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Abstract

We consider degenerate elliptic equations of second order in divergence form with
a symmetric random coefficient field a. Extending the work of Bella et al. (Ann
Appl Probab 28(3):1379-1422, 2018), who established the large-scale C'* regularity
of a-harmonic functions in a degenerate situation, we provide stretched exponential
moments for the minimal radius 7, describing the minimal scale for this C* regularity.
As an application to stochastic homogenization, we partially generalize results by
Gloria et al. (Anal PDE 14(8):2497-2537, 2021) on the growth of the corrector, the
decay of its gradient, and a quantitative two-scale expansion to the degenerate setting.
On a technical level, we demand the ensemble of coefficient fields to be stationary and
subject to a spectral gap inequality, and we impose moment bounds on a and a~'. We
also introduce the ellipticity radius r, which encodes the minimal scale where these
moments are close to their positive expectation value.
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1 Introduction and main results

Inthese notes, we present some ideas to generalize results from stochastic homogeniza-
tion of uniformly elliptic operators —V - aV to the case of degenerate and unbounded
random coefficient fields a. The underlying random distribution is always assumed to
be stationary and ergodic. To quantify the degeneracy and unboundedness, we impose
moment bounds on the norm of a(x) and its pointwise inverse a(x)~!, x € R%. A
precise collection of our general assumptions is given in Definition 1.1.

For the sake of a simplified notation, we focus on scalar models where a : R —
R?*4 is a matrix field rather than a field of rank-4 tensors. But since we do not rely on
results from scalar PDE theory like maximum principles, we believe that our methods
also extend to systems provided that all arguments involving |a| or |a~!| also apply
to the respective generalizations i and A~! as defined by the first author, Fehrman,
and Otto [9]. As we shall explain in more detail below (see Remark 2.2), we currently
have to restrict ourselves for technical reasons to symmetric matrix coefficient fields
a(x) = a(x)T; this issue might be resolved by working only with the scalar quantities
w and A~!. However, this is beyond the scope of this contribution and is left as a
subject for future work. An alternative approach for non-symmetric coefficient fields
a(x)isoutlined in [5, Chapter 10], where a variational formulation based on a “double-
variable” approach is presented.

To some extent, this paper continues the studies of the first author, Fehrman, and
Otto [9], where the large-scale C!** regularity and a first-order Liouville principle for
a-harmonic functions were derived in the same setting. It is one of the goals of the
present contribution to provide stretched exponential moments for the minimal radius
7+, which determines the minimal scale for the C'-* regularity. Moreover, we provide
quantitative estimates on the growth of the corrector and the decay of its gradient, and
we derive a quantitative two-scale expansion in our degenerate setting.

The starting point of our analysis is the work of Gloria, Neukamm, and Otto [22] on
the large-scale regularity of random elliptic operators. The main achievements of this
publication are large-scale Schauder and large-scale Calder6n—Zygmund estimates
valid on scales larger than the minimal radius r,. Their approach is in turn motivated
by the ideas of Avellaneda and Lin [6], who established a large-scale regularity theory
for elliptic operators with periodic coefficients, hence, on the torus. This enabled the
authors to apply compactness arguments which are generally not available. Previous
preprints [20, 21] of [22] follow in some cases different strategies which can be equally
valuable as they are sometimes better suited for an application in our situation. A key
ingredient in all three versions are functional inequalities (e.g. spectral gap and loga-
rithmic Sobolev inequalities), which allow to quantify certain aspects of the random
ensemble in an advantageous manner. A comparison of various forms of functional
inequalities and applications is given by Duerinckx and Gloria [16]. The basis for
our results on the corrector in stochastic homogenization and the two-scale expansion
is the contribution by Gloria, Neukamm, and Otto [23] on quantitative estimates in
stochastic homogenization.
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Definition 1.1 (Ensemble of coefficient fields) Let Q2 be the space of symmetric coef-
ficient fields a : R — R4*4 4 > 2, and let (-) denote an ensemble of coefficient
fields a, i.e. a probability measure on 2, which we assume to be

e stationary, i.e. the probability distributions of a and a(x + -) coincide for all
X € ]Rd,
e ergodic, i.e. every translation invariant random variable is almost surely constant.
For any a € 2, we define the (space-dependent) quantities

A= |a_1|_1 and = |al.

We suppose A(x), u(x) € (0,00) for ae. x € R?, and that p,g € (1,00) exist
satisfying
1 1
(uP)? + (2777 =K <oo  and

+1.2 (L.1)
< =, .
d

SR
Q| =

where (1.1) is independent of x € R? due to the stationarity of the ensemble (-).

The concept of imposing stochastic moment bounds on the coefficient field a(x)
instead of assuming uniform ellipticity was successfully applied in a similar context
by Chiarini and Deuschel to prove an invariance principle for symmetric diffusion
processes on R4 [14]. In the context of homogenization, condition (1.1) was first
imposed by Andres et al. [2] for an ergodic random conductance model and later also
used in a time-dependent ergodic version thereof [15]. In our situation, the purpose of
(1.1) is to guarantee the sublinearity of the corrector (cf. Remark 1.5) and to allow for
specific Sobolev embeddings (e.g. in Lemma 2.3). Only recently, the first author and
Schiffner [11] showed that the relaxed version

]+1 2 (1.2)
-t -< — .
p q d-1

guarantees local boundedness and the existence of a Harnack inequality for solu-
tions to linear, nonuniformly elliptic equations. The same result was already proven
by Trudinger [28] under the more restrictive version in (1.1). Condition (1.2) is, in
addition, optimal in the sense that local boundedness is generally not available if the
right-hand side is replaced by % + ¢ for any ¢ > 0; we refer to the references in
[11] for further details. As an application to stochastic homogenization, the authors
show that the pointwise sublinearity of the corrector, which was proven by Chiarini
and Deuschel [14] in a similar framework assuming (1.1), also holds under condition
(1.2). Stochastic moment bounds of the type (1.1) appeared recently also in studies
on the regularity properties of non-uniformly parabolic operators; see [1, 12] and the
references therein.
Related to Birkhoff’s ergodic theorem (see e.g. [24]) guaranteeing that

1 1
lim <][ M!’)” + (f )\—Q)q =K (1.3)
r=oo B, (0) B, (0)
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for a.e. coefficient field a, we subsequently define the ellipticity radius r,, which
determines the minimal scale on which the system behaves approximately elliptic.

Definition 1.2 For K as in (1.1), we define the ellipticity radius r, > 1 as the random
variable

1 1
P q
re := inf rzl“v’,o>r: ][ u? + ][ A < 4K
B (0) B,(0)

We subsequently recall standard notions in stochastic homogenization including
the extended corrector (¢, 0) = ((¢:);, (0ijr)ijk) and the homogenized field anom.
Existence and uniqueness of the extended corrector will be discussed afterwards.

Definition 1.3 (Definition of the extended corrector (¢, o)) In the situation of Defini-
tion 1.1 and for given & € R, one calls the sublinear solution psof =V-a(§+Vee) =
0 on R? the corrector associated to £. Specifically for & being a canonical basis vector,
one considers the corrector ¢;, | <i < d, being a solution to

—-V.qi =0, gi:=ale+ V). (1.4)

The vector g; is called the ith component of the flux and one introduces the flux
correction ojji, 1 <1i, j, k < d, as a vector-valued potential solving

V.oi=¢qi —(qi), —Ao; =V xgq;:=(0;qik — kqij) jk- (L.5)

Finally, one defines the homogenized field apom via anomei := (qi).

Concerning the possible degeneracy and unboundedness of the coefficients a(x),
we mention that it is obviously not possible to perform estimates like c|v|*> < v-av <
C |v|2 for v € RY with uniform constants C > ¢ > 0. It is, therefore, advantageous
to introduce a separate notation for such quadratic forms and also for matrix products

1 1.
a?Ma? with some M € RI>4,

Notation 1.4 Fora € R4, M € R4*4 and v € R4, we set |v|§ = v - av and

M|, := |a%Ma% | where | - | denotes the spectral norm on R4*?. For any measurable
D c R4, we further abbreviate Lg(D)d = {f :D — R? | f-af € LI(D)} and
HYD):={u:D—R|Vu-aVu e L'(D)}.

A question which typically arises in this context, is concerned with the so-called
Liouville principle. For example, given a subquadratic solution # of —V-aVu = 0 on
R?, can one prove thatu = c+& - x + ¢g (x) for some & € R?? For the present setting,
the first author, Fehrman, and Otto [9] have shown that such a Liouville property
does hold (cf. Remark 1.5). The interest in such a principle also lies in its close
relation to Schauder estimates, which has been highlighted by Simon [27]. Moreover,
Liouville properties have been established in many situations including stationary and
ergodic degenerate systems [ 13], higher-order Liouville principles [17], and Liouville
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theorems for uniformly parabolic systems in a random setting supposing stationarity
and ergodicity [8].

The existence of an extended corrector (¢, o) as in Definition 1.3 directly follows
from [9, Lemma 1], while its uniqueness is an immediate consequence of the sublin-
earity of (¢, o) [9, Lemma 2] and a related Liouville principle [9, Theorem 1]. For
the sake of completeness, we recall these results in Remark 1.5 below. Identity (1.6)
shows that the extended corrector (¢, o) is sublinear w.r.t. p. While (1.6) gives only
a qualitative statement, we will prove a quantified version thereof in Corollary 2.4,
which will serve as an important tool in the latter part of this paper.

