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Abstract

In this work we consider solutions to stochastic partial differential equations with
transport noise, which are known to converge, in a suitable scaling limit, to solution
of the corresponding deterministic PDE with an additional viscosity term. Large devi-
ations and Gaussian fluctuations underlying such scaling limit are investigated in two
cases of interest: stochastic linear transport equations in dimension D > 2 and 2D
Euler equations in vorticity form. In both cases, a central limit theorem with strong
convergence and explicit rate is established. The proofs rely on nontrivial tools, like
the solvability of transport equations with supercritical coefficients and I'-convergence
arguments.
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1 Introduction

In recent years, there have been numerous results concerning the convergence of
stochastic partial differential equations with transport noise, i.e. of the form

du" + odW" - Vu" = F(u") dt, (1.1)
to their deterministic counterparts with enhanced viscosity
oru = F(u) +vAu (1.2)

whenever the noises {W"},, undergo a suitable scaling limit. Here F denotes a generic
functional, which might be nonlinear and nonlocal, while od means that the stochastic
differential must be understood in the Stratonovich sense. The noises {W"}, are Brow-
nian in time and coloured, divergence-free in space and the coefficient v > 0 comes
from the noise intensity in the scaling limit; more details on the precise structure of
{W"},, will be given shortly.

The scaling limit of (1.1) to (1.2) was first observed in [52] for linear transport
equation and has then been extended to various nonlinear PDEs, including stochas-
tic 2D Euler equation in vorticity form [37], stochastic mSQG equation [73] and
stochastic 2D inviscid Boussinesq system [71]; see also [38] for a large class of non-
linearities which include as particular cases the 3D Keller—Segel system and the 2D
Kuramoto-Sivashinsky equation. All of the aforementioned results are set on the torus
Td = R4 / 74 : some results on stochastic heat equations in bounded domain or infinite
channel can be found in [39, 46]. In [40] we improved some of these results by pro-
viding quantitative convergence rates. Among recent related progresses let us finally
mention [16] on a two-layer quasi-geostrophic model, [1, 2] on reaction-diffusion

@ Springer



738 Stoch PDE: Anal Comp (2024) 12:736-793

equations, and [45] for a Smagorinsky type model where the additional viscous term
has the form Ag(u) = V - (g’ (u)Vu) for some g € Cl(R).

The scaling limit of (1.1) to (1.2) has several important features. Firstly, the start-
ing equation (1.1) can be of hyperbolic type (e.g. in the case of stochastic transport
equations) but the limit (1.2) is always strictly parabolic; as such, the scaling limit
can be rigorously proved even in situations where the well-posedness of (1.1) is not
known to hold, as long as we are able to solve (1.2) (this is for instance the case for
stochastic 2D Euler converging to deterministic Navier—Stokes). Secondly, even when
the starting equation (1.1) is truly parabolic, the extra strong diffusion operator vA
appearing in the limit equation can help displaying features of the transport noise like
mixing and dissipation enhancement, see [39, 40]. We have taken advantage of this
phenomenon and shown in [38, 44] that transport noise is capable, with large proba-
bility, of suppressing blow-up of solutions or even yielding global existence, cf. [43]
for a similar result on the vorticity form of 3D Navier—-Stokes equations perturbed by
a deterministic transport term.

Given the above results, it is of great importance to obtain a better understanding
of these scaling limits; the purpose of the present work is to study the large deviations
and Gaussian fluctuations underlying them.

To explain what we mean, let us first briefly explain why convergence of (1.1) to
(1.2) holds. The noises {W"},, must be taken of the form W" = /Ven W', where
{W"}, are now Q"-Wiener processes on L? such that the family {Q"}, are uniformly
bounded operators, || Q"||;2_, ;2 < C; at the same time, they must satisfy Tr(Q") =
c/en, where c is a suitable proportionality constant and &, — 0 as n — co. We refer
to [41, Example 1.3] for explicit choices of such noise on the torus T2, see Sect. 1.1
below for a special case. For this choice of {W"},,, it can be shown that the equivalent
1t6 form of (1.1) is

du + Ve, dW" - Vi = [F(u") + vAu"] dr. (1.3)

As the noises W" have uniformly bounded covariances Q", convergence of (1.3)
to (1.2) is not surprising, as long as uniform estimates on {u"},, are available (here
the divergence free property of W™ becomes crucial). Such a convergence can now
be interpreted as a small noise limit, which suggests an underlying Large Deviation
Principle (LDP); in this sense, we can also interpret the basic convergence of u" to a
deterministic limit # as some kind of Law of Large Numbers (LLN).

In order to prove a LDP, we need to assume that Q" converges to some bounded
linear operator Q on L2, so that the corresponding noises W” converge in law to some
W, which is a Q-Wiener process (cf. Sect. 1.1 below). This covers the majority of
the cases considered in [38, 52], but it excludes the noise from [44] (similarly [39,
Example 1.3]), in which case the operators Q" converge weakly to 0; see Remark 1.5
below for a deeper discussion on this point. By the weak convergence approach to
large deviations (see [14, 15]), we expect a LDP associated to u” with speed ¢, and
rate function determined by solving the skeleton equation

v+ g-Vv=F(v)+VvAv (1.4)
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for any g satisfying the condition fOT l0~1/2g, ||2L2 ds < oo. Let us point out that

solvability of (1.4) is highly non trivial, even in the case F = 0, where (1.4) corre-
sponds to an advection—diffusion equation with rough drift; indeed the only available
information on g roughly speaking amounts to it being divergence free and satisfying
Jio.17xre 182, )2 drdx < oo,

Interpreting the convergence of u” to u# as a LLN, one might try to investigate the
fluctuations around this convergence, by looking at U" = (u" — u)/./€,. Assuming
the sequence U" admits a limit U, we have the formal expansions

W' u+ Je, U, F")~ F(u)+ e, DF,(U) (1.5)

where DF, denotes the differential of F' evaluated at the point «. Inserting (1.5) in
(1.3), we see that U is expected to solve

dU + VvdW - Vu = [DF,(U) + vAU]dt. (1.6)

Equation (1.6) is linear in U and driven by the forcing term /v dW - Vu, which is
Gaussian since u is deterministic. As a consequence, the solution U (if it exists) is
a Gaussian field as well; the convergence of fluctuations U" = (u" — u)/. /e, to a
Gaussian limit then can be naturally intepreted as a Central Limit Theorem (CLT)
result.

Although the above reasoning is very heuristical, it already provides useful infor-
mation on the key quantities to study in order to obtain rigorous proofs, which are
given respectively by equations (1.4) and (1.6). The aim of this paper is to formalize
the above discussion in two main cases of interest, namely for stochastic transport
equations and 2D Euler equations in vorticity form. We preferred to start this intro-
duction with the more abstract framework of equations (1.1), in order to emphasize
that the guiding principle behind them is very general and can be applied to other
SPDEs (see also discussions in Sects. 2.4 and 3.3). In fact, after the completion of this
work, similar ideas and techniques were applied in [72, 74] to derive such results for
other equations of interest, respectively dyadic and Leray-o models.

Before giving rigorous statements, we need to provide more details on the exact
choice of noise we will deal with.

1.1 Structure of the noise

In this paper we will always deal with equations defined on the d-dimensional torus T¢
for d > 2 and on a finite time interval [0, T']. From now on we will set for simplicity
v=1.

For technical reasons that will become clear later (cf. the end of the proof of Lemma
2.13), we cannot take the limit noise W to be white in space, but rather we need to
impose some additional regularity on it as encoded by a parameter « € (0, d/2); this
can be accomplished as follows.

Let us denote by H the space of square integrable, divergence free vector fields with
zero mean on TY; it is a closed subspace of L? = L2(T?, R?) and so we can define
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the projection IT of L? to H, usually referred as the Leray—Helmholtz projection. We
denote by ex (x) = e?7k** the standard elements of the Fourier basis; recall the defi-
nition of the fractional Laplacian (—A)*/? by (—A)*/%e; = |k|*ex for any s € R. We
also set H* := HY (T, R%) N'H, so that H* = (—A)~¥2(H) = (—A)"*/2 T1(L?).

With these preparations, we can define the limit noise W := W% as a H%-cylindrical
Wiener process; alternatively, W can be constructed as W* = (—A)‘”‘/ 211 Z, where
Z is a cylindrical noise on L. It then becomes clear that the covariance function
associated to W¢ is

0% = (~A) Tl

where we used the fact that IT and (—A)~*/2 commute. It follows in particular
that, for any sufficently regular, predictable R?-valued field f, the stochastic inte-
gral fot (fr, dW?) is well defined with Itd isometry

t
EW (fy. dWe)
0

t
< E/ 112 dr. (17)
0

2 t t
] = E/O 1@ fr117 2 dr = E/o ITTf |15 —a dr

Next, we need to define the approximating noises appearing in (1.3) and the coef-
ficients &, ; to this end, denote by IT,, the projection of L? on the subspace spanned by
Fourier modes smaller than n, namely I1,ex = ex 1j<,. We set

Wn,a — Hn WO(

so that they have associated covariance Q"% := I, (—A)~*II. A similar formula
(1.7) holds for fot (fr, dW,%) up to replacing Q% by Q™. Given this choice, we must
take e, proportional to the inverse of the trace of Q"% namely

1

— n —1
&y = cd< > |k|2"‘> ~ (/ pd—2e-1 dr) ~ p?e—d (1.8)
1

keZ4,0<|k|<n

where c; = d/(d — 1); since @ € (0,d/2), ¢, — 0 asn — oo as desired.

In order to perform computations, it is useful to have a more explicit expression
for W, following [52, Section 2.2]. Set Zg =74 \ {0} and let {oy; : k € Zg, i =
1,...,d—1}beaCONB of H,defined as oy ; (x) = ay ;ex(x) where {ay ; }r.; is asubset
of the unit sphere S9-1 guch that: (1) ax,i = a—y,; forall k € Zg, i=1,...,d —1;
(ii) for fixed k, {ak,,-}fl:_ll is an ONB of k* = {y € R? : y .k = 0}. It holds that
V.o = (aki-k)ex =0forall k € Zg and1 <i <d—1.If d = 2, then we can
explicitly define
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where k- now denotes the vector (—ky, k1), Zg = Zi UZ? is a partition of Z%

satisfying Z% = —Z2. Then W can be realized as
d—1 .
Wt x) =Y Y [kI™ ori(x) B, (1.9)
kezg i=1
where {B,k’i ck ezd ,i = 1,...,d — 1} are C-valued standard Brownian motions

such that BX? and B!/ are independent whenever k # —[ or i # j and such that
Bki = B~%i forall k, i (so that W = W<, i.e. W¥ is real valued). In the sequel we
will write ) ezd Zflz_ll simply as ), ;. Clearly, a similar expression as (1.9) holds
for W% up to restricting the sum on |k| < n.

1.2 Main results
1.2.1 Stochastic transport equations

We will first consider linear stochastic transport equations on T, d > 2:
df"+b-Vfhdr + Je, 0o dWH* .V " =0, "= = fo, (1.10)

with initial data fy € L?. From here on, we will adopt shortcut notations for the
function spaces we use, for which we refer the reader to the notations introduced in
Sect. 1.4.

We assume b to be a vector field in the Krylov—Rockner class (see [63]); namely,
b € LY LY for some parameters p, g € [2, oc] satisfying

2 d
yi=—+—-<1. (1.11)
q9 P

For simplicity of exposition, we will additionally impose b to be divergence-free; the
condition can be slightly weakened, depending on the results in consideration, see
respectively Assumptions 2.5 and 3.1. Under the above conditions, strong existence
and pathwise uniqueness holds for (1.10); moreover we have the solution formula
) = fo((got’l)_1 (x)), where {¢}'};>0 is the stochastic flow associated to the under-
lying SDE and {((/),”)’1 }t>0 denotes its inverse.

The skeleton equation (1.4) in this setting reads

Wf+b+g) -Vi=Af, fli=o=/fo (1.12)

where g is an element of the Cameron-Martin space associated to W%, namely g €
L,ZH"‘. Observe that since o € (0, d/2), H* does not embed in L°°, implying that
b+ g does not belong to LY LY with p, g satisfying (1.11); this is sometimes referred
as a supercritical drift.
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Treating equations with supercritical drift, especially in connection with SDEs
and stochastic transport equations, has been the subject of several recent papers, see
[31, 79, 94]. An earlier important contribution, addressing the conditional uniqueness
of Fokker—Plack equations with drift b € LtzLi, is due to Porretta [80], who also
established renormalizability of such solutions (assuming they exist). Here we show
that Eq. (1.12) is wellposed for any fy € L? and any divergence free g € L, o
Propositions 2.8 and 2.9.

While working on the current manuscript, we became aware of the recent work
[7], which contains a comprehensive study of such advection—diffusion equations, see
Sect. 3 therein. Their results are comparable to ours, although the derivations are quite
different; the authors in [7] mostly employ commutator estimates in the style of Di
Perna—Lions theory, while we make use of classical tools from parabolic theory like
maximal regularity, Lions—Magenes lemma and duality techniques. Propositions 2.8
and 2.9 below have the advantage of providing several stability results, both in strong
and weak topologies, which are needed for our purposes; moreover they allow for
non-divergence free vector fields.

Having established well-posedness and stability for the skeleton equation (1.12),
we are able to rigorously prove a LDP for the sequence { f"},,.

Theorem 1.1 Let fo € L? and b be a divergence free drift in the Krylov—Rockner
class; then, for any § > 0, the sequence { f™*}, of solutions to (1.10) satisfy a LDP in
CYH ™S, with rate function

1 T
14, (f) = inf {E/ llgsll3e ds : g € L7H* such that (1.12) holds}.
0

In fact, we will prove a slightly stronger statement, namely a Laplace Principle in
C ?H -3, uniformly over compact sets of fy € L2, see Theorem 2.16. The restriction
§ > 0is necessary, as it is known that the sequence f” does not converge, in the
topology of L? _, to the solution f of &; f +b -V f = A f, thus a LDP therein cannot
hold.

Theorem 1.1 is not just a direct application of the aforementioned weak convergence
approach to large deviations. Indeed, the stability results needed for it to work only
provide an LDP for fy € L°°, see Proposition 2.15; once this is established, we can
develop additional arguments, based on the linearity of the equation and the use of
I'-convergence, to transfer the LDP to general initial data fy € L?, see the proof of
Theorem 2.16.

Regarding the CLT, Eq. (1.6) in this case reads

1,x°

dX +b-VXdt = AXdr —dW* . V. (1.13)

We cannot expect to make sense of (1.13) in the classical way. Indeed, W* enjoys
at most spatial regularity C*~ 4/2=: once (1.13) is written in the mild form, even
assuming f smooth, the regularity of fo P (dWZ -V £,) (and thus of X,) can be
at most C**t1=4/2= In turn this implies VX, € C*~%/2~, which makes the product
b - VX ill-defined.
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The solution to the problem comes from a duality formulation of (1.13) (see Def-
inition 3.2), close in spirit to a martingale problem formulation, which makes the
equation well posed (Proposition 3.4). Furthermore, setting X" := (f" — f)/ Ens
we can show strong convergence of X" to X with an explicit rate:

Theorem 1.2 Let fj € L? X" defined as above and X solution to (1.13). Then there
exists an exponent 3 > 0 such that, for any ¢ > 0, it holds

sup E[I1X] — X3 -0p1 ] Sn™ 2PN foll3, VneN.
tel0,T]

In particular, the exponent can be chosen as

2

,3=[Ot/\(1—3/)](1—7>-

The statement is a particular subcase of Theorem 3.7 from Sect.3.1; we do not
know whether the exponent 8 is sharp.

