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Abstract

We study well-posedness of viscous nonlinear wave equations (VNLW) on the two-
dimensional torus with a stochastic forcing. In particular, we prove pathwise global
well-posedness of the stochastic defocusing vINLW with an additive stochastic forcing
D*E&, where a < % and £ denotes the space—time white noise.
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1 Introduction
1.1 Viscous nonlinear wave equations

In this paper, we consider the following nonlinear wave equation (NLW) on the two-
dimensional torus T? = (R/Z)?, augmented by viscous effects:

(1.1)

32u + (1 — Au + Ddu + |ulP~'u = D*&
(u, du)l=0 = (uo, u1),
where p > 1, D = |V| =+J/—A,a < %, and & denotes the (Gaussian) space—time
white noise on R, x T2. Our main goal in this paper is to prove pathwise global well-
posedness of (1.1) in C(R4; H?® (T?)) for some o < apands > s,, where H5(T?) is
the L2-based Sobolev space on T? with regularity s (see Sect. 2 for more details).
In [21], Kuan—Canié proposed the following viscous NLW on R?:

82u — Au+2uDdu = F(u), (1.2)

where u > 0 and F(u) is a general external forcing. This equation typically shows
up in fluid—structure interaction problems, such as the interaction between a stretched
membrane and a viscous fluid. The viscosity term 2uDo;u in (1.2) comes from the
Dirichlet-Neumann operator typically arising in fluid—structure interaction problems
in three dimensions. See [21, 23] for the derivation of (1.2). It is easy to see that,
when o > 1, the Eq. (1.2) is purely parabolic (see [23, 26]). On the other hand, when
0 < p < 1, the viscous NLW (1.2) exhibits an interesting mixture of dispersive
effects and parabolic smoothing. Since the precise value of 0 < u < 1 does not
play an important role, we simply set u = % In addition, we consider a defocusing
power-type nonlinearity of the form

F(u) = —ul”u,

for positive real numbers p > 1. This power-type nonlinearity has been studied
extensively for nonlinear dispersive equations (see, for example, [40]). With © = %
and F(u) = —|u|? 1y, the general form of vNLW (1.2) becomes the following version
of vNLW:

3%u — Au+ Ddu+ [ul”'u=0 (1.3)

We now consider the analytical aspects of vNLW (1.3). Note that as in the case of
the usual NLW:

8,214 —Au+ ulP'u =0,
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the viscous NLW (1.3) on R? enjoys the following scaling symmetry: u(z, x) >

2
uy(t, x) ;= A7~Tu(rt, Ax). Namely, if u is a solution to (1.3), then u, is also a solution
to (1.3) for any A > O with rescaled initial data. This scaling symmetry induces the
scaling critical Sobolev regularity Sscaling 0N R? given by

S 1 2
scaling p—
such that under this scaling symmetry, the homogeneous Sobolev norm on R? remains
invariant. While there is no scaling symmetry on T2, the scaling critical regularity
Sscaling Still plays an important role in studying nonlinear partial differential equations
in the periodic setting, especially for dispersive equations. Namely, in both periodic and
non-periodic settings, a dispersive equation is usually well-posed in H* fors > Sscaling
and is usually ill-posed in H* for s < Sgcaling. On the one hand, there is a good local
well-posedness theory for dispersive equations above the scaling regularities (see [3,
31, 38] for the references therein). Moreover, we show in this paper that vNLW (1.3)
is locally well-posed in H* (T?) for all s > s (with a strict inequality when p = 3),
where s¢ri; is defined by

Scrit := MaX(Sscaling, 0) = max <1 — %, 0), (1.4)
for a given p > 1. See “Appendix A”. Here, the second regularity restriction 0 is
required to make sense of powers of . On the other hand, many dispersive equations are
known to be ill-posed below the scaling critical regularity. Among these ill-posedness
results, many of them are in the form of norm inflation (see [6, 8-10, 13, 20, 31, 33,
36, 37, 41]), which is a stronger notion of ill-posedness. In [21], Kuan—Canié proved
norm inflation for YNLW (1.3) in H*(R9) for 0 < s < Sscaling and any odd integers
p > 3. Moreover, they pointed out that the viscous term has the potential to slow
down the growth of the H® norm, i.e. to slow down the speed of the norm inflation.
For details, see [21]. Also, it is of interest to see if norm inflation for vNLW holds in
negative Sobolev spaces. See [12].

Let us now turn our attention to the viscous NLW with a stochastic forcing. In [22],

Kuan—Cani¢ studied the stochastic viscous wave equation with a multiplicative noise
d .
onR%, d=1,2:

02u — Au+ Ddu = f(u)E,

where f is Lipschitz and £ is the (Gaussian) space—time white noise on Ry X R2.
In [26], Oh and the author studied (the renormalized version of) SYNLW (1.1) with
o = % When o = %, the solution is not a function but is only a distribution and
thus a renormalization on the nonlinearity is required to give a proper meaning to the
dynamics (which in particular forces us to consider |u|?~'u only for p € 2N + 1 or
u* for an integer k > 2). See [26] for details. In the cubic case, we proved pathwise
global well-posedness. For an odd integer p > 5, we also used an invariant measure
argument to prove almost sure global well-posedness with suitable random initial

@ Springer



Stoch PDE: Anal Comp (2024) 12:898-931 901

data.! In this paper, our goal is to investigate further well-posedness of SYNLW (1.1)
with an additive forcing D“¢ and, in particular, prove pathwise global well-posedness
for any p > 1, where the range of o < % depends on the degree p > 1 of the
nonlinearity.

1.2 SVNLW with an additive stochastic forcing

We say that u is a solution to SYNLW (1.1) if u satisfies the following Duhamel
formulation of (1.1):

t
u(t) = V) (ug, uy) —/ S — ) (JulP~ u)(tdt' + w. (1.5)
0

Here, V (¢) is the linear propagator defined by

V(@) (uo, uy) = eg’(cos(t[[D]]) +

+e_% sin(¢[D]) »

20D] sin(t[[D]]))uo

(1.6)
(D]
and S(z) is defined by
_p,sin(z[ D)
St)y=e 2/ ———, 1.7)
(D] (
where
[D]=,/1-3A,
and W denotes the stochastic convolution defined by
t
U=\, =/ St —t")YDYE(d?)). (1.8)
0

A standard argument shows that W belongs to C (R ; W—a—eoo (T?)) almost surely,
where ¢ > 0 can be arbitrarily small; see Lemma 2.5 below. In particular, when o < %,
W is a well-defined function on Ry x T2.

We first state a local well-posedness result for SYNLW (1.1).

Theorem 1.1 Let p > l and a < % Define q, r, and o as follows.

(1) Whenl < p <2,setq =246, r = 41+T286’ and o = 0, for some sufficiently small
5 > 0.

1
1 Strictly speaking, almost sure global well-posedness holds for the noise ~/2D 2 &, which makes the Gibbs
measure for the standard NLW invariant under the SYNLW dynamics. For pathwise global well-posedness,

1
a precise coefficient in front of the noise D2 & does not play any role.
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(ii) When p > 2, setqg=p+68r=2p, ando =1 — - — %for some arbitrary

+5
5> 0. P

Let s > o. Then, SYNLW (1.1) is pathwise locally well-posed in H* (T?). More pre-
cisely, given any (ug, u1) € H* (T2), there exists T = T, (ug, u;) (which is positive
almost surely) and a unique solution u to (1.1) with (u, o;u)|;=0 = (ug, u1) in the
class

W+ C([0, T]; H°(T?) N L4([0, T]; L' (T?)).

