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Abstract

In this two-paper series, we prove the invariance of the Gibbs measure for a three-
dimensional wave equation with a Hartree nonlinearity. The main novelty is the
singularity of the Gibbs measure with respect to the Gaussian free field. The sin-
gularity has several consequences in both measure-theoretic and dynamical aspects of
our argument. In this paper, we construct and study the Gibbs measure. Our approach
is based on earlier work of Barashkov and Gubinelli for the d>‘3‘—model. Most impor-
tantly, our truncated Gibbs measures are tailored towards the dynamical aspects in
the second part of the series. In addition, we develop new tools dealing with the non-
locality of the Hartree interaction. We also determine the exact threshold between
singularity and absolute continuity of the Gibbs measure depending on the regularity
of the interaction potential.

Introduction to the series

In this two-paper series, we study the renormalized wave equation with a Hartree
nonlinearity and random initial data given by

—Btztu—u+Au=:(V*u2)u: (t,x) € R x T3,
ul=0 = ¢o, Orut];=0 = ¢1.

(@)

Here, T def R/2m7Z is the torus and the interaction potential V : T3 — Ris of the form
Vix) = cﬁ|x|’(3’ﬂ) for all small x € T3, where 0 < 8 < 3, satisfies V (x) = 1 for
all x € T3, is even, and is smooth away from the origin. The nonlinearity : (V * uu:
is a renormalization of (V * u2)u (see Definition 2.6 below).
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The nonlinear wave equation (a) is a prototypical example of a Hamiltonian partial
differential equation. The formal Hamiltonian is given by

1
Hiu. )0 = 5 (Iu @I + 1Va@1; + 13,01}

1/ 2 2
+ - (Vxu”)(t, x)u(t, x)": dx,
4 T3

where L2 = L2(T?). Based on the Hamiltonian structure, we expect the formal Gibbs
measure 1® given by

du®(¢o, ¢1) = Z~ " exp(—H (¢o, ¢1)) dpodepy (b)

to be invariant under the flow of (a), where Z is a normalization constant.

The first part of this series focuses on the rigorous construction and properties of
u®. With a primary focus on the related @fl-models, similar constructions have been
studied in constructive quantum field theory. Recently, this area of research has been
revitalized through advances in singular stochastic partial differential equations. The
main difficulties come from the quartic interaction : (V x u?)u?: in the Hamiltonian.
In fact, without the interactions, one obtains the Gaussian free field

. 1 !
dg® @0, ¢1) = Z5 exp (= 3190l — 51 V40l12;) deo
_ 1
® 27 e (- 510113, dor,

which can be constructed through elementary arguments. Using our representation
of the Gibbs measure 1®, we also prove that u® and ¢ ® are mutually singular for
0<B<1/2.

In the second part of this series, we study the dynamics of (a) with random initial
data drawn from the Gibbs measure 1®. Due to the low spatial regularity, the local
theory requires a mix of techniques from dispersive equations, harmonic analysis,
and probability theory. More specifically, we rely on ideas from the para-controlled
calculus of Gubinelli, Imkeller, and Perkowski [20]. The heart of this series, however,
lies in the global theory. Our main contribution is a new form of Bourgain’s global-
ization argument [7], which addresses the singularity of the Gibbs measure and its
consequences.

We now state an qualitative version our main theorem, which combines our measure-
theoretic and dynamical results. For the quantitative version, we refer the reader to
Theorem 1.1 below and Theorem 1.3 in the second part of this series. We recall that
the parameter 0 < B8 < 3 determines the regularity of the interaction potential V.

Main Theorem (Global well-posedness and invariance, qualitative version). The for-
mal Gibbs measure u® exists and, for 0 < B < 1/2, is singular with respect to the
Gaussian free field g®. The renormalized wave equation with Hartree nonlinearity
(a) is globally well-posed on the support of u® and the dynamics leave u® invariant.
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This is the first example of an invariant Gibbs measure for a dispersive equation
which is singular with respect to the Gaussian free field g ®.

1 Introduction

In the first paper of this series, we rigorously construct and study the formal Gibbs
measure 1® from (b) above. Since the Hamiltonian H[¢o, ¢1] splits into a sum of
functions in ¢g and ¢, we can rewrite (b) as

du®(¢o. d1)
1 1
=25 e (= 5 [V 0D0d: dx = Sl

1 _ 1
— SIVol2) dgo & 21 exp (= 519l ) do.

The construction and properties of the second factor are elementary (as will be
explained below), and we now focus on the first factor. As a result, we are interested
in the rigorous construction of a measure p which is formally given by

1 1 1
du(¢) = Z  exp (— i A Vet dx = 19172, — §||V¢||iz(qr3)) dg.
(1.1

Our Gibbs measure p is closely related to the <I>3-models, which replace the three-
dimensional torus T by the more general d-dimensional torus T¢ and replace the
integrand : (V  ¢2)¢>: by the renormalized quartic power :¢*:. Thus, the <I>3-model
is formally given by

. I I I
dh(¢) = 2 exp (= 5 /;r % A = 31913200y = 51V 200 ) 4.
(1.2)

Aside from their connection to Hamiltonian PDEs, such as nonlinear wave and
Schrodinger equations, the CDi-models are of independent interest in quantum field
theory (cf. [18]). In most rigorous constructions of measures such p or the Cbﬁ—models,
the first step consists of a regularization. For instance, one may insert a frequency-
truncation in the nonlinearity or replace the continuous spatial domain by a discrete
lattice. In a second step, one then proves the convergence of the regularized measures
as the regularization is removed, either by direct estimates or compactness arguments.

With a particular focus on <I>3-m0dels, the question of convergence of the regu-
larized measures has been extensively studied over several decades. The first proof
of convergence was a major success of the constructive field theory program, which
thrived during the 1970s and 1980s. We refer the reader to the excellent introduction
of [19] for a detailed overview and the original works [2,4,17,21,28,37,39,42].
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In the 1990s, Bourgain [7-9] revisited the bei-model in dimension d = 1, 2 using
tools from harmonic analysis and introduced these problems into the dispersive PDE
community. Bourgain’s works [7-9] also contain important dynamical insights, which
will be utilized in the second part of this series.

Based on the method of stochastic quantization, which was introduced by Nelson
[31,32] and Parisi-Wu [38], the construction and properties of the <I>3-models have
also been studied over the last twenty years in the stochastic PDE community. The
main idea behind stochastic quantization is that the d>f,—measure is formally invariant
under the stochastic nonlinear heat equation

8,u+u—Au=—:u3:+\/§$ (t,x)eRde, (1.3)

where £ is space-time white noise. After prescribing simple initial data, such as u(0) =
0, one hopes to obtain the CDfi—measure as the limit of the law of u(t) as t — oc.
In spatial dimensions d = 1, 2, this approach was carried out by Iwata [27] and
Da Prato-Debussche [15], respectively. In spatial dimension d = 3, however, (1.3)
is highly singular and the local well-posedness theory of (1.3) is beyond classical
methods in stochastic partial differential equations. In groundbreaking work [25],
Hairer introduced regularity structures, which provide a detailed description of the
local dynamics of (1.3). Alternatively, the local well-posedness of (1.3) was also
obtained by Catellier and Chouk in [12], which is based on the para-controlled calculus
of Gubinelli, Imkeller, and Perkowski [20]. In order to construct the <I>‘3‘-m0del using
(1.3), however, local control over the solution is not sufficient, and one needs a global
well-posedness theory. The global theory has been addressed very recently in [1,19,26,
29], which combine regularity structures or para-controlled calculus with further PDE
arguments, such as the energy method. Using similar tools, Barashkov and Gubinelli
[5,6] recently developed a variational approach to the @g-model, which does not
directly rely on the stochastic heat equation (1.3). Their work forms the basis of this
paper and will be discussed in more detail below.

After this broad overview of the relevant literature, we now begin a more detailed
discussion of the previous methods. Throughout this discussion we encourage the
reader to think of the nonlinear wave equation as a Hamiltonian system of ordinary
differential equations in Fourier space. We begin with the elementary construction of
the Gaussian free field. Then, we discuss the construction of the dfl‘ and d>§-models
using harmonic analysis, similar as in Bourgain’s works [7,8], and the construction of
the <I>‘3‘—model using the variational approach of Barashkov and Gubinelli [5].

Given a function ¢: T¢ — R, its Fourier expansion is given by

Pp(x) =Y '™ (14)

neZd

Due to the real-valuedness of ¢, the sequence (a(l’l))nezd satisfies the symmetry

condition Zﬁ?(n) = a(—n). In order to respect this symmetry, we let A C Z4 be such
that Z¢ = {0} &) A [ (=A), where (4 denotes the disjoint union. For n € A, we
denote by d¢(n) the Lebesgue measure on C, and for n = 0, we denote by d¢(0) the
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Lebesgue measure on R. We can then formally identify the d-dimensional Gaussian
free field

—1 1 2 1 2
dga(@) = 2~ exp (= S161}2 00 = 51V 20, ) 40 (1.5)

as the push-forward under the Fourier transform of

zlew (5 Y a+nPBer) @ e

nezd ne{0JUA (1.6)

= oo~ 3 BO1)dd0) ® ( ® oz e (= 07180 ) agen)

where (n)2 = 1 + |n|2. While (1.5) is entirely formal, the right-hand side of (1.6)
is a well-defined product measure. Under the measure in (1.6), a(O) is a standard
real-valued Gaussian and (Zﬁ(n))nE A is a sequence of independent complex Gaussians
satisfying E|$ (n)|?> = (n)~2. Turning this formal discussion around, we let (2, F, )
be an ambient probability space containing a sequence of independent complex-valued
standard Gaussians (g,)nea and a standard real-valued Gaussian gg. Then, we can
rigorously define the Gaussian free field ¢4 by

dga(9) = ( 3 %eun,n)#R (1.7)

neZd

where the subscript # denotes the pushforward. Using the representation (1.7), we see
that a typical sample of g4 almost surely lies in H; (T?) for all s < 1 — d/2 but not
in B2 (1),

We now turn to the construction of the Cb‘f and <I>‘2‘-models. Based on our formal
expression of the (b‘f-model in (1.2), we would like to define

def

1
aviip) @z e (- ; [ 401 ax)agi). (1:8)
T

Using either Sobolev embedding or Khintchine’s inequality, we obtain g |-almost
surely that 0 < [|¢|l4¢) < oo. This implies that the density d@? /dgq is well-
defined, almost surely positive, and lies in L9(g ) for all 1 < g < oo. In particular,
the CD‘I‘-model is absolutely continuous with respect to the Gaussian free field ¢ ;.
We emphasize that the potential energy in (1.8) does not require a renormalization.
Furthermore, we can define truncated @‘f—models by

def 1

1
4o (@) < 2 exp (- fT (P=n$)*(x) dx)dg1 (@),
where N is a dyadic integer and P<y a Littlewood-Paley projection. As was shown in
[7], direct estimates yield the convergence of d@?_ y/dg1inLi(g;)foralll < g < oo

and hence QD‘I‘, y converges to @? in total variation as N tends to infinity.
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In two spatial dimensions, however, we encounter a new difficulty. Since g | -almost
surely ||@|l;2 = oo, the potential energy ||¢ ||‘£4 is almost surely infinite. As aresult, the
potential energy requires a renormalization. A direct calculation using the definition
of P<y in (1.14) below yields

o0
o2 = /0 dg2($)| P<n I3z p2, ~ 10g(N),

We then replace the monomial (P<y¢)* by the Hermite polynomial
(P<n$)*:= (P<n§)* — 605 (P<n$)” + 30y,

This leads to the truncated Q‘z‘—model given by

ef 1
avdy @ & 25 e (= 5 [ i(Pener® 00 4x)dg2(0).
T

After this renormalization, one can show (cf. [36]) that the densities dcbg, ~/dg2

converge in L9(g») for all 1 < g < oo and we can define <I>‘2‘ as the limit (in total-
variation) of <I>‘2‘; n 8 N — 00. Asinone spatial dimension, the dDAZ‘-model is absolutely
continuous with respect to the Gaussian free field ¢». Using similar tools as for the
<I>‘2‘—model, Bourgain [9] constructed the Gibbs measure p for the Hamiltonian with
a Hartree interaction for 8 > 2, which corresponds to a relatively smooth interaction
potential V. The key point of this paragraph is that the @?—model, the <I>‘2‘-m0del, and
the Gibbs measure p for a smooth interaction potential can be constructed through
“hard” analysis. As a result, one obtains strong modes of convergence and absolute
continuity with respect to Gaussian free field.

The construction of the <I>§‘—model, however, is much more complicated. As will
be described below, several of the “hard” conclusions, such as convergence in total-
variation or absolute continuity with respect to the Gaussian free field, are either
unavailable or fail. As a result, we have to (partially) replace hard estimates by softer
compactness arguments. We now give a short overview of the variational approach in
[5,6], which forms the basis of this paper.

In order to use techniques from stochastic control theory, we introduce a family of
Gaussian processes (W;(x));>0 on an ambient probability space (€2, F, P) satisfying
Lawp(Ws) = g3, which will be defined in Sect. 2.1. We view ¢ as a stochastic time-
variable which serves as a regularization parameter. Using this terminology, we obtain
a truncated CI>‘3‘—model by setting

AP, () = (Wo ) (43,7 ()

and

. B 1
do5.(¢) = 27 exp (— i /T} Wi (x) — ar W#(x) — br dx)dP.
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We emphasize already that the <I>‘3“T-measure does not correspond to a truncated
Hamiltonian, which will be discussed in full detail in Sect. 2.1. In order to construct
the @g—model, the main step is to prove the tightness of the @g,T—measures. Using

Prokhorov’s theorem, this implies the weak convergence of a subsequence of <I>‘3‘,T

and we can define the d>‘3‘—measure as the weak limit. To prove tightness, Barashkov
and Gubinelli obtain uniform bounds in 7" on the Laplace transform

fe C(C)C_%_(’]IG); R) — /dcbg;T((p) e f (@)

The main ingredients for the uniform bounds are the Boué-Dupuis formula (Theo-
rem 2.1) and the para-controlled calculus of Gubinelli, Imkeller, and Perkowski [20],
which has also been used in the stochastic quantization approach to the <I>‘3‘—model (cf.
[19D).

While the variational approach yields the existence of the CI>§—measure, itonly yields
limited information regarding its properties. In spatial dimensions d = 1, 2, the @2-
model is absolutely continuous with respect to the Gaussian free field g 4, and hence the
samples of <I>§1 for many purposes behave like a random Fourier series with independent
coefficients. This is an essential ingredient in almost all invariance arguments for
random dispersive equations (see e.g. [8,9,13,33]). Unfortunately, the @g‘—measure
is singular with respect to the Gaussian free field g3. This fact seems to be part of
the folklore in mathematical physics, but it is surprisingly difficult to find a detailed
reference. In an unpublished note available to the author [24], Martin Hairer proved the
singularity using the stochastic quantization approach and regularity structures. Using
the Girsanov-transformation, Barashkov and Gubinelli [6] constructed a reference
measure v§' for the @g-model, which serves a similar purpose as the Gaussian free
field for dfl‘ and @‘2‘. The samples of v? are given by an explicit Gaussian chaos and
¢>§ is absolutely continuous with respect to vgt . Furthermore, Barashkov and Gubinelli
proved that the reference measure v§ and the Gaussian free field g3 are mutually
singular, which yields a self-contained proof of the singularity of <I>‘31 with respect to
the Gaussian free field g3.