1.2.2 Stochastic 2D Euler equations

Next, we consider the vorticity form of stochastic 2D Euler equation driven by transport
noise:

dg" + (K % &™) - VE"dt + /g, odW"¥ . VE" =0, §&] =&. (1.14)

Here £" stands for the vorticity and K is the Biot-Savart kernel on T2, thus K  £" is
the fluid velocity. The initial data &y is assumed to satisfy sz &o(x) dx = 0, a property
which is preserved at all subsequent times.

By [12, Theorem 2.10], Eq. (1.14) admits a strong, pathwise unique solution for any
& € L°°; moreover it is of the form &' (x) = Eo((got")_l (x)), where {¢'} is the unique
associated measure preserving stochastic flow, see Theorem 2.15 therein. Instead,
for any & € L2, we only have the existence of probabilistically weak solutions &”,
satisfying the P-a.s. pathwise bound sup,c(o 71 1/ |12 < ll§0ll .2 (see [37, Theorem
2.2]); their uniqueness is an open problem.

We always interpret the equation analytically in a weak sense: an F; adapted process
&" solves (1.14) if for any ¢ € C*°, P-a.s. it holds

t
(& p) = <so,¢>+/0 (67, (K £") - Vo + Ag)dr
t
o / (1Y, AW ) Vi e[0,T],
0

where we have passed to the corresponding Itd form, giving rise to the term Ag. By
the properties of Biot-Savart kernel, estimate (1.7) and the pathwise bounds on &", it
is easy to check that all the integrals appearing above are finite.
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Given &) € L2, it was first shown in [37] that as n — oo, &" converge in law
to &, which is the unique solution to the deterministic 2D Navier—Stokes equation in
vorticity form:

0§ + (K x§)-VE=AE, &li=0 = &o. (1.15)

The skeleton equation (1.4) in this case reads
0§+ (K*§)-VE+g-VE=AE, &li=0 = bo. (1.16)

Again we are able to show well-posedness of (1.16), at least for &y € L°°, see Lemma
2.17. In turn, this allows to prove a LDP for the family {£"},:

Theorem 1.3 Let & € L°°; then, for any § > 0, the sequence {E"}, of solutions to
(1.14) satisfy a LDP in C?H_‘s, with rate function

1 T
Ig, (§) := inf {5/ llgs I3 ds : g € L7H® such that (1.16) holds}.
0

Infact, we will obtain a slightly stronger statement, concerning the Laplace principle
on a suitable Polish space £7°® uniformly over compact sets of &) € 55, see Theorem
2.20 for more details. The restriction to §y € L* is needed in order to apply the
results from [12] and [15]; it is an open problem to understand whether the LDP can
be extended to the case & € L?, as accomplished for linear transport equations.

Next, we pass to study the behaviour of the fluctuation 8" = (" — &)/ én. In
this case we allow & € L2, so that we are dealing with probabilistically weak solu-
tions. This means that, in order to be rigorous, the stochastic basis (2, F;, P; W%)
should depend on n, but let us drop such dependence for notational simplicity. Unique-
ness in law for £" is not known, but the results presented below will hold for any
sequence {£"}, of weak solutions to (1.14) satisfying the P-a.s. pathwise bound

supero,77 1§ 122 = ol z2-
We expect E” converges to E, which solves the equivalent of Eq. (1.6), namely

d& + [(K *8) - VE+ (K x§)- VE] dr +dW?* . V& = AEdt. (1.17)
Contrary to the approach we adopted to treat equation (1.13), here we are able to give
an analytical meaning to (1.17) once it is written in the mild form, see Proposition 3.9.
Also in this case, we can establish explicit rates of convergence:

Theorem 1.4 Let & € L?, {£"}, be a sequence of weak solutions to (1.14), E" defined

as above and E solving (1.17). Then there exists a B > 0 such that, for any ¢ > 0, it
holds

- -~ 2 —
sup E[IE) — &3, ] Sn % VneN.
t€l0,T]

In particular, the exponent can be chosen as f = o (1 — «).
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The result follows from the more general Theorem 3.12 and Corollary 3.13. Let us
finally remark that Theorem 1.4 implies that

sup E[IIE" — & 117,21 ] ~ en.
tel0,T]

and thus it improves [40, Theorem 1.1-(i)] and shows that the latter is almost sharp,
at least in the special case of the noises {W""*}, considered in this work.

Remark 1.5 As mentioned above, we excluded from our analysis the choice of the
noise adopted in [44]; it corresponds in the abstract setting of (1.1) to W = Ve W,
for W" with associated covariance Q" = I1,(—A) *II, where now I1, denotes the
operator that acts as a Fourier multiplier by [er = ex 1,<|k|<2n- At a technical level
this does not create any particular issue, but since now the operators Q" converge
weakly to 0, the corresponding LDP and CLT become degenerate. Specifically, the
candidate skeleton equation (1.4) now must be replaced by equation (1.2), regardless
the choice of g, so that the resulting rate function [, assigns value O to the unique
solution f to (1.2) with initial value fy and +oco to any other function. Similarly
in the CLT, instead of the SPDE (1.6), one obtains the corresponding PDE without
stochastic forcing, whose solution is necessarily 0 due to linearity and the prescribed
initial condition 0.

Remark 1.6 Since our LDPs come from a zero noise limit, they can be considered as
Freidlin—Wentzell type. It is thus natural to wonder whether one could give a more
direct proof, based on a Schilder-type LDP for the sequence {,/e,, W"-*}, and the con-
traction principle, instead of employing the weak convergence approach from [14, 15].
The firstingredient is already available: by our assumptions, &, — Oand W% — W<,
thus [3, Theorem 1.1] ensures that {,/e,, W%}, satisfies an LDP with speed ¢, Iand

rate I (g) = % llg ”i% o observe that this is in perfect agreement with the rate functions

from Theorems 1.1 and 1.3 and a potential application of the contraction principle.
The main obstacle however comes from the latter, which rigorously would require
the continuity of the solution map from the noise to the solution of the SPDE. In the
finite dimensional setting, this can be accomplished by the theory of rough paths, see
the monographs [50, 51]. Specifically, [51, Theorem 13.42] provides a Schilder type
theorem for the rough path enhancement of Brownian motion, which in conjunction
with the continuity of the It6-Lyons map and the contraction principle readily recov-
ers many classical LDP results, cf. [51, Section 19] and the references therein. In our
setting, however, this strategy currently does not seem feasible. Although for fixed
n, each W% can be regarded as finite dimensional, their support in Fourier space
gets bigger with n and they eventually converge to the truly infinite-dimensional noise
W¢; as such, we would need continuity of the Itd6-Lyons map for an infinite dimen-
sional noise of the form (1.9). Given the classical regularity requirements for solving
Brownian RDEs, one would likely have to impose something like

D KT ok illcase ~ D kT kT < 00 (1.18)
k,i k
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for some ¢ > 0. Unfortunately, condition (1.18) substantially clashes with the con-
straint o < d/2, under which the scaling limit of (1.1) to (1.2) can be performed; in
fact, the scaling limit holds exactly because the noise becomes irregular. We currently
lack a sufficiently nice theory of flows generated by rough Kraichnan-type fields,
which seems to be needed in order to implement the strategy outlined above.

1.3 Relations with the existing literature

Let us discuss here some links between our work and previous contributions, organized
by different topics.

1.3.1 Stochastic fluid dynamics and turbulence

An idealised description of the effects of small, possibly turbulent, fluid scales by
means of a white-in-time, coloured-in-space noise (in the style of W) was first pro-
posed by Kraichnan in the context of passive scalar turbulence (namely eq. (1.10)),
see the works [61, 62], as well as the reviews [19, 30]; the value « = d/2 + 2/3
corresponds to Kolmogorov’s K41 theory of turbulence, see [49]. The noise W¢ in
consideration here belongs to the class of measure preserving, isotropic Brownian
flows as defined in [65], which have been studied in detail in [4, 67] and later revisited
[68, 69]. Early mathematical attempts to incorporate transport noise in nonlinear fluid
dynamics equations go back to Inoue and Funaki [60]; their idea, based on a vari-
ational principle, has been later substantially revisited by Holm [57] and expanded
to several classes of equations, see [22, 28] and the references therein. A different,
more Lagrangian-flavoured approach was proposed in [9, 10], where Brzézniak et
al. derived stochastic Navier—Stokes equations with transport noise by computing the
stochastic material derivative along the trajectories of fluid particles. More complete
studies of such models were then presented by Mikulevicius and Rozovskii [77, 78],
establishing the well-posedness of the stochastic Navier—Stokes equations. Yet another
model for turbulent fluid dynamical equations, incorporating transport noise, has been
proposed by Mémin in [76]. In all of the above cases, the adoption of Stratonovich
noise is physically justified by the Wong—Zakai principle [87], which is known to hold
also for SPDEs, see e.g. [11]. An heuristic argument for the introduction of transport
noise, based on a separation of scales, can be found in [44], which has been made
rigorous by Flandoli and Pappalettera [47, 48] using methods of stochastic model
reduction; see [24] for more general results. Recently, advection—diffusion equations
with Stratonovich transport noise have been derived by homogenization techniques in
[33].

1.3.2 Regularisation by noise

It was first shown in [41] that Stratonovich transport noise can improve the well-
posedness theory of transport equations; this phenomenon, nowadays referred to
regularisation by noise, has been treated extensively also in the context of nonlinear
SPDE; see [36] for an (incomplete) survey. Already in [41, Section 6.2] the authors
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realised that too simple noise cannot regularise nonlinear PDEs like Euler equations;
however more complicated, space-dependent noise can be more promising, like in
[42] where it is shown to (slightly) regularise the dynamics of point vortices. In the
aforementioned works [38, 44], we were able to exploit the scaling limit of (1.1) to
(1.2) to show that for a large class of models transport noise can delay or even sup-
press blow-up with high probability. Similar techniques have been recently applied to
averaged Navier—Stokes systems in [66] and reaction diffusion equations in [1]; let us
also mention that [1] discusses a nice and natural interpretation of the scaling of (1.1)
to (1.2) in the context of homogenization.

1.3.3 Large deviations for SPDEs

The weak convergence approach to large deviations developed in [14, 15] is nowa-
days a very popular method for establishing LDPs for the laws of solutions to SPDEs.
Among the first applications in stochastic fluid dynamics there is the work of Sritha-
ran and Sundar [83] for 2D Navier—Stokes equations driven by multiplicative noise.
Subsequent applications include: a Boussinesq model for the Bénard convection under
random influences as in [29]; a class of abstract nonlinear stochastic models, cover-
ing 2D Navier—Stokes equations, 2D MHD models and shell models of turbulence in
[21]; stochastic models of incompressible second grade fluids in [89]; 3D stochastic
primitive equations in [26]; stochastic porous media equations in [90]. Bessaih and
Millet [6] proved a LDP for the solution of 2D stochastic Navier—Stokes equations
with vanishing viscosity and noise intensity proportional to the square root of the vis-
cosity; Cerrai and Debussche [18] instead considered 2D Navier—Stokes equation with
Gaussian random forcing, establishing LDPs in the regime where the strength of the
noise and its correlation are correctly tuned and both vanishing; observe the analogy
with our setting, where the Fourier cutoff in the definition of Q" may be thought of
as measuring the correlation scale of the noise. Further interesting applications of the
weak convergence approach to SPDEs (outside of fluid dynamics) include [13, 17, 27].
On other remarkable works on (possibly singular) SPDEs in the style of [18], where
one cannot naively apply the weak convergence approach, but which require a fine
tuning of the correlations of the noise (as measured e.g. by a mollification parameter
) and its intensity (and possibly keep track of the renormalization constants), let us
mention Hairer and Weber [55] for Allen—Cahn equations, Mariani [75] for stochastic
conservation laws and Gess and Fehrman [34] for stochastic porous-media equations.

1.3.4 Central limit theorems for SPDEs

A classical reference proving CLTs for various interacting particle systems is the work
of Holley and Stroock [56], who also introduced the theory of generalized Ornstein—
Uhlenbeck processes. Several CLTs for fluid dynamics models with multiplicative
noise can be found in the literature, including: 2D Navier—Stokes [85], 2D primitive
equations [91] and stochastic reaction-diffusion equations [88]. The aforementioned
works also employ the weak convergence approach to LDP to establish moderate
deviation principles (MDP); we expect an MDP to hold also in our setting, up to
readapting the proofs. Another class of CLTs for parabolic SPDEs with multiplicative
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noise can be found in [20, 58, 59]. All of the above works however do not include
the case of multiplicative transport noise; in this sense, a much closer paper to our
setting is the one by Slavik [82], proving an LDP, MDP and CLT for stochastic 3D
viscous primitive equations. At the same time the equation considered in [82] is truly
parabolic, while our setting is of hyperbolic nature with conservative noise, which
makes it closer to the results obtained in [25] (resp. [53]), treating conservative local
(resp. nonlocal) SPDEs. Like here, [82] and [25] establish strong convergence for
the fluctuations, while [53] even provides a rate of convergence which is shown to
be optimal. An alternative pathwise approach to CLTs for SPDEs is being developed
in [54], in the context of Landau-Lifschitz equation. Let us conclude by mentioning
the nice analogy of our setting to that of McKean-Vlasov particle systems, like those
treated classically in [84]: therein the empirical measure uV = N~! Z,N: 1 8xi can
be shown to solve an SPDE, which is of the form (1.14) up to replacing our noise
en o dWHE . VEY = [e, V - (§" o dW™¥) with the random current

N
1 , 1
V. —§ SiodB’)zz—V'JN.
<Nl.=1 X VN

Similarly to our hyperbolic setting, the empirical measures 1" do not improve their
regularity over time, yet they converge as N — o0 to the solution /& of a deterministic
parabolic Fokker—Plack PDE. In this setting, it can be shown that the currents J
converge in law to a non-trivial limitas N — oo and that the fluctuations VNN —p)
converge in law to an Ornstein—Uhlenbeck process; see the work of Fernandez and
Meéléard [35] for regular interaction kernels and more recently Wang, Zhao and Zhu
[86] for singular kernels.

1.4 Notations and conventions

Throughout the paper, we fix a T > 0 and assume the functional spaces have time
variable ¢ € [0, T']. The notation x < y stands for x < Cy for some constant C > 0;
we write x < y to stress the dependence C = C(A) and x ~ yifx < yandy < x.
We shall write x - y to denote inner product on R?, |x|?> = x - x; (-, -) stands for the
inner product in L? or the duality between functions and distributions.