Remark 1.5 (Properties of the extended corrector (¢, o) [9, Lemmas 1,2, Theorem 1],
[14, Proposition 4.1]) Under the hypotheses of Definition 1.1, there exist a constant
C > 0O and random tensor fields ¢; and 0, 1 < i, j, k < d, satisfying (1.4)—(1.5) and
the skew-symmetry o;jx = —ojx;, while the gradient fields are stationary, of vanishing
expectation

(Vi) = (Vaiji) = 0,

and having bounded moments

U

4+l ptl

> (90 Z(|V¢|q+l)T+ ) (Vo 77) 7 < CK,
i=l1

i=1 i,j.k=1

where K is the constant from Definition 1.1. In addition, (¢, o) is sublinear in the
sense

p=1 =1
! AR AN
limmax{— ][ ‘q)—][q&’ . — ][ ‘a—][aq }:O,
p—>00 P \/B, B, P \JB, B,

(1.6)

and a.e. coefficient field a satisfies the following Liouville principle: Any solution
u e Ha1 (R%) to —V -aVu = 0 in R? subject to

p—1

2p \ 20
lim R+ <][ |u|1’1> =0
R—o00 Br

for some @ € (0, 1) admits the representation u(x) = ¢ + & - x + ¢z (x) for some
ceRand €& e R4, Finally, the homogenized field apon, is uniformly elliptic.

The following lemma is basically a consequence of the collected results in
Remark 1.5 and [9, Theorem 2]. The claimed mean-value property in (1.8) is a direct
consequence of (1.7) which is typically referred to as a large-scale C% regularity
estimate. The first large-scale regularity result for a uniformly elliptic, scalar equation
was obtained by Marahrens and Otto [25], where the ergodicity of the random ensem-
ble was encoded by means of a logarithmic Sobolev inequality. For elliptic systems
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with stationary and coercive coefficients, the first author and Otto [10] derived moment
bounds on the corrector gradient by employing either a logarithmic Sobolev inequality
or a spectral gap estimate. We also mention the large-scale regularity theory for scalar
equations in a random environment developed by Armstrong and Smart [4]. A crucial
ingredient of their approach is the assumption of a finite range of dependence for the
symmetric coefficient field. More recently, large-scale regularity results have also been
shown for the random conductance model by Armstrong and Dario [3]. They prove that
the corresponding solutions on supercritical percolation clusters are close to harmonic
functions on large scales which admit stretched exponential moments. For similar
models subject to long-range correlations and decoupling inequalities, Sapozhnikov
[26] generalized several results, such as heat kernel bounds and parabolic Harnack
inequalities, which have already been known for the Bernoulli percolation.

Lemma 1.6 (Large-scale C!® regularity and a mean-value property for a-harmonic
functions) For any « € (0, 1) and K > 0, there exist constants Co, C1, and Co such
that for all positive radiir < R and p, q € (1, 00) satisfying %—G—é < % the following
holds: If

(7{39 u”); + (ﬁp/\‘qy <2K

and
—1

p—1 q
20\ 2p 29\ 2q
max{l<][ ‘fb—][(ﬁpl) ,l(][ )U—faql> }Si
P \Jg, B, P \/a, B, Co

for all p € [r, R], then any solution u € Ha1 (BRr) of =V - aVu = 0 fulfills the
excess-decay

F 2

Exc(r) < C (R) “Exc(R), (1.7)

where the excess Exc(p) is defined as

2
a’

Exc(p) := inf ][ |Vu — (& + Vo)
§eR? /B,
and Vu satisfies the mean-value property
|Vu|? §C2][ |Vul2. (1.8)
Br

We now introduce the minimal radius r, which quantifies the minimal scale on
which the (extended) corrector (¢, o) grows only sublinearly. For technical reasons,
we do not only demand r, > r, but even r, > Myr, for a specific constant My > 1
detailed below.
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Definition 1.7 (Minimal radius) In the situation of Definition 1.1, we define the min-
imal radius as the random variable r, > Myr, given in the form

s ::inf{rzMore Yo>r:
—1

e (o= f o) (f - f o) 2

where Cj is the constant from Lemma 1.6, while My > 1 is defined in (2.34).

The following spectral gap estimate (1.10) is our main stochastic assumption on
the underlying random environment. A very similar condition involving a coarsen-
ing partition {D} of R? was used in [20]. Alternatively, one can employ multiscale
functional inequalities to describe the random ensemble (see Remark 1.9). A detailed
exposition of these ideas is given by Duerinckx and Gloria in [16]. We point out that
the more elementary spectral gap condition (1.10) is sufficient for the present study,
where we deduce stretched exponential moments for r, with a typically small expo-
nent ¢. Nevertheless, we remark that multiscale functional inequalities could provide a
framework to obtain (with different techniques) stronger stretched exponential bounds
on ry in the spirit of Gloria, Neukamm, and Otto [22].

Definition 1.8 (Spectral gap inequality) Let the hypotheses of Definition 1.1 hold and
assume that a partition {D} of R? and an exponent B € [0, 1) exist such that

diam D < (dist D + 1)’3 < C(d)inndiam D, (1.9)

where inndiam D := 2sup{r > 0|3 x € D : B.(x) C D} denotes the inner

diameter of D C R9.
We say that a random field a satisfies the spectral gap (or Poincaré) inequality, if
there exists a constant ¥ € (0, 1] such that

((x(@) - (x(@n)?) < (] 5

for all o (a)-measurable random variables X (a), where we recall that

/‘BX(a) = sup /b:a%—ax(a)al
D

IBll oo (py=1 da

> (1.10)

[N

a

X(a + ta%ba%) — X(a)

= sup limsup
IbllLoo(py=1 1=0 4

An upgraded version of the standard spectral gap estimate (1.10) to higher order

moments will be provided in Lemma 2.1, which will serve as a useful tool in various
situations subsequently in this paper.
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Remark 1.9 Instead of (1.10), one can also use a multiscale spectral gap inequality

(=)= ([~ [ (]

or (multiscale) logarithmic Sobolev inequalities for quantifying the ergodicity of the
ensemble (-). The weight function r : [0, c0) — [0, co) in (1.11)is generally assumed
to be integrable. Integrable correlations Cov(a(x); a(0)) can be modeled with weights
decaying like 7 (€) ~ (£ + 1)~ for & > d. We refer to the work of Duerinckx and
Gloria [16] for further details.

39X (a) 7(0)
da D T

d€> (1.11)

The connection between the ellipticity radius r, and the stochastic integrability
of the underlying coefficient field a satisfying the spectral gap inequality (1.10) is
clarified in the following lemma. We shall basically prove that stretched exponential
moment bounds on averages of |a|” and la—14 carry over to re.

Lemma 1.10 (Stretched exponential moments for r,) Assume that an ensemble of
coefficient fields a € Q2 is given according to Definition 1.1, which satisfies the spectral
gap estimate (1.10) along with B € [0, 1) subject to (1.9). In case that fBl A9 and
f B, uP possess stretched exponential moments

o {fen (5 ) oo L)) 2

for some constants a« > 0 and C > 0, then the ellipticity radius r, from Definition 1.2
is subject to

1 1

1 a d
<exp(c artz(” ﬂ))><2 (1.13)

with the same parameter « > 0 but a possibly different constant C > 0.

We are now in a position to show that the minimal radius r, introduced in Defini-
tion 1.7 possesses stretched exponential moments by adapting the line of arguments
from Gloria, Neukamm, and Otto [20]. In contrast to the final version [22] of the
aforementioned preprint, optimal stochastic integrability is not achieved in [20]. The
main tool which allows the authors to improve the stochastic integrability of r, is a
modified extended corrector (¢7, o) living on the length scale VT and arising from
a “massive approximation”. As we are currently not able to adapt this approach to
our situation, we resort to the more elementary approach in the preprint [20] where a
bound on r, similar to the one in (1.14) is obtained.

In anutshell, the problem arises from the “massive term” 7 (b1, 07) in the following
system for (¢, o) (cf. [22, (37)-(39)]):

1
T‘PT —V.a(V¢r +e) =0,

1
70T~ Aoy =V xqr, qr:=a(Vor +e).
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The additional massive term gives rise to an exponential localization of (¢7, o7) at the
length scale +/7 . Related to that, the authors of [22] repeatedly work with convolutions
of V¢r with a Gaussian distribution G7 of variance T'; see e.g. [22, Proposition 3,
Lemma 2] and in particular the proofs thereof. In our situation, where we want to
formulate estimates also in terms of weighted Lg and Lz,l norms, we have to face

the following structural obstacle: Given a function f € LtzZ (R9)4, we generally end
up with f xG7 ¢ Lz(Rd )¢ . In other words, the space Lg (R%)? is not invariant under
such a convolution.

Theorem 1.11 (Stretched exponential moments for r,) Suppose that the hypotheses
of Definition 1.1 on the ensemble of coefficient fields a € 2 satisfying the spectral
gap inequality (1.10) hold together with B € [0, 1) subject to (1.9). Moreover, assume
that |, g A9 and /, B, uP allow for the stretched exponential moments in (1.12) with
o := 1= where ¢ € (0, 1) is the hole-filling exponent from Proposition 1.12.