1.1 Main results and methods

In the following, we simply write g = g3 for the three-dimensional Gaussian free
field. Let N > 1 be a dyadic integer and define the renormalized potential energy by

def A
Vi &5 [ (V468 — 2000 —s0Muars
+V(0)d3 + ZbN) dx + chy. (1.9)
The coupling constant A > 0 is introduced for illustrative purposes, but the reader
may simply set A = 1 as in all previous discussions. The renormalization constants

ay, by, and cj\\, are as in Definition 2.8 and Proposition 3.2 and the renormalization
multiplier M is as in Definition 2.8. We emphasize that the renormalization in (1.9)
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8 Stoch PDE: Anal Comp (2022) 10:1-89

goes beyond the usual Wick-ordering, which is only based on the mass || P< N¢||i2.
The additional renormalization is contained in the renormalization constant c?‘v, which
is related to the mutual singularity of £® and g (for0 < 8 < 1/2). The truncated and
renormalized Hamiltonian Hy is given by

ef 1
Hy1go. 11 < 5 (10172 + IV oIz + 11172 )+ Vi (Pengo): . (1.10)

where we omit the dependence on A > 0 from our notation. We emphasize that only
the quartic term contains a frequency-truncation and renormalization, whereas the
quadratic terms remain unchanged. As described in the beginning of the introduction,
we focus on the first factor of the truncated Gibbs measure u®V, which is given by

1
aun(@®) = - exp (= Vi(Pand): )dg (@) (1.1
N
Before we state our main result, we recall the assumptions on the interaction potential
V: T3 — R from the introduction to the series. In these assumptions, 0 < f < 3isa

parameter.

Assumptions A We assume that the interaction potential V satisfies

(1) V(x) = cglx|~C~P for some cg > 0 and all x € T? satisfying [|x|| < 1/10,
(2) V(x) 2p L forallx € T3,

(3) V(x) = V(—x) forall x € T3,

(4) V is smooth away from the origin.

We now state the conclusions of this paper which will be needed in the second part
of this series [11]. A more comprehensive version of our results will then be stated
in Theorems 1.3, 1.4, and 1.5 below. The additional results may be useful in further
applications, such as invariant measures for a Schrodinger equation with a Hartree
nonlinearity.

Theorem 1.1 (The Gibbs measure). Let k > 0 be a fixed positive parameter, let
0 < B < 3 be a parameter, and let the interaction potential V be as in the Assump-
tions A. Then, the sequence of truncated Gibbs measures (JLy) n>1 converges weakly
to a probability measure (Lo ON Cx_l/ 2w (T3), which is called the Gibbs measure.
If in addition 0 < B < 1/2, the Gibbs measure |L, and the Gaussian free field g
are mutually singular. Furthermore, there exists a sequence of reference measures
(VW)N>1 on C;l/zi'( (T3) and an ambient probability space (2, F, P) satisfying the
following properties:

(1) (Absolute continuity and L1-bounds) The truncated Gibbs measures [y are abso-
lutely continuous with respect to the reference measures vy. More quantitatively,
there exists a parameter q > 1 and a constant C > 1, depending only on 8, such
that

un(A) < Coy(A)' 77
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for all Borel sets A C C;lﬂ_K (T).

(2) (Representation of vy) Let y = min(1/2 + B, 1). There exists a large integer
k = k(B) and two random functions g, Ry : (2, F) — Cx_l/z_'( (T3) satisfying

forall p > 2 that

vy = Lawp (g + 7?'N)v g = Lawp (g)v and ”RN”Lf)C))(’*"(QXT}) =p2

[STE

Remark 1.2 After the completion of (the first version of) this series, the author learned
of independent work by Oh, Okamoto, and Tolomeo [35], which discusses the focusing
and defocusing three-dimensional (stochastic) nonlinear wave equation with a Hartree
nonlinearity. In the focusing case, the authors provide a complete picture of the con-
struction and properties of the focusing Gibbs measures, which distinguishes the three
regimes B > 2, B = 2, and B < 2 (cf. [35]). In the defocusing case, the authors
construct the Gibbs measures for 8 > 0 and prove the singularity for 0 < g < 1/2,
which includes the endpoint B = 1/2. The reference measures are briefly discussed
in [35, Appendix C], but only play a minor role in their analysis. The L9-bound in
Theorem 1.1, which will be essential in the second part of this series [11], is not proven
in [35].

In the first version of this manuscript, we proved the tightness of the truncated
Gibbs measures (uy)y>1 which only implies the convergence of a subsequence of
(un)N=1.In [35], the authors proved the uniqueness of weak subsequential limits,
which lead to the convergence of the full sequence. A version of the uniqueness
argument from [35], which has been modified to match our notation, has now been
included in “Appendix C”.

While the measure-theoretic part of [35] treats all 8 > 0, the dynamical results are
restricted to § > 1. In particular, the singular regime 0 < 8 < 1/2 is not covered,
which is the main object of this series.

In addition to the singular regime 0 < 8 < 1/2, the most interesting cases in Theo-
rem 1.1 are the Newtonian potential |x| -2 (corresponding to 8 = 1) and the Coulomb
potential |x|~! (corresponding to B = 2). As mentioned earlier in the introduction,
Bourgain [9] proved a version of Theorem 1.1 in the limited range 8 > 2, which
corresponds to a relatively smooth interaction potential.

We now split the main theorem (Theorem 1.1) into three parts:

e the tightness and weak convergence of the truncated Gibbs measures 1y,
e the construction and properties of the reference measures vy,
e the mutual singularity of the Gibbs measure and the Gaussian free field.

Theorem 1.3 (Tightness and convergence). The truncated Gibbs measures (Ln)N>1
are tight on Cy 1/2-« (T3). Furthermore, the sequence (jy) N>1 weakly converges to

a limiting measure oo.

The overall strategy of the proof of Theorem 1.3 is the same as in the variational
approach of Barashkov and Gubinelli [5]. In comparison with [5], the terms in this
paper often have a more complicated algebraic structure but obey better analytical
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estimates. As any reader familiar with regularity structures or para-controlled cal-

culus may certify, the algebraic structure of most stochastic objects is already quite

complicated, so this trade-off is not always favorable. In addition, the non-locality of

the nonlinearity requires different analytical estimates and we mention the two most

important examples:

(i) The coercive term || f ”14 in the variational problem for the <I>‘3‘-m0del is replaced
by the potential energy

/ (V x f2) f2dx.
']1'3

We emphasize that the coercive term in the variational problem does not contain
a renormalization, which is a result of the binomial formula in Lemma 2.11. In
order to use the potential energy in our estimates, we rely on a fractional derivative
estimate of Visan [41, (5.17)].

(i1) In the variational problem, we encounter mixed terms of the form

/T3 [(V * (P<nWoo - P<y f1) - P<nWoo - P<y f2 — (MNPSNfl)PSNfz] dx,

where (W;);>0 is the Gaussian process from the introduction. Based on the liter-
ature on random dispersive equations [8,9,13,14,22], it is tempting to bound this
mixed term through Fourier-analytic and random matrix techniques. We instead
develop a simpler and elegant physical-space approach.
The next theorem gives a more detailed description of the reference measures in
Theorem 1.1. To simplify the notation, we allow the truncation parameter N to take
the value oco.

Theorem 1.4 (Reference measures). There exists a family of reference measures
(VN)1<N<oco and an ambient probability space (2, F,P) satisfying the following
properties:

(1) Absolute continuity and L9-bounds: The truncated Gibbs measures [y are abso-
lutely continuous with respect to the reference measures vy. More quantitatively,
there exists a parameter q¢ > 1 and a constant C > 1, depending only on 3, such
that

N (A) < Coy(A)\ 77

for all Borel sets A C C;szk (T3).
(2) Representation of viy: We have that

vy = Lawp (g(l) + g/(\?) + g,(\?)).

Here, n = n(p) is a large integer and the linear, cubic, and n-th order Gaussian
chaoses are explicitly given by

G = W,

@ Springer



Stoch PDE: Anal Comp (2022) 10:1-89 1

g — _AP<N/ 2V  (Pay WD Py W, ) s,

G = Py / (V)™
0

where we refer the reader to Sect. 2.1 and Definition 2.6 for the definitions of Js
and the renormalizations.

L2 ()T Py W ) ds,

We emphasize that the representation of vy in Theorem 1.4 is much more detailed
than stated in Theorem 1.1. This additional information is not required in our proof
of global well-posedness and invariance in the second part of the series. However,
we believe that the more detailed representation way be relevant for the Schrodinger
equation with a Hartree nonlinearity. The reason lies in low x low x high-interactions,
which are more difficult in Schrédinger equations than in wave equations. In the last
two years, we have seen new and intricate methods dealing with these interactions
[10,13,14], but all of these papers heavily rely on the independence of the Fourier
coefficients. In fact, overcoming this obstruction is mentioned as an open problem in
[14, Section 9.1].

The proof of Theorem 1.4 is based on the Girsanov-approach of Barashkov and
Gubinelli [6]. As mentioned earlier, however, we cannot use the same approximate
Gibbs measures as in [6], since they do not correspond to a frequency-truncated Hamil-
tonian. In the second part of the series, the frequency-truncated Hamiltonians are an
essential ingredient in the proof of global well-posedness and invariance. This differ-
ence will be discussed in detail in Sect. 2.1. For now, we simply mention that there is
a trade-off between desirable properties from a PDE or probabilistic perspective.

Our last theorem describes the relationship between the Gibbs measure (1, and the
Gaussian free field g.

Theorem 1.5 (Singularity). If 0 < B < 1/2, then the Gibbs measure Lo, and the
Gaussian free field g are mutually singular. If B > 1/2, then the Gibbs measure is
absolutely continuous with respect to the Gaussian free field g.

Theorem 1.5 determines the exact threshold between absolute continuity and sin-
gularity of (o, with respect to g. As mentioned in Remark 1.2, the singularity at
the endpoint 8 = 1/2 has been obtained in independent work by Oh, Okamoto, and
Tolomeo [35]. The absolute continuity for 8 > 1/2 already follows from the varia-
tional estimates in our construction of (1. The main step is the mutual singularity of
Moo and g for 0 < B < 1/2. We provide an explicit event witnessing this singularity,
which is based on the behaviour of the frequency-truncated potential energy

/T (Vs (P<n$)*)(P<no)?: dx

under the different measures.
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1.2 Overview

To orient the reader, let us review the rest of this paper. In Sect. 2.1, we introduce
the stochastic control perspective and recall the Boué—Dupuis formula. In Sect. 2.2,
we estimate several stochastic objects, such as the renormalized nonlinearity : (V *
Wtz)W, :. Our main tools will be Itd’s formula and Gaussian hypercontractivity. In
Sect. 3, we prove the tightness of the truncated Gibbs measures y and construct the
limiting measure 4. Using the Laplace transform and the Boué-Dupuis formula,
the proof of tightness reduces to estimates for a variational problem, which occupy
most of this section. In Sect. 4, we first construct the reference measures vy and then
examine their properties. The main ingredients are Girsanov’s transformation and our
earlier variational estimates. Finally, in Sect. 5, we prove the singularity of the Gibbs
measure (Lo With respect to the Gaussian free field g forall 0 < 8 < 1/2.

1.3 Notation

In the rest of the paper, we use & instead of := for definitions. The reason is that
the colon in := may be confused with our notation for renormalized powers in Def-
inition 2.6 below. With a slight abuse of notation, we write dx for the normalized
Lebesgue measure on T3. That is, we implicitly normalize

/ ldx =1.
T3

We define the Fourier transform of a function f: T3> — C by

def

fn) = / fxe ™ dx.
T3

Forany k e Nand ny,...,n; € 73, we define

k
def
Nk = Y onj. (1.12)

j=1

For instance, n1p = n; +np and nyo3 = ny + ny + nj.

We now introduce our frequency-truncation operators. We let p: R.o — [0, 1]
be a smooth, non-increasing function satisfying p(y) = 1 forall 0 < y < 1/4
and p(y) = 0 for all y > 4. We also assume that min(p(y), —p’(y)) = 1 for all
1/2 <y <2 Foranyr > 0andn € Z3, we also define

pr(n) d=efp<”2|)|2)-
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In particular, it holds that t — p,(£) is non-decreasing. In order to break up the
frequency truncation, we also set

ad
o & (L oim)’ (1.13)

This continuous approach instead of the usual discrete decomposition will be essential
in the stochastic control approach (Sect. 2.1). Nevertheless, we will sometimes use the
usual dyadic Littlewood-Paley operators. For any dyadic N > 1, we define P<y by

Py f ) = oy () Flm). (1.14)
We further set
Pif=P<f and Pyf=P<nf—Pnpf forallN >2.
The corresponding Fourier multipliers are denoted by

x1(n) =p1(n) and xy(n) = pn() — pysp2(n) forall N > 2. (1.15)
For any s € R, the C3 (T3)-norm is defined as

def ;
||f||C§(11‘3) = sup N5||PNf||Lgo(T3)- (1.16)
N>1

We then define the corresponding space C3 (T3) by

def .
CUT) = {f: T2 > RlIIflle < 00, lim NPy [l =0} (117)

Due to the additional constraint as N — oo, the space C} (T3) is separable. This
allows us to later use Prokhorov’s theorem for families of measures on C3 (T3). We
also define

C2C4 ([0, o] x T?)

o {fﬁ [0, 00) x T3 — R| sup [[.f(z, )lles 13y <00, tlim f(t, ) exists in C;(T3)}.
>0 * —>00

Similar as above, the additional restriction as t — o0 makes C,OC;([O, oo] x T3)
separable.

As a measure of tightness in CtOCfC([O, 00] x ']I‘3), we define forany 0 < o < 1 and
n > 0 the norm

def
1 lleres qosonrs) = 1F Ollesers)
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,]llf(t)—f(t’)||c;(1r3)>' (L18)

+ sup (min((t), (t/>) LAt — t/|01

0<t,t/<c0

For 1 < r < oo, we also define the Sobolev space Wf;r(’]IG) as the completion of
cr (T?3) with respect to

1 fllysr = IN* Py e, s

We hope that the subscript x prevents any confusion with the stochastic objects in
Sect. 2.2.

2 Stochastic objects

In this section, we introduce the stochastic control framework and describe several
stochastic objects. While the reader with a background in singular SPDE and advanced
stochastic calculus can think of this section as standard, much of this section may be
new to a reader with a primary background in dispersive PDE. As a result, we include
full details for most standard arguments but encourage the expert to skip the proofs.

2.1 Stochastic control perspective

We let (B;'),cz3\(0y be a sequence of standard complex Brownian motions such that

B;" = B/ and B!', B/" are independent for n # +m. We let BY be a standard real-
valued Brownian motion independent of (Btn)nEZ3\{O}‘ Furthermore, we let B;(-) be
the Gaussian process with Fourier coefficients (B}'),,c73, i.e.,

B(x) & Y elmpn, 2.1)

neZz3

For every t > 0, the Gaussian process formally satisfies E[B;(x)B;(y)] =¢-6(x — y)
and hence B, (-) is a scalar multiple of spatial white noise. We also let (F;);>0 be the
filtration corresponding to the family of Gaussian processes (B;');>¢. For future use,
we denote the ambient probability space by (€2, F, P).

The Gaussian free field ¢, however, has covariance (1 — A)~L. To this end, we
now introduce the Gaussian process W;(x). For o;(x) asin (1.13) and any n € 73, we
define

t
w4t / os(1) 4 gn 2.2)
o (n)

@ Springer



Stoch PDE: Anal Comp (2022) 10:1-89 15

We note that W' is a complex Gaussian random variable with variance ptz(n) /(n)?.
We finally set

W) &Y el (2.3)
neZ?
Itis easy to see for any k > Othat W ¢ C?C;l/sz([O, oo] x T3) almost surely. With
a slight abuse of notation, we write dP(W) for the integration with respect to the law
of W under P, i.e., we omit the pushforward by W, and we write W for the canonical
process on C?C;I/Z_K([O, oo] x T3). Comparing W; and B;, we have changed the
covariance from ¢ Id to ,ot(V)z(I — A)~L For any fixed T > 0, we have that

Lawp(Wr) = Lawp(p7 (V) Weo). (2.4)

We already emphasize, however, that the processes ¢t +— W; and t — p;(V) W
have different laws, since only the first process has independent increments. This
difference will be important in the definition of ji7 below. To simplify the notation,
we also introduce the Fourier multiplier J;, which is defined by

T 2 7, 2.5)
)

Using this notation, we can represent the Gaussian process W, through the stochastic

integral

t
W; =/ Js dBs.
0

In a similar spirit, we define for any u: [0, 00) x T3 — R the integral I,[u] by

def

t
Ii[u] =/ Jsug ds. (2.6)
0

We now recall the Boué-Dupuis formula [3], where our formulation closely follows [5,
6]. We let H,, be the space of F;-progressively measurable processes u: 2 x [0, 00) X
T? — R which P-almost surely belong to L,z,x([O, o0) x T3).