We present the proof of Theorem 1.1 in Sect. 3. The proof of Theorem 1.1 is based
on the following first order expansion [5, 11, 28]:

u=v+WV, (1.9)

where the residual term v satisfies the following equation:

v+ (1 —Aw+Ddv+ v+ Y[ (v+¥)=0

(1.10)
(U, atv)|[:O = (u07 I/l])-

See Proposition 3.1 for the pathwise local well-posedness result at the level of the
residual term v using the homogeneous Strichartz estimates for the viscous wave
equation (Lemma 2.8).

The main idea of the proof of pathwise local well-posedness of SVNLW (1.1)
comes from [23]. Note that the nonlinearity |u|” 1y in SYNLW (1.1) is not necessarily
algebraic for general p > 1, which creates a difficulty for obtaining the difference
estimate when applying the contraction argument. To deal with this issue, we apply the
idea from Oh—Okamoto—Pocovnicu [32] using the fundamental theorem of calculus.

Remark 1.2 (i) Using the same argument, the proof of Theorem 1.1 works for both

the defocusing case (with the nonlinearity |u|”~'u) and the focusing case (with
the nonlinearity —|u|”~'u, i.e. with the negative sign).
The proof of Theorem 1.1 also works for SYNLW with nonlinearity u*, where
k > 2 is an integer. In fact, a simple argument based on Sobolev’s inequality
can be applied to prove local well-posedness of SYNLW with nonlinearity u* in
the class W 4+ C([0, T]; H*(T?)) for s > 1. See, for example, Proposition 3.1
in [26].

(i) As it is written in Theorem 1.1, we point out that the regularity of initial data
can be lowered to the subcritical case, i.e. s > s (With a strict inequality when
p = 3), where syt is the critical regularity as defined in (1.4) (note that s¢iy < o
with o defined in Theorem 1.1). See Theorem A.6 and Remark A.7 for details.

(iii) One can also directly prove local well-posedness of (1.1) for u € L7([0, T];
L"(T?)) for some appropriate ¢, r > 2. Specifically, in the Duhamel formulation
(1.5), the linear term V (¢)(uq, u1) can be estimated by the Strichartz estimate
(Lemma 2.8), the nonlinear perturbation term fot St —t")(u|P~'u)(t)dt’ can
be estimated by the Schauder estimate (Lemma 2.7) along with Young’s con-
volution inequality, and the stochastic convolution W can also be bounded in
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L4([0, T]; L"(T?)) (Lemma 2.5). This approach yields a stronger uniqueness
result since the solution does not depend on any specific structure such as (1.9).
Nevertheless, this paper is meant to be a continuation of the work in [26], and so
we choose to study (1.1) from a dispersive point of view. Due to the assumption
that the initial data lies in the Sobolev space H?* (']I‘z) for some s > 0, it is more
natural to construct the solution in C ([0, T']; H*(T2)) for T > 0. The Strichartz
spaces L9([0, T, L’(']I‘z)) can be viewed as “helper” spaces that allow us to
show local well-posedness for rough initial data (i.e. with s > 0 as small as
possible).

We now turn our attention to pathwise global well-posedness of SYNLW (1.1), and
we restrict our attention to the defocusing case. Our pathwise global well-posedness
result reads as follows.

Theorem 1.3 Let p > 1 and o < min(3, % —1). Let o = max(0, 1 — ﬁ - %)
for some arbitrary § > 0 and let s > o. Then, SYNLW (1.1) is pathwise globally
well-posed in H*(T?). More precisely, given any (ug, u1) € H*(T*), there exists a

unique global-in-time solution u to (1.1) with (u, 0;u)|;—0 = (uo, uy) in the class
U+ C(Ry; HO (T?).

In Theorem 1.3, the uniqueness holds in the following sense. For any 75 € R,
there exists a time interval I (fy) > ty such that the solution « to (1.1) is unique in

W+ C(I(ty); H(T?)) N L9 (I (t9); L™ (T%)),

where g, r > 2 are as in Theorem 1.1.

As stated in Theorem 1.3, when 1 < p < 3, we have the condition @ < %; when

p > 3, we have the condition o < % — % As p — 00, the condition for & becomes

o < —%. Note that when 1 < p < 5, we can prove pathwise global well-posedness
of SYNLW (1.1) with the space—time white noise (i.e. = 0).

We prove Theorem 1.3 by studying (1.10) for the residual term v in Sect. 4. From
the proof of Theorem 1.1, we see that pathwise global well-posedness follows once
we control the H'-norm of v(r) := (v(t), d;v(r)). For this purpose, we study the
evolution of the energy

o1 1 1
E(v):—/ (U2+|w|2)dx+—f (alv)zdx—l-—/ lvlPHdax, (1.11)
2 Jr2 2 Jr2 p+1Jr

which is conserved under the (deterministic) usual NLW:
32u 4 (1 — A+ [ul”lu=0.
Note that for our problem, we proceed with the first order expansion (1.9), where

the residual term v = W — u only satisfies (1.10). In this case, the energy E () is
not conserved under the Eq. (1.10) because of the perturbative term |v 4+ W|? “lw+
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W) — |v|”~ . For our problem, we first follow the globalization argument by Burq—
Tzvetkov [7] and establish an exponential growth bound on E (v), which works in the
sub-cubic case 1 < p < 3. For the super-cubic case p > 3, this argument no longer
works due to the high homogeneity of the non-linearity. When 3 < p < 5, we use
an integration by parts trick introduced by Oh—Pocovnicu [34]. In the super-quintic
case p > 5, we use a trick involving the Taylor expansion, where the idea comes from
Latocca [24].

One important prerequisite for studying the evolution of the energy E(v) is that
the local-in-time solution v lies in 7! (T?), which is not guaranteed by the pathwise
local well-posedness result (Theorem 1.1) as it is written. Nonetheless, due to the
dissipative nature of the equation, we show that ¥(¢) indeed belongs to HI(T?) for
any ¢t > 0 by using the Schauder estimate (Lemma 2.7) along with Theorem 1.1. See
Sect. 4 for details.

We conclude our introduction by stating several remarks.

Remark 1.4 (i) We point out that Theorem 1.1 and 1.3 also hold if we have — A instead
of 1 — A in (1.1) by using an essentially identical proof.

(i) In Oh [26] and the author studied SYNLW (1.1) with @ = % In this case, due to

o= %, the stochastic term W defined in (1.8) turns out to be merely a distribution,
so that we studied a renormalized version of (1.1) and proved pathwise global
well-posedness in the cubic case. Because of the singular nature of the stochastic
convolution in this setting, the standard Gronwall argument does not work, and so
we used a Yudovich-type argument to bound the corresponding energy.
In the same paper, we also proved almost sure global well-posedness of (1.1) with
p € 2N+ 1 and with random initial data, using the formal invariance of the Gibbs
measure. However, the argument only works for o = %, so it does not apply to
our problem with o < % in this paper. Instead, in this paper, we establish pathwise
global well-posedness of SYNLW (1.1).

(iii) We can also consider the vVNLW with randomized initial data:

(1.12)

2u+ (1 — Au+ Ddqu+ulPlu=0
(u, Oru)|r=0 = (ugy, uf).