Form > 1, p,q € [1, co], we write L?L,{7 for the space LY(0, T} LP (T4, R™Y),
with norm

T 1/q T / 1/q
I fllare == <f ||fs||‘£pds> =<f (/ Ifs(x)|”dx>qus> .
0 0 Td

If p = g then we will simply write L{, with norm || - Il » s instead, L” and LY
will be used as a shortcut for L?(T¢, R™) with norm | - ||z». As already mentioned,

HS = H*(T¢,R™) (s € R) will denote standard fractional Sobolev spaces, while
CcP = BT, R™) (B > 0) will denote Holder spaces, with respective norms || - || gs
and || - ||cs. Given a Banach space E, B € (0, 1), we set Cf}E = Cﬂ([O, Tl E)
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endowed with

I = fille
Ifllcer = sup Ifille +[f)erps [flerr = sup ———3=.
1€[0,T] st 1t —s|

Similarly, we consider C?E endowed with the supremum norm and LY E with

T 1/q
Ifllpe g = </0 ”fs”%ds> .

Such definitions apply for the above choices of E, allowing to define LtZHD‘, C ,ﬁ c',
C ?H 5, etc. Finally, we write P; for the heat semigroup e’ A >0.

1.4.1 Structure of the paper

Section 2 is devoted to the proofs of the large deviation principles. More specifically,
we first recall briefly the weak convergence approach for LDP in Sect.2.1, then we
prove LDPs for solutions to stochastic linear transport equations (Sect.2.2) and to
stochastic 2D Euler equations (Sect.2.3); finally, we discuss further generalizations
in Sect.2.4. Section 3 instead revolves around the study of the Gaussian fluctuations;
strong convergence results with explicit rates, for the same equations, are proved
respectively in Sects. 3.1 and 3.2. Some concluding remarks are given in Sect.3.3. In
“Appendix A” we collect some technical results used in the paper.

2 Large deviation principles

This section consists of four parts. In Sect.2.1, we recall the abstract framework
of weak convergence approach for LDPs. We then establish in Sect.2.2 a LDP for
solutions to stochastic transport equations in three steps: (i) check well-posedness of
skeleton equation; (ii) prove a LDP for L*°-initial data by weak convergence method;
(iii) transfer it to L2-initial data by I'-convergence arguments. Similar techniques are
applied in Sect.2.3 to prove a LDP for solutions to (1.14) with L*°-initial vorticity.
Finally, Sect.2.4 contains some further remarks and possible future problems.

2.1 Weak convergence approach for LDPs

We recall here several results from [15, Section 2], which gives an abstract framework
of LDP; see also [83, Section 3] for a concise introduction.

Let (Q, F AFt}er0.17, IP’) be a stochastic basis satisfying the usual conditions. Let
U be a Hilbert space and Q a positive definite, symmetric, trace class operator on U
the subspace Uy = o'/ 2(U ), endowed with the inner product

(g ho=(Q"?¢, 07" ?h),, g, h e Uy,
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is also a Hilbert space; we write the normin Uy as |- |o. Let {W (¢)};¢[0,7] be a Q-Wiener
process on U; then it is a cylindrical Wiener process on Uy. Define

T
sM = sM(Uy) = {v € LUy : / lu(s)|3ds < M}, 2.1)
0

which is a Polish space when endowed with the weak topology; for any v € S™,
we shall write Int(v)(-) = fO v(s) ds. We denote by P> (Up) the class of Up-valued

JFi-predictable processes u such that fOT |u(s)|(2) ds < oo IP-a.s. and set
P =P (Uy) := {u € Po(Up) : u(:, w) € S (Up) for P-as. w}. (2.2)

In the following, £ and &y denote Polish spaces.

Definition 2.1 A function I : £ — [0, oo] is called a rate function if for any M < oo,
the level set { f € £: I(f) < M} is a compact subset of £. A family of rate functions
I on &, parametrized by x € &, is said to have compact level sets on compacts if
for all compact subsets IC of &y and each M < o0, Uyexc{f € £: L,(f) < M}isa
compact subset of £.

Let I be a rate function on &; for any Borel set A € B(E), set I(A) :=inf pea I(f).
Recall that a family {X?} of &-valued random variables is said to safisfy a large
deviation principle (LDP) with speed ¢ and rate function 7/ if

—I1(A°) < limi(r)lfglogIP(X‘g € A) <limsupelogP(X® € A) < —I(A) VA e B,
e—

e—0

where A° and A denote respectively the interior and closure of A. A classical result in
large deviations theory is that on Polish spaces the LDP is equivalent to the Laplace
principle, see [15, Theorem 1].

In practical cases, the random variables X¢ are often strong solutions to some
S(P)DEs driven by /¢ W with initial data x € &, so that they can be represented as
X&* = G°(x, /e W) for some family of measurable maps G° : & x C?U — & In
these cases, rather than establishing directly an LDP for {X*®*}, for fixed x € &, it
is natural to investigate the following stronger version of Laplace principle (see [15,
Definition 5]).

Definition 2.2 Let 7, be a family of rate functions on &£ parameterized by x € & and
assume that this family has compact level sets on compacts. The family {X**} is said
to satisfy the Laplace principle on £ with rate function I, uniformly on compacts, if
for all compact subsets IC of & and all bounded continuous functions G mapping &
into R, one has

lim sup
e—=>0 yerc

1
slogEx[exp ( — EG(X‘”))} + }Iéfg{G(f) + L(f)} =0. 2.3)
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In [15], the authors provide practical assumptions in order to verify the validity of
(2.3).

Hypothesis 2.3 There exists a measurable G° : &) x C°U — & such that:

1. Forany M < oo and compact set KC C &y, Uic.m = {go(x,lnt(v)) veSM xe
IC} is a compact subset of E.

2. Consider M < oo and families {x®} C &y, {u®} C 73/2"’ such that, as ¢ — 0,
x¢ — x and u® converge in law to u as SM-valued random elements. Then
g° (xg, JEW + Int(vg)) converges in law to G (x, Int(v)) in the topology of &.

Theorem 2.4 ([15], Theorem 5) Let X** = G* (x, \/¢ W) and suppose that Hypothesis

2.3 holds. For x € &y and f € &, define

T
L(f) == inf {1/ |v(s)|3ds}, (2.4)
112 Jo

{veL2Up: f=G°(x,Int(v))
with the convention that inf @ = oco. Assume that for all f € & x — L(f) is a
lower semicontinuous map from & to [0, oo]. Then for all x € &, f +— L.(f) isa
rate function on & and the family {1 }xcg, of rate functions has compact level sets on

compacts. Furthermore, the family {X**} satisfies the Laplace principle on &, with
the rate functions {1}, uniformly on compact subsets of &.

2.2 Stochastic transport equation

The purpose of this section is to prove a LDP for the solutions to stochastic transport
equations:

df"4+b-Vf"dt +odl, (e, W) - V" =0, f"li—o=fo. (2.5)

where we recall that the noise W™ is defined as in Sect.1.1 and od denotes
Stratonovich differential. We will enforce the following:

Assumption 2.5 There exists parameters (g, p) € [2, oo] such that
2 d
beLlL}, =+ =-<1;
q Pp
moreover there exists r € (112_4‘:2 oo] such that !

V-beL L®NLL.

! The condition V - b € L%L)’C is non-standard and we believe it might be removed, at the price of slightly
more technical proofs. However, the main applications we have in mind for our models come from fluid
dynamics, where often V - b = 0, so that this additional constraint is automatically satisfied.

@ Springer



752 Stoch PDE: Anal Comp (2024) 12:736-793

Under Assumption 2.5, for any given fo € L? and n € N, there exists a unique,
analytically weak, probabilistically strong solution to (2.5), which is of the form
1) = fo((X?)~1(x)), where {X['};c[0,7] denotes the stochastic flow associated
to the underlying Stratonovich SDEautoedited,:?

dX!' = En Y k™0 (X}) odBf +b(t, X{)dr, X =x.

|kl<n,i

Noting that oy ; - Vo ; = 0 due to our choice of vector fields {o%;}, the SDE has the
same It6 form whose noise has constant covariance matrix. Moreover since oy ; are
divergence free, for any p € [1, oco], f" satisfies the pathwise bound

sup || f lLr < exp(IV - bl follLr P-as. (2.6)
t€[0,T]

As mentioned in the introduction, Eq. (2.5) has equivalent Itd form
df" +b-Vf"dr +dI, (e, W) - V" = Af"dr. 2.7)

The solutions {f"}, converge weakly to the unique solution f of the advection—
diffusion equation:

hf+b-Vf=Af, fli=o= fo.

Our aim is to establish a LDP for the laws of { "}, using the weak convergence
method recalled in the last section. The rest of this section consists of two parts: in
Sect. 2.2.1, we study the well posedness of the skeleton equation and introduce the
rate functions; we then provide in Sect. 2.2.2 the proof of the LDP, first establishing
it for L*°-initial data by the weak convergence method, and then transferring it to the
L?-setting via a '-convergence argument.

2.2.1 Study of the skeleton equation and rate function

In order to carry out the weak convergence approach to LDP, a key role is played by
the well-posedness and stability properties of the skeleton equation

Wf+b-Vf+g-Vi=Af 2.8)

ranging over g € L,ZH“, while keeping b fixed, with suitable initial data fo.

2 We have not found a direct reference for the above result, which appears to be quite sparse in the literature.
The existence of a flow {X'} associated to SDE follows from [93, Theorem 1.:1] while the proof that f;’
as defined above is a weak solution to the transport equation comes from [92, Proposition 2.3]. Equation
(2.2) from the same paper allows to derive the pathwise bound (2.6), although technically the author
established its validity under stronger requirements on b; this issue can be solved by an approximation
argument. Uniqueness for sufficiently regular f{y has been shown in [32], but for general integrable initial
data one would need to readapt the commutators approach from [41]. An alternative route based on a flow
transformation, which fits the assumptions on our coefficients, is sketched in [5, Section 1.9].
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It actually turns out to be useful to take a slightly more general perspective and
study the family of equations

Wf—Af=h-Vf+cf (2.9)

forh:[0,T] x TY - R?, ¢ : [0, T] x T¢ — R satisfying the following:

Assumption 2.6 There exists a parameter r > % such that

hel?L?, V-h,ceL?L.NLIL®.

Remark 2.7 Allowing for the presence of ¢, we can also treat Fokker—Planck equations
by choosing ¢ = V - h. Observe that equation (2.8) is of the form (2.9) for ¢ = 0,
h = —b—g;inparticular, since b satisfies Assumption2.5and g € LtzH"‘, Assumption
2.6 holds as well.

Proposition 2.8 For any fo € L, (h, ¢) satisfying Assumption 2.6, there exists a
unique weak solution f € Lf5 to (2.9), belonging to COL2 N L2H]; moreover,
given two solutions f i associated to data fé, h, ¢, there exists a constant C =
CUIV-h' |11 poonr2 prs N€ I ot poong2 1r) such that

A = FPlcorz + 11 = 2z
<C[Ifo = fillz + (1" =Rl 2+ et = = V- (' =) )L fg ]
(2.10)
Finally, given sequences f A foin L, (", c™)—(h,c)in L%L% X LtzL;, satisfying
uniform bounds in the norms appearing in Assumption 2.6, the associated solutions
f" converge weakly-x in L7 to f, as well as strongly in L?’x N C?H;‘Sfor any § > 0.

Proof Existence of solutions satisfying the L°°-bound follows from usual compactness
arguments and the maximum principle (alternatively, Feynman-Kac formula), since
for smooth coefficients we have the estimate

sup || fillee < exp(llellpizee) |l follLoe- (2.11)
t€l0,7T]

Under our assumptions, & - Vf +cf = V- (hf) + (c — V - h) f is a well defined
distribution and there is no problem in taking the weak-x limit in the compactness
argument.

Observe that, if f € Lffjc is a weak solution, then by Assumption 2.6 and Sobolev
embeddings V - (hf) € L2H ', (c =V -h)f € L?L" — L?H_!, sothat f =
(3, —A)"!gforsomeg e L,ZH ~1. Maximal regularity for parabolic equations implies
that f € L?H), 8, f e L2H .

Assume now we are given two solutions f as above, then setting £ := f! — f2 it
holds & € L?H! N LY., 0, € L7H ' and

WE—Ae=h' VeE+cle+ ' —nY) V2L =)
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Given the regularity of &, we are allowed to apply the Lions-Magenes lemma (see
[70, Chap. 1, Theorem 3.1] or [64, Lemma 2.1.5]); arguing by approximation, we can
also extend the relation 2(¢s - Vi, ¥s) = —(V - @5, Iﬂsz) (for a.e. s € [0, T]) to any
@ € L?L2 such that V- ¢ € L} L% and any € LN L?H!. Thus by integration
by parts we obtain

d l&117

1
o = IVEIL + (e = 3V 8 = (] = D) Ve )

+le) —c} =V (b} —h). f&)
< —IVENL + (e iz + IV - hllzoo) &3 + 1By — B7 121 fP e I V&l 2
+llef —cf =V hf =) |2 e & -

Cauchy’s inequality implies

d &3,
de 2

1
< = IV&IZ + (llef e + 1V - Ayl + 1) 1§17

+ (Il = hEN32 + lleg — ¢ =V - (hy = DI

An application of Gronwall’s lemma, together with (2.11), readily yields

T
I€NZ0 2 + /0 IVE 72 dr
SHEolGa + (I =215, +le! = =V ' = h) 52, )1

SHEol7a + (I =215, +le! = =V ' = )52y, )G I

which is exactly (2.10); this also establishes uniqueness of solutions.

It remains to prove the claim concerning stability in the weak topology. Having
established uniqueness, we know that any solution satisfies the bound (2.11). More-
over, applying again maximal regularity theory, one has the uniform bounds

10 fll 2 + 1z SNV - ) + (e = V) fll 2
S Uhllz, +lle =V hll )l flligs

S UAllgz 4 lle =V - hllga ) expliel ipeo) I foll oo

Given f A foin L®, (", c")—(h,c) in L?L% X LZZL; as in the assumptions, the
associated solutions f” satisfy uniform bounds in Ctl/ 2 H7'NnCc%L2NL?H]; one can
deduce by the Aubin-Lions lemma that { f"},, is sequentially compactin C) H°NL} |
forany § > 0.

From here, standard arguments allow to show that any limit point must be a weak
L7, solution to (2.9). For instance, combining f" — f in Ltz’x, sup,, [[ f"llLee < 00
and ¢"—c in L?L", it is easy to check that ¢ f"—cf in Lll’x. Similarly, since A" —h
in the sense of distributions, so do V - /" —V - h, which combined with the uniform
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L,ZL; bound implies weak convergence in the latter space as well. A similar argument
as the one for weak convergence of ¢” f” then shows that

"N fr=V- ) = (VR V() = (Vb f =h-Vf

where the above weak convergence is understood in the sense of distributions. Overall
this proves the claim that f is a weak L7, solution to (2.9), thus necessarily the unique
one. But then the whole sequence f" must converge weakly-x in Lg% to the unique
solution f associated to (&, ¢, fo). |

We can build on the previous result to extend the well-posedness theory for (2.9)
to fo € L?.