Theorem 2.1 (Boué-Dupuis formula). Let 0 < T < oo, let F : C,([0, T, C)?O(']IG))
— R be a Borel measurable function, and let 1 < p, g < 00. Assume that

1 + L 1, Ep[|[F(W)|P] < oo, and Ep[e 1" ™] < 0, (2.7)
2

where we regard W as an element of C,([0, T, C° (T3)). Then,

—F(W) . 1 2
_ log]E]p[e ] — inf ]E]p[F(W 1)+ 5 [ sz, ds]. 2.8)
0

uecH,
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Remark 2.2 The optimization problem in (2.8) and, more generally, the change of
perspective from Wy, to the whole process ¢ +— W;, is reminiscent of stochastic
control theory.

Due to the frequency projection in the definition of J;, we have that Wy, I;[u] €
C:/([0,T], C® (T?)). In our arguments below, the smoothness can be used to verify
(2.7) through soft methods. Of course, a soft method cannot yield uniform bounds in
T, which are one of the main goals of this section.

In the introduction, we discussed the Gibbs measure iy corresponding to the
truncated dynamics induced by Hy, which has been defined in (1.10). In the spirit of
the stochastic control approach, we now change our notation and use the parameter
T to denote the truncation. Since the law of W, under PP is the same as the Gaussian
free field g and P<r = pr(V), we obtain that

exp (= V" Hor(Mg): ) d(WedsP) (@), (29)

1
dur (@) = =73

The renormalized potential energy V7 is as in (3.2). We view w7 as a measure on the
space C, 1/2-« (T3) for any fixed ¥ > 0. In order to utilize the Boué-Dupuis formula,

we lift 7 to a measure on C?C;I/Z_K([O, oo] x T3).

Definition 2.3 We define the measure /7 on C,OC;I/%K ([0, o0] x T?) by

» of 1 ,
Airw) & S exp (= V(o1 (V) Wao): ) dB(W). (2.10)

The content of the next lemma explains the relationship between jir and 7.

Lemma 2.4 The Gibbs measure pt is the pushforward of it under Wy, i.e.,
ur = Woo)#llr. (2.11)
Due to its central importance to the rest of the paper, we prove this basic identity.

_1_
Proof For any measurable function f: C, * ‘ (T3) — R, we have that

/.f(¢)d,ur(¢) = ff(tb) exp(— V(o1 (V)$) )d((Woo)#P) ()

ZTo

= Zl f F(Wao) exp(— V(o7 (V) Woo) )AB(W)
= f F (Weo)dfir (W)
= / F@)A((Wao)afir) ().
This proves the desired identity (2.4). m|
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In [5,6], Barashkov and Gubinelli work with the lifted measure

dur (W) = Zlm exp (— V" (Wr): ) dP(W). (2.12)
While Wy and pr (V)W have the same distribution, the measures iy and r do
not coincide. Since this is an important difference between this paper and the earlier
works [5,6], let us explain our motivation for working with {7 instead of ft7. From
a probabilistic stand-point, the measure 7 has better properties than jir. This is
related to the independent increments of the process ¢t — W; and we provide further
comments in Remark 4.8 below. From a PDE perspective, however, i behaves much
worse than [i 7. For the proof of global well-posedness and invariance in the second part
of this series, it is essential that 7 = (Weo)#/7 is invariant under the Hamiltonian
flow of (1.10). In contrast, the author is not aware of an explicit expression for the
pushforward of t7 under W,. In particular, (Wuo )# e is not directly related to . and
not necessarily invariant under the Hamiltonian flow of Hy. Alternatively, we could
work with the pushforward of w7 under Wr. A similar calculation as in the proof
of Lemma 2.4 shows that (Wr)s#ur = (or(V))#ur. Unfortunately, (o7 (V)s#ur
also does not seem to be invariant under a truncation of the nonlinear wave equation.
To summarize, while the measure ztr has useful probabilistic properties, it lacks a
direct relationship to the truncated dynamics and is ill-suited for our globalization and
invariance arguments.

Since we rely on p7(V)Wy in the definition of [, the Gaussian process ¢ >
pr (V)W; will play an important role in the rest of this paper. As a result, we now
deal with both values T and ¢ simultaneously. In most arguments, 7 will remain fixed
while we use 1t6’s formula and martingale properties in z. To simplify the notation,
we now write

W or W,  and WY prmywr. (2.13)

Since this will be convenient below, we also define

def def def
ol () S prin) - pi(n), ol () E prmyor(),  and  J7 = pr(V)J:.

(2.14)

Furthermore, we define the integral operator I by
t
I'ul = pr(V) 1 [u]l = / J] ug ds. (2.15)
0

2.2 Stochastic objects and renormalization
We now proceed with the construction and renormalization of several stochastic

objects. Similar constructions are standard in the probability theory literature and
a comprehensive and well-written introduction can be found in [23,30,36]. In order to

@ Springer



18 Stoch PDE: Anal Comp (2022) 10:1-89

make this section accessible to readers with a primary background in dispersive PDEs,
however, we include full details. In a similar spirit, we follow a hands-on approach
and mainly rely on Itd calculus. In Lemma 2.20, however, this approach becomes
computationally infeasible and we also use multiple stochastic integrals (see [34] or
Sect. A.2).

Lemma 2.5 Let Sy be the symmetric groupon {1, ..., N}and let Wtr’" be asin (2.13).
Then, we have for all ny, na, n3, n4 € 7> that

t
Wi = / ;" (2.16)
T 2
T i WT ny Z / / v(Z)dW:,nn(l) F Sy 40 Pr (nlz) i (2.17)
oS (n1)
WT ny WT WD WT \n3 Z / / / dWT nn(z)dWT n,,<2)dWT (1)
TeSy
s of (r1))? - 218
+ 5 Z na =0~ — 7 Wi , (2.18)
TeS3 z(1)
WT RO WT N2 WT N3 WT ng Z / / f / dW7 "v(4)dW7 nn(S)dW7 "n(2)dW7 SN (1)
TES
pt (”n(l)) T\ (3) v, Tl (4)
+ — On,, wo=0———75>—W, W,
4 Z (1) F1r(2) ()2 ! !

TESy

ptr(nn’(l))2 ptr(”n(S))z 2 19
(nzy))*  (nz@3)? 2.19)

-3 § ey F1r 2 =2 3) 1w =0
TES

The integrals in (2.16)—(2.19) are iterated It6 integrals. This lemma is related to the
product formula for multiple stochastic integrals, see e.g. [34, Proposition 1.1.3].

Proof The first equation (2.16) follows from the definition of the Itd derivative dW,".

The second equation (2.17) follows from Itd’s product formula. Indeed, we have
that

t t t
W[T,I’L]WIT,nz :/O\ WST,HZdWST,nl +A WST’nldWST’nZ‘i‘\/O d(WT’nl,WT’n2>S

:/O, (/OSdWTT””)dWST’"'
+/Ot (/O dWrm ) dw

t O.T(nl)Z
1) - S -—d
+ n1+n2—0/0 <n1>2 s

T(n 2
Z / / dWT n"@)dWT e + 5n1+n2 0101(’51;2) :

TeES
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The third equation (2.18) follows from It&’s formula and the second equation (2.17).
Using It6’s formula, we have that

T,n T,n T,n
W, mtww, T

1 " T
M) T M@ gy Tl
ZEZ/WS”WYﬂden
0

TeS;

1 ! TNz (3) T,n T.n
+§Z/O WO gWT e | W),

TES3

The easiest way to keep track of the pre-factors throughout the proof is to compare
the number of terms of each type and the cardinality of the symmetric group. In the
formula above, we have three terms of each type and the cardinality #S53 = 6, so we
need the pre-factor 1/2. By inserting the second equation (2.17) and our expression
for the cross-variation, we obtain

T.n T.n T.n
W, mtw R w, T

t 11 n
T,n T,n T,n
=> / / / AW, " dw,, P dw,
0 Jo Jo

TeES3
1 "ol (nz@)? | T
+ - Sn,, tny, :0/ DS VT Aw.’ (1)
2 ngs;} T o r@)?
1 tUT(”n(l))z T.nz(3
+ = 5ﬂ+ﬂ=0/s—w’”<>ds
271;; B
! n n T,n (3) T.,n ) T,n 1)
=Y / / / dw,, "V dw,, " dw,
aessJ0 Jo Jo
1 P ol (a1)? T ol (ne1))? . Ton
5 2 Sneqytnn =0/ <‘Y—W’"<*>ds+S—dW’”“
2;} A (nza)? ° (nx1))? *
! n n T,n (3) T,n @ T,n 1)
— i M (2) Mo (
=Y / / / dw,, " dw,, " dw,,
aessJ0 Jo Jo
1 of (z(1)? - e
+ =) St =0 W,
2;1%:3 OO )

For the second equality, we also used the permutation invariance of any sum over
7 € S3. This completes the proof of the third equation (2.18).

We now prove the fourth and final equation (2.19). The argument differs from the
proof of the third equation only in its notational complexity. Using It&’s formula and
the third equation (2.18), we obtain that

T,n T,n T.n T.n
W, mtw, W w,
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I j : / WT SN (4) WT N (3) WT nﬂ(2>dWT N1

7'[654
+ - Z/ WT "ﬂ<4>WT "ﬂ<3>d<WT @) W)y
7T€S4
T,n T,n T.,n T,
LS [ [ v
TESy

n H+nz2)=0 T.n T.n
_Z (1) n() /py(nn(l))z @ gy e

TeSy nn(l)
> / o) ()W "W ds
7T€S4

z////dmew%wwme

JT€S4

1 [ N (1)+172)=0
Z 2
(n
neS 7))

t
§ / (%T(nna)ﬁvvf’"”“‘) Wy ds + p{ (nx()? Wy O AW
0

+ oy (nn(l))2WST’n”G)dWST’”ﬂM)>i|.
Using Itd’s formula, we obtain that
/Ot (UsT(nn(l))ZWST’””“) WO ds 4 o ()2 WT O G5
+ oy (nn<1))2WST’"”‘”dWST’”M))
)2 o) (1x(3)” ds.

t
2w T”n(ﬁ) T\nx4) T
= p; (nz(1))"W, W, 57,+,,=0/,0(n1 -
t Ulz(1) N 3) iz (4) 0 s Ul (1) (nﬂ(3))2

The total contribution of the second summand is

Sn() +1r@ =nr @ T =0 [ 2 2
g n(2)=Nx w(4)= T T
__z ps (ry) o (Ng3))”ds
(nz 1)) (nz3))? /o s VDG W)

eSSy

nﬂ(l)Jrnn(z) n”(3)+nﬂ(4)—0 /
= —— E 2
}’l n
S, n(l)) 77(3)) 0

X (psT(nn(l))ZUST(nn(3))2 + UST(nn(l))szT(nn(S))z) ds

_ o (nz1)? pf (n73))*

=—— Sn _ _
g 2) =Nz 3) x4 =0
8 71%.9:4 OO <nﬂ(1))2 (nn(3)>2
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This completes the proof of the fourth equation (2.19). O

Definition 2.6 (Renormalization). We define the renormalization constantsa; , b/ € R
and the multiplier M7 : L*(T%) — L%(T?) by

,defzp, (n) ey V(n1 4+ n2)p/ (n1)*p/ (n2)?

[ 2 2
n n
neZ? ny,nyeZ’ < 1> < 2>

and

2
M E (Y Vao+ )p’((’") ) 7.

meZ3
Using this notation, we set
'fz'déf fr—dl. (2.20)
(VO f L W A f —al VO f - 2M f 2.21)
(Vo (2L Vs 2 —al Vo = al VO 2 - 4 f
+ @)V (0) +2b". (2.22)

Remark 2.7 As is clear from the definition, the renormalized powers in (2.20), (2.21),
and (2.22) depend on the regularization parameter ¢. This dependence will always be
clear from context and we thus do not reflect it in our notation.

Definition 2.8 (Renormalization of the dynamics). For any N > 1, we define

LMY = M. 223)

def def
ay = al =a¥, by EbY, =b%, and My
Throughout most of the paper, we will only work with the renormalization constants
from Definition 2.6, which contain two finite parameters. The renormalization con-
stants in Definition 2.8 will be more important in the second part of this series.

Proposition 2.9 (Stochastic integral representation of renormalized powers). With
n12, n123, and n1234 defined as in (1.12), we have that

UASEVESY ’"1”// dw "2 dw, " (2.24)
n1,nreZ’
(Vx(WHHW = > Vingq) +ng)e’ 2

nl,nz,n3eZ3

TES3
t 1 15

x / / / AW, " dw,, " dw, " (2.25)
0 JO 0
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(Vo (WzT)z)(WtT)23 = Z {/\(I’ln(l) + nn(z))ei(n1234’x)

ny,na,n3,n4 €2
TeSy

t 131 15 3
x /0 /O /0 /0 dWlZ’"“dW,Z””dWlZ’”Zthf’"‘}. (2.26)

Furthermore, it holds that
t
/T3 (Vo (WHH(WDH?: dx = 4/0 ng (Vx (WHHWIdw!.  (2.27)

Remark 2.10 The "lower-order” terms in Definition 2.6 were chosen precisely to obtain
the result in Proposition 2.9. The renormalized powers of W/ can be represented solely
using iterated stochastic integrals, which have many desirable properties.

Proposition 2.9 essentially follows from Lemma 2.5, Definition 2.6, and a tedious
calculation. For the sake of completeness, however, we provide full details.

Proof We first prove (2.24). Using (2.17), we have that

WH2= Y elmtmaymyrne

ni,nr€Z3

t 1
E 2 i(n1+no,x) WyTJlrr(Z) “,Tann(l)
‘ /0/0 Wy

TESI ny,nrel3

ol (n1)?
+ Z 8"1+n2=ot(nTel(n1+n2,x)

nl,n2€Z3

t n
_ i{ny+ny,x TNz (2) T,nz(1) T
=3 X e [T AW aw

€S ny,nyeZd

By subtracting a; from both sides and symmetrizing, this leads to the desired identity.
We now turn to the proof of (2.25). From (2.18), we obtain that

(V% (WHHwW/
= Y Vi tnyemmaw eyl

ny,na,n3€Z3

e . t 1 153
o) Vet / / / dw, O dw, @ g,
0 Jo 0

TES3 ny,na,n3€Z

1 N )
+ 2 Z Z V(n + nz)el(mzs’X}‘Snnuﬁ"n(Z):O

TES3 ny,na,n3eld

— . t 1 1
=Y > Vi +npemn / / / dw, O aw, @ aw, "
0 Jo 0

TES3 ny,ny,n3€Z

of (nz1))? -
(nza))r '
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1(”1) w’

pt(l) T,n3 p
+ Y VO ( W/ 42 3 Vi +n)el ) W

n)?

ny,n3eZ3 ny,n3ez3

n
=Y > Vou+nye "1’”// / dw,, O dw,, " w0

TES3 ny,ny,n3el3

+al VOOYW +2MI W/

After symmetrizing and comparing with Definition 2.6, this leads to the desired iden-
tity. Next, we prove the identity (2.26). Using (2.19), we have that

(V% (WHHW)?
— Z v(”l + nz)ei(n1234,x) WtT.nl W[T,nz W{T.ng W[T,rm

ny.nz,n3,n4€l3

o i ron hors T.n T.n T.n T.n.
ooV +nz)e’<”'234~*>/0 /0 /0 /0 dw,, " aw, " aw,, O dw, "0

ni,na.n3,n4€%

TESY
! vV i ol (nza))? . 7. . Ty
+ 1 Z V(ny _|_,12)81(»11234,)r)(§nm)Jrn”(z):oﬁWr n3) W ) (2.28)
ny,na,n3,ns €L’ (1)
TESy
1 v ' o (x1)? pf (1z3)*
"8 Vi 42 Mm08, syt =0 o I (2.29)
8 Z TR ZR @O TGN 02 (neay)?

nl.rtz.t13,n4eZ3
TESY

It remains to simplify (2.28) and (2.29). Regarding (2.28), we have that

1 ~ .
i(n X
4 Z V(ni +np)e' "Xs, =0
ny,na,n3,ns€Z’
TESY

;0; (”ln(l)) T,z (3) vp, Tl ()
t Wt

(nr(1y)?
= Z V(nl +n )M i{n1+no, x>WtT’n] er,nz
3 (n 3>
ny,ny,n3€”L’

+4 Z V(n1 +n )M i(n1+n3,x) WZT,nl Wtr,n3

ny,ny,n3eZ3 (n )
+ Z V(O) Py (”1) l (n3+na, x>WtT,n3 Wtr,n4
s (n1)?
ny,n3,n4€L’

=a/ Vs (W)?+4MIWHW! +al V0)(W)2.