Here, the randomization (u{, u{’) of the initial data (u¢, u1) is defined by

(ufy, uf) = ( > gno@ime™™, Y gn,1<w)»?1<n>e"'”‘>, (1.13)

neZ? neZ?

where for j = 0,1, a;j(—n) = u;(n) for all n € 7Z* and {gn,jlnezz 1s a
sequence of mean zero complex-valued random variables such that g_, ; = g, ;
for all n € Z2. Moreover, we assume that go,j is real-valued for j = 0,1,

{80, Ngn,j,3gn,jInez, j=0,1 are independent with 7 = (Z4 x {0}) U (Z x Z,),
and there exists a constant ¢ > 0 such that on the probability distributions i, ; of
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gn,j» We have
fe“dun.,,xx)fef'y'z, j=0,1 (1.14)

for all y € R?> when n € Z*\{0} and all y € R when n = 0. Note that (1.14) is
satisfied for standard complex-valued Gaussian random variables, standard Bernoulli
random variables, and any random variables with compactly supported distributions.
The randomization (1.13) allows us to consider almost sure global well-posedness
of (1.12) for (ug, u1) living in negative Sobolev spaces. For almost sure local well-
posedness, we consider the following first order expansion similar to (1.9):

u=v+zg,
where z is the solution of the linear viscous wave equation with initial data (ug, u?):
z(t) = 2°(t) == V() (ug, u?)

with V(¢) defined as in (1.6). By using the Schauder estimate (Lemma 2.7), we can
establish similar (but stronger) probabilistic Strichartz estimates for z and (V)_1 0;7 as
in [34, 35]. This enables us to prove almost sure local well-posedness of (1.12) using
a similar argument as for proving Theorem 1.1, as long as (uqg, u;) € H* (T?) with
s > —L_On the other hand, the proof for almost sure global well-posedness of (1.12)
is mucﬁ simpler than that for Theorem 1.3, since z(¢) is smooth for > 0 thanks to
the parabolic smoothing. We omit details since this is not the main focus in this paper.

2 Preliminary lemmas
In this section, we discuss some notations and lemmas that are necessary for proving
our well-posedness results.

We use A < B todenote A < CB for some constant C > 0, and we write A ~ B
if A < Band B < A. Also, we use a+ (and a—) to denote a + ¢ (and a — &,

respectively) for arbitrarily small ¢ > 0. In addition, we use short-hand notations to
work with space—time function spaces. For example, Cr H = C([0, T']; H* (’]I‘d)).

2.1 Sobolev spaces and Besov spaces
Let s € R. We denote H*(T%) as the L?-based Sobolev space with the norm:
||M||HS(11‘d) = ||<”>Sﬁ(")||e,21(zd),

where 7(n) is the Fourier coefficient of 1 and (-) = (1 +]- |)% . We then define H* (T9)
as

H(T9) = H*(T9) x H*~1(T9).
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Also, we denote W5-? (']I‘d) as the L?-based Sobolev space with the norm:

el ws.ocray = [F~ () @O 1y gy
where F~! denotes the inverse Fourier transform on T¢. When p = 2, we have
HS("]I‘d) — WS’Z(Td).

Let ¢ : R — [0, 1] be a bump function such that ¢ € CC([—g, %]) and ¢ = 1 on
[—3. 1. For £ € RY, we define o (&) = ¢(|€]) and

;&) = o(E) — o)

for j € Z4. Note that

> e =1 Q.1)

J€Z>o
forany £ € R?. For j € Z>¢, we define the Littlewood-Paley projector P; as
Piu=F ;0.

Due to (2.1), we have
o
u=>Yy Pju. (2.2)
j=0

We also recall the definition of Besov spaces Bj, , (T?) equipped with the norm:
”u”Bfn,q(Td) = HZSJ ||Pju||]_f(']1~d) “4’-(230)'

Note that H* (T) = B3 ,(T*).

We then recall the definition of paraproducts introduced by Bony [4]. For details,
see [1, 16]. For given functions u and v on T of regularities s; and s», respectively.
By (2.2), we can write the product uv as

UV =uQu+ud®v+udv

= > PuPw+ > PuPw+ > PjuP.

j<k—2 j—k|<2 k<j—2

The term u @ v (and the term u ® v) is called the paraproduct of v by u (and the
paraproduct of u by v, respectively), and it is well defined as a distribution of regularity
min(sz, s1+s2) (and min(sy, s1+s2), respectively). The term u®v is called the resonant
product of u and v, and it is well defined in general only if 51 + 52 > 0.

With these definitions in hand, we recall some basic properties of Besov spaces.
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Lemma 2.1 (i) Letsy, s € Rand 1 < p, p1, p2,q < oowhichsatisﬁes% = %+é.
Then, we have
I © vl oy S Tl s cnsy 101 2 ey 23)
When s1 + so > 0, we have
”u S v”BZI.;'fZ (T9) S ”u”B;Il,q(Td) ”U”B;é’q(’]rd)- (24)
(ii) Let s1 < so and 1 < p,q < oo. Then, we have
el s eray S Nallygsn . 2.5)
In particular, when g = 0o, we have
el s nay S Ntlly ey 2.6)

See [1, 30] for the proofs of (2.3) and (2.4) in the R4 setting, which can be easily
extended to the T¢ setting. The embedding (2.5) follows from the L? boundedness
of P; and the £9-summability of {2“ 1=52)j }j o’ and the embedding (2.6) follows

easily from the L? boundedness of P;.
Using (2.3) and (2.4), we get the following product estimate.

€Z>

Corollary 2.2 Lets > 0,1 < p,q <ooand1 < py, p2,q1, g2 < 00 satisfying

1 1 1 1 1

p1 q1 P2 g2

Then,

||MU||B;;yq(Td) S ||M||B;1_q(11‘d)||v||m|(Td) + ||M||LP2(’J1‘d)||U||B(§2,q(11‘d)o

Next, we recall the following chain rule estimates.

Lemma 2.3 Let u be a smooth function on T, s € (0, 1), r > 2. Let F denote the
function F(u) = |u|" " u or F(u) = |ul|".
(1) Let1 < p, p1 <ooand 1 < py < oo satisfying % = % + %. Then, we have

I @) lyys.pray S Naellygs.on vy [ e ™ | o - 2.7
(i) Let 1 < p,q <ococand 1 < py, pa < 00 satisfying % = % + é. Then, we have

—1
IF@)llgy vy S Meeligy oy [l Lo oy (2.8)
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The estimate (2.7) follows immediately from the fractional chain rule on T in[14].
For the proof of (2.8), see, for example, Lemma 3.5 in [24] in the RY setting, which
can be easily extended to the T setting.

Lastly, we recall the following Gagliardo-Nirenberg interpolation inequality.

Lemma 2.4 Let p1, p2 € (1,00) and s1,s2 > 0. Let p > 1 and 6 € (0, 1) satisfying

1 1 0
—s—‘+—=(1—9)(——s—2)+— and 51 < (1 — 6)s».
p o d P2

Then, for u € WP (Td) N LP2 (']I‘d), we have

1-6 6
”M” WSIvP(’ﬂ"d) SJ ”u”sz,p] (Td) ”u”LPZ(’]Id)'

This inequality follows from a direct application of Sobolev’s inequality on T¢ (see
[2]) and then interpolation.

2.2 On the stochastic term

In this subsection, we discuss the regularity properties of the stochastic term W defined
in (1.8). Given N € N, we denote W = my W as the truncated stochastic convolution,
where my is the frequency cutoff onto the spatial frequencies {|n| < N}. Then, we
have the following regularity result for W.

Lemma2.5 Foranye > Qand T > 0, ¥y converges to ¥V in C([0, T]; W l-20—¢.00
(T?)) almost surely. In particular, we have

W e C([0, T]; W2™=52°(T2))

almost surely.

The proof of Lemma 2.5 follows from a straightforward modification of the proof
in [18, Lemma 3.1], and so we omit details. See also [17, Proposition 2.1].

Remark 2.6 One can use an integration by parts to write

/(e,%(lfs) sin((z — $)[[n1) |n|a)dt/
s=t [~]

_ tood
\I/(t,n)z—/o Bu(t)—

almost surely, which allows us to compute that

U (t,n) =/

0

(= I 0 o — i)
2([n]

+e 70 cos((t — t’)l[n]])> Inl“d By (t')
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almost surely. Using a similar argument asin[18, Lemma3.1] or [17, Proposition 2.1],

we have o, € C([0, T]; W _’_“_ '%0(T?2)) almost surely. This will be useful in the
proof of pathwise global well-posedness of SYNLW (1.1) in Sect. 4.2.