Then, the minimal radius r as defined in Definition 1.7 fulfills

<exp (ér:%(l_ﬁ)» <2 (1.14)

for a sufficiently large constant C > 0.

An essential part of the proof of Theorem 1.11 is concerned with the sensitivity
analysis quantifying the dependence of V (¢, o) on the coefficient field a. At the end,
we need to control averages of V (¢, o) on balls around the origin, but we shall give a
slightly more general statement below. As above, the massive (¢r, or)-regularization
prevents us from proceeding as in [22]. However, we could prove an analogue of the
statement in the intermediate version [21], but as Theorem 1.11 is already posed in the
language of [20], it suffices to generalize the sensitivity result in [20] to our setting.

Proposition 1.12 (Sensitivity estimate for average integrals) Let the assumptions of

Definition 1.1 on the ensemble of coefficient fields a € 2 be in place, and let a partition
(D} of R? and B € [0, 1) be given according to (1.9). Consider the linear functional

F1/f=/g'1//

acting on vector fields ¥ : RY — R?, where g : RY — R? is supported in B, for
some radius r > r,.

Then, there exist a hole-filling exponent ¢ = ¢e(d, K) € (0, 1) and a constant
C = C(d, K) > 1 such that for any g as above satisfying

max{( §77) 7 (f le) " } <, (1.15)
B,
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the following bound on the functional derivative of F holds:

(/‘ ) Z(/ |2 )2<c (r 4 )1 0P\
5 D da la) — r

(1.16)
We now employ the above results on the existence of stretched exponential moments
for the minimal radius r, (cf. Theorem 1.11) and the sensitivity estimate for (extended)
corrector gradients (cf. Proposition 1.12) to derive quantitative estimates on the decay
of the corrector gradient V (¢, o) and the growth of the corrector itself. Due to the
relatively weak (e-dependent) stretched exponential moments available for 7, (com-
pared to [22] and its preprint [21]), the subsequent results also involve a dependence
one.

Theorem 1.13 (Decay of the corrector gradient and growth of the corrector) Assume
that the ensemble of coefficient fields a € <2 fulfills the assumptions of Definition 1.1
and satisfies the spectral gap estimate (1.10) along with B € [0, 1) subject to (1.9).
Let ¢ € (0, 1) denote the constant from Proposition 1.12.

Then, there exists a stationary random field C(x) with stretched exponential
moments

<exp <%c€<1—ﬁ>> > <2 (1.17)

for a sufficiently large constant C > 0 such that the following assertions hold:

(1) If m : RY — RY is bounded and supported in B, r > 1, fBr |m|2 =1, and
assumption (1.12) holds true with a := ISTS then, for all x € R4,

< C(x)r_%d(l_ﬂ).

‘ ][ V(p,0)(x +y)-m(y)dy

(2) If ¢ € ( e ] and (1.12) holds for some o > then the

»atl min{p,q}
correctors (¢, o) fulﬁllj

p=1 g1
2p 2p 2q 2q
(][ |¢>|P1) + (7[ Ialq‘> S ‘][ (¢,0)
Bj(x) Bi(x) By

together with

1
min{p,q}—1’

+ C(x)m(|x])

1, O<ﬂ<l—%,
w(r) = {log2+r), B=1- sd, (1.18)
PEGI) g - 2
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Our last result gives a quantitative estimate for a two-scale expansion. It is mainly
a consequence of Theorem 1.13 on the growth of the corrector and the stochastic
integrability of the random field C in (1.17). We formulate the statement in the same
spirit as in [23]; in particular, we employ the same averaging procedure over small
balls for reasons of generality (even though this might not be necessary in many
cases). But in contrast to [23], we again encounter the small parameter ¢ (coming
from Theorem 1.13), and we also get an additional term on the right-hand side of
(1.19) (which can be (formally) absorbed in the other term on the right-hand side in
the limit ¢ — 00).

Corollary 1.14 (Quantitative two-scale expansion) Suppose that the ensemble of coef-
ficient fields a € Q2 meets the requirements of Definition 1.1 and fulfills the spectral gap
estimate (1.10). Besides, let (1.9) hold with B € [0, 1), suppose that assumption (1.12)

witho > m is in place, and let the hole-filling exponent from Proposition 1.12

be restricted to € € (0, ail — = ] For R >roand$ > 0, let g € wha= l(Rd)
be supported in Bg, and let us andp Unhom denote the solutions to

V. a( )VMS V-g, —V - apomVithom = V - g,

while the error zs in the two-scale expansion and the small-scale average upom s are
defined by

25 := s — (Unom,s + 8¢ (5) Oitthom.s)»  Mhoms(X) == 7[ Uhom-
Bs(x)

We then have

—1 1

1 q
2 d 2 2q 2
(/\m\j) <5t (/Wgw—ql) ' +ca,g6n<a—1>(/n(|x|)2|Vg|2)

(1.19)
where 1 (r) is defined in (1.18) and where the random field Cs , satisfies
QI “e-p)
<exp (chs(’g frar) )> <2 (1.20)

for a sufficiently large constant C > 0 independent of 6, g, p, and q.

We conclude this section with a remark on the relations between the constants
introduced above. In particular, we show that all conditions imposed on the constants
are indeed feasible.

Remark 1.15 From the definition of the hole-filling exponent ¢ € (0, 1) in terms of the
constant £ = CdC§ObC30iK 2 in Step 1 of the proof of Proposition 1.12 (cf. (2.13))
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we see that

d— 1
d
ed <142 — ¢

1 ed
I+ —=2"<1+ (1.21)

> @
Ca Cgob Cgoi K?

for an adapted constant C; > 1. Thus, (1.21) provides an initial lower bound for
e € (0, 1) only in terms of the constant K > 1 from (1.1) and domain-dependent
constants Csop > 1 and Cpyi > 1.

The requirements on @ > 0 and ¢ € (0, 1) in Theorem 1.13 and Corollary 1.14
should be seen as compatibility conditions for the orders of stochastic integrability of

the minimal radius r, and the ellipticity radius r,. On the one hand, o > W is

needed to ensure the positivity of a"‘? - m. On the other hand, ¢ € (0, aLH —
m] guarantees that certain powers of r, and r, are stochastically integrable with

the same order at the end of the proof of Theorem 1.13. Here, we use the fact that
e € (0, 1) can indeed be chosen sufficiently small since (2.12) remains true for smaller
¢. Finally, the order of stochastic integrability of the random fields Cs ¢ in (1.20) lies
in the interval (0, (1 — B8)).

2 Large-scale C'-? regularity quantified by the minimal radius r,
2.1 Proof of Lemma 1.6: a mean-value property for a-harmonic functions
Proof of Lemma 1.6 We divide the proof into two steps. First, we derive a non-
degeneracy property for & + Ve with & € R?, while the desired mean-value property
is proven as a consequence in the second step.

Step 1. Excess decay and non-degeneracy. Under the hypotheses of the lemma, we
may apply [9, Theorem 2] to establish (1.7). Note that we subsequently use (1.7) with

the choice o := 1. Following [22], we shall first prove a non-degeneracy condition
for the correctors ¢ in the sense

cmﬁsﬁ;k+v%ﬁscmﬁ @.1)

forallr > ryand & € RY where 0 < ¢ < C are independent of r and &. For the lower
bound, we first recall the elementary bound

2q qf _ é B
|& + Ve | < / A9 & + V.
Br r Br

Together with Poincaré’s inequality, we derive
q+1

5\ 2 ~ NS 2\
(f @+V%u> Z(f §+V%““) 2’(f'gw+¢s—f %““> '
B, B, r B, By

@ Springer



Stochastics and Partial Differential Equations: Analysis and Computations

The triangle inequality, Jensen’s inequality, and the sublinear growth of the corrector
now yield

(f’@-%V@ﬁ>2
1( ) () 2\
’Afléﬂ - f %—f¢s

zﬁ%f||)%—§%£W—ﬁﬁﬁ)hzm—ém

taking the scaling of ¢¢ and the notation ¢) = (¢;); into account. Choosing the constant
Co > 0 sufficiently large, one arrives at the desired lower bound in (2.1). Similarly,
the upper bound is a consequence of the Caccioppoli estimate (carried out e.g. in [9,

Lemma 3])
p—1
2\
sm+%—f %‘) -
BZr

, 4 »
forswne= 20,0 (1,

By the same reasoning as above, we obtain

(f@+v%@25@(f|ﬂﬂ)”
B, r By,
A
r By,

pzfl 2]7 1
s-f o S I+ 2l
By, 0
The claimed bound (2.1) now follows.