Regarding (2.29), we note that

-3 Z Z V(ny + na)e' ("'234’x>3nm>+ﬂn<2)="n<3>+"n<4>:0

7T€54 ni,n2,n3,n4€Z3
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ol (nz1))? pf (nz3))?

(nz1))?  (nz3)?
_ Z 70 Pf(nl)zpf(n;)z 5 Z V(n + nz),OtZ(nl)z)/of(nz)2
s (n1)=(n3) ; (n1)=(n2)
ny,n3€L ny,no€l

= -V (0)(a)* —2b".

After symmetrizing, this completes the proof of (2.26).
Finally, it remains to prove (2.27). Since V is real-valued and even, we have that

V(n) = f/\(n) = f/\(—n). As long as n1234 = 0, this implies

> V) +nr@) =4 Y Ve + nze). (2.30)

TeSy TeSy

Using (2.30), (2.27) follows after inserting (2.25) and (2.26) into the two sides of the
identity. O

Like the monomials and Hermite polynomials (further discussed below), the gen-
eralized and renormalized powers in Definition 2.6 satisfy a binomial formula.

Lemma 2.11 (Binomial formula). For any f € H 1 (’]I‘3), we have the binomial formu-
las

[V (W + HHW + f):
=:(V & (WHHW: (Vi (W) f 4+ 2[(V = (W] W] — M] £]2.31)
F2V (W N+ (Vs fHOW + (VO f

and
/T} (Vo (W + HHW + )2 dx
- /Ta (Vo (WHH(WH?: dx +4/T3 (Vo (WHHWT: f dx
+ 2/T3(v* (W2 2 dx (2.32)
4 [ [ powd s = o s as
+4/T3(V>x<f2)f Wtde+/T3(V*f2)f2dx.

Remark 2.12 Overall, the terms in (2.32) obey better analytical estimates than their
counterparts for the <I>‘3*—mode1 in [6]. However, their algebraic structure is more com-
plicated. The most challenging term is

[ Lo vz powr £ = o pfas,

3
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which requires a delicate random matrix estimate (Sect. 3.3).

Proofof Lemma 2.11 This follows from Definition 2.6 and the classical binomial for-
mula. For the quartic binomial formula (2.32), we also used the self-adjointness of the
convolution with V and the multiplier M. O

While this is not reflected in our notation, it is clear from Definition 2.6 that the
multiplier M depends linearly on the interaction potential V. In the proof of the
random matrix estimate (Proposition 3.7), we will need to further decompose M7,
both with respect to the interaction potential V and dyadic frequency blocks. We
introduce the notation corresponding to this decomposition in the next definition.

Definition 2.13 We let M/ [V; Ny, N2] be the Fourier multiplier corresponding to the
symbol

{/\(I’l + k) T 2
> kEZZB e 0xm el (). (2.33)

In the next definition, we define our last renormalization of a stochastic object.

Definition 2.14 We define the correlation function on T2 by

T INL NI E Y %m’ (ke ). (2.34)
keZ?

We further define

(1 Py, W Py W2 (x) & (2, Py, W) () Py, W (x) — €T [N, Nal(y). (2.35)

Here, 7, denotes the translation operator 7 f(x) = f(x — y).

The next lemma relates the multiplier and correlation function from Definitions 2.13
and 2.14, respectively.

Lemma 2.15 (Physical space representation of M ). For any f € CX (T3), we have
that

MV Ny, Nalf = (€] [Ny, N21V) = f. (2.36)

Proof By definition of the multiplier M [V; Ny, N2] and since

1
k > T (k) xv, (k) o (k)? (2.37)

is even, the symbol in (2.33) is the convolution of V with (2.37). As a result, the
sequence n > ./\/ltT [V N1, N2](n) has the inverse Fourier transform is givenby
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( Z Xy (k) x v, (k)

e ptT(k)ze“k’x))V(x) = ¢! [Nl Ma](0)V (x).

keZ3

O

InLemma?2.5, Proposition 2.9, Lemmas 2.11 and 2.15, we have dealt with the algebraic
structure of stochastic objects. We now move from algebraic aspects towards analytic
estimates. In the following lemmas, we show that several stochastic objects are well-
defined and study their regularities.

Lemma 2.16 (Stochastic objects I). For every p > 1, € > 0, and every 0 < y <
min(B, 1), we have that

w2 (P Nr <
sup (B[ 1D 11 )" S (2.38)
- L
sup (E[HV* JUAP Y L. )p < p, (2.39)
> x —
N2\ /T . || P 1 % 3
sup (E[H SV x (WHHWI )P ) < p3. (2.40)

t>0 C;§+Y(T3)'
Furthermore, ast — oo and/or T — 00, the stochastic objects :(WZT)2 L Vx :(W,T)2 i
and :(V * (W,T)2)WIT : converge in their respective spaces indicated by (2.38)—(2.40).

Remark 2.17 The statement and proof of Lemma 2.16 are standard and the respective
regularities can be deduced by simple “power-counting”. Nevertheless, we present
the proof to familiarize the reader with our set-up and as a warm-up for Lemma 2.20
below.

Proof The first step in the proofs of (2.38)—(2.40) is a reduction to an estimate in
L?(2 x T?) using Gaussian hypercontractivity. We provide the full details of this step
for (2.38), but will omit similar details in the remaining estimates (2.39)—(2.40).

Let N > 1 andletg = g(€) > 1 be sufficiently large. By using Holder’s inequality
in w € , it suffices to prove the estimates for p > ¢. Using Bernstein’s inequality
and Minkowski’s integral inequality, we obtain

1PN (W)l pomi—e sy S N7 72NPY (W o 1 gy

< NI Py (WP sy
By Gaussian hypercontractivity (Lemma A.1), we obtain that
N3Py W g moegy S N7 T2PIPY : W a2 (-

Since the distribution of : (Wf)zz is translation invariant, the function x +— || :(Wf)zz
I 12(2) is constant. We can then replace L4(T3) by L% (T3) andobtain
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T pIPY (W) 22 e
Tapl Wl

I 2
N 72p Py :(W)™ a2 rowgy S N
<N —1-€ .
L2H,  *(QxT3)

In order to prove (2.38), it therefore remains to show uniformly in 7', r > 0 that

(W |2 <1 (2.41)

L2H '€ @xT3) ~

Using Proposition 2.9, the orthogonality of the iterated stochastic integrals, and It6’s
isometry, we have that

2
” (W )2 ||L2H 1—e =4 Z 2+2€ Z f / dWITZ‘,I’ZZdWITI‘,n]) :I

ny,na€Z’:
ni+nay=n
1
< Y pl (n1)*p (n2)*
~ t t
e P ) (o)
ﬁll&:nizn

1
< <1
~ Z (n1 +n2)?T2¢(n1)2(n2)? ~

ni,nr€Z3

This completes the proof of (2.38). The estimate (2.39) can be deduced from the
smoothing properties of V or by repeating the exact same argument. It remains to
prove (2.40), which can be reduced using hypercontractivity (and the room in y) to
the estimate

(Vs (WHHW! |2 3, S L
2m, 2"

Using Proposition 2.9, the orthogonality of the iterated stochastic integrals, and Itd’s
isometry, we have that

(V% (WHHW: |2 3.
L2H, 2"

_Z 32y [(Z Z V(nz(1) + nz@)

TES3 ny,ny.n3el’:
ni+ny+n3z=n

/ / / dWT n3dWT ndeT ’11>2]

1 1
s Z (n1 +ny +n3)3*2” (n1 4+ n2)%P (n1)%(n2)?(n3)?

nl,nz,n3EZ3
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By first summing in n3, using that 3 — 2y > 1, and then in n; and n», using y < B,
we obtain

1 1 1
2 (1 +na +n3)372 (n1 +n2)?P (n1)%(n2)? (n3)?

nl,ng,n3€Z3

1 1
< <1
~ Z (n1 + n2)2T26=) (n1)%(n)? ~

ni,nr€Z3

m}

We also record the following refinement of (2.40) in Lemma 2.16, which will be
needed in the proof of Lemma 2.20 below.

Corollary 2.18 For every 0 < y < min(l, B) and any n € Z>, we can control the
Fourier coefficients of :(V * (W2 W/ : by

2
sup ]Eﬂ]-‘( (V% (WHHWT: )(n)‘ < (). (2.42)
T,t>0

Proof Arguing as in the proof of Lemma 2.16, it suffices to prove that

1 1
< . 243
2 (n12)2P (n1)*(n2)*(n3)* ~ (m)> 4
nl,nz,n3€Z3:
ni23=n

Indeed, after parametrizing the sum by n; and n3, (2.43) follows from

> : = 2 1
L (n12)2P (n1)%(n2)*(n3)? , (n=n3)%P (n1)2(n — ny — n3)?(n3)?
ni,ny,n3€L’: ni,n3el’
ni23=n

1
S22 (n — n3)1+2F (n3)?

nyeZ3

< ().
O

Lemma 2.19 (Stochastic objects II). For any sufficiently small § > 0 and any N1, N» >
1, it holds that

S| =

. T T. P < -5
sup (E[ sup || :(zy Py, W, ) PN, W, o || < max(Ny, N2)~ 10 p.

T,t>0 yET3 C_;lfé(TS)
(2.44)
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Proof Arguing as in the proof of (2.38) in Lemma 2.16, we have that

1

sup (E[ 1oy Py W Py WY 10 s s ])
yeT3 *
< max(N1, Na) 3 p. (2.45)

It only remains to move the supremum in y € T into the expectation. From a crude
estimate, we have for all y, y € T3 that

1
(B[ 2o Py W P W = ey Py WO P W 101 s ])
< max(Ny, N3y = 'l p.
By Kolmogorov’s continuity theorem (cf. [40, Theorem 4.3.2]), we obtain for any

0 <« < 1 that

(]E|: wp (|| [ty PNy W PN, W] — i(ty Py, W) PN, W/ ||Cx1s(T3))l’:|>p
v,y €T3 ly =y«
Se max(N1, N2)*p.

Combining this with (2.45) leads to the desired estimate. O

The next lemma is similar to Lemma 2.16, but is concerned with more complicated
stochastic objects. In order to shorten the argument, we will no longer use Itd’s formula
to express products of stochastic integrals. Instead, we will utilize the product formula
for multiple stochastic integrals from [34, Proposition 1.1.3]. Before we state the
lemma, we follow [5,6] and define

t
w7 o def / IV« (WHHW! - ds. (2.46)
0
We emphasize that W, ! contains the interaction potential V even though this is not

reflected in our notation.

Lemma 2.20 (Stochastic objects III). For every p > 1, € > 0, and every 0 < y <
min(S, %), we have that

1
Nr 3
sp (B[IW/™17, )" sph @4
T.20 e )

o1
W2 YT B P P < 3
sup (B[IVe 2w, ) S 2y

L
sup (E[ (v« W/ W)Wy —miwi o), 1) S et @49)
T,t>0 X i
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Remark 2.21 The analog of (Vi : (W7)?:)W/ "™ for the ®$-model in [5] requires a
further logarithmic renormalization. In our case, however, the additional smoothing
from the interaction potential V eliminates the responsible logarithmic divergence.

Proof We first prove (2.47), which is (by far) the easiest estimate. As in the proof of
Lemma 2.16, we can use Gaussian hypercontractivity (Lemma A.1) to reduce (2.48)
to the estimate

T.,[31)12
E[IW; P

] <1 (2.50)
a2 (T3)

The rest of the argument follows from Corollary 2.18 and a deterministic estimate.
More precisely, it follows from ||o/ || 2= 1 that

2

L}

t 3
IwrtE = MO o] (VW) 72 (Vo (WHH W/ ds
(T%)

1,
H2

i s 2

-y ’/ GST(n)Zf((V)_7+V (Vo (WHHW! )(n)ds
neZ3 0

=y /Ota;(n)z‘f<(v>§+y :(V*(WST)Z)WST:)(n)‘st.

neZ?

For a small § > 0, we obtain from Corollary 2.18 (with y replaced by y + §) that

Blw; o2, ]
H2™ (1)
! T 2 7§+ TN\2 T 2
< Z/ o7 (n)2E ‘}'((V) YLV (WD) )WS:)(n)( ds
neZ3 0
‘ 1
< Z/O aST(n)ZW—Hdsg 1.
neZ’

We now turn to the proof of (2.48). Using the same reductions based on Gaussian
hypercontractivity as before, it suffices to prove that

B[V w2 w 2 2.51)

”V<1r3)] st

We first rewrite (V :(W/)%:)(x)W] P! (x) as a product of multiple stochastic integrals
instead of iterated stochastic integrals. This allows us to use the product formula from
Lemma A.4, which leads to a (relatively) simple expression. To simplify the notation
below, we define the symmetrization of V(nl + ny) by

~ 1 ~
Vs(ni,na, n3) = = D V) + 12 )-

TEeSy
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From Proposition 2.9, (2.46), and the stochastic Fubini theorem (see [16, Theorem
4.33]), we have that

W)
=y Ym0 ) i
= 2
n
ny,ny,n3ez’ izs)
TES3

t s opho i
x/ JST(n123)2</ / / dWé’deé’"de,f’"l)ds
0 0 Jo JO

N Z VS(nl’n27n3)ei<n123,X)

2
n
pemeeZ? (n123)

t 1 15 t
x / / / ( / o7 (n123) ds )W, AW "Wy
0 JO 0 max(t,12,13)

We define the symmetric function f by

f(t,ny,t,n2,13,n3; ¢, X)
def Vs(nl,nz,n3)(/"

Ry UST(n123)2dS)€i<n123'x>1{0 <t 1,13 <1}
ni23

max(f1,2,13)

where we view both 1 € R.g and x € T as fixed parameters. Using the language
from Sect. A.2 and Lemma A.2, we obtain that

W) = T (5 1, )], (2.52)

where 73 is a multiple stochastic integral. After defining

g(ta, ng, ts,n5; 1, x) &f V(ng 4 ns)e' 59010 < 14,15 < 1},
a similar but easier calculation leads to
(Vi :(W])?)(x) = Tolg (£, x)]. (2.53)
By combining (2.52) and (2.53), we obtain that
(V:(WH2) W) = Tl f (51,01 T2lg (5 1,01

By using the product formula for multiple stochastic integrals (Lemma A.4), we
obtainthat
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(Vs :(WH2) ()W (x)
=Zs[fCt,x)8C 6, )1 +6- I3[ f (51, x) @1 8(5 ¢, x)]
+3-T[f(;t,x) ®2 g( t, x)].

Inserting the definitions of f and g, this leads to
(Vi :(WH2) WP () = Gs(t.x) + G3(t, x) + Gi(r.x),  (2.54)
where the Gaussian chaoses Gs, Gz, and G are given by

Gs(t,x) = Z M i(n12345.%)

2
Nlyenny nseZ3 (n123)
t
x/ (/ JST(n123)ds)th:’n5...dW,Tl’”',
[0,¢1° N Jmax(ty,12,13) ;
V. (n1,n nz)V(n )
g3(t, X) = Z 3"35 s 2 457 gl (124,)
5 (n123)%(n3)?
N,y nseZs

_ l Vs(nl nz,n3)V(l’l45) i(ny.x)
Geo=3 2 [5"24:’”5‘0 (12302 (1) (m3)2 ¢

/ / / f ol (n2)%0f. (n3)0! (n123)2dsdt3dt2)thTl’"‘}
[0,¢] max(ty,0,13)

Using the L2- -orthogonality of the multiple stochastic integrals together with
lof Il < 1. we obtain that

w2 g T 1312
B[V w2 ow e |

< E[ngsuil;w} + E[ugﬂ@;HV} +E[ 161 ||§,;1+y]

5
S > (n12345) 2T (n123) "V (1) PV () [ [ n )2, (2.55)
n|,n2$n3,n4.n5EZ3 Jj=1
~ —~ 2
+ Y (Y ) ) A )P esnl) [ 7
ny,ny,ny€Z3 n3ez3 j=12,4
(2.56)
—~ o~ 2
+ @Y ) e ) V) )2 3)2) . (257)

n1€Z3 nz,n3eZ3

The estimates of the sums (2.55)—(2.57) follow from standard arguments. We present
the details for (2.55) and (2.57), but omit the details for the intermediate term (2.56).