2.3 Linear estimates

In this subsection, we show some relevant linear estimates and the Strichartz estimates
that are used to prove our well-posedness results.
Let

D

P(t)=e¢ 72!
be the Poisson kernel with a parameter %, which appears in the viscous wave linear
propagator V (¢) defined in (1.6). We first recall the following Schauder-type estimate

for the Poisson kernel P (¢). For a proof, see Lemma 2.3 in [26].

Lemma2.7 Letl < p < g <ooand B > 0. Then, we have

—p—d
1D Pl apay S P 1T D19 oy
forany O <t < 1.
Next, we turn our attention to the Strichartz estimates for the homogeneous linear
viscous wave equation on T¢. We recall that the linear propagator V (¢) is defined in

(1.6).

Lemma 2.8 Given s > 0, suppose that2 < q < 00, 2 < r < 00 satisfy the following
scaling condition:

1 d d
4 —=——5. (2.9)
q r 2
Then, we have
IV (@) (0, ¢l)||c([o,T] Hs—1(Td)) ~ < ll(go, d s (Td) (2.10)
and
IV () (o, ¢1)||Lq([(),T];Lr('ﬂ‘d)) < (o, (bl)”Ha('er) (2.11)

forall0 < T < 1.

Proof The bound (2 10) can be immediately seen from the definition of the H*-norm
and the fact that e_Tt <1, |cos(t[n])| < 1, and | sin(¢t[n])]| < 1.
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To prove (2.11), we use the 7 T* method. We first consider the case when s = 0.
Let

Vilt) = e 2! cos(t[D]), Vo(t) = e 2! sin(t[ D),

20D]
so that
V() (¢o, ¢1) = Vit)po + Va()o + S(1) 1.
Let L : LX(T?) — LqTLQ (T4) be the linear operator given by L¢ = Vi(¢)¢. Note

that L* is the linear operator given by

T
L f = /0 Vi) £ ()i’

for any space—time Schwartz function f. By Minkowski’s integral inequality, the
Schauder estimate (Lemma 2.7) twice, the scaling condition (2.9), and the Hardy-
Littlewood-Sobolev inequality, we have

T
D ’
ILL* fllgap, < /0 [e== 1 costI DD cosIDI £ ()]t
N L

T

A

T
1 D ,
/ ——— |7 cos(ID) cos' [DD £ (1) | o dr’
0 |t —t| (73—7) x

T
1 / /
s Ol
t— Py
= /"0 ! 10,715 ")l v dt’
T Je— e ORI,

<
SV

q
LT

A

qa
LT

Thus, by a standard duality argument, we obtain
IVi@)doll g 1y (ray S ligoll z2¢pa)-
By using similar arguments, we obtain
V2ol g 17 ray S lidollzz, NSOPillLg e S Idoll =1 (ray,
so that we have
IV @) (@0, Dl 19 11 rey S (b0, D) llg0(14)- (2.12)

When s > 0, by Sobolev’s inequality, the scaling condition (2.9), and (2.12), we
obtain
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V@) (o, eVl a ., S IV OEV) o, <V)S¢1)||L4L1/<§;+%>
= IVOUV) g, (VYOOI 4yq-1,
Lir, > 1

S IUVY o, (V) D) llg0
= [|[(¢0, ®1) |1,

as desired. O

Remark 2.9 (i) Compared to the Strichartz estimates for the usual linear wave equa-
tions [15, 17, 19, 25], the Strichartz estimates for the homogeneous linear viscous
wave equation on T hold for a larger class of pairs (g, r), thanks to the parabolic
smoothing effect.

@ii) In Kuan—Canié¢ [21] proved the Strichartz estimates for the homogeneous linear
viscous wave equation on R, They used the method from Keel-Tao [19], so that
their result requires (g, r) to be o-admissible for some o > 0, i.e. (q,7,0) #
(2, 00, 1) and

2 20
—+—=o.
q r

We point out that the 77* method we use in the proof also works on R¢ and does
not have this o-admissible restriction on ¢ and r. However, our proof works only
fors > 0.

We complete this subsection by establishing the following inhomogeneous linear
estimates.

Lemma 2.10 Let p > 2 and let S(t) be as in (1.7). Then, given § > 0, we have

t
H / St —tYF@dt
0

5 § ”F||L1([O,T];L2(’]I‘2)) (213)
LPH([0,T1: L5" (T2))

foranyO0 < T < 1.
Proof We let

so that (p + &, 2p, s) satisfies the scaling condition in Lemma 2.8. By Minkowski’s
integral inequality and Lemma 2.8, we obtain

t T
H / St —tF(dt < / I1j0.0(NSE —)YF (') Il ps, 20 dr
0 0 T *

L;+6L§p
T

/! !/

§/ 1EE)N gys-rdt
0
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< IF Ly 12,
so that (2.13) follows. ]

Lemma 2.11 Let S(t) be as in (1.7). Then, given s < 1, we have

t
H / St —tF@hdt
0

N ”F”L‘([O,T];Lg(TZ))’ (2.14)
C([0,T]; H§(T?))

Sl qoriezay (215
C([0,T); Hi~(T2))

t
o / St —tF()Hdt
0

forany0 < T < 1.

Proof The estimate (2.14) follows from (1.7) and Minkowski’s integral inequality.
The estimate (2.15) follows similarlly by noting that

t t
atf S(t—t/)F(t’)dt/:/ 9, S(t —t)F(t)dt',
0 0

where

9, S(t) = e~ 2" <cos(t[[D]]) - sin(t[[D]])).

2[D]

3 Local well-posedness of SYNLW

In this section, we prove Theorem 1.1, pathwise local well-posedness for SYNLW
(1.1). As mentioned in Sect. 1.2, we consider the following vNLW:

v+ (1 —Av+Ddhv+ Fu+W¥) =0
(3.1)

(v, 3v)|i=0 = (uo, u1)
for given initial data (ug, u1) € H*(T?), F(u) = |u|P~'u, and W is the stochastic
convolution defined in (1.8). By Lemma 2.5, we can fix a good w € 2 such that
v = V¥(w) € C(0,T]; W%_“_E'OO(TZ)) for @ < 1 and sufficiently small & > 0,

2
so that (3.1) becomes a deterministic equation. Then, we have the following pathwise

local well-posedness of (3.1).

Proposition3.1 Let p > l and o < % Define q, r, and o as follows.

(i) Whenl < p <2, setq=2+6r1r = %, and o = 0, for some sufficiently
small § > 0.
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(i) Whenp =2, setq=p+6,r=2p,ando =1 — m - = for some arbitrary
5 > 0.

Lets > o. Then, (3.1) is pathwise locally well-posed in H* (T2). More precisely, given
any (ug, uy) € H* (']I‘z), there exists 0 < T = T, (up, u1) < 1 and a unique solution
v = (v, 0;v) to (3.1) in the class

(v, dv) € C([0, T1: H°(T?)) and v e LI1([0, T]; L™ (T?)).

Note that Theorem 1.1 follows immediately from Proposition 3.1. The main idea
of the proof of Proposition 3.1 comes from [23].

Proof We first consider the case when p > 2. We write (3.1) in the Duhamel formu-
lation:

t
v(t) =T W) = V() (uo, u1) —/ St —tHF(v+ W) dt, (3.2)
0

where V (¢) and S(¢) are as defined in (1.6) and (1.7), respectively. Let f‘(v) =
(T'(), 3T'(v)) and ¥ = (v, dv). Given 0 < T < 1, we define the space X (T)
as

X7(T) = X{ (T) x 5 (T),
where

X7(T) := C([0, T1; H° (T%) N LPT([0, T1; L*P (T?)),
X§(T) :=C([0, T]; H°~'(T?)).