Step 2. Mean-value property. The ideas of [22] also apply to our situation, but we
present the main steps for completeness. The lower bound in (2.1) ensures for any
p € [ry, R] the existence of a unique &, € R such that

Vv

Exc(p) = ][ Vi — (5, + V). 2.2)

B,

For radii p, p’ € [ry, R] satisfying 0 < o’ — p < p, we deduce by virtue of (2.1), the
linearity of & > ¢, and the triangle inequality

&y — ép’|2 S ]i \ép - Sp’ + v¢§p—§p

P

+ﬁ|Ww%%+V%ﬂﬁ

I

A ARy
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Due to the minimality property (2.2) of £, and p < p’ < 2p, this entails

&, — £ 5][3 Vi — &y + Ve )| < Exelo). 23)

P

For arbitrary R > r > r,, we let N € N be the integer such that 2-WHDR «p <
2N R, which allows us to use (2.3) and (1.7) (with @ = %) to estimate

N 2 N 2
& —&rl* < (Z &2-mrn g — Ez—ﬂR|> S (Z 2_ZV]EXC(JQ)) < Exc(R).
n=0

n=0
2.4)

By means of (2.2), (2.1), and (2.4), we thus get
f |Vu|2 < Exc(r) + &% < Exc(r) + Exc(R) + |&r|*.
B,

Moreover, (1.7) and the definition of the excess ensure Exc(r) < Exc(R) < fBR [Vu |§,
while

lErl® < ][ |6k + Vo], S Exc(R) +][ |Vul
Br
is a result of (2.1) and (2.2). This concludes the argument. O

2.2 Proof of Lemma 1.10: stretched exponential moments for r,
Lemma 2.1 (Pth power spectral gap estimate) Let the ensemble of coefficient fields

a € Q satisfy the assumptions in Definition 1.1 and the spectral gap estimate (1.10)
with an arbitrary partition {D} of RY. Then, there exists a constant C > 0 such that

(ic - o) < CP2<< (/\ )) > 2.5)

for any random variable ¢ and all P € N, P > 2.
Proof The arguments are basically the same as in [20] but adapted to our degenerate
setting. Applying the spectral gap estimate (1.10) to ¢ ¥, we first derive

() < (£F)? < (/ s >>
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Elementary calculus guarantees that

S(L5L) =P s (L)

while Holder’s inequality on the level of the probability measure (-) yields

(e (2 (L))

Young’s inequality now allows to get rid of (¢2”) on the right-hand side and to derive

(;2”>sc<c”>2+(cf2>P<( </ \aa )) > 2.6)

with some constant C > 0. We now argue how to replace (¢ ©)2 by (¢2)” on the right-

hand side. To this end, one writes ¢ = ¢ Po=t ¢ Ppi and applies Holder’s inequality

with exponents 2% and 2% followed by Young’s inequality leading to

P

P2 1
(€h? < ()P (et P < 5<¢2P> + P2 eH?

with another constant C > 0. Using again the original spectral gap inequality and
noting that it suffices to prove (2.5) for the case () = 0, we further obtain

() < < (/\aa>>

The proof is finished taking Jensen’s inequality ((-))” < ((-)”) into account. m]

Proof of Lemma 1.10 We divide the proof into two steps.
Step 1. Exponential concentration for fBR u? and fBR A~49. We start by recalling

the upgraded spectral gap estimate from (2.5) and by applying it to X (a) := fBR uP
for some arbitrary R > 1. The same arguments are also applicable to fBR A~4. This

yields
((x@ — x@n?)? < << ( /|5 ) ) > @7)

forallr € N,r > 2.Inasimilar setting, exponential concentration and stretched expo-
nential moments were shown in [16, Proposition 1.10] for arbitrary random variables
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X (a) by assuming a deterministic bound of the form

U

(albeit employing a multiscale spectral gap inequality). Such a deterministic bound
cannot be expected in our situation, instead we shall prove that

<< </ ‘ ) ) >21 < reR-50-P 2.8)

holds true where < means < up to the prescribed parameters d, p, ¢, and K. To this
end, we first calculate

2
19X (a)
sup /b a:
(/‘ ) Z(nbnmw):l D da )

X (a + ta%ba%) — X(a)

= Z lim sup ;

5 Hb”Loo(D)—l t—0

N\'—

Next, we apply the elementary mean value theorem with some 6, ¢ € [0, 1] to obtain

X(a—i—ta%ba%) — X(a) _ l][ (|a+ta;ba;|p _ |a|p>
t s

= p7[ ((1 —0)|al +9|a +ta%ba%|)p_l|a + ﬁta%baﬂ/ - a’ba?
JBg

< ][ lalP~ (1 = 0 + 011 + tb])" " a2 ba? |

< R‘d/ P,
BrND

where we use the identity |A2| = |A|? for the spectral norm of any symmetric matrix
A € R?*? and the uniform boundedness ||A|" : B| < |B| of the derivative of the
spectral norm forany A, B € R?*¢, while we assume w.Lo.g. that (X (a —i—ta%ba%) —
X (a)) is positive for ¢+ > O sufficiently small. Note that we further employed the
boundedness of b and the fact that b vanishes outside of D. Moreover, every instance
of a and b inside an integral refers to a(x) and b(x), respectively. As a consequence,

(U {2 o)
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By recalling (1.9), we notice that the number of subdomains D obeying D N Br #
equals (up to fixed constants)

R l =1 q R
/ ( ) _a </ (A=A d=D=B gy < pd(1-p)
o \(+DB I+ D~ ) ~

Jensen’s inequality then leads to

<< (/ ‘ ) ) >21’ < R-40+p) <R—d<1—ﬂ> D%;ﬂ (/D,,,p>2>21

Likewise, any subdomain D can be covered by at most |D| < RP4 unit balls B (xy)
with appropriate x; € D, hence, applying Jensen’s inequality once more results in

(EE 1
et fnn s ([ )Y

DNBRr#%D

Pulling the expectation inside and using the stationarity of the underlying ensemble,

(P eree{(y)

il
Owing to (1.12) and Lemma A.1, we know that <(fBl Mp)2r>2r < ré, which gives
rise to (2.8). Together with (2.7), this results in

w\-

(X@ = x@y¥)" £ r R0,

< pR-aET2U-R)

—_—
~l—

An elementary argument shows that <(X (a) — (X (a)))m%l’
which by Lemma A.1 entails

<exp (%Rail‘fﬁ“ﬁ) (X(a) — <X(a)))af“u>> <2
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for a sufficiently large constant C > 0 depending only on fixed model parameters.

Therefore,
1 o o
<1 <][ WP — (uP) >3>>,§exp (——5a+1R+‘51 f”) (2.9)
Br c

Step 2. Stretched exponential moments for r,. For any ry > 1 we now estimate the
probability of the event r, > r( as follows:

(I(re > 1)) §<I <Elr >0 - ][ u? > QK v ][ AT > (ZK)q)>
B, B,
2K)? 2K)1
5<1<3n2n0 : Jibn”p> S ﬁbn”> 5 >>

where b = b(d, p, q, K) € (1, 2) is a constant specified below and ng, n € N satisty
b=l < ry < b™ and p""! < r < b". Notice that o, 0P > (#)Q2K)? >

b~4(2K )P according to the assumption in the first line and that an analogous estimate
holds for A~%. The previous estimate is continued via

= QK)P > @K
aommr= i (f, 0= S5 ) D (], 20 5)

We are hence in a position to employ (2.9) after choosing b € (1, 2) sufficiently close to
1 in order to guarantee that the lower bounds inside the indicator functions subsequently
stay positive. Besides, we only provide the argument for the term involving p, while
the same reasoning also applies to the other term. This yields

- )=l (zibn “un G- w))

no
< Z exp( ol <(2K) P) 51(1—/3)>

n=ng

o dj_
<Coexp< cr(;”]z( ﬁ))

together with (large) constants C, Cop > 1, and a (small) constant ¢; € (0, 1). For
a d
the third inequality above, we pull out the factor exp (—c L(poyaT 2P )) and esti-

o d o d
mate the remaining sum using the crude bound (b")mf(l_ﬂ ) — (b"“)mf(l_ﬂ ) P
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log(b)(n — ng). We can now derive moment bounds of order k > 1 via
o d 00 i} d
<rf> = / I(re > r)—rkdr) < / Coexp (_Clrmgu_ﬂ)) 4 kg
0 dr 0 ar
oo
=/ Coct g g(l _'B)r“%%(l_ﬂ)_lexp (_Clra%l%(l_ﬁ)) rkdr.
0 a+12

L _a _d_ . .
By means of the substitution t = cjre+i 2 a- ), the last expression rewrites as

a+l 2k
o0 t\ « d-p —etl 2k 1 2k
<r§> = / Coe™' <—) dr = Cocy © a=hp <(x R + 1) .
0 c1 a d(l—p)

The stretched exponential bound (1.13) for r, of order -5~ +1 5 41— B) now immediately
follows as

1 2 da_p °°<e F(k+1)
<exp <Ere+ )> Z — <14+ Co Z ot kk'
k=1 k=1
(2.10)

for C > 0 large enough. O

2.3 Proof of Proposition 1.12: a sensitivity estimate for average integrals

Remark 2.2 The reason for demanding symmetric coefficient fields a(x) = a7 is
mainly related to the subsequent proof of Proposition 1.12, which does not seem to
generalize to the case of non-symmetric a. In particular, the arguments in (2.22) and
(2.23) heavily rely on the symmetry of a. In (2.23), we smuggle in a~?anda? leading
to |g|,-1 and ||, after applying Holder’s inequality. In the absence of symmetry and
assuming that an appropriate notion of the square root of a matrix is chosen, the terms
which we insert should still cancel and be of the order —% and % w.r.t. a. Owing to
(2.22) and the fact that the matrix a should partially cancel within the norm |- |,-1, we
see that the definition of | - |,~1 has to be of the form |g|‘2rl = gT(a%)_T(a%)_lg.
Since (2.22) shall be controlled in terms of | - |, in the subsequent estimate, | - |, needs
to be defined as |1ﬁ|L21 = wT(a%)Ta%w. But the structure of | - |,-1 and | - |, now
prevents us from proceeding as in (2.23) unless a is symmetric.