We start with the estimate of (2.55). The interaction with n1, n,, n3 atlow frequency
scales and n4, n5 at high frequency scales is worse than all other contributions, so there
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is a lot of room in several steps below. Using Lemma B.6 for the sum in ns, which
requires y < min(l, ), and summing in n4, we obtain for a small 6 > 0 that

5
> (n12345) 22 (n123) "V (1) PV ()P T 4072

nl,nz,n3,n4,n5eZ3 Jj=1

4
S Y e (]'[ D7) (X tmosa +05) 7 (g 4 n5) " ins) 72)

ny,n2,n3,n4€73 nsez3
3
—1-5 18y, \—2
S o) )T (1_[ )( D (m123a) 7 0 4 (na) T 0) (na) )
ny,ny,n3€Z3 Jj=1 nq€z’
3
<Y s )T 1_[
nl,nz,n3€Z3 Jj=1

Summing in n3, no, and n1, we obtain that

3
Z (n123) " (n12) 2 H

ny,ny,n3eZ3
—3-2 -2 -2 —4
S Y () ﬁ<n1> ()< Y S
nl,VleZS n]€Z3

We now turn to (2.57), which corresponds to double probabilistic resonance. We
emphasize that this term would be unbounded without smoothing effect of the potential
V', which is the reason for the additional renormalization in the @g‘-model, seee.g. [5,
Lemma 24]. Using Lemma B.6 for the sum in n3, we obtain that

~ ~ 2
Z(mﬂ”y( > ) AV, ma, )1V (023) 1) 2 n3) )

n1€Z3 nz,n3€Z3

S (Y )R ()2 ns)?)

nIGZ3 n2,n3€Z3

<Y (Y () o ) )2

ny ez’ noeZ3

Y )L,

n1€Z3

2

A

provided that y < 1/2. This completes the proof of (2.48).
We now turn to the proof of (2.49). This stochastic object has a more complicated
algebraic structure than the stochastic object in (2.48), but a similar analytic behavior.

From the definition of M, we obtain that

(Vs (W W) )W/ (x) — M{WTP(x)
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o (m4)2)

— Z {/\(m14)€i<ml45,x>WZ.[3](m])(WtT,m4WtT,m5 _ 8m4§=0 < >2
5 ma

my,my,mseZ3

1 v 5 . —_—
2 Z (V(mia) + V(mys))e ™45 W B (my)
ml,m4,m5€Z3
T 2
(m4)
s (W W g, P
( t t my5=0 <m4)2

Using the variable names m, ma, ms € 73 instead of m1, ma, m3 € Z3 is convenient
once we insert an expression for W; !, A minor modification of the derivation of
(2.52) shows that

Wiy = ZUf G 1.m)], (2.58)
where the symmetric function f(-; ¢, m1) is given by

ft,n1, 1,03, 13,n3; ¢, my)

1 -
= Hniz = mi}———>Vs(ni, na, n3)

(n123)
t
X (f Uf(n123)2d5)1{0§t1,t2,t3 <t}.

max(fy,12,13)

Using Lemmas 2.5 and A.2, we obtain that

pof (mg)?

W[T,m4 WtT,ms — Smgs=0 a2 =Dlg(:; t, mg, ms)], (2.59)

where the symmetric function g(-; #, mg4, ms) is given by

ef 1
§(ts.n.15.n5) = 2 (1{(n4.n5) = (my. m3)} + 1(na, n3)

= (ms.m)} ) 1{0 < 14,15 < 1),

The author believes that inserting indicators such as 1{(n4, ns) = (m4, ms)} is nota-
tionally unpleasant, but it allows us to use the multiple stochastic integrals from [34]
without having to “reinvent the wheel”. With this notation, we obtain that

(Vs (W WY)W, (x) — MW P (x)

1 . —~ ~
=5 2 eI (Vema) + Voms) - TLFCitm)]

my,mg,mseZ3

N 22[8(7 t? my, mS)]
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Using Lemma A.4, we obtain that

(V % (WIW ) )W (x) = MIW! P (x) = Gs(t, x) + G5 (1, x) + G (£, x),
(2.60)

where the Gaussian chaoses are defined as

= Vn)V ‘
gs(t, x) = Z L(n;mel (l’l12345,x)
3 (n123)
sy nse’s
t
x / (_/ UsT(n123)ds)dW,§’"5 dw
[0,1]3 max(t,1,3)
G 1 Vi(ni,na,n3) (= ~ y \
Gs3(t,x) = [6 =07(v(n12) + V(n1234))e’ n124.x
2 2 LT (n123)2(n3)2
ny,...,n5€L

t t
X / </ / atg(n3)zaf(n123)2 dsdt3)thZ,n4thZ,n2thTl,nli|7
0,113 NJo Jmax(ty,12,13)

~ 1 Vs(ni,na.n3) (o = i(ny,x)
G0 =g 2 [8n24:n35:0 (n123)2(n2)?(n3)? <V(n12) * V(nB))e 1

This concludes the algebraic aspects of the proof of (2.49). Starting from (2.60), the
analytic estimates are essentially as in the proof of the earlier estimate (2.48) and we
omit the details. This completes the proof of the lemma. O

In the construction of the drift measure (Sect. 4), we need a renormalization of
(V)~2W)". The term (V)~!/2W/ has regularity 0— and hence the n-th power is
almost defined. While we could use iterated stochastic integrals to define the renor-
malized power, it is notationally convenient to use an equivalent definition through
Hermite polynomials. This definition is also closer to the earlier literature in dispersive

PDE. We recall that the Hermite polynomials { H,, (x, 02)},120 are defined through the
generating function

1 2.0 L
er 20t :Z—Hn(x,az).
n!
n=0

Definition 2.22 We define the renormalized n-th power by

S H (2 BNV TEW IR, ). .61)

We list two basic properties of the renormalized power in the next lemma.
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Lemma 2.23 (Stochastic objects IV). We have for alln > 1, p > 1, and € > 0O that

1
. -1 T\n. P P < z
sup (B[94 WD"5 e ) S 2. (2.62)

Furthermore, we have for all f € HX1 (T3) the binomial formula

(V)T + )=y (k> (V) TEWHE (V)R (263)

k=0

Since the proof is standard, we omit the details. For similar arguments, we refer the
reader to [36].

3 Construction of the Gibbs measure

The goal of this section is to prove Theorem 1.3. The main ingredient is the Boué-
Dupuis formula, which yields a variational formulation of the Laplace transform of i 7.
Our argument follows earlier work of Barashkov and Gubinelli [5], but the convolution
inside the nonlinearity requires additional ingredients (see Sects. 3.2 and 3.3).

3.1 The variational problem, uniform bounds, and their consequences

Due to the singularity of the Gibbs measure for 0 < B < 1/2, which is the main
statement in Theorem 1.5, the construction will require one final renormalization. We
recall that A > 0 denotes the coupling constant in the nonlinearity and we let ¢”* be
a real-valued constant which remains to be chosen.

For the rest of this section, we let ¢ : C?C . 1/2-x ([0, o0] x R) — R be a functional
with at most linear growth. We denote the (non-renormalized) potential energy by

v f (V30 f2(x) dx = f
']T3 3

T>xT

V- WO f(x)?dxdy. (3.1)

We denote the renormalized version of V(f) by

def A

AT aej
V()= )

sz (Vo FO 2 dx 4 7 (3.2)

where : (V % f2) f2: is as in Definition 2.6. To further simplify the notation, we denote
for any u: [0, 00) x T3 — R the space-time L?-norm by

2 def o 2
”“”L,%x = /O el (s dt- (3.3)
With this notation, we can now state the main estimate of this section.
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Proposition 3.1 (Main estimate for the variational problem). If the renormalization
constants c™* are chosen appropriately, we have that

1
Ep[fp(W + Iul)+ V(W + I [ul): +§|Iulligx}
' (3.4)

T )\' T 1 T
= Ep[wk"”(w, 1)) + VUL @) + Sl [u]”i[zx],

where

1] A w007 (Vo (W (3.5)

and
| I ' ( ’ 1 [ll])| _< Q7 ([ ’ ¢1 “’) <AV(100(14)) ||l [ll]” l2 )' (3'6)
A 2 4 2 1,x

Here, Q7 (W, @, 1) satisfies for all p > 1 the estimate E[Q7 (W, ¢, M)P] S, 1, where
the implicit constant is uniform in T > 1.

The argument of ¢ in (3.4) is not regularized, that is, we are working with W instead
of WT. This is important to obtain control over wur, which is the pushforward of jir
under Wyo.

Remark 3.2 This is a close analog of [5, Theorem 1]. Due to the smoothing effect of
the interaction potential V, however, the shifted drift /" [«] is simpler. In contrast to
the <I>§-m0del, the difference /7 () — u does not depend on u. As is evident from the
proof, we have that

VWL ) = (W + I{u]) + W] (W, I[u]). (3.7

This observation will only be needed in Proposition 3.3 below.

We first record the following proposition, which is a direct consequence of Propo-
sition 3.1 and the Boué-Dupuis formula.

Proposition 3.3 The measures it satisfy the following properties:

(i) The normalization constants Z7* satisfy ZT* ~; 1, i.e., they are bounded away
from zero and infinity uniformly in T.

(it) If the functional ¢ : C?C;I/Z_K
then

([0, 0] x ']T3) — R has at most linear growth,

sup Eg,[exp (- (p(W))] <o 1.
>0

_1_
(iii) The family of measures (Ji)T>0 is tight on CIOCX 2 K([O, oo] x T3).
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Proof of Proposition 3.3 We first prove (i). From the definition of 7, we have that
21 = Ep| exp(— V(W) |-

Using the Boué-Dupuis formula and Proposition 3.1, we have that

1
—log(Z™") = inf Ep[ VWL + I [u): +5 ||M|| ]

ueH,

= inf Ep[\IJTO(W Iul) + — V(IT W) + = ||lT[M]||i[2 }

ueH,

From (3.6), we directly obtain that

—log(Z™) > —C;. (3.8)

By choosing u; def —AJr :(V*(W,T)Q)WT :, whichis equivalent to requiring // [u] = 0
and implies I/ [u] = 7Bl we obtain from Lemma 2.20 that

—1og(Z™) <, 1+ EP[V(AW,T“])] <51 (3.9)

By combining (3.8) and (3.9), we obtain that Z7* ~; 1
We now turn to (ii), which controls the Laplace transform of ji7. Using the Boué-
Dupuis formula and Proposition 3.1, we obtain that

— log (]E,jr [exp ( — (p(W))])

=log(Z"™") + inf ]EIP’|: W W I u]) + V(IT ) + 35 IIIT[M]II }

The first summand log(Z"*) has already been controlled. The second summand can
be controlled using exactly the same estimates.
We finally prove (111) Let a,n > 0 be sufficiently small depending on «. Since

the embedding C;""C, E2 — C%C, 17 i compact (see (1.18) for the definition), it
suffices to estimate the Laplace transform evaluated at

(W) =—[W| L - (3.10)

e

1
While this is not a functional on C,O Cy? “, we can proceed using a minor modification
of the previous estimates. Using Proposition 3.1 and (3.7), it suffices to prove

Be[IWI ,, 5] ST and WGl ,, e Sl GAD)
1 X t X
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The first estimate follows from Kolmogorov’s continuity theorem (cf. [40, Theorem
4.3.2]). The second estimate is deterministic and follows from Sobolev embedding
and Lemma B.4. O

Using Proposition 3.3, we easily obtain Theorem 1.3.

Proof of Theorem 1.3 The tightness is included in Proposition 3.3. The weak conver-
gence of the sequence (1 y)n>1 follows from tightness and the uniqueness of weak
subsequential limits (Proposition C.1). O

We also record the following consequence of the proof of Proposition 3.1, which
will play an important role in Sect. 5. The proof of this result will be postponed until
Sect. 3.4.

Corollary 3.4 (Behavior of ¢™*). If B > 1/2, then we have for all . > 0 that

sup ¢ < 1. (3.12)
T>1

Proposition 3.1 is the most challenging part in the construction of the measure and
the proof will be distributed over the remainder of this subsection.

3.2 Visan’s estimate and the cubic terms

In the variational problem, the potential energy V(I [u]) appears with a favorable
sign. This is crucial to control the terms in :V"*(W], + I [u]): which are cubic in
1% [u] and hence cannot be controlled by the quadratic terms ||u||%2 or ||lT(u)||iz.

In the <I>‘3‘—model, the potential energy term ||IOTQ[1,1]||‘14 is both stronger and easier
to handle. While we cannot change the strength of V(12 [u]), Lemma 3.5 solves the
algebraic difficulties.

Due to the assumed lower-bound on V, we first note that

A2 = 121 1 sy S fT VO N ) dxdy = V().

Since at high-frequencies the kernel of (V) ~# essentially behaves like |x — y|~G=A),
we also obtain that

||<v)_§[f2]||iz(rﬂ~3) = (D £2). Pz
< f Vi =y fO)* ) dxdy =V(f). (3.13)
T3 xT3

L . g . .
Unfortunately, the square of f is inside the integral operator (V)™ 2, which makes it
difficult to use this estimate. The next lemma yields a much more useful lower bound

on V(f).
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Lemma 3.5 (Visan’s estimate). Let 0 < 8 < 3 and f € C>®(T?). Then, it holds that

1OV 5 £l oy S V- (3.14)

This estimate is a minor modification of [41, (5.17)] and we omit the details. We
now turn to the primary application of Visan’s estimate in this work.

Lemma3.6 (Cubic estimate). For any small § > 0 and any 52 < 6 < 1, it holds
that

[V 5 1)) oy S VO Nl 1 Wy B19)

LL(T3

Proof We use a Littlewood-Paley decomposition to write

(V=Y Pu(V=f>)-Pyf.

M,N3

We first estimate the contribution for N3 2> M. We have that

> @ (Pu(v s ) P )l

M,N3:N3ZM
3+8 2
SO0 NEUUPM(V s 2l P £l
M,N3ZN3ZM
(X MPMENT ) P
~ 3 3 Lz 12 Hxl
M,N3: N3>M ' '

_B _
SUDTZ L2201 11

Due to (3.13), this contribution is acceptable. Next, we estimate the contribution of
N3 < M. We further decompose

2= Pnf-Pnf.

Ni,N»

Then, the total contribution can be bounded using Holder’s inequality and Fourier
support considerations by

1
> (Vs s Pun) Put)|
N1,N2,N3,M : *
N3§M§max(N1,N2)
1
S > MNPy (V5 (Pry f - Py D) 4 1PN, f s
Ni,N2,N3,M: Li

N3 <M <max(Ny,N2)
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los g B8 _8
S > M2 PNF NPy, f - Pro fI 411 P (V)73 £l
Ni,N2,M: Ly
N3<M<max(N1,N2)

38 B B _
(X MEENTNII S ARG,
Ni,No,M '
N1>MN2

_t —
SIS AT A1 11

In the last line, it is simplest to first perform the sum in N3, then in Ny, and finally in
M. O

3.3 Arandom matrix estimate and the quadratic terms

In the proof of Proposition 3.1, we will encounter expressions such as

/T . ((V x (WL Tul) W/ (o) 1] [ul(x) — (M,TI,T[u])(mI,T[u](x)) dx
(3.16)

This term no longer involves an explicit stochastic object, such as : (WtT)2 :(x),
at a single point x € T3. By expanding the convolution, we can capture stochastic
cancellations in terms of two spatial variables x € T3 and y € T>, which has already
been studied in Lemma 2.19. The most natural way to capture stochastic cancellations
in (3.16), however, is through random operator bounds. This is the object of the next
lemma.