Here, § > O is arbitrary and o = 1 — 1 . Note that this choice of o along with

p+8
the LlTﬂ”S L xp norm satisfies the scaling condltion in Lemma 2.8. Our goal is to show

that I" is a contraction on a ball in X (T) for some 0 < T < 1.
By (3.2), Lemma 2.8, (1.6), Lemmas 2.10 and 2.11, and Sobolev’s inequality with
the fact that |T2| = 1, we have

IT@)llxe 7y < o, un) e + ||1v + LA v
< o, u)llpes +T9(Ilvlle+s o+ ||\P||Lp+a ) (.3)

< o, wnlipe + (10 gy + 1007, )
CTWX2 h

for some 6 > 0 and sufficiently small ¢ > 0.

For the difference estimate, we use the idea from Oh—Okamoto—Pocovnicu [32].
Noticing that F'(u) = p|u|P’1, we use (3.2), Lemmas 2.8, 2.10 and 2.11, the funda-
mental theorem of calculus, Minkowski’s integral inequality, Holder’s inequality, and
Sobolev’s inequality to obtain
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IT @) = Tw)llxe ey S IF@+ ) — Fw+W)ll e

1
-1
/ o+ ¥4 0 = w2, = wl g e

/ Fw+V¥+tv—w)l—w)dr
0

Lh12

N

N

0
T (W0l 2 + W0l g+ 17 )0 = w0l s 20

N

- - -1 - o
T"(nvnxnm+||w||Xa(T)+||wn” P [ Rt P
Crw2 '

(3.4)

for some 6 > 0 and sufficiently small ¢ > 0. .
Thus, by choosing T = T, (|| (1o, u1)||7¢s) > 0 small enough, we obtain that I" is
a contraction on the ball Bg € X?(T) of radius R ~ 1 + || (ug, u1)||7¢s. Note that at
this point, the uniqueness of the solution v only holds in the ball Bg, but we can use
a standard continuity argument to extend the uniqueness of v to the entire X (T).
For the case when 1 < p < 2, we may have p + § < 2, so that Lemma 2.8 may
not work for the L;M L2P norm. Instead, we consider the LI LY normwithg =2+3$
andr = 41++255 , where § > 0 is small enough so that r is close enough to 4. We also set
o = 0, so that that this choice of o along with this L‘%L; norm satisfies the scaling
condition in Lemma 2.8. Note that we also need to modify the definition of X} (T')
using this LqTL)’C norm. We then modify (3.3) as follows. By (3.2), Lemma 2.8, (1.6),

Lemmas 2.10 and 2.11, and Sobolev’s inequality, we have

IT @)l xocry S Mo, un)lizo + |[lv + \If|"||L1L2

o unlpe + 70 (10003 3 + 191705 )

L2+8L

< Mo, un) s + T (18 + 1917 )
crw?2

for some 6 > 0. Here, we can ensure that 2p < r = % forany 1 < p < 2 by
choosing § = §(p) > 0 small enough. A similar modification can be applied to (3.4)
to obtain a difference estimate, which then allows us to close the contraction argument.

O

Remark 3.2 'We point out that the local well-posedness result of VNLW (3.1) can be
improved using the inhomogeneous Strichartz estimates. In particular, we can show
that (3.1) is locally well-posed in H* (T?) as long as s > s¢rit (With a strict inequality
when p = 3), where s is the critical regularity as defined in (1.4). For details, see
Theorem A.6 and Remark A.7.
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4 Global well-posedness of SYNLW

In this section, we aim to prove Theorem 1.3, i.e. pathwise global well-posedness
of SYNLW (1.1). As mentioned in Sect. 1.2, we prove Theorem 1.3 by studying the
Eq. (1.10) for v with (v, 3;v)|;—0 = (o, u1), for given initial data (uq, u) € H*(T?)
of (1.1).

Fix an arbitrary 7 > 1. In view of Proposition 3.1, in order to show well-
posedness of (3.1) on [0, T], it suffices to show that the H?-norm of the solution
v(t) = (v(t), 9;v(¢)) to (3.1) remains finite on [0, T'], where o is as defined in Propo-
sition 3.1. This will allow us to iteratively apply the pathwise local well-posedness
result in Proposition 3.1.

In fact, we show that the solution v(¢) belongs to HY(T?). Let 0 < ¢ < 1. From
Lemma 2.7, we have

1V (@) o, un)llggr S (1417 (o, un) 1o - 4.1

Then, let 0 < Tp < 1 be the local existence time as in the proof of Proposition 3.1.
Thus, given s > o, by (3.2), (4.1), Lemma 2.11, Holder’s inequality, and Sobolev’s
inequality, we have that for 0 < ¢ < T,

1Bl S A+ 17F)) o, un)llne + 1w + \I')p”L'TOLE

_ “4.2)
S A+ 75 o, unlle + T3 (1007, + 0007, )
Tp~x CTOW} "

where § > 0, ¢ > 0 are sufficiently small, & > 0, and g, r are as defined in the
statement of Proposition 3.1. Here, due to Lemma 2.5, we can fix a good w € Q2 such
that ¥ = W(w) € C([0, Tpl; W%_“_S’OO(TZ)) fora < % and sufficiently small ¢ > 0,
so that we know from (4.2) that ||v(¢) l4¢1 < oo. A standard argument then shows that
v € C((0, Ty]; H'(T?)). Thus, our main goal is to control the '-norm of v(r) on
[0, T'] by bounding the energy E (v) defined in (1.11).

For the following computation, we need to work with the smooth solution
(vn, d;vy) to the truncated equation with initial data (wyvg, Tyv1), Where Ty is
the frequency truncation onto the frequencies {|n| < N}. After establishing an upper
bound for E (¥(t)) with the implicit constant independent of N, we can take N — 00
by using Proposition 3.1 (specifically, the continuous dependence of a solution on the
initial data). Here, we omit details and work with (v, 9;v) instead for simplicity. See,
for example, [34] for a standard argument.

4.1 Case1<p =<3

In this case, we follow the globalization argument by Burq—Tzvetkov [7]. For sim-
plicity of notation, we set E(t) = E(¥(t)).
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Given T > 0,we fix0 < < T.By (1.11) and (1.10), we have

3 E(t) /8tv(3,2v+(1—A)v+|v|”_lv)dx
TZ

(4.3)

IA

—/ do(jv+ WP (v + W) — [v]Pv)dx.
TZ

Let F(u) = |u|P~'u, so that we can compute F'(u) = p|u|P~". Thus, by the funda-
mental theorem of calculus, we have

v+ WP v+ W) — )P lv=Fu+ W) — F(v)
1
= \p/ F'(v+tW¥)dr (4.4)
0

S WP 4w

Combining (4.3) and (4.4) and then applying the Cauchy-Schwartz inequality, we
obtain

HE@) S II‘I’IIL;O/ |8;U||v|p_1dx+/ |9, v|[W]Pdx
T2 T2

1 1
2 3
=< ”"IIHLOO(/ (8tv)2dx> (f |v|2(P—l)dx>
TS T2 4.5)
1
2
+||\If||i’;o( / (Blv)zdx>
X ,ﬂ.,z

=CWEQ),

as long as 2(p — 1) < p + 1, or equivalently, p < 3. By Gronwall’s inequality on
(4.5), we get

E(t) 5 eC(kll)t

foranyO0 <t <T.

