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Abstract In this paper, a new eight-unknown shear defor-
mation theory is developed for bending and free vibration
analysis of functionally graded plates by finite-element
method. The theory based on full 12-unknown higher order
shear deformation theory simultaneously satisfies zeros
transverse stresses at top and bottom surfaces of FG plates. A
four-node rectangular element with 16 degrees of freedom per
node is used. Poisson’s ratios, Young’s moduli, and material
densities vary continuously in thickness direction according to
the volume fraction of constituents which is modeled as
power-law functions. Results are verified with available
results in the literature. Parametric studies are performed for
different power-law indices, side-to-thickness ratios.

Keywords Functionally graded plate - Finite-element
method - Bending - Vibration analysis

Introduction

Since it was invented by Japanese scientists in 1984
(Koizumi 1997), functionally graded materials (FGMs) are
increasingly and widely used in many fields, such as
aerospace, marine, mechanical, and structural engineering
due to its advantages compared to classical fiber-reinforced
laminated composites. The typical FGMs composed of
ceramic and metal materials. The ceramic composition
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offers thermal barrier effects and protects the metal from
corrosion and oxidation, and the metallic composition
provides FGM toughness and strength.

For dynamic and static analysis of functionally graded plates
and shells, many plate theories are developed. A review of
shear deformation theories for isotropic and laminated plates
was carried out by Ghugal and Shimpi (2002) and Khandan
et al. (2012). Focus on modeling of functionally graded plates
and shells, Thai and Kim (2015) reviewed various theoretical
models to investigate their mechanical behavior. The classical
plate theory (CPT) based on Kirchhoff assumptions and
ignores the transverse shear deformation effect gives appro-
priate results for thin plates. First-order shear deformation
theory (FSDT) takes into account the transverse shear defor-
mation effect and needs a shear correction factor which is
difficult to determine due to its dependence on many parame-
ters. To overcome the weaknesses of FSDT, the higher order
shear deformation theories are proposed.

A comprehensive review of the various methods employed
to study the static, dynamic, and stability behavior of func-
tionally graded plates can be found in work of Swaminathan
et al. (2015). The review focuses on comparing the stress,
vibration, and buckling characteristics of FGM plates using
different theories. Based on third-order shear deformation
theory with five displacement unknowns, Reddy (2000)
developed analytical and finite-element solutions for static
and dynamic analyses of functionally graded rectangular
plates. El-Abbasi and Meguidin (2000) used a new thick shell
element to study the thermoelastic behavior of functionally
graded plates and shells. They extended the four-nodded
seven-parameter shell element to account for the varying
elastic and thermal properties, as well as the temperature
boundary conditions on both faces of FG plates and shells.

Oyekoya et al. (2009) developed Mindlin-type element
and Reissner-type element for the modeling of functionally

\g
’r @ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s40091-016-0140-y&amp;domain=pdf
http://crossmark.crossref.org/dialog/?doi=10.1007/s40091-016-0140-y&amp;domain=pdf

392

Int J Adv Struct Eng (2016) 8:391-399

graded plate subjected to buckling and free vibration. The
Mindlin-type element formulation is based on averaging of
transverse shear distribution over plate thickness using
Lagrangian interpolation. The Reissner-type element for-
mulation is based on parabolic transverse shear distribution
over plate thickness using Lagrangian and Hermitian
interpolation. Talha and Singh (2010) studied free vibration
and static behavior of functionally graded plates using
higher order shear deformation theory. A continuous
isoparametric Lagrangian finite element with 13 degrees of
freedom per node is employed for the modeling of func-
tionally graded plates. Thai and Choi (2013) presented
finite-element formulation of various four-unknown shear
deformation theories for the bending and vibration analyses
of functionally graded plates. To describe the primary
variables, a four-node quadrilateral finite element is
developed using Lagrangian and Hermitian interpolation
functions. Three-dimensional graded finite-element method
based on Rayleigh—Ritz energy formulation has been
applied to study the static response of the thick functionally
graded plates (Zafarmandand and Kadkhodayan 2014).