Proposition 3.7 (Random matrix estimate). Let y > max(1 — 8, 1/2) andlet1 <r <
0. We define

op! (y,r) e sup [f Vx (W f1) WS frdx — / (M f1) f2 dxi|.
S fa: T3 T3

I HWW(Tz)<1
121 o

Then, we have for all 1 < p < oo that

sup [0p7 (v. Ml p gy S P- (3.17)
T,t>0

Remark 3.8 Aside from Fourier support considerations, the proof below mainly pro-
ceeds in physical space. If r = 2, an alternative approach is to view OptT (y,2) as the
operator norm of a random matrix acting on the Fourier coefficients. Using a non-trivial
amount of combinatorics, one can then bound Op,T(y, 2) using the moment method
(see also [14, Proposition 2.8]). This alternative approach is closer to the methods in
the literature on random dispersive equations but more complicated. The estimate for
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r # 2, which is not needed in this paper, is useful in the study of the stochastic heat
equation with Hartree nonlinearity.

Proof Since this will be important in the proof, we now indicate the dependence of the
multiplier on the interaction potential by writing M [V]. We use a Littlewood-Paley
decomposition of W', f1, and f,. We then have that

/T V(W i) W] ad - /T (MITVIf) fo dx

3

= > [/% V % (Py, W Pk, f1) Pn,W/ Pk, f>dx
K1, K2, NN, =T

- ./11‘3 (MIT[V; Ny, N2]PK1f1)P1<2f2dx].

To control this sum, we first define a frequency-localized version of Op (y, r) by

OP,T(V;Kl,Kz, N1, Np)

def
= sup |:/2 V % (Pn, WIT Pk, f1) Pn, W[TPKsz dx
T;

- /1;3 (MtT[V; Ny, NZ]PKIfl)PKzfzdx:|.

We emphasize the change from ng’r(’ﬂg) to L', (T3), which simplifies the notation
below. By proving the estimate for a slightly smaller y, (3.17) reduces to

sup [|Op; (r; K1, K2, Ni, No)l1pg) S p(NIN2) (K1 K2). (3.18)
T,t>0

By using Lemmas 2.16 and 2.19, it suffices to prove for a small § > 0 that

Op! (r; K1, K2, N1, N2) < (N1 N2) ° (K1 K2)Y

3.19
x (1 + IIW[TIIZJ% + sup sup || :(zry Py, W) PN, W/ ||CY—1—3). (3.19)
C.? yeT3 N1, N2 ’

By interpolation, we can further reduce to r = 1 or r = co. Using the self-adjointness
of the convolution with V and the multiplier M [V; Ny, Na], it suffices to take r = 1.
We now separate the cases N1 ~ Ny and N1 ~ Nj.

Case 1: N1 ~ Nj. This is the easier (but slightly tedious) case and it does not
contain any probabilistic resonances. We note that M [V; Ni, N2] = 0 and hence
we only need to control the convolution term. From Fourier support considerations,
we also see that this term vanishes unless max(K, K») = max(Ny, N;). While our
conditions on f1 and f> are not completely symmetric and we already used the self-
adjointness to restrict to r = 1, we only treat the case K| 2 K». Since our proof only
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relies on Holder’s inequality and Young’s inequality, the case K| < K3 can be treated
similarly. We now estimate

‘/}1‘3 V& (Py, W,/ Pk, f1) PN, W/ Pk, fodx

S

LSK]
S D vy« (P W P O] 1 | PLCPN, W Pry )]
L<K, '
S NPy Wi lleee Nl fill Z IPLV Lt HﬁL(PNZW;TPKZfZ)HLgo

LSKl

IWE gy D L2 PLPi, W] Pry )] e
x L5K1

/3 PL<V « (Py, W/ Py, fl)) P, (PN2 WtTPK2f2> dx
T.

1
S, le +4

We now split the last sum into the cases L <« Ny and N» < L < K. If L < N»,
we only obtain a non-zero contribution when N, ~ K. Thus, the corresponding
contribution is bounded by

1 ~
1Kz ~ NaONET WSy D0 L PPy W) Py )]

* LSNz
145 _
S UK~ NN Wy (00 L)l NP W e
Cx LSN>
1o 148
S UKz ~ NN Ny IWEE
Cx

SN KTKT WP,
Cx
In the last line, we also used N1 < Ky and y > 1/2. If L 2 N,, we simply estimate

1 ~
N12+8||Wzr|| ~1s Z LiﬂHPL(PNthTPKzﬁ)”LQO
7 M<LLK /
145 _
SN (X L) I P Wl P
Cx M <SLZK
1 1
< NFHNZTHSIIWtTIlz,%,B
CX

S NN KTIWEE
Ce

provided that y > max(l — 8, 1/2). This completes the estimate in Case 1, i.e.,
Ni = Nj.
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Case 2: N1 ~ N,. This is the more difficult case. Guided by the uncertainty
principle, we decompose the interaction potential by writing V. = Py, V + P>y, V.
Using the linearity of the multiplier M} [V; Ni, N2]in V, we decompose

/1I3 V x (Py, W] Pk, f1) Pn,W/ Pk, fodx — /1;3 (M{LV: N1, N2l Pk, f1) Pk, f2 dx
= /Ta(P«N‘ V) * (Pn, W] P, f1) Py, W/ Pk, fodx
- /1;3 (M [P«n, Vi Ni, N2l Pk, f1) Pk, f> dx
+ /T (P V) 5 (P, W] i, fi) Py W] Py fodn
- /1r3 (M{[P>N, Vi N1, N2l Pk, f1) Pk, f2dx.

We now split the proof into two subcases corresponding to the contributions of Py, V
and P>y, V.

Case 2.a: N1 ~ Na, contribution of Py, V. Similar as in Case 1, we do not rely
on any cancellation between the convolution term and its renormalization. As a result,
we estimates both terms separately.

We first estimate the convolution term. Due to the convolution with P« x, V', we only
obtain a non-zero contribution if N1 ~ K. Using N; ~ N3 in the second inequality
below, we obtain that

[PV 5 (Bay W] P o) W] P

T
S HUNt ~ Kl (Pan, V) % (Pny W[ Py fOll 1 Py (P, Wy P, f2) 0
S UNy~ K N2 ~ Ko} Py W Lo L Al o TP, W lege I fa e

1
S UNL~ KN, ~ Ko} (NN T2 IWS P
Cx

S (NiNo) (K KV IW/ Iy

Cx

Second, we turn to the multiplier term. From the definition of M [P«p, V; N1, N2]
(see Definition 2.13), we see that the corresponding symbol is supported on frequencies
[n| ~ Nj. As a result, we only obtain a non-zero contribution if K1 ~ K, ~ Nj.
Using Lemma 2.15, Holder’s inequality, Young’s inequality, and the trivial estimate
€T [Ny, N2]llLee < N1, we obtain

| /T (MITPan, Vi N1, N2 TPk, f1) P, f2 0]

= 1K1~ Ko~ M| [ (@ NadPaow V) 5 P 1) Pr fa 0
T

S UKy ~ Ky ~ NHI@[ [Ny, NalPan, V) # Py fill i1 Py ol oo
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S UKy ~ Ky ~ NiHIEL ING NadPen, Vit fill L fall s
S UKy ~ Ky ~ NYIE [Ny, Nalllzse IV Iz
S UKy ~ Ky ~ Ni}Ni S (N1N2) (K1 K2)? .

This completes the estimate of the contribution from Py, V.

Case 2.b: N1 ~ Ny, contribution of Ps,n, V. The estimate for this case relies on
the cancellation between the convolution and multiplier term, i.e., the renormalization.
One important ingredient lies in the estimate || Ps.y, V| Ll SN, P , which yields an
important gain.

Using the translation operator 7, we rewrite the convolution term as

fT3(PZN. V)% (Pn, W] Pk, f1) Pn,W/ Pk, fodx
- /1;3 P> V(Y)[/T3 Pk, f1(x — y) Pk, f2(x) Py, W/ (x — y)PNQW,T(x)dx} dy
= /11‘3 PRNIV(Y)[/T3 (ty Pk, f1 Pk, f2) (%) (zy Pny W[ Pw, Wf)(x)dx] dy.
Using Lemma 2.15, we obtain that
/1r3 (M{1P> N, Vs N1, NalPx, f1) Pk, f2 dx
= [ (@0 N, V) P 1) 0P o
= /w Psm, V(Y)[/T3 (ty Pk 1 Pxs f2) )€] [N1, N21(y) dxi| dy.

By recalling Definition 2.14 and combining both identities, we obtain that

/T%(PRNIV)*(PletT PKlfl) PNZW[TPKszd-x
— f3 (MI‘T[PZMV; N],Nz]PKlfl)PKzfzdx
T

= /]1‘3 P>>N1V(Y)|:/.E3 (fyPKlfl PKsz)(x) :(TyPNl Wtr)PNzth:(x)dx} dy.

Using that : (ty Py, W) Py, W] :(x) is supported on frequencies < Nj, we obtain that

"[ﬂﬁ Ps ., V(y)|:fT3 (ryPKlfl PKzfg)(x) ((1y Py, WIT)PN2 WzT:(x) dx] dy‘

<P VOl sup
yeT3
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X < Z L1+6||PL((TyPK1fl)PKsz)”LI{,) sup [| I(‘l,'yPN1 WtT)PNZWtT: ||CX—1—8
L<N yeT3

- 1
SN (D L) Al sup I 2ey P WP W llgios
X ET3 X
L<N, y
L<max(K1,K2)

< (N1 N2) " max(K, K2)? sup | Ty PN, W) Py, W/ lo-1-5-
ye']l‘3

This completes the estimate of the contribution from Py, V and hence the proof of
the proposition. O

3.4 Proof of Proposition 3.1 and Corollary 3.4

In this subsection, we reap the benefits of our previous work and prove the main results
of this section.

Proof In this proof, we treat Q7 = Q71 (W, ¢, 1) like an implicit constant and omit the
dependence on W, ¢, and A. In particular, its precise definition may change throughout
the proof.

From the quartic binomial formula (Lemma 2.11), it follows that

1
OO + 1)+ VWi + 15 (0): 45 ul
= x/ (Vs (WENDYWE): 1 [u]dx + %/ (Vs (I [u])®) (1L [u])? dx
T3 T3
1
+ E”I/l”iz
+ % / (Vo (WID)D(WE)2: dox + ™ + o(W + 1(w))
T3
A T2 T 2
42 f (Ve :(WL)2) (I [u])? dx
2 T3
vy /TS[(V « (W IT [ul) WL 1L [u] — (M{I;[u])lgo[u]]dx

+ f(v s (IL[u)) 1L [u]W] dx.
sl

We have grouped the terms according to their importance and their degree in 1/ [u].
The first line consists of the main terms, whereas the second and third line consist
of less important terms of increasing degree in 17 [u]. We will split them further in
(3.23)—(3.26) below and introduce notation for the individual terms.

Since: (V*(WOTO)Z) WX : hasregularity min(— %—1—,3, — %) —and I 7 [u] hasregularity
1, the term

x/ (Vs (WDHYWL 2 17 [u] dx
T3
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is potentially unbounded as 7 — 0. As in [5], we absorb it into the quadratic term
% lu ||i2. To this end, we want to remove the integral in 7/ [#] and obtain an expression
in the drift . From Itd’s formula, it holds that

x/ (Vs (WDHYWL 2 1T [u) dx
T3
T
=x/ / (Vs (WHHW: I u, dxde
0 T3
T
+/\/ / LTl dC(V s (WHHWT).
0 T3

The second term is a martingale (in the upper limit of integration) and therefore has
expectation equal to zero. Together with the self-adjointness of J;, it follows that

1
. 2 . 2
Ep[xfw (V% (WHWL: 1T [u] dx + E||u||L2]
T
1
= E]PI:)\.‘/O /’];‘3 JtT< (V * (WZT)z)WIT: )I/t[ dxdr + 5”””%2]

2 A2 2
2 LZ]’

;i)

= Bp[ 5 |71

where 17 [u] is as in (3.5). To simplify the notation, we write

we 1T ) =y + AJ,T< (V& (WHHWT: ) (3.20)

With W™ as in (2.46), it follows that
I'w] = I u] + AW, P, (3.21)
By inserting this back into the quartic binomial formula, we obtain that
1
Ep[p(W + 1@))+ V(W + I [uh): 45 lull, ]
=Ep[& + "] + Ep[€1 + & + &3] (3.22)
A 1
B[ § [ v atupd ki e+ Shuid; |
4 ']1‘3 2 1,x
where the “error” terms £;, with j = 0, 1, 2, 3, are given by

g difi (V*(WT )2)(WT)2. dx_)\'_2 ]T((V*(WT)Z)WT)‘Z
T4 oo S Teel 2 It SRR V7

A3
+ /T3(v* (W) (WL dx
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+43 / (Vo LWL WEWES - (ME WIS W) dy, (323)
T

& E oW + Iu)) — 22 / (Vi :(WE)2)WEBIT [w] dx
T3
— 232 / <(V s (WLWIB) W — Mgowgg”)lgo[w] dx, (3.24)
T3
&% f3 ((v s (W I [wl)) W I [w] — (Mgolgo[w])lgo[w]) dx
T
A T \2 T 2
+—/ (Vi ((WL)2) (L [w])? dx, (3.25)
2 T3

def
&= /w (Vs (I [w] — AWEEH2) (1L [w] — AW W dx

+2 / ((V o UL lw] = AWEEDD UL [w] = AW
4 T3
= (V5 (LD UL [w])?) dr. (3.26)

Since &y does not depend on w, we can define

" _Bp[&]. (3.27)

The behavior of ¢™* as T — oo is irrelevant for the rest of the proof. However,
it determines whether the Gibbs measure is singular or absolutely continuous with
respect to the Gaussian free field (see Sect. 5). From the estimates (B.3) and (B.4), it
is easy to see that

1 /A r 1 2 A T 1 2
—0r+ 5(ZV(IOQ[M]) + zllwllLix> < ZV(IOO[UJ]) + E”wHL,Z.X
A
< or +2(ZVuLu)

1 2
+3huz,)
Thus, it suffices to bound the terms in &1, &, and &3 pointwise by

1/x T ! 2
Or + 5 (GVULIwD + 5112, ).

We treat the individual summands separately.
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Contribution of &£): For the first summand in &, the linear growth of ¢, Sobolev
embedding, a minor modification of (2.47), and Lemma B.4 imply that

lo(W + IuD)| < IIWII e+ MU (Vs (WD W) oo

———k
Cx

+ Hl[wmcfc;%% (3.28)
1
S Or + M wlle,my S 507 +8llwllz, -
For the second summand in £;, we have from Lemma 2.20 that
A‘ / (Vs (W) OWEPT L [wldx | < AV (WP WIS ot 12 Tw]l g
T3 X X
1
5 Or + 8||w||
For the third summand in &£;, we have from Lemmas 2.20 and B.4 that
)ﬂf (V5 WEWEE) WL, = ME WL )1 [w] dx
el
SRV s+ WEWEED WL = MEWES ol Tw] gy

! 2
S 5Qr + 81wl -

Contribution of &,: For the first summand in &, the random matrix estimate (Propo-
sition 3.7) implies for every 0 < y < min(g, %) that

x‘f (V s (WEIZ [wh)) WL 1T [w] — (M1 [w])IoTo[w]> dx‘

< orliL [w]n% )

< EQT (MLl + NG Lwll,)
1
S 507 + (VUL + MG [wlg,).

The second summand in & can easily be controlled using Lemma 2.16.
Contribution of £3: We estimate the first summand in &£ by

A‘/3(v*(lgo[w]—)\wggﬂ)z)(lgo[ ] — AWLEY W dx‘

S AW, |I

5 (V )2+5<(V x (13, [w] — AWLPH) (1 [w] — )‘W&B])) HLI'

In the second factor, we bound the contribution of (V * IZ[w]*)IZ [w] using
Lemma 3.6. In contrast, the terms containing at least one factor of W,‘Tm can be
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controlled using Lemma 2.20, (B.3) and (B.4). This leads to

[ ((V 5 L) 2 WEE) L ) — 2WE) | |

WLy
s AQT(l VUL I Il Nl + MLl )

< 07 +3(WaLlwD + wi?; ).

The second summand in £3 can be controlled using the same (or simpler) arguments.
O

Based on the proof of Proposition 3.1, we can also determine the behavior as
T — oo of the renormalization constants ¢”**. In particular, we obtain a short proof
of Corollary 3.4.