Proof of Proposition 1.12 We follow a strategy similar to the one in [20], which sepa-
rates the proof into several steps. Throughout the proof, we will use the notation

FY@.) = [5-98+ [5-90
for compactly supported g = (g, g).
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Step 1. Energy estimate for all r > r,. We claim that any a-harmonic function u
on R?, i.e. any solution to

-V -aVu =0, (2.11)

satisfies

d
w2 <47 (2 |Vu? (2.12)
a — R a
By (x) Bgr(x)

for some ¢ > 0 and for all R > r > r,, where generic constants here and in the
subsequent proof only depend on the dimension d.
Applying the Caccioppoli estimate for solutions to (2.11) from [9, Lemma 3] entails

p—1
2\ 7
f |Vu|3§](re_2 (7[ |u—12|1’1>
By, (x) A

where we abbreviate A := By, (x)\B,,(x) and u := f 4 u. Since the condition % +

29 2p_
é < % guarantees the embedding wha (A) — L»-T(A), we infer from Sobolev’s

inequality (observing the correct scaling w.r.t. r,) that

p—1

5 —2-d 25t _2 )\ 7
[Vul; S Kr, lu — u|p-1
By, (x) A

—2-q2=l —d(1+1)
2 roq
S CsopKre L

g+l g+l
_ 2\ ¢ ) 29\ 4
|lu — u|a+t +7, |Vu|at1
A A

g+l
—2-d2=l —d(i+l) 2\ 4

2 2 P ptq’ 2 T

S CsopCpoiKTe Te r, /A|Vu|q+1

g+l

2 o A 2\ 4
= C5opCpoi K7e [Vulat
A

where we employed the correctly scaled Poincaré inequality for the third estimate.
Thanks to Holder’s inequality (cf. [9, Lemma 3]), we conclude that

g+1
2q q
F o 1vuit £ CRChik (f |Vu|q+l) S ik f 19ul?
By, (x) A A

Rewriting this estimate in terms of an explicit constant E := Cy Céob ClgoiK 2, we get

/ \Vul; < E/ IVul2.
Bfe(x) Bng(X)\Brg(X)
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The bound in (2.12) now follows from a so-called hole-filling trick, which amounts to
adding £ fBr @) |Vu|(21 to both sides. This results in

2 E 2 E " 2
[Vul, < IVul, < | —— [Vul;,
By, (x) E+1 /By, x) E+1) Jw,

where the second bound simply follows by iteration. Defining ¢ > 0, n € N, and
N € Nvia

E 2—8d

i1 2Nl < R <2V, (2.13)

, =l <y < 2%,

we arrive at

/ Va2 5/ Vul? 52’5‘””1’”)/ Va2
B (x) By, () Byy—1,, ()

d
522“’(1)8/ Va2
R B

R(X)

provided N —1 > n.Incasethat N = n, this inequality obviously holds true. To ensure
that the expression on the right-hand side (or an upper bound thereof) is increasing for
decreasing &, we simply skip & € (0, 1) within the factor 2257,

Step 2. Energy estimates for r > r,. We start by noting that

][ Vi +eil2 < 1 (2.14)
Bpr

for all R > r, where the constant on the right-hand side only depends on d and K.
This follows from a Caccioppoli estimate as stated in [9, Lemma 3] since ry > r, in
particular ensures R > r,. The definition of the minimal radius r, in Definition 1.7
then allows for a constant upper bound.

As in [20], we now claim that for all y € (0, d) and any decaying functions « and
g related via

—V.-aVu=V.g, (2.15)

Xl N\
/ |w|25/(7+1 g2, (2.16)
B,

with generic constants only depending on d and y in this paragraph. Restricting oneself
by scaling to the case r = 1, one is left to prove

we have

u S glia) + —/ g >
By ‘ B a! n=1 (zn)d 2n=1<|x|<2n a”!
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taking the following elementary estimate into account:

;X 1 3
|g|2> + (—/ |g|2)
</81 a”! nX:‘: @M% Jon1 Ly <on a”!
1

1 00
2 y—d 2
5(/3 (x| + D77 |g|§1> +Y (2 (/2 s (Ixl+ D77 |g|§1)
1 =< x| <2n

n=1
1

) 2
S (/(IXI + D7 Iglal)

As aresult of the unique solvability of (2.15) in the class of decaying solutions, we may
assume that g is either supported in By orin By»\ Byu—1 forsomen € N. In the first case,
we employ the energy estimate for (2.15) to derive fBl IVul2 < [|Vu? < fBl |g|2,l.
If supp g C B\ Byu—1, we additionally use the mean-value property from Lemma 1.6
to deduce [5 [Vulg S 2N [0 IVulz S @7 [t o 181221

In order to ensure an appropriate bound on the gradient of the flux correction, Vo,
we also need the subsequent result. For all y € (0, d) and decaying functions « and g
satisfying

—Au=V.g,

we have

, p+l1 | | _y

14 P X

< |W|v+') < / <T +1) lglZ-1, (2.17)
B,

where generic constants may depend on d, y, and K in this context. As above, it
is enough to prove the result for r = 1 and under the additional assumption that
suppg C Bj or suppg C Byn\Byi-1 for some n € N, n > 2. In the former case, we
invoke a Calder6n—Zygmund estimate (see, e.g., [ 18, Subsections 7.1.2-7.1.3]) to find

1 P
2p_ 2p_ 1,2 1 20 yaal ) pFI
IVul P TS [ gl S [ a2 [P aT 2] T S la|? lgl>_ :
B B> B> B By a

Asr > ry > r, and since we work with the scaling » = 1, we conclude that

ptl
2\ P 2
( IVMII’“) S/ lgl; -1 (2.18)
B B

In the latter case, we first recall that the mean-value property also holds true for

2p
the L r+T norm. This follows from Jensen’s inequality and the standard mean-value
property of harmonic functions, namely u = IB_IRI]I Br * u and, hence, Vu(x) =

2
fap0) Vi(y) dy for R > 0: Specifying R := 2"~! — 1, we derive V()| 747

IA
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Foeio IVuIPT dy = (2) f, IVu@)FTdy < 49§, 1Vu@)[7T dy. A
Br(x) y Y =\% Bon uly y = Bon u(y)| y. AS a

consequence,
717 2p
[Vul 4T < [Vu| 75T,
By Bon

Applying now an analogue of (2.18) on Bj», we infer that

p+l1 p+l1

2 \'7 _qptt 2\ 7
/ vali ) "< en / Va7
B |x|<2n

s@eEnH™ / lgl2-1. (2.19)
m=loyj<on ¢

By the same arguments as above, we see that (2.18) and (2.19) give rise to (2.17).
The generalization of the previous estimate (2.16) provided in [20] also holds in
our situation. For any 0 < y’ < y < d and functions u and g subject to (2.15), one

has
| | oo [N

where here the generic constants only depend on d, v, and y’. As above, we restrict
ourselves to r = 1. By using (2.16) with r := 2p therein for some p > 1, we find

x|
/ |w|§§/(—+1 |g|271 <o [ Qxl+ D7 gl
p<|x|<2p
Multiplying with p~7, we obtain [

etel<2p I IVUE S o7 Y x4+ D7 gl
Setting p := 2", recalling ¥’ < v, and taking the sum over n € N, we arrive at

/ <|x|+1>*V|W|§5/(|x|+1>*y’ g2
[x|=>1

The case |x| < 1 is treated by the previous estimate (2.16) for r = 1:

/ (|x|+1>*V|Vu|25/ |Vu|3§/(|x|+1>*y’ =
Jx]<1 [x]<1

Step 3. Sensitivity estimate for all r > r,. We proceed by following [20] and recall
that the defining equations for the decaying functions ¢ and o, (where we skip the
index i for notational convenience) read

—V.a(Vep +e) =0, —Aojr = 0jqr — 0kqj, g=a(Vp+e). (2.21)
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Fixing an element D of the underlying partition of R¢, we shall write ap for a coef-
ficient field which may differ from a only inside of D. The corresponding solutions
to (2.21) for a replaced by ap are then denoted by ¢p and ojip. As a result, the
differences ¢ — ¢p and o — o p are subject to

-V .-aV(p—¢p) =V -(a—ap)(Vop +e),
—A(ojx —ojkp) = 0j (a(Vep +e) —ap(Vop +e));
— 0 (a(Vo+e)—ap(Vép +e));.