Proposition 2.9 For any fy € L?, (h,c) satisfying Assumption 2.6, there exists a
unique weak solution f & L?OL)ZC N Ltszl to (2.9); moreover, given two solu-
tions associated to the data fé, hicl, there exists a constant C = C(|V -
R\l 11 poos 1€ 1 ooy I — VR || 2 1) such that

If' = FPllserr < CLIf = fo i+ IR =R 22 I 5 2+ et = Pl e £ 1 2 -

(2.12)
Finally, given sequences f— fo in L%, (h", c™)—~(h,c) in LtzL}% X LtzL;, satisfying
uniform bounds in the norms appearing in Assumption 2.6, the associated solutions
f" converge weakly to f in L,szl, as well as strongly in Ltzyx N C?H;‘Sfor any§ > 0.

Proof The proof is similar to that of Proposition 2.8, so we mostly sketch it. Formally
testing the solution f against equation (2.9) and applying Gronwall’s lemma, one
obtains the a priori estimate

T
sup ||ff||§z+/ IV fill2de < exp (IV - Allpigeo +2lelpip<) [ foll72- (2.13)
te[0,T] 0

Together with compactness arguments, this allows to construct weak solutions sat-
isfying (2.13) (the bound on Ltsz1 -norm, together with Sobolev embedding, shows
that h - Vf +cf € Ltl’ » so that the weak formulation is meaningful). Uniqueness
can be shown by linearity and estimates similar to those yielding (2.12), thus we will
only focus on proving the latter starting from any two solutions f' satisfying (2.13).

Setting £ := f! — f2, in a weak sense it holds
0 —As=h'-VErcle+ (' =) V(' =D f

Now for any ¢ € L* and ¢ € (0, T1, let {gs}sef0.1] be the unique weak solution in
L to the backward equation

he+Ag=V-(h'g)—c'g=n"-vg—(c' -V -ng gli= =0,

which can be constructed in the same way as in Proposition 2.8 (since (A, ¢!) satisfy
Assumption 2.6,s0do (h!, ¢! =V -h')); g satisfies || g; [ 1o < |l@llL~ foralls € [0, ¢].
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Testing g against the equation for £ (to be rigorous, one should argue by approx-
imation or by mollifying g and proving that the commutators vanish in the limit; we
omit the details here since the arguments are standard) and integrating over [0, ¢], we
obtain

t
0
1 2 2
< loll 1 llgollzoe + 18" — K22 IV 2152 lgles,

) 2
+llem = lpapr 1 f 7 2 g g,

< (Ugollpr + IR = 1212 17512 + le' = Sl 15 l2) el

(&, )| = ‘(So,go)Jr / ((h! —h?) -V f2 g5)ds + /O (el =) f2, g5) ds

where in the last passage we used the Sobolev embedding L?H! < L?L’ and
estimate (2.13) with f = f2. Taking the supremum over all ¢ € L*® with ||¢]/ =~ = 1
in the above expression, by duality one readily obtains (2.12).

The proof of the statement involving weak convergence follows the same line of
arguments as in Proposition 2.8; the only part which needs a bit more attention is
the uniform bound in CFH_* for suitable « and s, which is required in order to
apply the Aubin-Lions Lemma. Since by assumption r > 2d/(d + 2), by Sobolev
embeddings there exists a € (0, 1) such that HY — Lfcl and by interpolation it holds
I fell, S ||f,||1L§“||f,||iI] . Therefore, for any fixed ¢, we have

ei =V k) fillpr < lee = V- heller fill g S TR AN ller = V- Ryl

Taking 6 = (1 —a)/(1+a) > 0,sothata(1+438)/(1 —8) = 1, by Holder’s inequality
it holds

1—
e =V -h)fllpwspr S NI 2N fillfagillcs = V- hellp2pr

This implies (c — V - h)f € L™ H_* for s > d/2. Since f € L®L2, one has
hf € L2L) — L2H* and thus V - (hf) € L?H,;*~!. Combining these facts with
Af e L?H;!', we conclude that

Wf=Af+V-(f)+ =V -hfeLH

in particular, f € CYH.* ~!for @ = 8/(8 4 1). All the above estimates are uniform
when dealing with a sequence (0", ¢", "), so that we can apply the Aubin-Lions
lemma.

Furthermore, convergence of f” in Ltz’x combined with a uniform bound in
L%Hx1 implies convergence in L?L;/; together with the assumption (0", ¢")—(b, ¢)
in L?L2 x L2L", the uniform boundedness in the norms appearing in Assumption
2.6 and a similar argument as in the proof of Proposition 2.8, this allows to show that
(c" =V -b") f*—(c—V-Db)f in the sense of distributions. Combining all these facts
proves that the weak limit of f” is still a solution to (2.9) satisfying (2.13) and thus
allows to conclude. O
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In light of Proposition 2.9 and Remark 2.7, for fixed b satisfying Assumption 2.5
we can define the solution map G°( fo, Int(g)), which to any fy € L% and g € L?H"‘
associates the unique solution f € L%H; N L?"L% to (2.8) (if fy € L°, we further
know that f € L N CPL2).

We can define the corresponding candidate rate function

. 17
1(f) = inf {—/ ||gs||%_1ads} (2.14)
{eeL?H®: f=G°(fo,Int(g))} | 2 Jo

with the convention inf § = 4o00. Clearly, the notation for gO and /7, comes from
Sect.2.1.
We shall take

& = LJZC endowed with the strong topology,

which is a Polish space. Observe that if fo € L% and I fo(f) < oo, then f is asolution
to (2.8), implying that it satisfies the energy bound (2.13) withc = 0and h = —b —g;
in particular, we can restrict the definition of 7, to the Polish space

E=CPH™® foranys > 0.

Forreasons that will become clear later, we need to study the dependence fo — Iy,
where fy € L? and Iy, is regarded as a map on &; we will employ the notion of I'-
convergence, see [8] for a complete account on the topic.

Definition 2.10 Let E be a Polish space, F, F,, : E — (—o00, +00] a family of
functionals; we say that F,, I"-converge to F if:

(i) lower bound: for any sequence x, — x it holds F(x) < liminf F, (x,);
(ii) upper bound: for any x there exists a sequence x, — x such that F(x) >
lim sup F;, (x5,).

Let us recall the following facts: i) if F,, I'-converge to F' and G is a continuous
bounded function, then F;, + G also I'-converge to F + G ii) if F, I'-converge to
F and they are mildly equicoercive, i.e. there exists a compact set K C E such that
infyeg F,,(x) = infycx Fy(x) for all n, then convergence of the minima holds:

inf F(y) = lim inf F,(y).
yeE n—ooyek

Lemma2.11 Let fy— fo in L? and set F, = Ipn, F =1y then F, I'-converges to
F.

Proof Let us first make a few observations on the properties of the functions Fj,.
The last assertion of Proposition 2.9 implies that G°( fo, Int(g)) is continuous in

fo € Li and g € L?’H“ in the weak topologies; moreover, the set Ey = { g €
LIZH“ : ||g||iZHu <2 M} is compact in the weak topology of L%H"‘ forany M > 0.
t
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By the direct method in the calculus of variations (see [23]), the infimum defining
F,(f) = Ign (f) is always realized as a minimum.

Next, we claim that the family of maps { F},} is mildly equicoercive; the same proof,
applied at fixed n € N, shows that each F;, is lower semicontinuous. By the definition
of F), and its realization as a minimum, for any M > 0 it holds

Ty = J{feClH™: F,(f) < M}

= ({5 nt(9)) : g € LI, [1gl172p0 = 2M} = G°(A x Enp)

for the choice A = {f : n € N} C L?. Since by assumption fo—foin L%, Ais
precompact in the weak topology and so is A x E)s; overall we conclude that, for any
M > 0, Iy is precompact in C? H~?, implying the claim.

We now pass to the proof of I"-convergence, starting with the lower bound. Given
f* — f in &, without loss of generality we may assume that liminf F,(f") <
oo. As a consequence, there exists M < oo and a sequence g" € L%H“ such that
||g”||i2 po S2M, "= Q’O(f(;’, Int(g")). By weak compactness, up to extracting a
subsequence, we may assume that g —g in L>H* for some g € LtZ'H“; but then by
Proposition 2.9 we deduce that f" = GO(f7, Int(g")) — G°(fo,Int(g)) = f in £
By lower semicontinuity of strong norms in the weak convergence we get

1 2 .. 1 2 ..
I (f) = 5 18Il o < lim inf Ellg”lleHm = liminf 7 (f").

Next we give the proof of the upper bound. We can assume 7, (f) < 00, so that
there exists g € L>H* such that f = G°(fo, Int(g)) and ||g||i2 e = 215 (f). Let

fni=G% /o, Int(g)), then by Proposition 2.9, f, converge to f in £ and it holds

1
L5 () = 518172 = Ty (fu)
for all n € N, so that the same holds taking the lim sup on the left-hand side. O

2.2.2 Proofs of large deviation principles

As explained before, we will first employ the abstract weak convergence approach to
establish in Proposition 2.15 an LDP for bounded initial data fy € L{° and then use
the structure of the SPDE to further extend the result to general fy € L)ZC (see Theorem
2.16). Recall that solutions f” to (2.5) satisfy the pathwise bound (2.6), in particular

sup;cro.7y 1" L < |l foll L P-a.s.
Let us define the spaces

Ef = e L I folim < R EF=|f € Cul0.TLLY): sup IIfill~ < R},
t€[0,T]
(2.15)
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where the subscript w now means weak-* continuity in time. We endow them respec-
tively with the topologies of H % and C?H —% for some 8 > 0, which makes them
Polish spaces (the topology being independent of the choice of § > 0); see Lemma
A.1 for a short proof of the first claim, the second one being similar.

The spaces E(If and E7-R will play respectively the roles of £ and £ in Hypothesis
2.3. Finally, for M > 0, recall the spaces S™ (H%) and 795” (H*) as defined in (2.1),
(2.2).

With a slight abuse of notation, we will still use the notation (fp,g) +>
gO( fo, Int(g)), introduced in the previous section, to denote the restriction of the
solution map associated to (2.8) for initial data fo € LS°; in this case, for any fixed
R > 0, we may consider G0 as a well defined map from E(If X L?H"‘ to ET-R,

Thanks to Proposition 2.8, G° is a continuous map in the weak topologies, which
implies the validity of Condition 1 in Hypothesis 2.3 (continuous image of a compact
set is compact).

Lemma 2.12 Forany M > 0 and compact subset K C EE, the set
T = {G(fo. Int(9)) : fo € K. g € M (H*))

is compact in the space ETR.

In order to check Condition 2 in Hypothesis 2.3, we need a few preparations. For
any fop € L and g € 77/2"' (H%), consider now the equation

df"+b-Vf'dr+ odl'[,l(\/aWO‘) VP +,(0) - VAt =0, f"i=0 = fo.

(2.16)
Arguing as for (2.5), under Assumption 2.5, it admits a unique solution f” for any
initial data fy € L°°, which moreover satisfies the pathwise bound (2.6); in particular,
P-a.s. sup,co.7) 1 /7' lLe < [l follLe. Equation (2.16) has the corresponding It form

df" +b- VT dt +d, (e, W) - V" 4+ T,(g) - V" dt = Af"de. (2.17)

We shall denote the unique solution by f" = G" ( o, /En WE + Int(g)); our next aim
is to prove the following result.

Lemma2.13 Let {g"}, C PY(H®) and {fJ}, C ER. Assume that ' = fo in L
and g" converge in law, as SM (H%)-valued random elements, to g as n — oo. Then
the convergence

G (fE, en W* +Int(g") — G°(fo, Int(g))

holds in law, in the topology of ET'R.

Before presenting the proof, we need to establish some uniform control on the
martingale part of the equation (2.17), given by

t t
M = @f A, W) -V = en Y Ikl“"/ oki -V dB.
0 0

|kl<n,i
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Lemma2.14 Forany p € [1,00),8 > 1+d/2 and y < 1/2, there exists a constant
C > 0, independent of n > 1, such that

2
E[IM" 2 ,,-s] < Cen R*P. (2.18)
Proof The proof is similar to those given in [38, Proposition 3.6] and [40, Section
2.2], so we will mostly sketch it. Denote by [M" ] the quadratic variation associated
to || - || s, i.e. the unique increasing process such that || M" (t)”irﬂ —[M"]g(t)isa
martingale; due to our choice of BXi it holds

d _
SIMM g =en 3 KT o - VI s < e ) lowi - VA e
lk|<n,i ki
As oy,; are divergence free, oy ;- V /" = V- (ox,; f[');thus,foranyi € {1,...,d—1},

2 2 2 —2(B—1 2
lowi - V£ 3 < Nlowi £ 3 S e fM s = D M2F D en f) en) .
1

As a result, P-a.s. it holds

d 28— _op—
Mg S en DI PTONL eidP = en Y IV S enll 1172 S enR2,
k,l 1

where the last stepis due to || /"]l ,2 < |1 fy'll .2 < R. With the above estimate at hand,
applying Burkholder-Davis-Gundy inequality in Hilbert spaces, for any p € [1, co)
it holds

¥ ¥ 2
E(IM; — M2 s) S E(IM! — MP50)) S |t —s|Pef R*;
estimate (2.18) then readily follows from Kolmogorov continuity theorem. O

Now we are ready to present the

Proof of Lemma 2.13 The argument is as usual by compactness. To conclude, it suffices
to check that any subsequence of { f"'}, converges to a weak L7 solution f of (2.8)
associated to ( fp, g); indeed by Proposition 2.8, uniqueness holds in this class, so that
the limit is given by G°( fo, Int(g)).

By Assumption 2.5 and the pathwise estimate (2.6), up to choosing large 8 > 0, it
holds

S (V- bllapr + 116l 202 + 1" 202 1 £ Lo
Cl/2H-B

combining this with Lemma 2.14 and interpolating with the uniform L>-bound, we
can deduce from classical compact embedding results (cf. [81, Corollary 9, p. 90]) that
the laws of { f"}, are tight in CY H~°, for any § > 0. Applying the Prohorov theorem
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and Skorohod’s representation theorem, and extracting a subsequence if necessary, we
can assume that f” converge IP-a.s., in the topology of CPH ~% (thus also in E°®), to
some limit process f, satisfying ||f||L,°§ < |l follLe P-a.s.

On the other hand, we know by assumption that g” — g in law in the topology of
SM (H*), namely in the weak topology of L,ZH . To conclude that the limit point f is
a weak solution to (2.8), by (2.17) with g = g", it suffices to check: (i) the martingale
part dM" .= dIT,, (ﬁ W"‘) -V f" vanishes as n — o0; (ii) I1,,(g") - V f" converge
to g - V f in the sense of distributions.

Claim (i) follows immediately from estimates (2.18), since &, — 0. Concerning
(ii), first observe that I1,(g") - V" = V- (I1,,(g") f™), so we only need to show that
I1,(g") f"*—gf in the sense of distributions; since g" —g in L?H”‘ , by standard prop-
erties of Fourier projections IT, (g")— g in the same space as well, thus I, (g") f—gf
in L,z’ .

