly better predictions of the deflection 
than the ACI code which underestimated the deflection of 
B1-a, B1-b, B2-a and B2-b. Furthermore, unlike the dis-
crete rotation approach where the formation of cracks was 
reflected in the load–deflection response, the ACI and EC2 
codes deflection results were smooth and did not incorporate 
the formation and widening of flexural cracks.

Fig. 22  Mid-span deflection results
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Conclusion

This paper presents the results of the application of a discrete 
rotation approach to predict the load–deflection behavior of 
RC beams in bending. The approach is based on a segmental 
moment-rotation analysis that accounts for the slip between 
the tensile reinforcement bars and the surrounding concrete 
surface, the softening of the concrete in compression and the 
size and shape effect of the concrete stress–strain relation-
ship. The mid-span deflection was computed following a 
discrete rotation approach where the deflection of the beams 
due to the cracked portion was determined by considering 
the rotation of each individual crack, whereas the deflection 
contribution of the uncracked portions was calculated by Fig. 23  Development of cracks in the discrete rotation approach for 

RC-B1, RC-B2 and RC-B3

Table 3  Mid-span deflections and failure loads of RC beams

Beam Specimen Experimental results Theoretical results Pu - exp

Pu - theo

�u - exp

�u - theo

Mode of failure

Failure 
Load, Pu-exp 
(kN)

Mid-span deflection at 
failure load, δu-exp (mm)

Failure Load, 
Pu-theo (mm)

Mid-span deflection 
at Failure Load, δu-theo 
(mm)

RC-B1 62.44 33.94 62.6 33.39 0.997 1.016 Yielding of steel (tension 
failure)

RC-B2 64.26 37.81 62.6 33.39 1.027 1.132 Yielding of steel (tension 
failure)

RC-B3 62.14 33.50 62.6 33.39 0.993 1.003 Yielding of steel (tension 
failure)

CB1 196 58.88 196.5 53.21 0.997 1.107 Yielding of steel (tension 
failure)

CB2 190 52.38 196.5 53.21 0.967 0.984 Yielding of steel (tension 
failure)

Fig. 24  Failure of RC beams: a RC-B1; b RC-B2; c RC-B3
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integrating the curvature along the uncracked length follow-
ing a full-interaction analysis.

From the findings of this study, it is seen that the dis-
crete rotation approach gives good prediction of the deflec-
tion of the beams at all limit states including the post yield 
deformations. The approach simulates the behavior that is 
seen in practice as can be seen from the step changes in the 
load–deflection response when new cracks form. Further-
more, the mechanics-based discrete rotation approach con-
siders the bondstress–slip relationship of the reinforcement 
steel in the analysis. This makes the solution conducive for 
different types of bondstress–slip relationships and thereby 
different reinforcement materials. Moreover, the approach 
can be used to refine existing design rules by investigating 
the factors that affect the deformation of RC members.
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