Taking a linear combination with scalar coefficients {cp}p, we get
—V-aVy cp(p—¢p) =V > cpla—ap)(Vép +e).
D D

—AY eplojr — o) = ;Y _cp @V +e) —ap(Vép + e))y
D D

— % Y cp@Ve+e) —ap(Vép +e)); .
D

With the help of estimate (2.20) in Step 2, we now derive

2 x| -y 2
L v e -+ [(B 1) [vE cow - an)
B, D a r ) a
</<M+1>_y/‘2c (a—ap)(Vo +e)‘2
S ;. A D D D o

7‘}//
5/(|x| - 1) ZC%\a’%w—aD)a‘%a%(V%+">‘2

r
D

2 [ (N
< E ¢, sup |a—aD|a,1/ ( +1) Vo + el
D xeD D\T

Note that we crucially employed the inclusion supp(a — ap) C D and the fact that
the elements of the partition are disjoint when pulling the square inside the sum over
all D. Moreover, all generic constants appearing in this part of the proof only depend
ond, y, and y’. Next, we observe that

a(Vp +e) —ap(Vep +e) =aV(p — ¢p) + (a —ap)(Vép +e)
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together with the previous estimates and y’ < y leads to

/B’A );cmw - v¢D))z +/(? + 1)’” \ZCD @(Ve+e) —ap(Vép +e) (21
> (] 2
</ ]Zcu<V¢—V¢D>]a+/< +1> [V Y en@ - o0 |
" D
L\ 2
+ /(—+1> ]Zm(a—an)(wpm\ﬂ
X D

<ZCD sup o —ap ;- ,/ ('x'+1> |V¢D+e|§. (2.22)
D

Similarly, we apply (2.17) to find
ptl

s )

2
5/('” +1> (ch<a<V¢+e>—aD<V¢D+e)>
D

2 |x|
S Zc% sup }a—aD|u_./ <—+1> |V¢D+€|§.
D xeD D

Due to the definition of the functional

. 2 % 1 29 ﬁ —d
Flﬂ:/g'lﬂ with ][ lgl-1) S K2 ][ |gla! Srf
B, »

we have
! ! !
o= [ sTatab] < ([ ater) ([ wabur) < (f i)
B, B, B,
(2.23)
and
p=1 p+l p+l
2p P 2p d +1 2 2p
|F1/f|§(/ Iglf’l) (/ IWII’“) St </ Il/f|”“>
B, B, B,
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Consequently, we deduce that
d 24 2
P> en(FVg — FYp)| +r ‘ZcD(Fvcjk — FVojip)
D D
2 x|
§Zc% sup |a—aD|a,1/ < —i—l) |V¢D+e|§.
D xeD D

Thus, an elementary /> duality argument guarantees the bound

r' Y |FV$ — FV¢p|* + Y |FVoj — FVojip|*
D D

2 |x| x4 2
< sup sug }a D’a—' i —+1 [Vép +el; |-
xXe

We now specify ap :=a + ta%(SaDa% fort € R, || < 1, and a perturbation dap
being bounded and supported in D. In the limit# — 0, the previous estimate becomes

AFVe 1 12 oFVoi, 1 12
d d Jk .
E ‘/D razdapa?| +r ED ‘/DT taZzdapa?

< sup sup|8aD|2~sup/ (u—l— 1) |V¢>D+e|2.
D xeD p JD

Lemma A.3 now allows for an explicit estimate of the matrix-valued derivative of F
in terms of specific matrix norms. But as all matrix norms on R?*¢ are equivalent,
Lemma A.3 also holds for the spectral norm | - | up to an additional constant. Hence,

we arrive at
AFVoir| \°
> (L)
D D da a

OMAES

x| 5 distD 77 5

< sup —+1 |V¢>D+€|a < sup +1 IVop + el
D JD D r D

(2.24)

To derive the announced sensitivity estimate for r > r,, we set p := diam D and
choose x € D such that R := dist D = [x|. The assumption p < (R + 1)# with
B € (0, 1) on the coarseness of the partition as well as the hole-filling estimate (2.12)
ensure that

2 2 1\=P 2
/ [Vop + el S/ IVop +el; S (—) / IVép + ely.
D B,(x) R+1 Bry1(x)
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Applying (2.12) once more in case that r, > 2R + 1, we obtain

5 1 ed(1-p) 5
IVép +el; S <—> / [Vop + el
/D ¢ R + T + ] Bmax{2R+l,r*) ¢

While this estimate trivially follows from the previous one in case that r, < 2R + 1,
we treat the additional factor from the hole-filling estimate in case that r, > 2R +

. 1 ed(1-p) 2R41 ed | ed(1-B) 2R ed(1—-p) 1 ed(1—-p)
i () (52) = () () (2

ed(1-p) S . . . —
(ﬁ*ﬂ . The remaining integral is controlled via the Caccioppoli estimate

(2.14), which results in

1 ed(1=p)
/ VoD +el; < (—R a— 1) R+ e+ 1) < (R+ )07
D *

recalling r > r, > 1. Going back to (2.24) and defining ' :=d(1 — (1 — B)) < d,

we conclude that
0FVo;
)
D D da a

SNV

Step 4. Sensitivity estimate for all r > r,. The range of radii r € [r,, ry) is covered
by applying the result from the previous step to the functional

Fy = (VL) "y

Since (2.23) holds true, we infer

d d
Iﬁw\2=(1) |Fw|25(i) ][ wfﬁs][ 2.
Iy I B, By,

This enables us to employ (2.25) for F and r = r, therein resulting in

(2 SR o () B, 721

S (r)?1” - . (2.26)

2
) < pd=ed=F) —(2.25)

Combining (2.25) and (2.26) establishes the announced estimate (1.16). |
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2.4 Auxiliary results on the sublinear growth of the extended corrector (¢, 0)

Lemma23 ForO< L <p<oo,1<s<d,s <8 < oosuchthat? :=d(l—%)€

S
[0,1), andu € wls (B;), we have

1 S\ § s 5 N\!? 5
S b} e, I, o) ea(5) " (f, )
P \JB, B, B, ' JBL(x) P By

(2.27)

Proof By scaling we can assume p = 1, in which case (2.27) reduces for some L < 1
to

N . !
(/ ‘u—][ u‘) 50@1)(/ ‘][ w‘ dx) +C(d)L1—9</ |w|‘v>.
B B B By (x) By

(2.28)

To show this, we apply the triangle inequality to estimate the left-hand side by
1 1

S\'s S\ § S\ §
</ ‘u—][ u’) 5(/ ’(u—uL)—][(u—uL)’) +(/ ’uL—][ uL’) s
B B B B B B

where uy (x) := f By () U- Combining Jensen’s, Sobolev’s, and Poincaré’s inequalities

(while using _—é > % — dl), we get for the second term on the right-hand side

d—s
ds ==
T—Yx ds
ur — ur
B B

s\ §
uL—][ uL\) sC(d)</
By B
i i
SC(d)</ |V(uL)|") =C(d></ |(Vu>L)|S>.
B By

For the first term, we apply Holder’s inequality (with exponents m, ﬁ €
(1, 0o) after splitting the integrand as | - | = | - |?5] - |1=9)S) and Jensen’s inequality,
followed in the next step by the above Sobolev inequality and the convolution estimate:

S\ §
(/ )~ =) )
B B
AN e
< C(d></ ) |u —uw)
By B
0 1-0 1
sC(d>< |V(u—uL)|S>‘L1‘9(/ |Vu|“> sC(d>L1—9(/ |Vu|“)',
B B B>

which proves (2.28). O

1-6

(“_ML)_][ (u—ur)
B
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Corollary2.4 ForO <L <r, 0 := %’ <% + 5) € (0, 1), and

1 1
K::sup (][ |a|p>p+<f |a1|q>z1’
R>r BR BR
the extended corrector (¢, o) from Definition 1.3 satisfies
A A ) A A
r
g+l
<(f, 14,7 )" (41,
r B (x) r Bp(x)
_1 (L 271’1 %
R (5) <l+ (£ lo-£.47)
r Bsy Bsy
2q g1
-1\
0—][ o ) ) (2.29)
Bs,

g—1
q q=1
1> 2
p+l1
2p
p+1
dx)

Proof We start with o. Using Lemma 2.3 withu = o, S = %, and s = %, we get
A ql)qql
o -
21’1 L 1-0 2p /727-;'
Ceolf 4] ccnlt)"( v
B (x) By
(2.30)

with 6§ = ”21( L4 l) < 1. To estimate the second term on the right-hand side, we

assume w.l.o.g. that fB o = 0 and consider no with a smooth cut-off function 7 for
By, in By,, which then' by —Aojjk = 3jqik — dqij =: V -G with § = gixej — qijex
satisfies

A(oijk) =V - 2ok Vn —ng) +Vn - q — oijr An.