To conclude, it remains to show that IT,(g")(f" — f)—0 in the sense of distribu-
tions; this is the main point where the condition & > 0 enters crucially and the reason
why we restrict ourselves to the noise W¢ as givenin Sect. 1.1. Forany ¢ € C*, itholds
My(8" € LPHE and I (8"l 270 < 1T (8" 2 g @z < Ml e as
g" € SM(H%); therefore,

t
< /0 7 = oo T(g™) )] ds

S Mllgllcasell /" = fllcop-o

t
‘/0 (T (gH(f" — f5), @) ds

and the last term converges to 0, thus completing the proof of claim (ii).
From these arguments we conclude that f is a weak L solution to d; f + (b +

g) - Vf = Af with initial condition fy; by Proposition 2.8, f = go(fo, Int(g)),
completing the proof. O
Now we can state and prove a preliminary LDP result.

Proposition 2.15 The solutions { " = G"(fo, /€n W“)}n>1‘f065§ of (2.5) satisfy the
uniform Laplace principle with the rate function

i 17
I (f) = inf {—/ ||gs||§,ads}, (2.19)
{geL?H": f=G°(foInt(g)} | 2 Jo

where fy € 5{; and f € ET°R.

Proof By Lemmas 2.12, 2.13 and Theorem 2.4, it suffices to show that for any fixed
f e &R the map fo = 17 (f) from 56“ to [0, oo] is lower semicontinuous; but this
has been shown in the proof of Lemma 2.11. O

Now we will transfer the uniform Laplace principle from Proposition 2.15 to the
case of L2-initial data; the main tools allowing to do so are the linear structure of the
equation and the I'-convergence result from Lemma 2.11. Recall that here we take
Eo=L%and £ = CloH ~%, both endowed with strong topologies. The exact value of
s > 0 is not important.
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Theorem 2.16 The solutions {f"}, of (2.5) with initial data fy € L?* satisfy the
Laplace principle on C ? H™*, with rate function 1 z,, uniformly on compact subsets of
L2. In particular, they satisfy the LDP with the same rate function.

Proof It is enough to verify (2.3) for any uniformly continuous, bounded G : £ — R,
so that it admits a modulus of continuity wg; once this is done, the case of general G
follows by standard approximation arguments (alternatively, arguing as in the proof
of Lemma 2.13, one can show that " belong to Cty HS S*¢ for some y, & > 0 and
thus to a compact subset K7 of COH %, so that G restricted to Kr is automatically
uniformly continuous).

Let us make some preliminary observations. Firstly, for any fixed n, given any
two solutions f", f™ associated to initial data fy, fo, by linearity of the transport
equation and the pathwise estimate (2.6), we have the P-a.s. bound || f "— M ez <
Coll fo — follp2 for Cp = |V - bl 11 poo.

Secondly, for any (uniformly) continuous G : £ — R and fy € L?

<, let us set

15, (G) = }réfg{G(f) + 15 ()

Lemma 2.11 and the two facts mentioned above imply that / f(;a(G) — I7(G) as
n — oo whenever fy — foin L.

Now let K be a compact subset of L2 and fix § > 0; let ps be a standard mollifier
and set f(f = ps* fo. From now on, we will use the notation "% to denote the solution
to (2.5) with initial data fés, i.e. f”"S = g"(fg, &n W9). For fixed § > 0, we set
K= {fés : fo € K} which is a compact set in L°.

By the P-a.s. estimate |G (f") =G (f™°)| < oG (| f" = f"* | = 12) < @G (Cpll fo—
f(;s Ilz2) and simple algebraic computations, it holds

1 1
&n logIE|:exp ( - 8—G(f”)>:| — &y 1ogIE|:exp ( - E—G(f”’g)):H
< w6 (Cpll fo— fll2):

as a consequence, we obtain

1
€ 10g]E|:exp ( _ 8—G(f")>] T IfO(G)‘

sup
foek
< sup {06 (Coll fo— fill2) + |1;3(G) — 15,(G)|}
foek
+ sup [e, logE| exp (— Lo
P |enlogE| exp 5D+ 1p(G))
f()EK: &n 0

For fixed § > 0, since K° is compact in L>, we can apply the uniform Laplace
principle coming from Proposition 2.15 to the family { ¢ fg € K?%}; therefore

1
lim sup sup |&, logE[exp ( — 8—G(fﬂ))i| + IfO(G)‘
n

n—>00 foekl
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s;u%{wc(cbwm-—fﬁnp)+w1ﬁ(6>—Im(GNL
0e

In order to conclude, it then suffices to show that

lim sup {06 (Cpll fo = foll2) + [1(G) = I (G)|} =0.  (2.20)
8=0 ek Jo

Let us show that sup foek | fo— féS lzz = 0as 6 — 0, which implies convergence
of the first quantity in (2.20). Suppose by contradiction this is not true, then there
exist sequences fy C K, 8, — 0 such that H f(;"(s” -1 ||L2 > ¢ > 0. Since K
is compact, we can extract a subsequence (not relabelled for simplicity) such that
I /o' — foll,2 — O by properties of mollifiers, fon"s” —Jo'l2 = I fo — foll 2 and

1£2" = foll 2 — 0. But then it holds

c< A0 = 1 o+ I f = foll o + 1o — fll2
<201/~ follz + | £ = foll o = 0

as n — o0, yielding a contradiction. The verification that sup ;< | 1 £ (G) —

1 fO(G)| — 0 as § — 0 comes from a similar argument, based on the fact that
I12(G) — 17,(G) whenever f§' — foin L2 ]

2.3 Stochastic 2D Euler equations

In this section we establish a LDP for solutions to the vorticity form of stochastic 2D
Euler equations with transport noise. Let us shortly recall the setting: we consider

dé" + (K &) - VE" dt + /e, o dIT,(W*) - VE" =0, &) = &0, (2.21)

with equivalent It6 form
d&" + (K % &™) - VE" dr + /e, A1, (W®) - VE" = AE" dt. (2.22)
In the current section, we will restrict to the case & € L°, in which Eq. (2.21) is
well posed with probabilistically strong solutions; thus we can define a solution map
&" = G" (&0, /8, W), n > 1. Asin Sect.2.2, in order to establish a LDP for {£"},,
we need to check Conditions 1 and 2 in Hypothesis 2.3; we consider the same spaces

E(If and ET-R as defined in (2.15).
We start by showing the well posedness of the skeleton equation

& +g-VE+(Kx§) VE=AS. (2.23)
The following lemma is the analogue of Proposition 2.8.
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Lemma 2.17 Forany &y € L°° and any g € LtzH, there exists a unique weak solution
& € Lg, 1o (2.23). Moreover, given two solutions &' associated to data & and g' €
LM, it holds

IE" — &%l o2 + I1EN — E2Ml 2 SHEG — &3 12 + llg' — &2l 212 1EG Il Loe. (2.24)

Finally, given sequences &} A & in L™ and g"—g in L,z’H, the corresponding
solutions &" converge weakly-* in L{S, to &, as well as strongly in L%’x N C,OHX_‘S for
any § > 0.

Proof The existence of solutions with uniform L°°-bound follows again from the
classical maximum principle and approximation arguments. Arguing as in the proof
of Proposition 2.8, thanks to the L°°-bound and the properties of the Biot-Savart
kernel, it is easy to check that (g + K x &) - V& € L%HX_1 and so that by maximal
regularity & € L%HXI.

Now assume we are given two L7 -solutions to (2.23) and set v = gl —£2; we can
apply the Lions-Magenes lemma and the divergence free property of g to deduce that

d 2 2 2 2
S 1Pl + IVl = —((Kxv) - V&7, v) = (§7, (K % v) - Vv).

Note that
(&2, (K % v) - V)| < 182l lIK * vll 2Vl 2 < ClE o vll 2 V]l 12,

hence

1d 1
Eanvniz +IVolZe = SIVUlZe + CIE I vz

Together with the fact that £2 € L and Gronwall’s lemma, this readily yields

X
uniqueness; similar estimates, together with the bound ||£2|| L2 = ||é§02 |lLeo, then
yields (2.24).

The last assertion can be proved in the same way as that of Proposition 2.8. O

Lemma 2.17 allows us to define the solution map & := G (&, Int(g)) associated
to (2.23) for &y € L™ and g € LIZH"‘. With these preparations at hand, we see that
Condition 1 in Hypothesis 2.3 holds, similarly to Lemma 2.12.

Lemma 2.18 Forany M > 0 and compact subset K C EX, the set

Tiem =[G o, Int(g)) : &0 € K, g € SY(HM)]
is compact in the space TR,
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Next, in order to verify Condition 2 in Hypothesis 2.3, we consider stochastic 2D
Euler equations with some extra drift term g € L2H:

d&" + (K *&") - VE" dr + odIT, (e, W 4+ Int(g)) - VE" =0, &) =& € L™;
(2.25)
the equivalent It6 form is

dE" + (K %) - VE" di +dT1,(\/e, W +1Int(g)) - VE" = Ag"dr, &) =& e L.

Due to the projection IT,,, the noise part has only finitely many Brownian motions,
hence it clearly satisfies Condition 2.3 in [12]; similarly, for fixed n > 1,
dIT,, (Int(g)) = II,gdr is smooth in the space variable, thus it can be regarded as
a smooth perturbation of the equation. One can follow the approach in [12]3 to show
that these equations enjoy pathwise unique, probabilistically strong solutions £" sat-
istying P-a.s., ||/ ||z < ||&ollz for all # € [0, T']; in particular, we can define the
solution map

§" = G" (60, Veu W +1Int(g)).

Recall the families S™ (H%) and Pé” (H*) defined in (2.1), (2.2); the next result
verifies Condition 2 in Hypothesis 2.3.

Proposition 2.19 Ler {g"}, C 7334(7-[“) and (&5}, C 86“. Assume that &} A & in
L™ and g" converge in law, as S™ (H®) valued random elements, to g as n — oo.
Then the convergence

G (&, /ou W +Int(g") — G°(&0. Int(g))

holds in law, in the topology of ET'R.
Proof For given sequences {g"}, C Pg” (H*) and {&5}, C 5§ , we denote the corre-
sponding solutions by

£" =G"(&), Ven W +1nt(g"), n=>1.

For any § > 0, thanks to the uniform L°°-bound (so that we also have weak-x con-
vergence in L) and the estimate on the martingale part coming from Lemma 2.14,
one can check as usual the tightness of the sequence {£"}, in CYH°.

Using the weak convergence of g” to g, it is then not difficult to check that (up to
extracting a non-relabelled subsequence) £" converge in law to a weak L°-solution
& of the skeleton equation (2.23). More precisely, the convergence of I, (g") - V&”
follows the same proof of Lemma 2.13, while the convergence of the nonlinear term

3 This can be accomplished directly by carrying the same computations as in [12], or more elegantly by
applying the flow transformation outlined in Sect. 7 therein to reduce the problem to the deterministic
one; indeed for finite n, since I, (g) and I1, (W) are spatially smooth, the SDE dX; = I, (g)(X;)dt +
odIT, (W%)(X;) admits a smooth stochastic flow 1.

@ Springer



766 Stoch PDE: Anal Comp (2024) 12:736-793

(K % &™) - VE" can be treated in the same way as the proof of [37, Theorem 2.2]; the
martingale terms M" vanish as n — oo due to estimate (2.18).
Lemma 2.17 finally allows to deduce that £ = G° (£, Int(g)). ]

Now we can state the main result of this section.

Theorem 2.20 The solutions {§" = G" (&, /€, W%)}
uniform Laplace principle with the rate function

&x of (2.21) satisfy the

n>1,&e€

. 1 (7
I, (6) = inf {— / ||gs||%,ads}, (2.26)
{geL?H?: £=G" (&.Int(g))} | 2 Jo

where &y € Eg and & € EMR,

Proof By Theorem 2.4 and Lemmas 2.18 and 2.19, it suffices to show the lower
semicontinuity of §y > Ig, (&), which follows the same line of arguments as those of
Lemma 2.11. m|

2.4 Further remarks and future directions

We present here some consequences of the results presented above, together with
possible problems to explore in the future. We start by some simple lower bounds
on the rate functions, which can be deduced by the stability estimates presented in
Sect.2.2.1.

Lemma2.21 Let fy € L\ {0}, I, be defined as in (2.14) and f = G°( fo, 0), i.e. the
solution to (2.8) with g = 0; then for any § > d /2 it holds

1f = FllZo s o
I1y(f) 284 ——5—— Y feLL;. (2.27)
Il foll;
If additionally fy € L, then
ILf = Iz, o a
I,(f) 2d ————— VY felLL;. (2.28)
I foll7

Proof Given fy as above, suppose f = G°(fo, Int(g)) for some 8 € L,ZH“; then
clearly f € COH~?. Moreover by Proposition 2.9 (for the choice ¢! =0, h! =b+ g
and h? = b) and Sobolev embeddings it holds

1f = Flcon—s SN = Fllzeorr < 1follz2lgl 2, < Nl foll 218l L2

inverting the inequalities we obtain

Lo, o I = Flop-s
N T
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from which (2.27) follows by taking the infimum over g. The proof of (2.28) is similar,
only observe that in this case if f = G%( fo, Int(g)), then necessarily f € CYL*N L,
and estimate (2.10) is available. O

Remark 2.22 For simplicity we only considered the cases fy € L? and fy € L™, but
several variants of the above estimates are available for p € (2, 00). Indeed, one can
derive suitable stability estimates in the style of (2.10), (2.12), using the information
that the initial L? integrability is propagated over time; in turn this provides estimates
of the form (2.27) where the parameter § belongs to an interval determined by Sobolev
embeddings.

Corollary 2.23 Let fy € L%, " = G"(fo, /EaW®) and f = G°(fo, 0) for the maps
G", G° as defined in Sect.2.2.2. Then for any 8§ > d/2 and any R > O there exists a
constant C > 0 such that

_ R2
P(If" — Fllcon—s = R) Se (—c—). (2.29)
(7 = Flleors = R) S exp | =€ s

If additionally fy € L*°, then an estimate of the form (2.29) holds for any § > 0, up
to replacing || foll ;2 by Il foll zoe.

Proof By the definition of LDP and Lemma 2.21, it holds

limsupe, logP(|| f"* — flicoy-s = R)

n—o0
< —inf{I4(f): feLPLEst|f — fllcog-s > R}
RZ
< -
I foll?
which gives (2.29); similarly in the case fy € L*™. O

The same technique can be applied in the case of 2D Euler equations; to avoid
unnecessary repetitions, we give the statement without proof.