In this paper, a new higher order displacement field
based on 12-unknown higher order shear deformation
theory is developed to analyze the free vibration and
buckling of functionally graded plates. The new eight-un-
known higher order shear deformation theory is derived
from the satisfaction of vanishing transverse shear stress at
the top and bottom surfaces of the plate. The finite-element
model is developed for bending and free vibration analysis
of power-law functionally graded plates. A C' continuous
four-node quadrilateral plate element with 16 degrees of
freedom per node is employed. Lagrangian linear interpo-
lation functions are used to describe the in-plane dis-
placements and the rotation of normals about x and y axes;
Hermitian cubic interpolation functions are given for the
transverse displacement, rotation about z-axis, higher order
term of displacements and their first derivation.

Kinematics

The 12-unknown higher order displacement field is given
as follows (Jha et al. 2012):
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u(x,y, 2) = up(x, y) + 20x(x, ) + Zuj(x, y) + 22 05(x, y);
v(x, v, 2) = volx, ) + 20y(x, y) + 2v5(x, ¥) + 220, (x, );
w(x, y, 2, 1) = wo(x, y, 1) + 20-(x, y, 1) + Zwg(x, y, 1)

+20:(x, y,1) (1)

where u, v, w denote the displacements of a point along
the (x, y, z) coordinates. ug, vo, wo are the corresponding
displacements of a point on the midplane. 0y, 0,, and 0, are
the rotations of the line segment normal to the midplane
about the y-axis, x-axis, and z-axis, respectively. The
functions ug, v, wp, 0, 9;‘,, and 0] are the higher order
terms in the Taylor series expansion defined in the
midplane.

For bending plates, the transverse shear stresses o,, and
oy, must be vanished at the top and bottom surfaces. These
conditions lead to the requirement that the corresponding
transverse strains on these surfaces be zero. From
Te(® v, £ = 9. (x, y, £4) = 0, we obtain
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Thus, the displacement field (1) becomes
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{u} = {u, v, w}" displacement vector of any generic
point within the plate; {d} = {uo, vo, Os, 0y, wo,
* * * T
Wox, Woy, Oz Ocx, 0oy, W, Waxv Way’ 0;, Gz,ﬁ ez,y} :
Following strain—displacement relation, the non-zero
strains are given as:
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Constitutive equation

Consider a rectangular FGM plate with the length a, width
b, and thickness 4. The x-, y-, and z-coordinates are taken
along the length, width, and height of the plate, respec-
tively, as shown in Fig. 1. The material properties of FGM
plates are assumed to vary continuously through the

Fig. 1 Geometry of FG plate with positive set of reference axes
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Fig. 2 Node number of four-node quadrilateral element in its natural
coordinate

thickness of the plate by a power-law distribution as
(Reddy 2002):

V(z) = (V. — Vm)(% + %) + Vi (5)

where V(z) represents the effective material property, such
as Young’s modulus E, mass density p, and Poisson’s ratio
v; subscripts m and c¢ represent the metallic and ceramic
constituents, respectively; and p is the volume fraction
exponent.

The stress—strain relationship for the FGM plate can be
written as

Ox (O Qi Qi O 0 0 &y
ay On 0O»n On O 0 0 &y
o | _[9n On QO3 0 0 O &
Oxy 0 0 0 Q44 0 0 ny
Oy 60 0 0 0 055 O Vxz
Oy: ) 0 0 0 0 QOssl Ly
or compact matrix form: {6} = [D]{&} (6)
in which
B B B (1 — VE ]
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Ou = Oss = Qo6 = 5175

* @ Springer



394

Int J Adv Struct Eng (2016) 8:391-399

vE

Q12 = 023 = 013 Zm

= 0 = 0 = O31.