Proof of Corollary 3.4 We let 8 > 1/2 and choose any 1/2 < y < min(, 1). Using
the definition of ¢”* in (3.27), it remains to control the expectation of &y, which is
defined in (3.23). We treat the four terms in & separately.
The first term has zero expectation by Proposition 2.9. For the second term, we
obtain from Corollary 2.18 that
2
L212 ]

E]}»[ J!
OOO.T(n)Z 1

< t

ST s L g S

ne

For the third term, we obtain from Lemmas 2.16 and 2.20 that

(:(V % (WHHW )‘

Ep[/ (V :(W;)Q:)(ng”)zdx]
3

S B IV 2 (WL IWEEIZ, | S 1.

For the fourth term, we obtain from Lemma 2.20 and the random matrix estimate
(Proposition 3.7) that

e [ (v VLWE WL - MW WEY) ar

S Eef OpL(r. DIWLI2, ] 1

This completes the argument. O

4 The reference and drift measures

In this section, we prove Theorem 1.4, which contains information regarding the
reference measures. In this paper, we will use the reference measure v, to prove the
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singularity of the Gibbs measure (Theorem 1.5). In the second part of this series, the
reference measures will play an essential role in the probabilistic local well-posedness
theory.

As in previous sections, we replace the truncation parameter N by 7. Due to its
central importance, let us provide an informal description of the terms in the repre-
sentation of vy. The first summand follows the distribution of the Gaussian free field,
which has independent Fourier coefficients and regularity —1/2—. The second sum-
mand is a cubic Gaussian chaos with regularity min(1/2 + B, 1)—. Finally, the third
summand is a Gaussian chaos of order n with regularity 5/2—.

The statement of Theorem 1.4 is concerned with measures on C, 172« (T3). At
this point, it should not be surprising to the reader that the proof mostly uses the
lifted measures fi7 and fio.. We will construct a reference measure QY. for jiz, and
the reference measure vy will be given by the pushforward of Q7 under Woo. Since
the main tool in the construction of ‘} is Girsanov’s theorem, we call QL} the drift
measure. This section is a modification of the arguments in Barashkov and Gubinelli’s
paper [6]. Since {7 [u] in Proposition 3.1 is simpler than in the <I>‘3‘-model, however,
we obtain slightly stronger results. For instance, we prove L7-bounds for the density
Dr in (4.23), whereas the analogous density in [6] only satisfies “local” L?-bounds.

4.1 Construction of the drift measure

We define the forcing term

g’ (wh), & —AJ,T< (Vs (WHHW: ) FITV)TI (V) TEW), (4.

where n is a large odd integer depending on f. The first summand in (4.1) is the
main term. The second summand in (4.1) yields necessary coercivity in the proof of
Lemma 4.3 and Proposition 4.7, but can be safely ignored for most of the argument.
We define the drift u” through the integral equation

ui =" (W' =I"[u"]),
S (;(V « (WT = IT[u" ) (W] — If[uT]):) 42)

1

FII(V)2 :((V)—f(Wf - ItT[uT]))n:.

We also define the drift «, which does not contain any regularization in the interaction,
by

ue = =1 (V5 (W = L)W, = L [uD): )
1 n

1 I (V)2 :((V)_%(Wt - 1,[u])) . (4.3)

Using the binomial formulas (Lemmas 2.11 and 2.23), we see that the integral equation
has smooth coefficients on every compact subset of [0, co) x T>. As a result, it can be
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solved locally in time using standard ODE-theory. Due to the polynomial nonlinearity,
however, we will need to rule out finite-time blowup. To this end, we introduce the
blow-up time Texp[uT] € (0, oo], which we will later show to be infinite almost surely
with respect to both [P and Q7. The reason is that the highest-degree term in (4.2),
which is given by —J(V)~12((V)~1/2IT[u"])", is defocusing. We also introduce
the stopping time

t
S inf {t € [0, 00) : / lul |12, ds = N}. (4.4)
0 X

From the integral equation, it is clear that u] (-) is supported in frequency space on the
finite set {n € Z3: ||n|| < (1)}. As aresult, the L%L%—norm can be used as a blow-up
criterion and the solution u] exists for all times 1 < 77y, i.e., Texp[ur] > 17 . We
then define the truncated solution by

r.N def

u, " = 1{t < TT,N}utT- 4.5)

From the definition of 77 y, it follows that
* 2
/ndwmmsw
O X

Thus, u™" satisfies Novikov’s condition and we can define the shifted probability
measure Q7 , by

dQ7 » 00 1 [ )
= :exp(fo /T3 u'VdB, — Efo N2, ds). (4.6)

Here, the L2-pairing in the integral [;° [rs ul*VdB, is implicit, i.e.,

00 [ee] o0 _—
/ /zug-Nstzf (ul", dBy) 273) = > / ul™(ny)dB™.
0 T 0 nl,n2€Z3: 0

n1+ny=0

We emphasize that the stochastic integral fooo fT3 u!"Nd B, only depends on the Brow-
nian process B through the Gaussian process W. This is important in order to view
7N @S ameasure on C?Cx_ Y 2_K([O, oo] x T3) without changing the expression for
the density. To make this direct dependence on W clear, we note that u” and hence
77,y are functions of W', and hence W, directly from their definition. By using the
definition of u”, the self-adjointness of J/, and dW, = J] dB,, we obtain that

oo
/ / ulMdBy
o Jm

= /0 /T% (— A(Vx W — I,T[uT])z)(W,T —I[u"]:
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V)T (V) TEOW = T[T D) )dWST.

The expression on the right-hand side clearly is a function of W7 and hence W. With
a slight abuse of notation, we will keep writing the integral with respect to d By, since
it is more compact.

By Girsanov’s theorem, the process

T.N def d
B g / Wl ds @.7)
0

is a cylindrical Brownian motion under Q% ,. In particular, the law of B,“T"N under
Q% y coincides with the law of B; under IP. As a consequence, the process

T.N def

t
wet =W, —/ JoulNds = Wy — I[u"™"] (4.8)
0

satisfies
Lawgy (W) ") = Lawp(W). 4.9)

To avoid confusion, let us remark on a technical detail. In the definition (4.8), the drift
ul "N is supported on frequencies |n| < (T'). The right-hand side of (4.8), however, does
not contain a further frequency projection. In particular, W and hence w"" contain
arbitrarily high frequencies. This is related to the definition of the truncated Gibbs
measure p 7, where the density only depends on frequencies < (T'), but whose samples
contain arbitrarily high frequencies. Put differently, we regularize the interaction but
not the samples themselves. To make notational matters even worse, while wu't
contains all frequencies, we will often work with pr (V) W”T'N, which only contains
frequencies < (7). Similar as in Sect. 2.1, we define the truncated process W,T'”T'N by

TuT-N def

wit E prvyw (4.10)
Due to the integral equation (4.2), we have that

ui N =1t < rT,N}[ -~ )\Jf( (Vo (W HH W )

HIT V)R (V)W ] 4.11)

We intend to use Q% , (and the limit as N — o0) as a reference measure for fi7.
Due to (4.9), the law of WtT’”T'N under Q% , does not depend on N. In our estimates

of u”*¥ through the integral equation, it is therefore natural to view W,/ " as given.
Under this perspective, the right-hand side of (4.11) no longer depends on u” and
yields an explicit expression for u”. For comparison, the corresponding equation in
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the <I>‘3‘-model (cf. [6, (14)]) is a linear integral equation. We now start to estimate the
drift u”.

Lemma4.1 Foralll <M < N, all S >0, and all 0 < y < min(1, B), it holds that

TMAS
EQL;.N[/O 13 ds | < max(s'=7, 1. (4.12)

In particular, it holds that

Sl—2y’ 1
Qr y(trw <98) < % (4.13)

Proof We recall from the definition of the drift measure that
Lawgs W*"y = Lawp(W)  and Lawgu (W) = Lawp(W")

As a result, we obtain that

Ty AS 2
Egy,, | /O 132 ds

S 1 1 2
< Ep[/o H,\JJ( Vo (WOAW ) + 209797 wd)": | ds]
< /\ZEP[/OS H/\Jj( (V% (WDH2)WT: )‘ iz ds]
S 1 1 2
+1E[/O ’ (V)1 (V)W) ‘LZ ds].

For the first summand, we obtain from the definition of J; and Lemma 2.16 that

S 2
Eﬂ»[/ [0 v owiAw, :)‘L2 ds ]
-2 . 2y T - |2
/ (t) th fng[” (VaEWHHW ]

< max(S'727, 1).

For the second summand, we obtain from Lemma 2.23 that

o) 4]

S
s(fo <t>*4+2€dr)§ggE[||:<< REAUALH A0 ES Y

JIV) (V)W)

This yields the desired estimate. O
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Lemmad4.2 Foralll <M < N, 1 < p < oo, andy < min(1/2, B), it holds that

1
su (]E AT )” <, 1.
T,tEO QT,N[” t ”CX%H(’]IG)] 14

Furthermore, we have that for any 0 < a < 1 and 0 < n < 1/2 that

==

, p
sup (E@;_N[III [uTM]IICg,nCQ([O,OO]XTg)]) Sp L (4.14)

where the C?’"C)?-norm is asin (1.18).

The proof of Lemma 4.2 is easier than its counterpart [6, (16)] in the <I>‘3‘—model,
which requires a Gronwall argument. The second estimate (4.14) is needed for techni-
cal reasons related to tightness, and we encourage the reader to skip its proof on first
reading.

Proof The argument is similar to the proof of Lemma 4.1. From the definition of u”-¥
and u”", we have that
N

ulM = 1{s < tpul. (4.15)

Thus, we obtain that

INTT M t
V™ ., < /0 1l e, ds < /O MMy 416

”cé”

Using the integral equation (4.2) again, we obtain that

t
||I,[uT'M]||C%+V S?»/O ] 2V s (W HH W 1, ds
: . g (4.17)
_1 _1 uTN
+/0 1T (V)2 (V)2 W )"¢||C%+yds.
Using that

LaWQL; N(W”T'N) = Lawp(W),

we obtain from Lemmas 2.20 and 2.23 that

1
(EQ%N[||1,[ur,M]||£%+y]) ;

X

! 1
< x/ (EpllJsJ] :(V « (WHHWI |7, )7 ds
0 ezt

X
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t
+ [ @@ e, )b
0

+v
c?

t t
S[} f (S)—1+y—min(1/2,/3)+6 dS +/ <s>—3+)/+5 dS
0 0

Sp L.

This completes the proof of the first estimate. The second estimate (4.14) follows from
a minor modification of the proof. To simplify the notation, we set

def uT'N uTN _1
A(s) S 1T J] (Vs (WD W e + (113 J] (V)72

(V) 7AW

For any K > 1, we have from a similar argument as in (4.17) that

e[ M) — L [u"M]] oo 1 !
sup - ~ S sup ——— [ A(s)ds
0<r'<t: 1At =1 0<r'<r: LAIE=11%Jy
t,i'~K t,t'~K

g/ A(s)ds + (/ As)Ta ds)l_“.
s~K s~K

Proceeding as in the first estimate, this implies that

(B [( s ("] — It/[uT-MJIILgO)P])% < k-4
QT‘N 051,2: 1A |t _ [/|°‘ ~ .
t.t'~K

The desired estimate of the C;x’”C)?—norm then follows by summing over dyadic scales
and using a telescoping series if the times are not comparable. O

In Lemmas 4.1 and 4.2, we controlled the process u” with respect to the measures
Q’;y - Unfortunately, the proof of Proposition 4.4 below also requires the absence of
finite-time blowup for u” with respect IP. This is the subject of the next lemma.

Lemma4.3 Forany T > 1, it holds that Texp[ur] = 00 P-almost surely.

The proof of the analogue for the @g‘-model (cf. [6, Lemma 5]) extends verbatim
to our situation and we omit the minor modifications. To ease the reader’s mind, let
us briefly explain why the same argument applies here. In most of this section, the
most important term in the integral equation (4.2) is the first summand. It has the
lowest regularity and is closely tied to the interactions in the Hamiltonian. The result
of Lemma 4.3, however, is essentially a soft statement. If we fix a time § > 1 and
only want to rule out Texp[u”] < S, the low regularity is inessential and only leads to a
loss in powers of S. The main term is then given by the (auxiliary) second summand,
which is defocusing and exactly the same as in the <I>‘3‘—model.

The next proposition eliminates the stopping time from our drift measures.
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Proposition 4.4 The family of measures (Q%,N)T,Nzo is tight on C,()Cx_l/z_x ([0, oo] x

T3). For any fixed T > 0, the sequence of measures (Q’}’ NIN=0 weakly converges to
a measure Q' as N — oo. For any S > 0, the limiting measure Q7. satisfies

dOH N 1 S
Qrlrs _ exp(/ / uldB — -/ lluf 112, ds). (4.18)
dP|xg 0o J3 2 Jo

Our argument differs from the proof of [6, Lemma 7], which is the analog for the
@g-model. The argument in [6] relies on Kolmogorov’s extension theorem, whereas
we rely on tightness and Prokhorov’s theorem. This is important in the proof of Corol-
lary 4.5 below, since the measures Q. are not (completely) consistent. We also believe
that this clarifies the mode of convergence. Before we begin with the proof, we state
the following corollary.

—1/2—
Corollary 4.5 The measures Q. weakly convergence to a measure Qi on coc, /2~

([0, 0] x T3) as T — oo. For any S > 0, it holds that

dQY | 7 /5 / 1 /S 5
—_— = dB, — — ds ), 4.19
dP| 7, exp< o Jn T2, sl S) 19

where uy is as in (4.3).

Proof of Proposition 4.4 We first prove that the family of measures (Q’f NIT.N>0

viewed as measures for W, are tight on C?C;l/sz([O, o0] X T3). From (4.8), we
have that

w=w"" + I1u""]. (4.20)

Since the law of W*"" under Q7 v agrees with the law of W under P, an application
of Kolmogorov’s continuity theorem (cf. [40, Theorem 4.3.2]) yields for any p > 1,
O<a< %,andO <1 < k/2 that

u™N . p _ 14
Eay [V Wg-rv0) = B[ IW 1 tv0a] S 1

Together with (4.20) and Lemma 4.2, this implies

P
]EQI%,NI:”W”C;%']CX—(I-H()/Z] Spl

Since the embedding C;""C; +o/2 o, cocy AT compact, this implies the tight-

ness of the family of measures (Qb}y NIT.N>0-

By Prokhorov’s theorem, a subsequence of (Q7. ) v weakly converges to a measure
Q%. Once we proved (4.18), this can be upgraded to weak convergence of the full
sequence, since (4.18) uniquely identifies the limit. With a slight abuse of notation,
we therefore ignore this distinction between a subsequence and the full sequence.
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Let S > O andlet f: c?c;‘”‘“qo, S] x T3) — R be continuous, bounded, and

nonnegative. We write f (W) for f(W/|o,s1). Using the weak convergence of Q% ,, to
7> we have that

Eqy[f(W)] = lim Egy [fW)]= lim (Eqy [Hzry = S}f(W)]

+Egy , [1ery < SIFOW)]).
Using Lemma 4.2, the second term is controlled by

max(S'=27, 1)

Egy ,[1{rrx < SIFW] = 1f I @y (Fr < ) S I1f oo

which converges to zero as N — oc. Together with the definition of Q7 , and the
martingale property of the Girsanov density, this implies

Egu[f(W)]
= I&?MEQL},NU{TT’N > S}f(W)]

TN 1 (77N
lim Ep[f(W)l{rT,N > S}exp</ u'dBy — -/ )12, ds>]
N—o00 0 ’ 2 Jo '

Jim_ Ep[f(W)l{rr,N > S)

S 1 S
X exp(/o uidBs — 5/0 ||u§||i2 ds)].

Using monotone convergence and Lemma 4.3, we obtain

S 1 N 5
Jim B (W)1{zr = S)exp fo uldB, — > /0 132 ds) |

S 1 S
_ ]Ep[f(W)l{Texp[uT] > ) exp(/o uldB — 5/0 lul 112, ds>]

- Ep[f(W) exp(/os u'dB, — %/OS Il |12 ds)].