4,2 Case3<p =<5
In this case, we follow the idea introduced by Oh—Pocovnicu [34]. See also [27, 29,
39] for similar arguments. In this setting, we let o < z %, the reason of which

—1
will become clear in the following steps.
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By (1.11), (1.10), and Taylor’s theorem, we have

8, E(t) =/ dv(97v + (1 — A)v + v~ v)dx
']1‘2

- _/ 8tv(|v+\ll|”_l(v+\ll)—|v|”_1v)dx—/ (D%a,u)2dx
T2 T2

p(p

1
< —p/Tz 3v - [v|P " Wdx — )/ v v+ 0U [P 3 (v + 0W)Widx

=: A; + Ajp, 4.6)

where 6 € (0, 1). To estimate Aj, by the Cauchy-Schwartz inequality and Cauchy’s
inequality, we have

|A2|§f 9 v|(JvlP 2 W2 + WP)dx

172 12
( / (alvﬂdx) <||\IJ||L / PP D 4w )

S A+ IIL)E@ + VI, @7

where in the last inequality, we need 2(p —2) < p + 1, which is equivalent to p < 5.
To estimate Ap, for 0 < 1 <, < T, by integration by parts and Young’s inequality,
we have

n h
/ Aydt = —/ / 3 (|v|P~ o) Wdxdt
n 1 T2

- / o (1) 1P~ (1) W (f2)dx + / o) P~ ()W (t)dx
T2 T2

5]
+/ / [v]”~ (8, W)dxdt’
o JT?

S 8||v(t2)||p,,+1 + —II‘IJ(tz)Ilp,,+1 + ”U(tl)”p:_+1 + II‘I’(tl)Ilpp+1

+/ / [v|P~ v(8, W)dxdt', (4.8)
n T2

where 0 < ¢ < 1. We see in Remark 2.6 that o, ¥ € C ([0, T]; W_%_"_’OO(TZ)). By
duality, Holder’s inequality, Lemma 2.3 (i), and Lemma 2.4, we obtain

n
/ f lv|P~ (8, V)dxdr’
t T2

t
:/ 2 / (V) 2+t (p| P~ y) (V) T2 (3, W)dxd
/t |v||Lp+1 v 2+a+”(’/)“L,f’%' (V)27 @) (@) | odt’
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NS = I
S ol W_%“’“w/ E@) T (V)vll 5 ||v||£,,+1dt
T Wy f * *
5]
NeAdl _%_a_m/ E(thdt', 4.9)
CrWy 1

where we require that

—2- — 1. By combining (4.6), (4.7), (4.8), and (4.9), we

which is equivalent to o < -

have
r
E@) <1+ Ci(¥) / ’ E(t"dt' + Cr (¥, v(1))).
5]

By Gronwall’s inequality, we get
E([) 5 eC(‘I’)l‘

foranyO0 <t <T.

4.3 Casep >5

In this case, we follow the idea by Latocca [24]. In this setting, we also leto < % — %

We need the following lemma to close the energy estimates in the Gronwall argu-

ment. We define 8, := pr%-L F(u) := |ulP~"u, and Sp = Z_j‘

Lemma 4.1 Forany 0 <t < T and every integer 1 < k < B, we have

'/ F D @on)w )19, (1)dx
T2
< g(IW Lo o, 71: %) (V) ™18, Wl oo g0, 71,1 ) (1 + E(2)),

where g is a polynomial with positive coefficients, and

X := L®(T?*) N Bi,;fpl (T?) and Y := L(T?) N B2 (T?).

2

Note that given o < % — %, by Lemma 2.5, Remark 2.6, and Lemma 2.1 (ii), we
have

(1%l Lo g0, 71: %) ||(V>_13z‘1’||L°°([o,T];Y)) <00

almost surely.

@ Springer



Stoch PDE: Anal Comp (2024) 12:898-931 919

Let us first assume Lemma 4.1 and work on the energy bound. As in the case when
p > 3, we can compute that for0 <t < T,

E() < —/ v(F(v+ V) — F(v))dx. (4.10)
T2
For our convenience we compute that for k € Z,

F® () = Cp,k|u|p_Z_1M for k even,
CpilulP™ for k odd.

By Taylor’s formula at the point v(¢, x) with integral remainder up to the order 8, =
(”7_31, we have

Bp
1 vHY R (B
Fo+9) = F@) = Y = FY 0wt + f P20 4w~ oyprar.
k=1 """ v [J~

Let0 < t; <1, < T. By integrating (4.10) from ¢, to t,, we can write

.81)
E(h) < E(h) + Y Crlk + CyR, (4.11)
k=1

where
n
I == —/ / quF® @)wkdxdr for 1<k <B,,
11 T2

R :

%) v+
—/ / / dFPr) () v+ W — 1)Prdrdxdr.
T2 Jv

We first estimate R. Note that for T € [v, v + W], we have

[FED @] S o=t 4 g feml,

Thus, by Holder’s inequality and Young’s inequality, we have

4]
k2 f / du(v|P~Pr WPt 4 || P)dxdl’
4

15}
p—Bp—1 Bp+1
5/ 13wl 2 o @) p+.” @)l ’,p<,gp+1) dr’
4]

n
+/ o) e + 19175, 2,
3]

Bp+1
< ”\IJ”LZPLZP + (1 + ”\IJ” ! rp(5p+1)>
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2 / / l-‘4-7p_5‘”_1 /
x/ max { E(t), E(t))2" T b dr, 4.12)
1
where r, satisfies % + p;’i”l_l + # = 1. Since B, = (/’T_3'| > pT_3’ we have
d ;ﬁ”f ! %, so that

+1
RSIVIZ, - (1+||w||ﬂp ,,,(ﬁ,,+1)> / (1+ E()adr.

We now estimate ;. By Fubini’s theorem and integration by parts in time, we have

%)
|Ik|=’—/ / 3 (F&=D ) wkar' dx
T2 1

<

/ FED (o(12)) W (12)dx
']1'2

+’ / FED (1) (11)dx
']1'2

n
+‘k / / FED @)W —19,w)dt' dx
T2 151

S / @) P W @) + )P ) dx
T

n
+‘ / / F&D @) @)s=19,w (" )dxdr’
1 T2

= It + K¢. 4.13)

To handle Ji, by Holder’s inequality and Young’s inequality, we obtain

p—k+1 k p—k+1 &
Je = E@@) 1 W@ 0 + EC) 7 IWEON 0
: ; @.14)

1
<eE(n) + CIEM) + QYT .
T ~x

where 0 < ¢ < 1. To deal with K, by Lemma 4.1,

15)
Ki < (W1 oo 0,71 )5 1KV) ™10 Wl oo g0, 71; Y))(l +/ E(I/)df/) (4.15)
n

By combining (4.11), (4.12), (4.13), (4.14), (4.15), we obtain

+1 _
E(t) S <1 + II‘Pllﬁp [P + g(IW I oo, 73: ) 1(V) lath”LOO([O,T];Y)))

5]
x <1+/ E(t’)dt’) + w2 o 2,,+||\1/||”+1 + E(t).
3]

LooLerl
We can then use Gronwall’s inequality to get the desired bound.

@ Springer



Stoch PDE: Anal Comp (2024) 12:898-931 921

We now provide the proof of Lemma 4.1.