Finite-element formulation

A C! continuous four-node quadrilateral plate-bending
element with 16 degrees of freedom per node is used
(Fig. 2). The Lagrangian linear interpolation functions
N;(&,n) are employed to describe the variables
up, vo, Oy, 0, and the Hermitian cubic interpolation func-
tions Hj;(&, u) are employed to describe the variables

* * *
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For rectangular elements, the interpolation functions N;
and Hj; for the ith node are given in terms of the natural
coordinates as

Ni= 3 (14 &)+ ) (52)
Hy = (L4 &+ nn) 2+ 8+ — & = 1),

H %é(fé—l)( ) (1+ &),

Ho = gni(nn = {1+ &1+ E8). (5b)
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{g.} = {6]1,6]2,6]3,6]4}T is element nodal displacement

vector.
{ai} = {uoi, voi, Oi, Oyi, Woi, Wo.xi, Woyi, Oz, Ozxi 0z,

* *
Wois Wo,xi>

W k * k
0,yi? Vzid» YVzxid Vz,yi

corresponding to the ith node.
The displacement vector at any generic point can be
written as

{d} = [Bl{q.} ©)

}T is nodal displacement vector

where [B] = [[B1], [Ba1], [Bz], [Bas]]” is the shape function
matrix.

The strain vector is expressed by
{e} = [LI{d} = [L][B/{g.} = [Bl{g.}- (10)

[L] is differential operator matrix, [B] = [L][B] is the
strain—displacement matrix.
Hamilton’s principle can be expressed as

T
= / (U + W — OT)dr
0

(11a)

and applying for each element:
The strain energy of the FGM plate element is given by

/ {0} {e}aV = / (4.} 1B DB {gc}dV
:E{QE} [Ke]{qe}'
(11b)

The external work done on the plate element by distributed
applied load may be written as

W, = / (@) {f}aa = / {a)"
- o) {F

and {f} is mechanical load vector.
The kinetic energy of the FGM plate can be expressed as

-2 / (Y7 () p(2)dv

B]"{f}dA

(11c¢)
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— @M
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Substituting Eqgs. (11b—11d) into Eq. (11a), finite-element
stiffness equation is obtained as

(Mel{Ge} + [Kel{ge} = {Fe} (12)

where [K,], [M,], and {F,} are the element stiffness matrix,
element mass matrix, and element nodal load vector, {g,}
is nodal displacement vector, and {§,} is the second
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derivative of the displacements of the element with respect
to time.

By assembling the element matrices, the global equi-
librium equations for the plate can be obtained as

[KI{Q}+[M){Q} = [F]. (13)

where [K], [M], and {F} are the global stiffness matrix,
mass matrix, and nodal load vector of the structure,
respectively, {Q} is nodal displacement vector, and { Q} is
the second derivative of the displacements of the structures
with respect to time.

The generalized governing Eq. (13) can be employed to
study the free vibration and static analysis by dropping the
appropriate terms as follows.

For linear static analysis

[K[{Q} = {F}. (14)

For free vibration analysis, the frequency of natural
vibration can be obtained from the bellow eigenvalue
problem:

(K-’ [M]){Q} = [0]. (15)

This equation can be solved after imposing boundary
conditions of the structure, with eigenvalues solving
common problems.

The boundary conditions for an arbitrary edge with
simply supported and clamped edge conditions are:

Clamped (C):

uy=vo=0,=0,=wo=wo,=wo,=0,=0,,=0,

* * x_* _0x . 0O*
WO_WO,X_WO,y_Oz _Oz,x_Oz,y

at x = 0; a and y = 0; b.Simply supported (S):
vo=0y=wy=woy=0,= 0, =w5=wp, = 0:

* .
0” at x = 0; a.

»
»
»
»

y y

up=0,=wo=wo, =0, =
HZX aty = 0; b.