Corollary 2.24 Let & € L>°\{0}, Ig, be given by (2.26) and € = G°(&), 0), where G°
is defined as in Sect. 2.3; then it holds

I — €112,

ol VE e L®L2 (2.30)

ISO(E) Z

As a consequence, setting §" = G" (&9, /Ea W), for any § > 0 and any R > O there
exists a constant C > 0 such that

_ R2
P(IE" — Ellcoy-s > R) SeXp(—C—z). 231)
8n||f0||Loo
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The interest in results like Corollaries 2.23 and 2.24 comes from applications in
the suppression of blow-up phenomena presented in [38]. To discuss this, let us turn
to an abstract setting similar to that from the introduction; namely let us consider an
SPDE of the form

du + /ve, o dW™ . Vu = [Au + F(u)]dt. (2.32)

The equation is now truly parabolic and due to the presence of an additional parameter
v > 0, it has corresponding 1t6 form

du + Jve, dW™® . Vu = [(1 +v)Au + F(u)]dt. (2.33)

For a large class of nonlinearities F (e.g. those satisfying Hypothesis 1.2 from [38]),
equation (2.32) admits pathwise existence and strong uniqueness of maximal local
solutions, which might however blow up in finite time, just like the deterministic
counterpart of (2.32). However, it was shown in [38] that if the parameters v, n are
chosen correctly, then the probability of blow-up for (2.32) occurring before a fixed
time 7 > 0 can be made arbitrarily small.

Establishing an LDP for the small noise limit of (2.33), combined with estimates
like those in Corollaries 2.23 and 2.24, would provide a more precise information
on the asymptotics of this small blow-up probability, which is expected to decay
exponentially as a function of n. Indeed, the proof provided in [38] roughly speaking
follows three main steps:

(i) Choose v > 0 sufficiently large so that the limit & of u”, solving the equation with
enhanced viscosity

dii = (1 +v)Ail + F(ir)

does not blow up before time 7" and it satisfies ||| z—s < R for some appropriately
chosen parameters §, R > 0.
(i1) Instead of considering (2.32), look at the equation with cutoff

di" + /vey o dW™? . Vi" = [AG" + p(@")F @")]dt; (2.34)

the cutoff function p (") = p(||u" || g-s) is devised in such a way that: a) global
existence of solutions to (2.34) always holds; b) aslong as || || ;—s < 2R, p(u") =
1 so that #" is also a solution to the Eq. (2.32) without cutoff.

(iii) Show that " — u asn — oo in C?H“S; in particular, if |#" — it]lco y-s < R,
then &" = u", so that the probability of blow-up happening can be bounded by

P(|li} |l g-5 > 2R forsome t < T) < P([|a" — itllcoy—s > R). (2.35)
The results from [38] only establish that the right hand side of (2.35) converges to 0

asn — oo; see [40, Theorem 1.5] for more quantitative, polynomial type of estimates
in the specific case of the 2D Keller—Segel system.
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As the quantity on the right hand side of (2.35) is exactly of the same form as
those appearing in (2.29), (2.31), in order to establish its exponential decay it would
be enough to show that #” satisfy an LDP with a rate function / satisfying suitable
lower bounds.

However, we warn the reader that this task might be far from obvious and different
PDE:s (i.e. different choices of the nonlinearity F) might require case-by-case treat-
ment. Recall that one of the key ingredients in establishing the LDP is the study of the
skeleton equation

v+ g-Vv=Av+ p)F(v)

where the function g is divergence free and only enjoys regularity L?’H“, so that the
Prodi-Serrin condition does not hold. In particular, resorting to the mild formulation
of the problem is not sufficient to solve it, while the presence of the nonlinearity F
might complicate the analysis presented in Sect. 2.2.1. A crucial tool in establishing the
well-posedness of the nonlinear skeleton equation (2.23) was its transport structure,
allowing to derive a priori estimates in L® L%, which are then crucial in order for the
proof of Lemma 2.17 to work. Different nonlinearities 7' might not allow to derive
similar estimates and thus the techniques presented here might not necessarily work.

3 Central limit theorems
We provide here the proofs of the CLTs, by treating first the case of stochastic transport
equations in Sect.3.1 and then stochastic 2D Euler equations in Sect.3.2. In both

cases, we provide explicit rates of strong convergence, see Theorems 3.7 and 3.12
respectively. Finally we discuss in Sect. 3.3 possible generalizations of these results.

3.1 Stochastic transport equation
We recall the stochastic transport equation (2.7) for the reader’s convenience:
df" +b-Vfrdr +d, (e, W) - V"= Af"de, fi = foe L% 3.0

Throughout this section, we will always impose the following assumption on the drift
b.

Assumption 3.1 The drift b satisfies V - b € L}Lf;o and there exist (p, g) € (2, o0]

such that
arp 2 d
b,V-beL/Ly, y=—+4+—<1. (3.2)
q p

In this case, we always have strong existence and uniqueness of solutions f” to
(3.1). Let f be the solution to

hf+b-Vf=Af, fli=0o= fo. (3.3)
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Then X" := (f" — f)/./én solves
dX"+b-VX"dr + dW™* .V = AX" dr. 3.4
It is natural to expect that the family {X"},, converges as n — o¢ to the solution X of
dX +b-VXdr +dW* . Vf = AXdt, X|i=0=0. (3.5)

At this stage, Eq. (3.5) is only heuristical, as we cannot expect to give it meaning in a
classical sense; instead, we will adopt the following definition.

Definition 3.2 We say that a process X with trajectories in C to H~P for some 8 > 0is
a solution to (3.5) if for any © € [0, T] and ¢ € C*° it holds

(X:,0) = fr(f,Vgr,de) P-a.s., 3.6)
0

where g € L%C)l is any solution to the backward equation
g+ V-(bg)+Ag=0 forre[0,7], gli= =¢. (3.7)

Observe that, since we are imposing g € L?C ; the stochastic integral appearing
in (3.6) is meaningful, since

T 2 T T
]| [“vsawef ] = [(1veto o s [C1nve e

2 2
S ”f”LooLZ ”g”L2C1‘

Let us stress however that the existence of such a g is part of the above definition.
The well-posedness of (3.7) follows from Theorem A.6 in “Appendix A”, where more
general equations are treated (up to time reversal); we summarize here some results
which will be frequently used in this section.

Lemma 3.3 Under Assumption 3.1, for any ¢ € L°°, Eq. (3.7) has a unique solution
of the form gy = Pr_;p + v, where v € C?Cg satisfying v; = 0 and sup, ., (t —

Z .
DZveller Sp ll@llLe. Moreover, we can define a two-parameter solution operator
Seip =g, 0 <t <t <T, such that

(1) St.r = Pr—t + R¢;, where R ; is a linear operator satisfying

)(1—7/—5)/2

IR @llcs Ss (x—1t ll@llLee foranys € (0,2 —y);

(i) forany e > 0, |Se.¢ll 201 Se l@llces
(iii) S enjoys the semigroup property: Sys = St 0S¢ forany) <s <t <t <T.

Now we can establish the well-posedness of (3.5).
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Proposition 3.4 Let b satisfy Assumption 3.1, then for any fo € L? there exists a
unique solution X to (3.5), in the sense of Definition 3.2. Moreover X is a Gaussian
process; up to modification, for any § € (0,1 — y) and ¢ > 0, it has trajectories in

C;S/z—st—d/z—a—a.

Proof We start by showing uniqueness. Assume there exist two processes X ! and X2,
defined on the same stochastic basis (2, P, F;, W%). By Lemma 3.3, forany t € [0, T']
and any ¢ € C®, there exists a unique solution g to (3.7) satisfying g € L,2C }
Similarly, under Assumption 3.1, equation (3.3) has a unique solution f (see [52,
Lemma 1]), which is the limit of { f"},. Therefore it must hold (X! — X2, ¢) = 0 P-
a.s. for any fixed t € [0, T] and any ¢ € C°; standard arguments based on countable
quantifiers imply that X! = X2

Now we turn to the existence part. Under Assumption 3.1, by Lemma 3.3, unique-
ness of regular solutions holds for (3.7). Specifically, if we fix ¢ > 0, then for any
¢ € C® and any t € [0, T'], the solution g. = S;.¢ € C?’x N Lf,C;, and the identity
(3.6) can be rewritten as

t
(X, ) = [0 Y Serg, dWE). (3.8)

We can actually use expression (3.8) to define a Gaussian random field X, which will
then automatically be a solution to (3.5), in the sense of Definition 3.2, adapted to the
filtration generated by W¢.

Below we discuss the space-time regularity of X. In order to show the claim, it
suffices to check that for any such § and any ¢ > 0 it holds

E[I(X; — Xy, ex) )] S 1t = sPIkPCF®) VO<s <t <T, keZ. (3.9)

~

Indeed, by hypercontractivity of Gaussian variables, it then holds
1
E[1(X; — X;, e0)1”]'/? Sp 1t = sk ¥ p e (1, 00)

which implies the conclusion by standard arguments, based on Kolmogorov continuity
type theorems (and possibly a relabelling of the parameter ¢). By formula (3.8), it holds

|

t
E[I(X; — X, e)’] = EU /0 (fr(VSirex = VSs rexly <), dW)

t
2
- / | £ (VS e — VSsrexdye)|a dr
0
t
< f L1220V S ek — VS rexlr<gllf o dr
0

t s
sufouiz[ / 1St el % dr + / 1(St.r — Ss.r)ex 2 dr}.
K} 0
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Let us denote the two integrals appearing in the last line by J', J2. By Lemma 3.3,

t t
1 2 2
'S / I Pr—rexl| 2 dr + / IR rexl2y dr
s N

t - t
5/ e8Ik (tfr)|k|2dr+/ |t —r|7Ydr
S N

Qa2 k12 (4 — —
’\‘1—6 8|k (¢ s)+|t—s|1 y§|t—s|8|k|25,

where in the last step we have used 1 — e™* < a® foranya > 0and§ <1 —y < 1.
On the other hand, for any ¢ > 0 such that § + & < 1 — y, it holds
2 * 2 2
J°= / 1S5.r(Se.s — Dexllcr dr Se 1(Se.s — Dexllce
0
A2 2 () 12 o
SNP—s = Derllee + | R sexllge S kP [1— e K917 — g fmr=e

1 e L T L T o S

Combining the above bounds yields the desired claim (3.9) and thus the conclusion.
o

Remark 3.5 Expression (3.8) also allows to derive a somewhat explicit formula for the
covariance of X: forany s, € [0, T] and ¢, ¥ € C* it holds

E[(szl))(Xs,l/f)]:/o (Q“(frVSir9), fr VS5 ¥)dr,

where Q% = I1(—A)™?II denotes the covariance operator associated to W¢.

Before proving the main result of this subsection, we need an explicit estimate on
the rate of convergence of f” to f. A partially similar result can be found in [40,
Theorem 1.7] for the special case b = 0.

Proposition 3.6 Let b satisfy Assumption 3.1; for any § € (0,d/2] and any ¢ > 0, it
holds
_ _2a
sup E[If7 — fil?s] <n 2 0=8)+= ) 2, (3.10)
tel0,T]

Proof The idea of proof is similar to that of Proposition 3.4. It suffices to show that,
for any ¢ > 0, it holds

2 2a—d 2 .
B[S = filZape] S 020 foll2as

indeed, the general case follows, up to possibly redefining €, from the interpolation
inequality || - || g-as < [| - 1% | - ;5 and the P-as. bound || " = fill 2 < Il foll z2-
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Since f" is a weak solution to (3.1), for any # € [0, T] and any smooth ¥ :
[0, 1] x T¢ — R, it holds

) — o Vo) =/0 (700 + Y - (brt) + Ay ) dr
B / Sy, dW).
0

Now given ¢ € COO(TI“J ), consider the solution {S; ,¢},¢[0,] to the backward equation
(3.7); arguing by smooth approximations, it is not hard to check that [P-a.s. it holds

t
2 0) = for Si0) = /o /0 IV Ssr0, AWIE).

Similarly, the limit f satisfies ( f;, ¢) = (fo, S:.09); therefore, taking ¢ = e, we get
i

t
=¢,E /0 [ (0O 2(f1V S, ren)| 32 dr,

t
E[I(f" — fi.e)|*] = &n E[‘ /O (fIVS; rer, AW™)

where QY is the covariance operator of W%, Therefore,

t t
E[(f! = firex)P] S en B /0 | £V Sirer] 32 dr < en B[ILF" 12w 0] /0 I1S:.rexliZr dr.

By Lemma 3.3,

t t
/0 IS; rexllzr dr < /0 (1P —rexllZy + 1Rs rexl7r) dr
t
5 f (e—8n2|k|2(t—r)|k|2 +t— rl—y) dr 5 1,
0

implying E[|(f}* — fi. ex)I*] < € |l foll3 . Since &, ~ n?*~?, for any & > 0 it holds

E[If" = fil}yman-e] = Y KT B = fir edP] S follg Y k™42
k k

which yields the conclusion. O

Theorem 3.7 Let b satisfy Assumption 3.1, X" and X solutions respectively to (3.4),
(3.5) for some fo € L%. Then forany 0 < 8§ < a A (1 — y) and any € > 0 it holds

_ _2a
sup E[1X7 = Xl o] S 2=+ f12,. @G
tel0,T]
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Proof Similarly to the case of X, we may test X" against the solutions of (3.7): for
any ¢ € C*® and r € [0, T'], one has

t
x2o0) = [ (VS0 W)
0
Therefore, for any [ € Zg it holds

t t
(X,—X;',e,>:f (f,vs,,,.e,,dw,“)—/ (fIVS; e, W)
0 0

t ) t
= Y / (frVSirer, oni)dBS + / ((fr = [V S rer, dW9).
0 0

|k|>n,i

Let us denote the two terms above by /, [l Tand I,l 2, By the trivial estimate [k|7* <n™¢

and the orthogonality of {oy ;}, it holds

t t
2 — —
B[] =m0 Y / (£ VSirer, o) Pdr <n 2“/ 1/, VSt el dr
- JO 0
|k|>n, i

—2 2 2 -2 2
<n AN oo 2 ISe €1l 72 Sen Il foll72,

where || S;..e;||;2c1 can be estimated as at the end of the proof of Proposition 3.6.

Concerning the second term, fix § as in the statement and choose ¢ > 0 such
that § + & < a A (1 — y). Let us recall the following fact: for any ¥ € C°*¢ and
x € H% itholds ¥ x € H™® with [ x|l g—s < II¥ [l cote | x || jy—s. Combining it with
IV x| p— = ¥ x|l -5, we obtain

t
E[[1?] 5 E[ fo I = VS el dr}

t
S sup E[If — A5, / VSt rerl|Zsse dr.
rel0,7] 0

Now we can apply again Lemma 3.3, as well as Proposition 3.6, to get
1,212 —25(1-2 '
[ Bt T R TR

0
< B0 e o2, ppoeo),

where in the first step we have used item 1) in Lemma 3.3:

t t t

/ IR reillgrise dr S / (t =)' g = / (t=r)77 7 dr 51
0 0 0
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since y + 8 + & < 1. Observe that, since we are imposing § < «, the estimate for Itl 2
is worse than the one for I,l 1 combining all the above estimate we arrive at

_os(1-2«
sup E[|(X; — X7, e1)|2] <n (1-3 )+8||f0||iz 11120+
t€(0,T]

From here, standard computations like those in Proposition 3.6 allow to reach (3.11)
(up to possibly relabelling the parameter ¢). O

3.2 Stochastic 2D Euler equations
Recall the setting: using the notation W%, the Itd form of Eq. (1.14) is given by
dg" + (K &™) - VE"dr + /e, dW™Y . VE" = AE"dr, &) =& € L% (3.12)

as n — 00, &" — £ solution to the deterministic 2D Navier—Stokes equation in
vorticity form:
&+ (K *§)-VE=AE, &li=0 = &o. (3.13)

Let us set " = (§" — &)/./€,, which satisfy in a weak sense the equation
E" + [(K * B") - VE" + (K % &) - VE"] dt +dw™* . Vg" = AE"dr.  (3.14)
Letting n — o0, any limit point of E” is expected to solve
dE+ [(K * B)-VE+ (K x&)- VE]dr +dW® - VE = AEdr, (3.15)

where & is the unique solution to (3.13).