Proof of Lemma 4.1 Recall that s, = ﬁ—j. We first consider the case when k > 2. By
the Fourier-Plancherel theorem, we have

‘/ FD@)w @) 1o, v (r)dx
Tz

1
> % [ R @ o R o o)

j'=—1j>0

S /T P FED @) w ) IR (0w (1) ldx

j>2

2
+2 fT P (PR @) () 1P (0w (1)) dx
j=0
= I+ b. (4.16)

Let ry = (k_l)kw To estimate />, by Holder’s inequality, Bernstein’s inequality,
and Young’s inequality, we have

2
_ —k+1
LS IO 17,57 > IR v ()
X X /:O

p—k+1

SO IV T W@ lle E@) 7

ptl
SEOQ+ 11 )7 0%l 5 e

L¥L

It remains to estimate /;. By Holder’s inequality, Bernstein’s inequality, and then
Holder’s inequality for series,

IS 270 P (FED @) W) D1 277 [P (V) oW (1) oo
Jj>2
= IFCP WO 1) 9l ey -

Then, by Corollary 2.2, we have

IFED @)@ ey S IFED @),
1,00 PEL oo
P2k

+|||v<t)|"*"+‘||L pr W@

| 1—s
P
p—k+1 Bpk,oc

k—1
V@O pt
LE=T

Lp+1

SIFSD @i IO

p+l
p+H2—k 100
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p—k+1 k—1
+E(t) r1||W()* ||BI—SP, 4.17)
P

o »O0

p—k+1

o = 1. By Lemma 2.3 (ii), we have

where py satisfies ﬁ +

WO s S T - IO
P00 P00

< IVl WO

p;rl -

(4.18)

A

By Lemma 2.3 (ii), Lemma 2.1 (ii), and Lemma 2.4, we have

IFE=D @l -

p+l
p+2—k’

—k
S 0@l [tv@)1? ||L%1€

s3] 500

S @I,

=~

p—

pi1 E (1) PH!

1=sp. 5~

SOOI oI B0 5,

Lp+l

; 2 _ 1=y B _ p=3 _
Wélqe B € [0, sp] satisfies 1 = 20t o and so 8 = =T = Sp- Thus, we
obtain

||F(k_l)(v(t))I|B|—s,, < E(t)#JF%J“ﬂ - E(t)%ﬂillf
oo
<14+ E®. (4.19)

By combining (4.17), (4.18), and (4.19), we obtain the desired bound for ;.
For the case when k = 1, after (4.16), we have the estimate I, < E(t) +

(V)= 1o, w ||Z:Z]Loo. For the term I7, by the estimate in (4.19), we have
T ~x

I SNE@O) - 19) 7 0%l SO0l (4 E@),

as desired. O
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Appendix A: On local well-posedness of subcritical vNLW

In this appendix, we aim to show that the deterministic viscous NLW is locally well-
posed in H* (T?) with s > sesit, where we recall that s is defined by

2

Scrit := max (1 -, 0). (A1)
p—1

More precisely, we prove local well-posedness of the following subcritical vNLW:

2u+ (1 —Au+ Ddqu+uPlu=0

(A.2)
(M, 81‘“)'1‘:0 = (MOa M]),

where (ug, u1) € H*(T?) and s > seri¢ (With a strict inequality when p = 3). To
achieve this, we will need the inhomogeneous Strichartz estimates for the linear viscous
wave equation on T2.

A.1 The inhomogeneous Strichartz estimates

In this subsection, we prove the Strichartz estimates for the inhomogeneous linear
viscous wave equation on T¢. To achieve this, we first establish the following estimate
for the linear operator S(¢) defined in (1.7).

LemmaA.l Let 1 < p <2 < g < oo. Then, we have
1—d(1-1
SOl Lacray St PNl o e

forany 0 <t <1

Proof By (1.7) and applying the Schauder estimate (Lemma 2.7) twice, we obtain

~0, sin(tl[D]])e_gt

1S@ ¢l LTy = He ¢
L9(Td) DI .
St—d(%—ql) SiIl(t[[D]])e_g,q5
[[D]] Lz(Td)
1—-d(t-Ly, D
<1796 ")”e 4t<‘5“L2(W)

1—d(L -1
St @ q)||¢||Lp(11‘d),

as desired. O
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We now establish the Strichartz estimates for the inhomogeneous linear viscous
wave equation on T¢. We say that u is a solution to the following inhomogeneous
linear viscous wave equation:

{afu +(1=ANu+Ddu=f (A.3)

(u, 0ru)|1=0 = (g0, $1),

if u satisfies the following Duhamel formulation:

t
u(t) = V(t)(go. o1) +/0 S —1") f(hat,

where V (¢) and S(¢) are as defined in (1.6) and (1.7), respectively.

LemmaA.2 Givens > 0, supposethat 1 < g <2 <qg <00, ]| <F<2<r <o
satisfy the following scaling condition:

1 d d

—_ —_—= = — 5 =

1
= - 2. A4
qg r 2 q (A4)

Then, a solution u to the inhomogeneous linear viscous wave Eq. (A.3) satisfies the
following inequality:

e, 00 ey + el 1 noy S 10 Do nty + 11,3 7y (AS)

forall0 < T < 1.

Proof By (1.6), we have

[ (V@) o, ¢). 8V (1)(@0. D) | ¢y 345 ey S 1@0. 0D llpsney- (A6)

By Lemma 2.8, we have
IV () (o, ¢1)|IL;L;(W) S 110, @) s (7a)- (A7)

We then use Lemma 3.5 in [21] (which is in the R? setting, but the proof also works
in the T¢ setting with Lemma A.1 in hand) to obtain

t
H /0 St — 1) £t SIF1,3 17 ey (A8)

Li.Lr(19)

It remains to show

t
H fo St — 1) f (&)t <A (A9)

Cr HS(T9)
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and

< 7o~
ST L7 ey (A.10)

t
o / St — 1) fHdt
0

CrH™H(T9)

so that (A.5) follows from (A.6), (A.7), (A.8), (A.9), and (A.10).

To show that the inequality (A.9) holds, we use the Littlewood-Paley decomposition
as in Lemma 3.6 in [21]. In view of the proof of Lemma 3.6 in [21], we know that it
suffices to show (A.9) for all f such that fis supported in {n € Z¢ : 2771 < |n| <
2/t forall j € Z, (the case for {n € Z¢ : 0 < |n| < 2} follows in a similar manner)
with the underlying constant independent of j. Fix 0 < t < T. By Minkowski’s
integral inequality, Holder’s inequality in n, Hausdorff-Young inequality, Holder’s
inequality in ¢’ (along with the fact that the number of lattice points inside a ball of
radius R in R? is O(R?)), and a change of variable, we have

t
H / St —t)fHdt
0

CrH}
t . |n| nsin((t — t/ n Yy 272
< [ (Sl genme=ttD 7, Y,
0 A (]
nez
. ‘2 R 1/2
5 2(j+1)s/ (t _ t/)eZJ* (t—;’)( Z |f(l‘/, n)|2> dl‘/
0 neZ?
t . =
< 2(j+l)sf (t — t/)ez/—z(t—t’)(2(j+l)d)7/2 f(t/,n) Z,~./a't/
0 n

Gene+e-H ([ w2\
2006t ( [Ha— @0 ar) sy,
0 T™x

GHDG+E-5+5-2) _
s2Y 2SN
T™x

By using the second equality in the scaling condition (A.4), we obtain the desired
inequality with the underlying constant independent of j, and so the inequality (A.9)
follows. The inequality (A.10) follows in a similar manner. O

Remark A.3 As in the case of the homogeneous Strichartz estimates (Lemma 2.8), the
Strichartz estimates for the inhomogeneous linear viscous wave equation on T¢ also
hold for a larger class of pairs (g, r) and (g, 7) compared to the Strichartz estimates
for the usual linear wave equations [15, 17, 19, 25]. Again, this is due to the parabolic
smoothing effect. Note that this is also true on R4 (see [21]).

We complete this subsection by making the following observation. Recall that we
are considering the viscous NLW on T2 with nonlinearity |u|”~'u for p > 1. Suppose
that we can find pairs (g, r) and (g, 7) satisfying the scaling condition (A.4) such that

g > pq and r > pr.
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Then, by Holder’s inequality and the fact that |T?| = 1, we have

I |”|p_1“HL§L~ = TaTh ”““i;L;'

7
X

Note that the power of T is positive when ¢ > pg. The following lemma shows that
there exist such pairs (g, ) and (g, 7).