Numerical results

Matlab codes for finite-element model have been built for
numerical investigation. After checking convergence, a
10 x 10 mesh of four-node element has been used in the
computation. The selective integration scheme based on
Gauss-quadrature rules, with 3 x 3 for membrane, cou-
pling, flexure and inertia terms and 2 x 2 for shear term. A
rectangular FG plates with different boundary conditions,
as shown in Fig. 3 are considered (F-free, S-simply sup-
ported, and C-clamped). Material properties of the P-FG
plate are given in Table 1. For convenience, the following
dimensionless forms are used (Thai and Kim 2013):

s
—10(‘:51’1 s 0= wh, [t

w= E.

Example 1 Validation study

Dimensionless central deflections w of isotropic square
plates (p = 0) with various values of thickness ratios a/
h are presented in Table 2. The present results are com-
pared with the solutions given by Thai and Choi (2013)
based on four-unknown shear deformation theories (zeros
shape function—FSDT) and the analytical solutions

Table 1 Material properties used in the P-FG plate [13]

p (kg/m®)

Aluminum (Al) 70 03 2702
Alumina (AL,O;) 380 03 3800

Properties E (GPa) v

Metal

Ceramic
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Fig. 3 Boundary conditions of plates
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Table 2 Dimensionless

deflection w of isotropic square alh Method Boundary condition
plates under uniform loads SCSC  SSSC SSSS SFSC SFSS SFSF
5 MPT (Zenkour 2003) 0.3021 03827 04904 07139  0.9072  1.4539
FSDT (Thai and Kim 2013)  0.2837  0.3686  0.4929  0.6945  0.9146  1.4794
Present 02833 03565  0.4526  0.6958  0.8837  1.5742
10 MPT (Zenkour 2003) 02209 03059 04273  0.6065  0.8224  1.3459
FSDT (Thai and Kim 2013) 02220 03062  0.4298  0.6121 08314  1.3722
Present 02550 03337 04390  0.6625  0.8629  1.5406
25 MPT (Zenkour 2003) 0.1965 0.2830 0409 05737  0.7981 13154
FSDT (Thai and Kim 2013)  0.2047  0.2887  0.4121  0.5890  0.8080  1.3422
Present 02005 02816 03961  0.5822  0.8005  1.4487
10,000  MPT (Zenkour 2003) 0.1917 02785  0.4062 05667  0.7931  1.3094
ESDT (Thai and Kim 2013)  0.2014  0.2853  0.4087  0.5847  0.8036  1.3365
Present 0.1919 02736 03905 0.5694  0.7918 14324

reported by Zenkour (2003) based on a mixed first-order
shear deformation theory (MPT). It can be seen that the
present solution is in close agreement with those solutions
(errors <0.2%).

Dimensionless fundamental frequencies @ of simply
supported (SSSS) square FG plates (p = 0) with various
values of thickness ratios a/h and power-law index p are
presented in Table 3. The comparison of the dimensionless
fundamental frequencies of present results shows good
agreement with analytical solutions of Thai and Kim
(2013) based on simple higher order theory, and finite-
element results of Thai and Choi (2013) based on four
unknowns shear deformation theories.

Example 2 Effect of power-law index p and side-to-
thickness ratio a/h on the dimensionless central deflection
w.

In this example, the square FG plate with different
boundary conditions under uniformly distributed load is
considered. The calculated dimensionless central deflection
with various power-law indices p = 0; 0.5; 1.0; 2; 5; 10

Table 3 Dimensionless fundamental frequency @ of SSSS Al/AL,O5
square plates

a/h  Method Power-law index (p)
0 0.5 1 4 10
5 TSDT [14] 0.2113 0.1807 0.1631  0.1378  0.1301
FSDT [13] 0.2108 0.1802 0.1629 0.1396  0.1322
Present 0.2280 0.1949 0.1765 0.1504  0.1420
10  TSDT [14] 0.0577 0.0490 0.0442 0.0381 0.0364
FSDT [13] 0.0576  0.0489 0.0441 0.0382  0.0365
Present 0.0591 0.0502 0.0457 0.0402 0.0383
20  TSDT [14] 0.0148 0.0125 0.0113 0.0098 0.0094
Present 0.0154 0.0130 0.0119 0.0105 0.0100

’r @ Springer

and a/h = 5; 10; 20; 50 are given in Table 4. Figures 4 and
5 show the variation of power-law index p and side-to-
thickness ratio a/h versus dimensionless central deflection.
It is found that the dimensionless central deflection
increases as power-law index p increases, while dimen-
sionless central deflection decreases as side-to-thickness
ratio increase with all types of boundary conditions.