We will first show the well posedness of (3.15) and then prove the convergence of
E" to E. We will follow an alternative approach different from the one in Sect.3.1;
indeed, instead of adopting an analogue of Definition 3.2, we interpret equation (3.15)
in its mild form:

t

t
g, = _f Pi_y[(K Es)-vser(K*gs).vas]ds—/ P, (dW¥-VE). (3.16)
0 0

To solve this equation, we need some information on the regularity of the stochastic
convolution

13 t
Z; = /0 P (WS -VE) = > k™ /0 P,_y(ox - V&) dBE.

keZ}

Lemma 3.8 Forany B € (0, «) and p € [1, 00), it holds E[HZ;HZO Hﬁ*l] < 4o00.

The proof follows closely that of [40, Lemma 2.5] and is thus postponed to the
“Appendix”.
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In view of Lemma 3.8, we can turn to the study of the analytic equation
t
yo= [ Pl e Ve KxE) - Valdstn QD
0

where &y € L? is given, £ is the associated unique solution to (3.13), z is a given
element of C? HP~! for some B € (0, «) and y is the unknown.

Proposition 3.9 Ler & € L2 be fixed, £ be the unique associated solution to (3.13),
B > 0. Then for any z € C?Hﬁ_l, there exists a unique solution y € C,OH’L}_1 to
(3.17). Moreover, the solution map z +— y =: Sz is a linear bounded operator and
there exists C > 0 such that

ISzl cops—1 S exp (CA+Tlgoll2) 1zl copgsr- (3.18)

Proof Letus define a(r) := f; (I1&l1%, +[1&l1%,) ds: endow CYHE ™" with the equiv-
alent norm
Iyl == sup {e Oyl s}
tel0,T]

for a suitable A > 0 to be chosen later. Define a map I" on C°H#~! by
t
= = [ P[00 Vi 4 (K 80 T ds 4 20
0

We are going to show that I is a contraction on (C,OH/g’1 , I -11,) for some large & > 0,
which immediately implies existence and uniqueness of solutions to (3.17); since I
is an affine map, the same computation shows that indeed I'y € C ?H A=1 whenever y
does so.

Given y!, y? € C,OH’g_l, set v = y! — y2, then by Lemma A2 it holds

2

t
||(Fyl)t - (ryz)t”ilﬂ—l = H /(; Pf*S[(K *v) - VE + (K % &) - VUS] ds -
b

1 t
< fo (K # vy) - VE I35 ds +/O (K % &) - Vgl 50 ds = I + 12,

Applying Lemma A.4-(ii) withb =1 — B > 0, we get

t t
1 2 2 2 2
1, 5/0 1K s vs 151851172 dSS/O lvs 7511185 172 ds

! vl
<l 2/ 2@ e 2 gy < WL 2ia,
S vl A &1l 2ds < R

next, applying Lemma A.4-(i) witha = 1, b = 1 — f leads to

t t 2
2 2 2 2 2a(s 2 vl 2s
I; 5/ ||K*ss||Hz||vs||Hﬁfldss||v||kf PO 3 ds S 2 e,
0 0
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Combining the above estimates, multiplying both sides by e~>*¢®) and taking the
supremum over ¢ € [0, T'], we obtain the existence of a constant C > 0 independent
of A such that

C
< —
- 2x
contractivity follows by choosing A large enough.

Linearity of z — Sz follows from the affine structure of (3.17), so we are left with
proving (3.18); the proof is very similar to the one above, based on several applications
of Lemmas A.2 and A.4. Indeed if y solves (3.17), then for any ¢ € [0, T] it holds

C
ITy! = Ty2I5 = ol = o Iy = ¥2I5s

t 2
”yt”%.ﬂ—l S H /0 Pt—s[(K * ys) - VE + (K % &) - Vys] ds

2
i + ||Zt||H,s71

t

S fo [ICK * ys) - VET5-2 + (K % &) - Vysll3 2] ds + |zl G051
t

< /0 (&7 2 + UEN7,0) I l35m0 ds + N1zl 20 o1

Estimate (3.18) readily follows from an application of Gronwall’s lemma and the well
known bound (1§12, + i V12,5 < 10l o

Corollary 3.10 Let&y € L? be fixed, & be the unique associated solution to (3.13). Then
there exists a unique solution B to (3.16), which is given by & = SZ. In particular
E is a Gaussian field which satisfies E[H E||gO Hﬁ—'] < oo forall p € [1,00) and

B e (0, ).

Proof Strong existence and pathwise uniqueness immediately follow from Proposition
3.9, while the moment bounds follow from Lemma 3.8 and estimate (3.18). E being
Gaussian follows from it being a linear image of the Gaussian field Z. O

Before showing the convergence of E” to &, we need to discuss a technical mat-
ter. As already mentioned in the introduction, for L>-initial data &y, equation (3.12)
is known to have only probabilistically weak solutions, which might not be unique
nor strong. This means that, for any £ € L? and n € N, we can construct a tuple
(Q, F, (Fp), P, W*, &™), where (SZ F, (Fp), IP’) is a filtered probability space, W is
a Q%-Wiener process on L? with respect to the filtration F; and £” is an F;-adapted
process with trajectories in L;’OL% such that (3.12) (for W% = IT,, W%) holds in the
weak sense. Since £ is deterministic, " = (§" — &)/./e, lives on the same space.

As the limit equation (3.15) admits a pathwise unique solution, & can be defined
on the given stochastic basis (Q F, (F), P, W"‘); in other words, we can deal with
the difference E" — E, at fixed n. However, we cannot consider the difference of E"
and E" for n # m.

Before proceeding further, let us recall the following useful estimate, which is a
particular subcase of [40, Theorem 1.1].

Proposition 3.11 Ler & € L2, & be the unique solution to (3.13); then for any
p € [loo), any § € (0,1) and any ¢ € (0,8/2), there exists a constant C =
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Cléollz2, T, 6, e, p) such that, for any n € N and any weak solution £" to (3.12), it
holds

1/p §/2—e
E[IE" — €10y, ] " < Cen/* ™", (3.19)
We can now give an explicit estimate on the speed of convergence of &” to E.

Theorem 3.12 Ler & € L?* be given, n € N and &" be a weak solution to (3.12);
define the correponding E", B in the way described above. Let B € (0, a) and set

y = B A (e — B). Then for any ¢ > 0 and any T > 0 there exists a constant
C=C(,T,|éllz2, o, B) such that

sup E[IE) — &)1, ] < Cn~ 2 -0te, (3.20)
tel0,T]

Proof As before, writing the equations (3.14) and (3.15) in mild form yields

t t
Bl = —/ Pi_s[(K * B}) - V& + (K x &) - VE]]ds —/ Py (AW . VED),
0 0

1]

~

t t
_/ Pt—s[(K * 8g) - V& + (K % &) - VEs] ds — f Pt—s(dwg - VE&).
0 0
Therefore, for any ¢ € [0, T],

E[I8 — il ] S IO + B(0) + L0 + I} (1),

where
4 2
' =E /P,,S[(K*(Ef;—ES)).ng"]dsH ,31]’
0 H

t 2
Iél(t) =E / Pt—s[(K * &) - V(Er; - Es)] ds B i|,
L1 Jo HP

¢ 2
L) =E / Pi_[(K % ) - V(E! —&)]ds|| ]
L1 Jo HP

2
HB-1 |

We will estimate the terms one-by-one, starting with the first two. By Lemma A.2
and Lemma A .4-(i1), it holds

t
() =E f Pr (AW - VE! — W - VE,)
0

t
OB EUO |(K % (B — 8)) - V&L | 302 ds]
t
N fo E[IIK (B} — E)lI3s & 17.] ds

t
2 — —~ 2
< ||so||L2/ E[IE! - E11%s.1]ds.
0
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Next, we apply Lemmas A.2 and A.4-(i) witha = 1 and b = 1 — B, which gives
' 2 ' 2 2
L) 5/0 E[I(K &) - V(E} — Ey)llyp-2] ds 5/0 €I E[IIES — Esll7p-1] ds.
Combining the above estimates yields
1
E[IE} — &3] 5/0 (ol 72 + N8I3 ) E[IEY — EsliFp- ] ds + 1 @) + 1§ (1),
and so by Gronwall’s lemma we find

- - C(14+T 2
sup E[IE! — &%) < e ”f‘)'ﬂ( sup I{(1) + sup 14"<r>). (3:21)
t€[0,T] tel0,T] t€[0,T]

To estimate 15 (1), let us fix §1 such that §; < B A (1 — B) and & small enough such
that §1 + ¢ < 1 — B; by Lemma A.3-(i) it holds

t 2
IHOBS E[(fo | Pe—s[(K % E) - VE = EDT g1 ds) }

! &
S E[(/(; (t — s)—1+ﬂ§61+ (K % Ey) - V(& — &)l y-51-—2 ds>2].

Next, by Lemma A.4-(iii) witha = B8, b = 6y,

n ! _l4p+s te - " 2
B0 SE|( [ =07 5 1Kl 18]~ &y o)
0

N . 5 ! 4t e N2
SB[ 1210 18" = €y (| =977 as)

— 1/2 1/2
<rE[IE I oyp] P E[IE" — &1%0 501"

where in the last passage we used the Cauchy inequality and the fact that 8461 +¢ < 1.
Applying Corollary 3.10 and estimate (3.19), overall we obtain

sup 13(r) < &bt (3.22)
t€[0,7T]

It remains to estimate 7 (¢), which is the term requiring the most work. We split it
in two parts: 1} (t) < J{'(t) + J5 (1) where
2
HA-1 |

t 2
I3 (1) ::E[H /0 P @W V(! — 6)| }

HB-1

t
T = ]E[H [0 Prp (d(W® — W9 . VE,)
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First, recalling the expression of W,"“, the properties of {B¥}; and the fact that £ is
deterministic, by Itd’s isometry on Hilbert spaces we have

t 2
Jln(;)z]E[H > |k|fa/ Pr_y(or - V&) dBF Hﬁ_l}
[k|>n 0

t
~ 3 R /0 1P ok - VED I dr

|k|>n

t
S kT /0 (t =1 Mok - V&N pren dr

|k|>n
. Lo .
for small ¢ > 0. Noting that o}, = ll‘k—lek is divergence free, for any s € R it holds

lok - V& llgs—1 = IV - (ok )l ps—1 S Nlow s < llew &rll s (3.23)

Therefore, by Lemma A.3, it holds

t
o <Y Ik /O (t =) Mer&rllgpre dr Sesup Y k|72 lex & 17 e

ko rel0.7]

|k|>n

with uniform estimate over ¢ € [0, T]. Now take §> > 0 such that §, < o — 8 and
choose ¢ > 0 in the previous estimate small enough so that 6, + ¢ < o — §, and thus
B+e& <a < 1;then

K72 ek & 12 s = Y K720 Y 1 ) 211720479
H
|k|>n [k|>n J
< n7 Y TR ) P11
k.j

Note that the last sum can be written as (a, b * c),2, where a; = |k|~2@=%2) p =
k| 720=P=%) and ¢ = |(&, ex)|?, k € Z§. We have ¢ € £1(Zg) with [l = [I&-]17,;
moreover, we can find p € [l,00] suchthato — 6, > 1/p > B+ ¢,s0othata €
12 (Z(z)), belt? (Z%), where p’ is the conjugate number of p. By Holder’s inequality
and Young’s inequality for convolution, one has

—2 2 —26 —26 2 —26 2
D kT lex &l et <122 lallen b cllyy Sapsre 122 NENT < 0722 5
|k|>n

and so overall we obtain
sup JIN(t) Snm2, (3.24)
1€[0,T]
We turn to estimating J3'; to this end, let us introduce the notation En =" — &,
Applying as before the Itd isometry on Hilbert spaces, the structure of W%, as well
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as estimates of the form (3.23), for any ¢ > 0 it holds

r t
s =E| 3w /0 P (o - VE!) dBE

- lklzn

2
HA=1

r t
~E[ 3 /0 | Py ok - VED 2,5 dr}

- lkl<n

r t
SE| Y k™ /0 (t = e & pes dr}
-k

Ser sup E[Z|k|—2“||ek§f||§,ﬁ+gl}.

rel0,T] &

Now take 63 such that §3 < o— B and choose ¢ small accordingly so that §34+¢ < a—f;
then

D kT ek E gy pres = Y KT UE ex— ) P11 PO
k

k’j
=> I e,->|2<2 k| 7>1j — k|‘2<“ﬂ‘“>
Jj k

1 —2831/% 2 £ny2
SY UITRIER e = 1E 3,
J

where in the third step we applied Lemma A.5 from the “Appendix”. By estimate
(3.19), for any & > 0 it holds

sup J3(6) SE[IE 1205 ] S 02" (3.25)
t€(0,T]

Combining estimates (3.21), (3.22), (3.24) and (3.25), we obtain

sup E[IE] — B/ll3pm1 S &0l + 022 +gl7%. (3.26)
t€[0,T]

Using the facts that &, ~ n>*™2 > n~2and @« — B < 1 — B, by a few algebraic
manipulations and the conditions on §;, one can finally check that the best possible
rate coming from (3.26) is indeed the one given by (3.20). O

Corollary 3.13 Under the assumptions of Theorem 3.12, for any € > 0 there exists a
constant C = (||éo|lz2, T, o, &) such that

sup E[|E) — &3,,] < cn~(Imo)te (3.27)

1€[0,T]
Proof The statement follows from Theorem 3.12, the trivial estimate || - ||z-1 <
| - || ys-1 and the choice B = «/2, which yields 2y = «. O
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Next, we can formulate a result which does not involve the specific tuple
(2, F;, P; £, W%) in consideration, but only the law of E" and E, in terms of Wasser-
stein distances. To this end, given two probability measures u, v € P(LIZH 1) we
denote by d, their 2-Wasserstein distance as defined by

1/2
d Mm,vV) = inf X — 2 dm X,
2( ) ! ’v){fz - || y”[2Hl ( y)}

where C(u, v) denotes the set of all possible couplings of 1, v.

Corollary 3.14 Let & € L% n € N and &" be a weak solution to (3.12); set u"* =
Law(E") for the correponding E" = (§" — &)/ /e, and u = Law(E). Then for any
e > 0 it holds

a(l—a)+e
2

d(u",w) < C'2n~ (3.28)

where C is the same constant appearing in Corollary 3.13.