By a Calderén—Zygmund estimate for the Laplacian (see, e.g., [18, Subsections 7.1.2—
7.1.3]) combined with Sobolev’s and Jensen’s inequalities, this implies

2\ 5
. [V (nojjir)| P+
R

p+l p+1
1 2p \ 20 L 2\ 2
- o ji | P+ + lg| P+ .
r By, By,
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Using the definition of g via g; = a(V¢; + ¢;) we see that by Holder’s inequality

p+1 1 1

» 2p 2p 2p 2 2

(£ )" <(f r)"(f worar)
By, By, By,

which combined with the previous inequality (after taking averages on both sides)
yields

p+l ptl 1

2p 2p 1 2p 2p _ 1 2 2

[Voiji| 741 Sz loijic| 741 + K2 IVoi +eil, | -
Bo, r Bay Bay

Note that the same arguments apply if we replace o by o — JCB4, o. We then plug the
previous estimate into (2.30) and use Jensen’s inequality to obtain

1/ r ' %%
AL lrf o) =calf [,
r B, B, Bp(x)
C(d L 1791
* “(7) ?(Ji,"‘éf

To control the last term on the right-hand side, we observe that testing —V -
a (V(d) - fggr o) + e) = 0 with n2(¢ — me ¢), where 1 is a cut-off function for By,

in Bg,, entails
2
sf otk f
a BSr BSr
p—1

£l ,9)
cafue B {f o f o))

where we used Holder’s inequality together with |Vn| < %
Using Lemma 2.3 withu = ¢, S = % and s = qZ_q we get that

1
(f - ™"
2
SC(d)<][’][ Vgl
B, By (x)

@ Springer

p+l

)7

2 271 =6 _, 2

! ) +C(d)( ) Kf(][ |V¢+e\§>.
By,

(2.31)

2
o1 of1vat
Bs,

E
o
=
~—
_l’_
a
~~
Y
N
A~
S|
N~
&
N
S
S
<
-
ey
ha
N——
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By means of Holder’s inequality, we see that
q+1

(£, 1) < (e £ o)D)

which we use in (2.33) to control the last integral. Finally, such modified (2.33) together
with (2.32) and (2.31) yield (2.29), which completes the proof. O

2.5 Proof of Theorem 1.11: stretched exponential moments for r,

Proof of Theorem 1.11 Step 1. Control of the minimal radius r. Let p, g € (1, 00) be
the integrability exponents of @ and a~! from Definition 1.1. We shall follow the lines
of [20] to derive an estimate for the minimal radius r,. To this end, we first assume
that Myr, < r < r, holds with some positive radius r and the positive constant M
from Definition 1.7 which is specified in (2.34) below. We introduce
q—1
")

vorems (o f o) 7 (- o

With another positive radius r” subject to ¥’ < r, we may employ Corollary 2.4 to
obtain

p+1

7”
p+l 2p

X(r) < ("7)]7 (14 X(8) + ][ ‘f/m
SR
r ' J B(x)

with 6 = % (% + %) < 1. From the definition of r, and the constant Cy in Def-

inition 1.7, we deduce that there exists some p > r such that X(p) > Clo while

X)) < C% for all p° > p. Note that we crucially employed the assumption
Myr, < r,, which ensures that such a p > r actually exists. We infer

—1 g—1
0 )H—dmax{pzp,qq}

r—1 g-1
, 1\ I max { B =
X(p) = i

X(ﬂ)Z(g % X@8p') = =

for all p’ € (p, 2p). The choice r := p’ and r’ := p” € (0, p’) entails

1 ,0” 1-0 2171 1)2;;1 2q_
== <—,> + ][ ][ V¢ " + ][ ][ Vo
C P o B (x) B, B (x)
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with a positive constant C(d, p, g, K, Co) which is in particular independent of M.
One can now absorb the first term on the right-hand side by setting p” := ,&—0 with

— (2C)T7 (2.34)

leading to

=\
— <
2C Bp/

Taking the power 2P, P € N, applying Jensen’s inequality, and integrating over

(p,2p), we find
1 /2,0][ )][ V(¢ ) 2P 1
— 5 = , O —.
4(40)%F o JB, B, ) o’

My

ptl g+l

2p 2q
q
q+1

2p 2
][ vl + ][ ][ Vo
B o (x) Bp/ B o (x)

My Mo

Since the previous calculation holds for any configuration satisfying Mor, < r < ry,

we arrive at
(I(Moro <r <ry)) <CP / <‘][ Vi, 0)‘ > (2.35)

extending the range of integration, renaming variables, and using the stationarity of
JCB,,(x) Vg, 0).

Step 2. Control of the corrector gradient V (¢, o). We keep the assumptions and
the notation from the previous step and consider some p > 5. As a result of the
vanishing expectation of V (¢, o), the spectral gap estimate (2.5) ensures the bound

W v, o>!2P>P CP2<( (e, 7eol)) >

Recalling the notation FV(¢,0) = [pigV(p,0) = pr V(¢,0) with g =

p—1

2p \ 2
|B, |1 1p,, which in particular fulfills the condition (pr |g| 7T ) < p~4, Propo-

sition 1.12 guarantees

1

+ —e(1—p) \ 9P\ P
<‘][ V(¢’g)’2P> S/P2<<(,0‘|"'>|<) ) > )
B, )
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Here and in the remainder of this proof, all generic constants may depend on d, p, ¢,
B, ¢, k, K, and Cy. Together with the estimate on the minimal radius in (2.35), we
derive

(I (More <7 <) <</ <\][ V.0 > )
B/’
<P2 /oo (:O+r*)178(17ﬁ) " l
~ ' p P

My

An evaluation of the integral over p after using the triangle inequality gives rise to

(1Mo, <7 < ro)t S P 2<(m(L>_5dm_ﬁ));

Gpli) o)

Keeping track only of the dependence of the constants on P, this expression simplifies
to

1 1 L ap(—e(1-pp\F
(](M()re<r§r*))P5P2<m+r_d<r*( &( ﬁ)))” )

To derive a bound on (I (r, > r)), we first note that

(I(ry = 1) P < (I(More > )7 + (I(More <1 < ry)?

£5(1-p)
by elementary arguments, where (I (Mor, > r))% < exp <—# (ML()) ’ ) due

to (1.13) with @ = 1%. As a consequence of the scalar inequality e™* < x~2 for any
x > 0, we obtain

1 r S%(l—ﬂ) C2P2 Ed(l B)
€xXp — < —.
“cp Fed(-p)

Hence, we established the estimate

1 2 1 1| ap—e(—py\?
(I(re=r)?P S P <—r£d(1—ﬁ) + i <r* > . (2.36)
Step 3. Buckling and exponential moments of ry. We introduce s := r2d01=p),
Sy 1= rfd(liﬂ) 0= W > 1, and we replace P > 1by (now with P > 2) in
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(2.36). The transformed estimate then reads

1
(I(sx = s))? < CP (1 + iQ ((s,?‘l)P)P) (2.37)
N S

with some constant C > 1. The basic idea of buckling in this context is to assume that
there exists a constant A > 1 such that

(I(s. = 5)) < exp (—%) (2.38)

holds true for all s > A. This assumption is in general only satisfied for min{s, §~'}
with § > 0 instead of s,.. Showing that (2.38) (with min{s,, §1 D entails A < C for
some constant C > 1, which is in particular independent of §, allows to transfer the
uniform exponential decay to (I (ss > 5)).

Imposing (2.38), we calculate for any P > 2,

o0 d o0 s d
P P R W
(S*)S/O (I(s5 = 5)) o’ dss/o eXP<1 A)dss ds

1 Sy .p R P P
=e —exp(——)s ds =e e "(At)" dt =eA" P!.
0o A A 0

We thus obtain (sf )% < ePA for all P > 2 and infer from (2.37) the estimate

1~ (1 1 Q1> P( PANC!
(I(sx 297 < CP | -+ -5 (eP(Q = DA) =< Co— 1+<—>
S S S

N

o-1
with another constant Co > 1. By defining A’ :=2CoA ¢ > 1, we have

-1
1 P [ A A ©
(I(se = )7 < Co— | o+ | ——5 <
N

’
2C 21 A
0 2CoA ©

h|"g

provided s > P A’. The best upper bound for (I (s, > 5)) < (?A’)P can be found by
optimizing the right-hand side in P leading to P = _%. In order to guarantee P > 2
(due to the variable transformation at the beginning of this step), we have to demand
s > 2eA’. Note that s > PA’ is trivially satisfied. Consequently,

Uz} e’ <exn(—50)
e

for all s > 2eA’. This shows that (2.38) also holds true with 2e A’ instead of A.

0-1
Taking the best constant A in (2.38) ensures A < 2eA’ = 4Cpe A 2 and, finally,
A < (4Cpe)?.
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Moments of s, of order k € N are now derived as above via

As an immediate consequence, we obtain stretched exponential moments of 7, in the

sense that
I saa-p) > 1
<6Xp (EV* E k_

for a sufficiently large constant C > 0. O

o0
AF
=1+ o <2

3 Two applications to stochastic homogenization
3.1 Proof of Theorem 1.13: decay and growth properties of the extended corrector

Proof of Theorem 1.13 We define the random variable
F(x) :=]i V(d,o)(x +y) -m(y)dy

which is stationary and satisfying (F) = 0 thanks to the according properties of
V(¢, o). From the P-spectral gap inequality (2.5) and the sensitivity estimate (1.16),
we thus derive

R C ]

forany P € N, P > 2. Taking r > 1 and r, > 1 into account, this simplifies to

1 1

1 L
<|F|2P>2P < Pr—jd(l—ﬁ)< (I1—e(1- ﬁ))Pd> P G.1)

The first part of the theorem is a consequence of establishing stretched exponential
moments for

Clx) = r2?1=P|F(x).
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To this end, we choose Q > 1 andlet P € N be the integer suchthat 0 < P < 0+ 1.
Estimate (3.1) then entails

1 1
<|C|2Q>@ < Q<ri1*8(1*/3))(Q+1)d>2(Q+1> .