Example 3 Effect of power-law index p and side-to-
thickness ratio a/h on the fundamental frequency ®

Table 5 presents the dimensionless fundamental fre-
quency for various power-law indices p = 0; 0.5; 1.0; 2; 5;
10 and a/h = 5; 10; 20; 50. Different boundary conditions
for each case are considered. The variation of dimension-
less fundamental frequency versus power-law index p and
side-to-thickness ratio a/h is illustrated in Figs. 6 and 7.

It is observed that for all types of boundary condition,
dimensionless frequencies decreases as power-law index
and side-to-thickness ration increases. Effect of boundary
conditions is clearly too, the dimensionless frequency of
FG plate with boundary conditions CCCC is highest, and
the lowest with SSSS boundary conditions.

Conclusions

In this study, the new eight-unknown shear deformation
theory is used to analyze the bending and free vibration of
rectangular functionally graded plates by finite-element
approach. The governing equations and boundary condi-
tions are derived by employing Hamilton’s principle.
Validation studies have been carried out to confirm the
accuracy of the present formulation. The obtained result
shows good agreement with those available in the litera-
ture. Influence of power-law index, side-to-thickness ratio
on bending, and vibration responses of FG plates have been
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Table 4 Dimensionless

deflection w of Al/Al,O3 square alh P Boundary condition
plates under uniform loads Cccc SCsC SSSC SSSS SESC SFSS SFSF
5 0 0.2064 0.2833 0.3565 0.4526 0.6958 0.8837 1.5742
0.5 0.3048 0.4225 0.5379 0.6909 1.0545 1.3526 2.4082
1 0.3897 0.5418 0.6919 0.8911 1.3602 1.7498 3.1272
2 0.5090 0.7053 0.8956 1.1463 1.7574 22511 4.0427
5 0.6757 0.9205 1.1406 1.4234 2.2019 27611 4.9461
10 0.7802 1.0537 1.2921 1.5952 2.4780 3.0770 5.5048
10 0 0.1800 0.2550 0.3337 0.4390 0.6625 0.8629 1.5406
0.5 0.2720 0.3875 0.5104 0.6756 1.0148 1.3290 2.3678
1 0.3424 0.4899 0.6491 0.8642 1.2974 1.7087 3.0590
2 0.4280 0.6131 0.8144 1.0868 1.6364 2.1622 3.9014
5 0.5271 0.7489 0.9827 1.2960 1.9656 2.5738 4.6574
10 0.5999 0.8469 1.1016 1.4402 2.1933 2.8499 5.1563
20 0 0.1393 0.2056 0.2862 0.3996 0.5895 0.8056 1.4562
0.5 0.2135 0.3158 0.4411 0.6175 0.9085 1.2445 2.2444
1 0.2725 0.4039 0.5659 0.7945 1.1696 1.6075 29111
2 0.3429 0.5086 0.7136 1.0029 1.4810 2.0400 3.7224
5 0.4088 0.6042 0.8439 1.1809 1.7518 2.4059 44104
10 0.4536 0.6689 0.9309 1.2984 1.9302 2.6432 4.8511
50 0 0.1297 0.1940 0.2756 0.3919 0.5727 0.7942 1.4395
0.5 0.2001 0.2996 0.4259 0.6062 0.8848 1.2280 22205
1 0.2566 0.3846 0.5478 0.7810 1.1413 1.5877 2.8827
2 0.3231 0.4848 0.6913 0.9863 1.4460 2.0156 3.6873
5 0.3801 0.5698 0.8118 1.1570 1.7013 2.3708 4.3596
10 0.4181 0.6263 0.8913 1.2690 1.8679 2.6000 47882
5 . . 4.5 T T
s St ]
| e ) !
4 1 3.5 SSSS
S, | | e -
2 / —<4— SFSS g 3 I zizi H
§ 3 % —>— SFSF || i ”s
8 75 — g i
é / //I—" S 2
g 2 2 A
£ 215
8 15 /’ a LA
1y % &~
o.s}(/"éﬂ_/_F_———_ —n % ‘“’%F :r( f
00 1 > 3 4 17 5 7 8 9 10 00 10 20 30 40 :/?] 60 70 80 90 100
p