Lemma A.4 Let scrir be as defined in (A.1). Given s¢rir < s < 1, there exist 1 < q <
2 <q <00, 1 <7 <2<r < oo satisfying the scaling condition (A.4) such that

q > pq and r > pr. (A.11)

Proof In view of Lemma 3.3 in [17], given 0 < s < 1, we have

min i,; 53_s,
q r 1—s

and the equality holds by taking, for example,

(%ﬂ:(?:s& 2 — ) and (5,7):(8

3_g—1

s 1 —s — A= 1

(3—s)8

), (A.12)

where 6§ = §(s) > 1 is sufficiently close to 1. Moreover, we note that ?%i > pif and

onlyifs > 1 — %1 Thus, as long as scriy < s < 1, there exist pairs (g, ) and (g, 7)
that satisfy (A.11). ]

Remark A.5 In the case when p > 3 and s = s¢rjy = 1 — ﬁ > 0, we have

. (q r 3—s
mn| =, < | < =p,
q r 1—s

so that we can only find pairs (g, r) and (¢, 7) that satisfy ¢ = pq and r = p¥ instead
of ¢ > pq and r > p7. Such pairs do exist. One can take, for example, (g, r) and
(g,7) as in (A.12).

In the case when 1 < p < 3 and s = syt = 0, there does not exist any pair (g, 7)
that satisfies | < g < 2,1 <7 < 2, and the scaling condition (A.4) (with d = 2)
simultaneously. In this case, the inhomogeneous Strichartz estimates (Lemma A.2) no
longer applies, so that an alternative approach is needed to deal with this case.

A.2: Local well-posedness of subcritical yYNLW

In this subsection, we prove the following theorem for the local well-posedness result
of vNLW (A.2).

Theorem A.6 Let p > 1 and let scyi; be as in (A.1). Then, (A.2) is locally well-posed
in H* (T?) for
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D) p #3:8> Sy or (i) p=3:5> Serir.

More precisely, given any (ug, u1) € H5(T?), there exists 0 < T = T (ug, u;) < 1
and a unique solution it = (u, d;u) to (A.2) in the class

(u, d,u) € C([0, T1; H*(T?)) and u e L([0, T]; L"(T?)),

for some suitable q,r > 2.

Proof For the proof, we only consider the case s < 1. We first consider the case
s > Scrit- We write (A.2) in the Duhamel formulation:

t
u@) =T @) = V() (uo, u1) —/ St —tFu)(tdt', (A.13)
0

where F(u) = |u|P~'u, V(1) is as defined in (1.6), and S(¢) is as defined in (1.7). Let
f‘(u) = (I'(u), ;"' (u)) and it = (u, d;u).

Let (g, r) and (g, 7) be as given in Lemma A.4, which guarantees that ¢ > pg and
r > pr.Given 0 < T < 1, we define the space Y(T) as

YT =Y (T) x Y5 (T),
where

VI(T) == C([0, T1; H*(T%)) N LI([0, T]; L' (T?)),
V5(T) := C([0, T1; H~'(T?)).

Our goal is to show that T is a contraction on a ball in YV5(T) forsome 0 < T < 1.
By (A.13), Lemma A.2, and Holder’s inequality, we have

IF@ Iy < Mo, un)llpes + [ lul” | 17,2

S NGao, wn)llpgs + T ul) (A.14)

q L
T=x
< o, un)llags + 7715
~ 0, U1)II'H: Vs(T)
for some 6 > 0.
For the difference estimate, we use the idea from Oh—Okamoto—Pocovnicu [32].

Noticing that F'(u) = p|u|? —1, weuse (A.13), Lemma A.2, the fundamental theorem
of calculus, Minkowski’s integral inequality, and Holder’s inequality to obtain

IF@) = Ty SNF@) = FQ)l,i,7

1
< EENTY -l S T _
N/O lv+ 7(u U)”L!;qu’”” vIIquLf»dt

1
/ Fw+tu—v)u—v)dr

0

q v
LILT,
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<T9<up_1+vp_1)u—v a5,

ST (Wl + 100Gy Yl = vl
~ip—=1 2ip=1 Ny~ =

S T (Wl + 150y i = Bl

for some 6 > 0.

Thus, by choosing T = T (||(uo, u1)|l7¢s) > 0 small enough, we obtain that Tisa
contraction on the ball Bg C Y*(T) of radius R ~ 1 + || (ug, t1)||7¢s-

In the case when p > 3 and s = s¢rjit = 1 — %1 > 0, we can only find pairs (g, )
and (g, 7) that satisfy ¢ = pg and r = p7 (see Remark A.5). In this case, we modify
the argument as follows. By (A.13), Lemma A.2, and Holder’s inequality, we obtain

Pl ~
IT@lLgrr S WV OG0, unllpyy + [1017] 7,7

< |V (@) (ug, u p ull?
S V@0 u)llggy + el

for some & > 0 and sufficiently small ¢ > 0. A difference estimate on I'(#) — I"(v)
also holds by a similar computation. By the dominated convergence theorem, we have

||u||€,%u — Qas T — 0. Thus, we can choose T = T (ug, u1) > 0 sufficiently small

such that ||V (¢) (ug, u1)||Lc§ o < %7] < 1, so that we can show that I' is a contraction
on the ball of radius 7 in L‘; L”.. Moreover, (A.14) gives

- - P
lulicr s = IT@llerms S Mo, un) lixs + IIMIIL;L; < 00,

so that it = (u, du) € Cr'Hj.

Lastly, we consider the case when 1 < p < 3 and s = s¢ir = 0. Note that
s = 0 along with the L3TL)3[ norm satisfies the scaling condition (2.9) in Lemma 2.8.
By (A.13), Minkowski’s integral inequality, Lemma 2.8, Sobolev’s inequality, and
Holder’s inequality, we obtain

T
ITGON L3 23 S 1V @O o, )iz 13 + /O [ 40.01E)S @ =) (" u) ()] 5 2’
T
||

S oo+ [ 017 )@ |2

S Mo un)llygo + J1ul?{ 1, 1s

S o, u)llpgo + T9||“||L3TL§
for some 6 > 0. Also, by (1.6) and (1.7), we easily obtain
IF @) erre S 1o, un) g + T Null 3 13-

Similar difference estimates also hold, so that we can conclude using the standard
contraction argument. This finishes the proof. O
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We finish this appendix by stating several remarks.

Remark A.7 (i) At this point, we do not know how to prove local well-posedness for

(ii)

(iii)

(iv)

the cubic VNLW (with p = 3) in L2(T?), i.e. with s = syt = 0. It would be of
interest to investigate if spaces of functions of bounded p-variation (i.e. UP- and
VP-spaces) such as those in [3, 32] can be applied to handle the cubic case.

A slight modification of the proof of Theorem A.6 yields local well-posedness
of SYNLW (1.1) in H*(T?) forall s > seri¢ (With a strict inequality when p = 3),
which improves the local well-posedness result for SYNLW (1.1) in Theorem
1.1.

One can compare the local well-posedness result for VNLW (A.2) in Theorem
A.6 with the local well-posedness result for the usual NLW (see Remark 1.4 in

[17D):
3u — Au [ulP~lu = 0.

Note that vNLW enjoys a better local well-posedness result than does the usual
NLW, thanks to the parabolic smoothing effect.

Note that the global well-posedness result of SYNLW (1.1) in Theorem 1.3
easily gives global well-posedness of VNLW (A.2) in the class H* (T?) for

s > max(0,1 — L l), where § > 0 is arbitrary. However, at this point,

prs T p
we do not know how to prove global well-posedness of VNLW (A.2) in H* (T?)

for seit < s < max(0, 1 — ﬁ — %). The main difficulty for this range of s is

showing v(r) € H'(T?) for all small enough 7 > 0, which is needed to guarantee
the finiteness of the energy E(v) defined in (1.11).
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