Proof Since strong existence and uniqueness holds for (3.15), we can construct Z on
the same stochastic basis (2, F;, P; W*) where £" is defined; as a consequence, the

—_~n =

joint law of the pair (2", E) is a coupling of (u”, u). Estimate (3.28) then immediately
follows from the definition of d» and Corollary 3.13. O

3.3 Concluding remarks
Let us recall here the abstract setting considered in the introduction, namely for
du" + /e, dW"* . Vu" = [F(u") + Au"]dr. (3.29)

We have shown in the previous sections the rigorous convergence of (1" —u)/./€, to
a Gaussian variable U, satisfying in a suitable sense the equation

dU +dW* - Vu = [DF,(U) + AU]dt,

in two special cases of interest, i.e. for F(u) = —b - Vu and F(u) = —(K *xu) - Vu.
The results have been accomplished by two alternative techniques:

(1) As done in Sect. 3.1, one can study the well-posedness and regularity theory for
the backward dual equation

05+ Ag=—(DF,)"g, s<t, g=¢ (3.30)

where (D F,)* denotes the dual of DF, as a linear operator; denoting by S; , the
corresponding solution operator, it then holds (for g regular enough)

t
(Ur, p) = / (U VS ro, dW,fx)
0
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(ii) As done in Sect.3.2, one can write the equation in the corresponding mild form

t t
Uy = [ P_sDF, (Us)ds —f Pi_g (AW - Vuy) (3.3
0 0

and try to solve it directly using heat kernel and functional estimates.

Both methods when applicable yield well-posedness for U, information on its space-
time regularity and rates of convergence for the moments of U" — U. Remarkably, this
also happens in situations where the well-posedness in law of the original nonlinear
SPDE for u is not known, like in the case of 2D Euler equations with L2 initial vorticity.

As the equation for U is always of linear type, we expect the same techniques to
be successful for a large variety of SPDEs; however since both equations (3.30) and
(3.31) depend crucially on the nonlinearity F', each different choice might require a
separate study. In particular, in order to obtain explicit rates of convergence, uniform
estimates on u" (e.g. L{® L%—type of bounds) might be needed, which depend on the
structure of the nonlinearity.

Below we outline some possible generalizations of these CLT-type results; we
keep the discussion at an heuristic level, without formulating exactly the necessary
assumptions or giving rigorous statements.

So far we have considered for simplicity only the case uy = uo for alln € N.
This can be generalized to ug = ug + /&, vo for some vy € L? similarly, rather
than studying U" = (u" — u)/./e,, one might look at the convergence of o" =
(u" — E[u"])/\/e,. Assuming one has shown convergence of U" to U, since the
function u is deterministic it holds

u' —E[u"]  u" —u u" —u ~ ~
vt sl RUAE

moreover U must now solve in a suitable sense the equation
dU +dW* - Vu = [DF,(U) + AU1dt, Uli=o = vo.

Since the stochastic integral is a martingale, by linearity of the equation, v := E[U]
solvesﬁtlp = DF, (¥) + Ay with initial condition ¥ |;—9 = vg. As a consequence,
U = U — E[U] solves

dU +dW® - Vu = [DF,(U) + AU1dt, Uls—o = 0.

Namely, U is exactly the same solution that was studied in the previous sections, and the
correct asymptotics in this case are given by u" ~ E[u" |4+ ./, U ~ u+./e,(y +U).

Recall that, as explained in the introduction, the limit equation for U" := (u" —
1)/ /€n can be formally derived by imposing the expansion u” ~ u+ /e, U +o0(/€,)
inside (3.29). In the same spirit, one could try to derive higher order expansions by
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imposing

o x YU o)
i<N

and assuming F is regular enough to expand it as

Fu"y~Y" %D,EJ)F((IA” —uw)®).
—~ J!

In this way, we recover U = U, while for instance the resulting equation for U ?
would be

dv® +aw® . vuY = [DPFUD, UM) + DF,UP) + AUP]dr. (3.32)

Equation (3.32) is still linear in U@, with the same linear part L; = A+ DF,, () asin
the equation for UV, but the term DX F(U®M, UD) dt — dw® . VUD is nonlinear,
thus the resulting solution will not be a Gaussian field.

Establishing well-posedness of (3.32), not to mention convergence of (1" — u —
Ve U M) /e, to U?, might be much more challenging than for U", even in the case
F = 0. Indeed, the regularity estimates available for U () are worse than those for u,
making the stochastic integral term difficult to define. Let us only point out that, for
F = 0, one would expect the iterated mild formulation

t t s
u® :—f Py (dw® - vU D) :/ P,_s(dwg-v/ PS_,(dWr"‘-Vu,)),
0 0 0

which might still be meaningful in some weak sense. We leave the rigorous investi-
gation of the well-posedness of (3.32) and the higher order expansion of u" for the
future.
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A Some technical lemmas

LemmaA.1 Given R > 0,let Eg = {f € L™ : || fllz~ < R}. Then for any a > 0,
Er endowed with the distance d(f, g) = || f — glly-« is a Polish space. Moreover,
the weak-+ topology of Eg is equivalent to that induced from H ™.

Proof We provide a short proof for the reader’s convenience. Let {f,}, C Eg be a
sequence such that f, — f in H™%; since &g is weakly-* compact, we can always

extracta (notrelabelled) subsequence f, A f € L, f € Eg. Asthisalso implies that
fa—f in H™%, and the reasoning holds for any possible subsequence, we conclude

that f =f, fa A S and that &g is closed in H~“. Since £ is a closed subset of a
Polish space, it is Polish as well.
The above argument shows that convergence in H~% N £ implies weak-* con-

vergence in L°°; conversely, if a sequence f;, A f, then by the compact embedding
L < H™* it follows that f, — f in H™%, showing the desired equivalence. O

The next two lemmas concern some well known heat kernel properties (see [40,
Lemma 2.3] for a proof of the first one).

LemmaA.2 Foranys € Randany f € L,sz, it holds

LemmaA.3 Letu € H a € R. Then:

2

'
/ eI F dr

0

t
S/ I fr 35 dr Y1 € [0, T).
Hs+1 0

(i) forany p > 0, it holds ||e’Au||Ha+p <C, t_p/2||u||Ha for some constant increas-
ingin p;
(i) forany p € [0, 2], it holds ||(I — ¢"®)u| ga—o < t°/*|u]| pa.

Next we recall some simple estimates on the transport term which are frequently
used in the paper.

LemmaA.4 Let V e L*(T?, R?) be a divergence free vector field.
() LetO<b<a<1,VeH™and f € H?, then

IV -V fllg-1-0 Sas 1VIgreal fllg-s-
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(i) Letb € (0,1), V€ H'"b and f € L?, then

IV -V flg-1-0 S 1V IEg-s 1L f 1l 22

(ii) LetO<b<a<1,6>0,V € H*, f e H™ then

IV -V fllg-2--c Sape IV IS | -5

Proof Estimates (i), (ii) come from [40, Lemma 2.1], so we only need to show (iii).
First observe that, since V is divergence free, |V - V fllg-2-b— < ||V fllg-1-b—c.
Next, since a > b, forany ¢ € H'*b+¢ < CP*¢ the product ¢ V belongs to H” and
we have the inequalities

KV ol =1 Vol < I fllg— Vel
S W a1V gl @lcore S NN a-2 IV 1 H @l g1+o+e

by duality, this readily implies assertion (iii). O
We provide here the proof of Lemma 3.8; as already mentioned, it is very similar
to those from [40], the main difference being that the exact expression 6y = |k|™“

allows to derive slightly better regularity estimates.

Proof of Lemma 3.8 Fix ¢ € (0, @ — ); by Burkholder-Davis-Gundy’s inequality, we

have
2p
HpA-1

t
<E[(X w2 /O | Pims 0 - VE I35 ds)"}

-k

< [ —2a ' e—1 2 P
SE[(X fo (1 = ) on - V&350 ds ) ]
-k

1
Bz ] =E|| X k[ Pt Ve b

L 2
keZy

where in the last step we used Lemma A.3-(i). Now we follow the treatment of J}'
in the proof of Theorem 3.12. Similarly to (3.23), |[ox - V& || gp—2+e S llek &l go—1+
and thus

D KT o - VENGpaee S Y IO 6 e )
k k,l

Note that the right-hand side can be written as (a, b * c¢),2, where a; = k|2, by =
k|=21 =P~ and ¢ = [(&, ex)|?, k € Z; ¢ € £(ZF) with ||l = ||§s||iz and for

any p € (1/a, 1/(B+¢)),onehasa € Z”(Z(Z)), beer (Z%),where p’ is the conjugate
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number of p. By Holder’s inequality and Young’s inequality for convolution,

-2 2 2
D kI llow - VE N paee S lallerllh  cllyy < llaller bl licler Sappe 18072
k

Substituting this estimate into the the above inequality yields

2 1/2 ! 1 2 r2P 2
E[”ZI”Hpﬂ—l] ng[(/o (t =) &2 dS) } <o 1/ ol 2.

A similar computation gives us

1/2p
2p
2
} <t = s 1go ]l 2.

E[” fst P, (AW - V&)

HA=1

Next, observing that by construction Z satisfies Z, = P,_sZ; + f Yl P, dWg-VE,),
by Lemma A.3-(ii) we obtain

170 = Zallgor-s < 10T = Pim) Zoll gom1os + |

t
s HB—1—¢

/ Pr @WE - V)

t
Sh=sIP1Zdo + | [ Porawe v
N

HA-1

Taking expectation and applying the previous estimates we arrive at

2 1/2
E(1Z: — Zol3h 1" Spor It = 51210l 2.

Choosing p > 1/¢ and applying Kolmogorov’s continuity criterion, we obtain the
desired result, up to renaming 8 — € as f. O

The following lemma was used to derive (3.25).

LemmaA.5 Leta,b > Osuchthata+b >d, 5 € (0,anbA(a+b—d)). Then

ST =17 Sanes 1170 V€ Zg.
170, j

Proof 1t is sufficient to deal with j € Zg with | j| big, say | j| > 10. First observe that,
for any positive pair (@, b) with @ + b > d, by Holder’s inequality it holds
1

- = N\ 1l/p . /P
Zur“u—lrbs(Zur“’) (Zur‘”’) <C

1#£0, ) 10 1#0
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uniformly over j € Zd, as soon as we choose p € (1, co) such that

which is always possible since @ + b > d. We have
> |Z|“|j—l|b=< oo+ Y >|Z|“|j—l|b.
1#0,j L=ll=lj1/2 1=>1j1/2.0#]

We denote the two terms by A1, A;. Forthe firstone, we have | j —I| > |j|—|I| > |jl/2,
thus

O D e P T Vi B VS s i
L<|l|I=1j1/2 1#0, j

where we used the observation at the beginning of the proof and the fact thata+b—4§ >
d. The second term is similar:

Ay S D0 P =0 < 1 Y e =0 S
[=1j1/2.1#] I#0, j

Summing up these estimates we obtain the desired result. O

Before presenting the next results, let us define the following seminorm: for y €
(0, and v : [0, T] x T¢ — R, set

v
[vly:r == sup tZ[lvllcr.
t€[0,T]

Theorem A.6 Consider the PDE
oh=Ah+b-Vh+ch, h|,— = hy, (A.1)

where b, ¢ € LILY for parameters (p, q) € (2, o] satisfying

2 d
yi=—+—<1. (A2)
q p

Then for any hy € L* there exists a weak solution to (A.1), which is of the form
hy = Phg + vy withv € C,OC)? satisfying vo = 0 and

[vy:7 Sbee lhollzee. (A.3)
Moreover, h is unique in the class of such solutions and for any é € [0, 2 — y) it holds

y+i—1

sup 2 luelles Shoe lhollLecs (A4)
tel0,T]
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in particular, v € L,OOC)‘?for any$ €[0,1 —ylandv € L?Cﬁfor any s <2 —y.

Remark A.7 By time reversal, similar results hold if we considered the backward equa-
tion (8; + A)h = b - Vh + ¢ h with given terminal condition i7 € L°°. Choosing
¢ = V - b, the statements apply to forward and backward Fokker-Planck equations
(0; = Ah) =V - (bh).

Proof Regarding the first part of the statement, it suffices to prove property (A.3) in
the case of smooth coefficients b, ¢, hg; existence will then follow from the uniform
estimates and standard compactness arguments, while uniqueness by the linearity of
the equation. In the smooth setting, the unique solution # satisfies the mild formulation
associated to (A.1), and so h; = P;hg + v, with v satisfying

t

t
Vr = / Pt _5(bs - Vg + csv;) ds + / P;—s(bs - VPsho + ¢5 Psho) ds.
0 0
Denote the two terms by /' and 17; by standard heat kernel estimates we obtain

! _1_d
1 e 5/ (t =) 5 (bl + lles ) 1ol ds

] d y

< [v]y. z/ bslir + llesllzr)(t —s) 27 s~ 2 ds
as well as

t i
11 e §/ (t—s5) 2 22 (llbsllr + llesle) | Psholl o1 ds
0

1

t
= ||h0||oo/0 (1bslizr + llesllzr) @ —s) 2

S~
©“

|
=
(=N
1)

Noting that y < 1, combining these estimates and Holder’s inequality gives us
! 14 1
lvller S (ly:e + ||h0||oo)/ bslizr + llesllLr)@ —s) 2 2rs™2ds
0
1
! _d (144) _d I
< (@l + lhollso) (161129 0.:20) + ||c||m<o,t;u>)(/0 (- 00 ds> ,

where ¢’ is the conjugate number of g. The integral appearing in the last term is finite
due to y < 1; we can compute it by the change of variable § = s/¢:

€L

’ 7 1 d 1,1
(/ (t— % )% ds)q ~pq t_7(1+5)_7+7 =7

o . . y .
Hence, multiplying both sides of the estimate above by ¢ 2 and taking supremum on
t € [0, T], we arrive at

[vly:x < C([ly:r + Nholl=) (I161La0,z:0) + lcliLa0,7: L))
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for some constant C. Choosing 7 sufficiently small so that C(|bllza0,;1r) +
lelliza,e;ry) < 1/2, we can conclude that [v], . < |[lhollz~; the estimate can

then be extended to the whole interval [0, T'] by a standard iteration procedure, which
proves (A.3).

The proof of (A.4) is similar, based again on applying heat kernel estimates on the
terms 1!, 12, this time knowing that (A.3) holds. For notational simplicity, we show
the estimate only for the term 17 and in the case ¢ = 0. We have

4 d_ s
2 —_— 2
177N es 5/ (t —s) 2 2||bsllLell Pshollcr ds
0

1t ’ d ,
< ||ho||Loo||b||Lqu( /0 (0 —5) T 0+5) -4 ds)"

_1 8_;’_1 _l_l_i 1—y—48
~p.q lhollz<llblizarr t 3(0+5)-3 " ~p |\hollpeet 2

where the integral in the second line is finite for g’ (+d/ p) < 2,namely$ € (0, 2—y).
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