Fig. 4 Variation of dimensionless deflection w versus power-law
index p of Al/A1203-1 square plates under uniform loads (a/h = 10)

Fig. 5 Variation of dimensionless deflection w versus thickness ratio

alh of Al/A1203-1 square plates under uniform loads (p = 2)
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Table 5

Dimensionless

Dimensionless fundamental frequency

fundamental o frequency of Al/ alh P Boundary condition
ALyO; square plates CCcCcC SCSC SSSC SSSS SFSC SFSS SFSF
5 0 0.3422 0.2896 0.2562 0.2280 0.1480 0.1386 0.1097
0.5 0.2970 0.2503 0.2201 0.1949 0.1263 0.1180 0.0933
1 0.2702 0.2274 0.1996 0.1765 0.1143 0.1067 0.0840
2 0.2432 0.2051 0.1806 0.1602 0.1037 0.0968 0.0758
5 0.2174 0.1850 0.1651 0.1482 0.0962 0.0903 0.0706
10 0.2052 0.1755 0.1575 0.1420 0.0924 0.0869 0.0682
10 0 0.0984 0.0805 0.0684 0.0591 0.0312 0.0300 0.0252
0.5 0.0843 0.0688 0.0582 0.0502 0.0267 0.0256 0.0215
1 0.0775 0.0631 0.0532 0.0457 0.0248 0.0238 0.0197
2 0.0714 0.0582 0.0490 0.0421 0.0233 0.0222 0.0182
5 0.0661 0.0543 0.0461 0.0398 0.0219 0.0209 0.0172
10 0.0630 0.0519 0.0442 0.0383 0.0209 0.0200 0.0165
20 0 0.0275 0.0220 0.0182 0.0154 0.0080 0.0077 0.0064
0.5 0.0234 0.0187 0.0154 0.0130 0.0069 0.0066 0.0055
1 0.0214 0.0171 0.0141 0.0119 0.0064 0.0061 0.0050
2 0.0197 0.0158 0.0130 0.0109 0.0060 0.0057 0.0046
5 0.0187 0.0150 0.0123 0.0104 0.0057 0.0054 0.0044
10 0.0180 0.0144 0.0119 0.0100 0.0054 0.0052 0.0042
50 0 0.0046 0.0036 0.0030 0.0025 0.0013 0.0012 0.0010
0.5 0.0039 0.0031 0.0025 0.0021 0.0011 0.0011 0.0009
1 0.0035 0.0028 0.0023 0.0019 0.0010 0.0010 0.0008
2 0.0033 0.0026 0.0021 0.0018 0.0010 0.0009 0.0007
5 0.0031 0.0025 0.0020 0.0017 0.0009 0.0009 0.0007
10 0.0030 0.0024 0.0019 0.0016 0.0009 0.0008 0.0007
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Fig. 6 Variation of dimensionless fundamental frequency @ versus
power-law index p of Al/Al,O5 square plates (a/h = 10).
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Fig. 7 Variation of dimensionless fundamental frequency @ versus
thickness ratio a/h of Al/Al,0O5 square plates (p = 2)
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investigated and discussed. The new eight unknowns shear
deformation theory is accurate in predicting static and free
vibration responses of FG plates.
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