Q

Replacing Q by % for some y > 0 and demanding Q > % to guarantee VT > 2,

we obtain

—r 1
<|C|yQ>Q - Qy< (1-e(1— ﬁ))(VQ+1)d> W _ Qy< (1—e(1— ﬁ))de>T

Together with Theorem 1.11 and Lemma A.1, we derive the bound

1
<(1 e(1— ﬂ))de>7Q Qm;(figg)ﬁ)),

~

which results in

(ier2)? 5 0" (+*55) — prtm — o

for y := e(1 — B). Applying again Lemma A.1 concludes the argument.
Concerning the growth of the correctors (¢, o), we start by employing Sobolev’s

2q
inequality related to the embedding wh G (B(x)) — LP = (B(x)) on the unit ball
B(x) := Bj(x), which holds by the condition % + % < 2. We infer

Ll gt o+l

2]7 29 2q 2q 2q

(7[ N ) 5(7[ |¢|q+1) +(][ |V¢|q+1> .
B(x) B(x) B(x)

Poincaré’s inequality and an elementary estimate involving the ellipticity radius r, (x)
give rise to

p—1 g+l
2p \ 2p aatt 2q 2q
F o) sl o (0 wert)
B(x) B(x) By (x)(x)

Holder’s inequality followed by a hole-filling argument then yields

2 +1 ro(x) d(1-g) . 3
(f |¢|v—1) S| f o +neor (22) (f |V¢|§> -
B(x) B(x) re(x) By, () (x)
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Owing to a Caccioppoli estimate of the last term above and the definition of the
minimal radius r,(x) from Definition 1.7, we deduce

p—1

20\ 7 agit (re(@)) 1070
(][ |¢>|pl) S|f o+nw (—)
B(x) B(x) re(x)
—1
(fl;r*(x)(x)

r=1
2pl 2p
¢ — ][ |
Br*(x)(x)

S| o]+ rnf0-on et
B(x)

As in [21], we proceed by calculating

' y—x
][ G0) — d(x)) dy =/ f Voo -2 ayar
By (x) 0 JB(x) r

for any + > 1. This identity easily follows from the integral mean value theorem.
Hence,

y — X
0 ¢ = Vo(y) - ——dy.
By (x) B, (x) t

y—Xx

- |2 dy =~ 1, which allows us to employ the first part of

Moreover, we have fB, ) |
this theorem ensuring that

atf 9| = Clor 540
By (x)

and, consequently,

R
‘ ]iR(x) - ﬁ(x)qb‘ = /1

recalling the definition of 7 () from (1.18). In a similar fashion, we find that

][ ¢>—][ =1 (px+y)—¢1)) dy
Br(x) Br Br
1
:][ / Vo(y +tx)-xdtdy
Bg JO

1
:|x|/][ Vé(y + tx) - — dt dy.
0o JBpg |x]

R
a,][ ¢>\ <C(x) / ~290-P) < c(om(R)
B;(x) 1
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Since fBR ’\i_l |2 = 1, we conclude as above that

1
‘][ ¢—][ ¢‘ < R—%d“—ﬂ>|x|/ C(tx) dt.
Br(x) Bg 0

We may now apply the previous estimates to the right-hand side of the following
inequality,

FAEIF AR Ao AT AR AT AN A

leading to

’

‘][ ¢‘ < ‘][qﬁ’ + (C(0)+C(x)+/16(tx)dt> 2(lx))
B(x) B 0

when choosing R := |x|. Together, we have

p—1

20 \ 2p d, 1
(][ |¢|p'1) <) 4 re(x) Gt
B(x)

1
+‘]i¢) + (C(O)+C(x)+/0 C(tx)dt) T(x]).

d . . . . .
Observe that r,(x)?2 is stochastically integrable with stretched exponential moment

£ _ d 1
e(1 — B) as <exp (%rﬁd“ m)) < 2 due to (1.14) and that ro(x)2@ D i
also integrable with the same moment ¢(1 — B) since (% + 1) e < a"‘? and

C

the theorem as the same arguments also apply to o by basically exchanging p and q.
O

@ _d—
<exp <lre‘”l 2 ﬂ))> < 2 due to (1.13). This closes the proof for the second part of

3.2 Proof of Corollary 1.14: a quantitative two-scale expansion

Proof of Corollary 1.14 We follow the strategy presented in [21, 23] and first notice
that by a scaling argument it is sufficient to prove the claim for § = 1. Next, we derive
the following equation for z where (-); denotes averaging over a ball of radius 1:

—V.aVz=V.(g— g1+ (a¢; — 0;)V0;uhom,1). (3.2)

The calculation is carried out in [23] but we recall the main steps of the proof for
completeness. From the representation z := u — (uhom,l + ¢i a,-uhom,l), we obtain

aVz =aVu — djunom,1a(VP; + €;) — ap; Vdiunom,1
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and
=V .aVz=V.-(g—g1)+ V- (ad;iVdiuhom,1) + VOiuhom,1 - (V - 07).
The claim is now a result of the skew-symmetry of o;, more precisely of
Vdjuthom,1 - (V - 07) = =V - (07 VdjUthom,1)-

Testing (3.2) with z entails

/lVZlﬁ §/|g—81|§71 +/|¢ivaiuhom,l|§+/|Uivaiuhom,l|271~

For the first term on the right-hand side we aim to apply Poincaré’s inequality noting

29
that g — g1 € wha (R?) is supported in Bg 1. Up to several constants depending
in particular on R, we get

1 g=1 g
. - q 2 \ 4 " 29 \ g
8- gil20 S a1 Ve—1xvgliT) ([ |veliT) " .
a J BRy1 Br+1

For the second term, we note that Vo;unom,1 = “}T‘ILB * V0;unom (With B := B(0))
leading together with Jensen’s inequality to

[ 16:50tsam 12 5 [ 1alignl] [ Tt
B(x)

Proceeding with Holder’s inequality, we deduce

/|¢,~va,~uhom,1|§ s/(/ |a||¢|2) V2 tnom |*
B(x)
1 ) p—1
14 ep P
5/(/ |a|"> (/ |¢|w> IV unom?.
B(x) B(x)

Theorem 1.13 and fB ¢ = 0, therefore, result in

2
§/|a||¢|213*|vzuhom|2.

d
/ 161V Bittnom. 112 < / 4K (1) P CP (XD V upoml? < C2 / 7(x)* Vg,
where we introduced the random field

o @) P w51V thon
“r Jm(xD?|Vgl?
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Employing the stationarity of C(x) and r.(x) as well as a weighted L? estimate for
V2 unom (recall that 77(-) as defined in (1.18) is a Muckenhoupt weight), we infer the
bound

) .
J{e@rre ) x(xD2Vutnon? -
<C§ P> = 2(V o2 N <Cr”ezp>
’ J(xD2IVe]

for any r > 2. Now let r > ﬁ(l + “ail %) and observe that the previous estimate
gives rise to

1ol ey=lgq— atl - L (petley=lgq—
<c§: He)lg( ﬂ>r>§<c(1+glp> e(1—pyr, 3 (1555 el ﬁ)r>

£
1 ¢ _p

< [esa-pr)iesets <ref+n‘§<1—ﬁ>r>l+%“? < (er)’

using Holder’s inequality, the stochastic integrability of C and r, from Theorem 1.13
and Lemma 1.10, respectively, and Lemma A.1. This ensures the announced stretched
exponential moment bounds for Cg ,. The same arguments also show that

/ 107V dithom.1 1221 < i, / m(1x)* Vel
together with the random field

o e T () VP unon
o [r(xD?|Vel?

allowing for the same stochastic integrability as C, , up to replacing p by g. O
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Appendix A: Some auxiliary tools

Lemma A.1 (seee.g. [21, Lemma 6]) The following statements on a nonnegative ran-

dom variable F are equivalent.

(1) There exists a constant C > 1 such that

1
—F 2.
(o))
(2) There exists some po € N and a constant C > 1 such that
1
(PP < cp
forall p € N, p > po.

Notation A.2 For a matrix M € R?*? we write

d d
IMIp1 = > IMijl.  |M|poo := supsup |M;].

i1 j=1 i=d j=d

LemmaA.3 Let M : R? — R4 and suppose that

2
1 1
Z (/ M: azNa2> < c?sup |||N|Foo||ioo(D)
D D D
for some ¢ > 0 and all bounded N RY — R¥>4 Then, we have

1o
Z H|“2M“2|F1”il(0) <
D

Proof We first observe that

ZD(IDM:N)z

2
NeRdxd SUpp |||N|Foo||LOO(D)
Nbounded

Y NMIEG ) =
D
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for all matrix-valued functions M, N € R4*4 provided that N;; (-) is bounded for all i
and j. This can be verified by elementary arguments from linear algebra. The previous

identity, in particular, implies that the bound ), || M| i ||i

< ¢? holds, if

(D) =
2
3 (/ M N) < Foup 1Nl oo 2o )
D D D
for some ¢ > 0 and all bounded N : RY — R4*4 Replacing M by a?Ma> and
observing that a?Ma? : N = M : a? Na? allows to conclude. O
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