]

Proof of Corollary 4.5 Due to Proposition 4.4, the family of measures (Q%) 7> is tight.
By Prokhorov’s theorem, it follows that a subsequence weakly converges to a measure
Q%,. Once (4.19) is proven, it uniquely identifies the limit Q% . With a slight abuse
of notation, we therefore assume as before that the whole sequence Q% converges
weakly to Q% .

Since W = W; and I = I, for all 0 < ¢ < T /4 (by our choice of p), it follows
from the integral equation (4.2) that u] = u, for all0 < s < T /4. Using (4.18), it
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follows for all S < T /4 that

d@u |]__ S 1 N
=1Fs _ oxp (/ / uyd By — -/ lus 12, ds). 421)
dP| 7, 0o Jm 2 Jo
The corresponding identity (4.19) for Q% then follows by taking 7' — 0. O

Corollary 4.6 Forany T > 1, S > 1, and any 0 < y < min(B, 1/2), the measure Q.
satisfies the two estimates

S
Egy [ / Jul 12 ds | < max(s' =2, 1,
0
1

sup (Eou [ 11117 )’7 < 1.
s (o (101 1) %
The corollary directly follows from Lemmas 4.1, 4.2, and Proposition 4.4.

4.2 Absolutely continuity with respect to the drift measure
We recall the definition of the measure ji7 from (2.10), which states that

diir
dp T ZTa

exp (— VTR WE): ) (4.22)
Using Proposition 4.4, we obtain that

def T dipr dP 1
T aQr T P agn  za P (= v v

- 4B -/ T dt). 423
/0 /T” s [ I 423)

Since dB; = dB;‘T + u/ dt, we also obtain that

Dr

Dy — exp(— VT WY _/O@/ u’ dB* —1/00 ||uT||22dt). (4.24)
ZT.A o0 0 e 13 1 2 0 1y

Proposition 4.7 (L9-bounds). If n € N in the definition of u” is odd and sufficiently
large, there exists a ¢ > 1 such that

sup Eqe [|DT|‘1] o 1. (4.25)
=0

Remark 4.8 We point out two important differences between Proposition 4.7 and the

corresponding result for the <I>§‘—model in [6, Lemma 9]. The first difference is a
consequence of working with [y instead of 77 as described in Sect. 2.1. Barashkov
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and Gubinelli define and bound the density D7 with respect to the same measure
Q% for all T > 1. In contrast, our density is defined with respect to Q. and we
make no statements about the behavior of Dy with respect to Q% for any S # T.
Since the increments of 7'+ pr (V) W, are not independent, such a statement would
be especially difficult if S and 7' are close. The second difference is a result of the
smoothing effect of the interaction potential V. While the Hartree-nonlinearity allows
us to prove the full L7-bound (4.25), the corresponding result in the <I>§—mode1 requires
the localizing factor exp(—|| Wo ”2—1/2—6)'

The rest of this subsection is dedicated to the proof of the L9-bounds (Proposi-
tion 4.7). Since we intend to apply the Boué-Dupuis formula to bound the density D7

in L9(Q%), we first study the effect of shifts in B on the integral equation (4.2). For
any w € H,,, we define

T,w dﬁf

S EWT +w),
= =2 (Vs (W + 1w W] + 1] [w)):
+ITV) TV E(W 4 1 [w]))

Using the cubic binomial formula (Lemma 2.11), we obtain that

ul = —aJT (Vs (WY WI Do, (4.26)

N

where the remainder r] is given by

i = =] (W 1 Tw))
= 2007 (Vo W T w )W = MUIT[w])
= 207 (Vo W 1 Q) 1] [w])
= (O 1 TwPWST) = 2T (Vs 1] TPy Tw))

1

IV (V)T (WE 4 1T [w])":

We also define h™" = w + u”". We further decompose

1

1 T
I = T TV ()T (W L [w])"

Before we begin the main argument, we prove the following auxiliary lemma.

Lemma 4.9 (Estimate of ?;T’w). Let €,5 > 0 be small absolute constants and let n >
n($8, B) be sufficiently large. Then, we have for all t > Othat
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(O PIF T2 Snspr CeQ(W >+e(||1 [w]n"+1 / lws 7 ds

4.27)

Remark 4.10 We emphasize that the implicit constant does not depend on €. In the
application of Lemma 4.9, we will choose € > 0 sufficiently small depending on
8,m, B, A

Proof In the following argument, the implicit constants are allowed to depend on
n, 8, B, and A but not on €. We estimate the five terms in 7, separately and do not
require any new ingredients. We only rely on Lemma 2.16, Proposition 3.7, Holder’s
inequality, and Bernstein’s inequality.

For the first term, we have from the definition of JZT and Lemma 2.16 that

, 2
s (weov 2|

S H ((V* (W2 3.)Itr[w]) H;"“

S0 2 Vs |l
SO | CHU AR Hc—1+za”’ LIy W L0

S OB W) + ()7 e ()1 [w]u”*}%_m + 1 Tl ).
W X

For the second term, we have from duality and Proposition 3.7 for all 0 < y <
min(B, 1) that
MT .MT 2
(Ve W g W — Mz ) [
—1- ul ul 2
< (07 2T (O W W = MU 1) [0
SO QWO w1,

SO C QW) + <z>‘1‘”€(luf[w]n”*f% T lllt’[wllliﬂ)-
W B X

x

For the third term, we estimate

1/ (v W Lol 1 Twl ) 12,
SOV WL TwD gy 1] Twll
S OIS I ] Twlil 4

31428y Tl (j2 4
SR Iw | _%_5||11T[w]||L4
C X
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2428 e 2425 448
S Cet)y ™2 Wl 75%75 + ety 1f [w]|| ;"
Cy

< Celn) P QW) + e<t>*2+28(||If[w]||"+}%_n+l + I Tl )-
W ’ X

X

In the last line, we use [6, Lemma 20].

The fourth term can be estimated exactly like the third term. To estimate the fifth
term, we only rely on Holder’s inequality, Bernstein’s inequality, and the Fourier
support condition of /] [w]. We have that

1/ (Vs P )13, S 070 5 1 Tw Tl S 071 [l

—343 6
ST T s
LA+

349 _ _
SO T ) Tl S o7 L Tl 1 Tl
X Wx ’ X

N\

5 C€< > —3426 +€< > 3+25(”IIT[w]”n+_l% " + ||ItT[w]||i|)
W B X

X

In the second last inequality, we used that ||I,T[w]||H)g < (t)% ||ItT[w]||H_1/z. This

completes the estimate of all five terms in 7, and hence the proof. O
Equipped with Lemma 4.9, we can now prove the L?-bound for D7.

Proof of Proposition 4.7 The proof splits into two steps.

Step 1: Formulation as a variational problem. In order to prove the desired estimate
(4.25), it suffices to obtain a lower bound on —log Equ [D ]. Using the Boué-Dupuis
formula, we obtain

—logEqu [D7] — g log(Z")

o0
= —log]E@t%[exp < — q( :VT.A(W;,)MT 17 u)): _/' /3 u! dB,“T
0 T

1 o
5 [ an))|

— inf IE|: ( VW 4 1T fw] 4 1 [u""]): +f / ulrdBe

weH,

/ / Yw, dx dt
T3

2 1 * 2
+5 i TR, e +3 ), Mwiladr |
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. ) T . . . . . .
Since T +— fOT ng utT‘“dBt” is a martingale, its expectation vanishes. We now insert
the change of variables u”™" = h™* — w into the formula above, and obtain that

—log Equ[D}] — g log(Z"*)

e
= inf EQI;[q(:VT-*(W;;” +I§o[hT*‘”]):+§f0 1172 de

2
WELr,xa

—5/0 ||wt||L2dr)+5/0 ||w,||L2dt]

. L
= inf EQuT[q(:V“(W;" +1§O[hf-“]):+§fo 1013 de)

weH,
g—1 %
-5 ||w,||izdr].

Since we want to obtain a lower bound, the most dangerous term in the expression
above is —% 000 |w; ||i2 dt¢. Using our previous information about the variational

problem (Propositions 3.1 and 3.3) and the nonnegativity of V(I [h""]), we obtain
that

—logEq:[D}] > —C + inf Eqe

weH,

a2, ar— S0 7 w2, e 428
< g | e T | @)

Recalling the definition of l,T (k") from Proposition 3.1 and (4.26), we obtain that

ltT (hT,w) — h:,w + )\,JtT (V * (WIT,MT)Z)WtT.uT:
=@l +w) 4+ I (Vs (WHHHwE

=" 4 wy).
Together with our previous estimate, this leads to
q .
—log EQL% (D] > —-C + wlgllgla EQI%
1 * T.w2 q— 1 * 2
X|:Z/0 lwe +r; "Ml dr — T/o lwell7>dr |

By choosing ¢ sufficiently close to one, it only remains to establish

[e¢) oo

E / lwell72dr S 1T+E f lwy + 117 d. (4.29)
0 0

This bound is proven via a Gronwall-type argument.
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Step 2: Gronwall-type argument. This step crucially relies on the smoother term in
the definition of the drift (4.2). We essentially follow the proof of [6, Lemma 11]. As
in [6], we introduce the auxiliary process

Aux (W w) = (’7><v>—515( (V)WY (V)T w)" ).
=0

(4.30)
With this notation, it holds that 7™ = 7" + Aux(W™*", w). We then expand

w? — z(w_; + rg",w)z 4’w3 Tow 2(’,;",111)2 _ wAz (4 31)
= 2wy + 1) — 4w T —2(r) — w? — 4 Aux, (W, w).

Using It6’s integration by parts formula, we have for all s < ¢ that

t
4/ / Auxs(WT’“T,w)wS dx ds
0 J13
. ! 1 T.{ 1 . 1
:42(?)/ / ((V)T2WE) N (V) T2 TwD)" T (V) T2 0 wy) dx ds
i=0 0 T3
Z / / ,l WT.uT)i, i((v>*%1T[w])n+lfi dx ds
n+1—i T3 N " ds §
. -1 T.u"N\i . _1 T n+l—i
Xo: +1—z< )/Ta'(m WY (V)T Twly ™ dx
=0

13
~5 T n+l—ig( . Lot
+1—l<i>/0 /T3(<V> I [w]) d(:(w)" 2w,

Due to the martingale property, the second summand has zero expectation. After
setting

n

Ao T.ul dﬁf l n . _1 Tul~\i
Aux, (W' w) Z—nH_l()/TS.(M 2w/
L (V)L Tw])" T dx, (4.32)
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we obtain from (4.31) that

t
IE[/ w12, ds + 4Aux, (W, w)]
0

=E[ / (2l + 713 — A7) = w32 = 2070 12,) ds | 4.33)

<E /||ws+r”|| ds+4f 1712, ds |

We perform the Gronwall-type argument based on the quantity @ (¢), which is defined
by

t
def
o) &E / hwslZ ds + 17wl 434)
W,

§.n+l
X

By [6, Lemma 12] and (4.33), we have that

t
o) <1 +E[/ Jlws 125 ds + Aux, (W™, w)}
0

t t
§1+E[/ ||r§»w+ws||izds+/ ||?;“’||izds].
0 0

From Lemma 4.9, we obtain for €, § > 0 that

t t
(1) Ss 1+EU ||r§-“'+ws||izds+ce/ <S>_1_8QS(W,A)dS}
0 0
t
+e/ (s)" 10D (s)ds
0

t
<s CG+E[/ Irf + w2 ds} +e sup P(s).
0

0<s<t
By choosing € > 0 sufficiently small depending on §, this implies the desired estimate.
O

4.3 The reference measure

Using our construction of the drift measures Q%., we now provide a short proof of
Theorem 1.4. As in the rest of this section, we use the truncation parameter 7.

Proof of Theorem 1.4 For any 1 < T < oo, we define the reference measure vy as

def
VT = (Woo)#Ql.
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By using the L?-bound (Proposition 4.7), we have that for all Borel sets A C
P (T) that

pr(A) = fir(Wao € A) = Equ [1{Weo € A} D7 ]
(Eay [D4])" Q4 (Wo € )"

1-1
Svr(A) 9.

IA

This proves the first part of Theorem 1.4. Regarding the representation of v, which
forms the second part of Theorem 1.4, we have that

vr = LaWQL; (W)
= Lawqu (W5, + Ino[u®])

= Lawgy (Wgo —apr (V) /00013 LV % (W)W ds
+ p7(9) /0 )2 ()W) )

= Lawp (Woo — Apr(V) /OOO J2 (V& (WHHW: ds
+pr(V)/Ooo<v>%J§ (V)W) ds).

This completes the proof. O

5 Singularity

In this section, we prove Theorem 1.5. The majority of this section deals with the
singularity for 0 < B8 < 1/2. The absolute continuity for 8 > 1/2 will be deduced
from Corollary 3.4 and requires no new ingredients. Theorem 1.5 is important for the
motivation of this series of papers, since we provide the first proof of invariance for a
Gibbs measure which is singular with respect to the corresponding Gaussian free field.
The methods of this section, however, will not be used in the rest of this two-paper
series.

We prove the singularity of the Gibbs measure w1, and the Gaussian free field g
through the explicit event in Proposition 5.1.
Proposition 5.1 (Singularity). Let 0 < 8 < % and let § > 0 be sufficiently small.
Then, there exists a (deterministic) sequence (Sy),_, S R converging to infinity
such that

1
Hm 125 /T Vx5, (D)) (ps, (V)9 dx =0 geas. (5.1)
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and

1
Jm a5 fT (Vo (05, (V)9)*) (05, (V)9)*: dx = =00 prog-as. (5.2)

_1_
Here, q is the Gaussian free field, |1~ is the Gibbs measure, and ¢ € C, > K(']T3)
denotes the random element.

Remark 5.2 1In the statement of the proposition, the reader may wish to replace ¢ by
Wso, g by P, and i by lao. We choose the notation ¢ to emphasize that this is a
property of g and oo only and does not rely on the stochastic control perspective. Of
course, the stochastic control perspective is heavily used in the proof.

To simplify the notation, we define

WLV WHHWS:  and WL WHHWH: . (5.3)

We note that the dependence on the interaction potential V' is not reflected in this
notation. We first study the behavior of the integral of W5! with respect to P. This is
the easier part of the proof and the statement (5.1) follows from the following lemma.

Lemma 5.3 (Quartic power under the Gaussian free field). Let 0 < B8 < 1/2. Then,
we have that

1 2
sup]EP[( : / Wi dx) ]51. (5.4)
5>1 S28 Jr3

Proof From Proposition 2.9, we obtain that

/T3 WS dx = ) ( > Vinzq) +nn<2))>

ny,na,n3,na€Z3;  TES4
n1234=0

R LY A S s s s
X f / / / dWg, " dWg " dw,,"2dwg "
0 0 0 0

Since the iterated stochastic integrals are uncorrelated, we obtain that

Ep[(/w Wijdx)z}
A 2 oS(nj)?
S > ( > Vnaq) +nn(2>)) I pi;’:;g

ni,na,n3,na€Z3;  TES4 =1
n1234=0

4 s 32
<Y 2%
o ()

ni ,nz,n3,114eZ3:
n1234=0
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i)
SO ) ) P 2

ny,ny,n3eZ3 Jj=1

It now only remains to estimate the sum. Provided that 8 < 1/2, we first sum in 73,
then ny, and finally n; to obtain

3 s 2
_ _ ps (1) ps(nj)?
D (m23) P na) zﬂl—[—(nj;Z < Y ) 2/31_[ n; )jz

nl,nz,n3EZ3 j:] ni, n2€Z3

We now begin our study of the integral fT3 W5 dx under Q% . Naturally, we would
like to replace (most) occurrences of W5 by W5#, since the law of W5* under QY is
explicit. This is the objective of our first (algebraic) lemma.

Lemma 5.4 Forany S > 1, it holds that

oo
Wi dx = —41 / / (JSWE3y L J W3 dx ds (5.5)
T3 0 T3
+4 / / (JSWS“)dBY — 42y f / ASI[u] - JysW"3 dx ds
0o Jr3 oido Jm
(5.6)
3 50 .
+4Z/ / ASI[u]dB"
oo Jm
= 53 -1 _L n
+4 WS (JS(V) 2 (V)T W) :)dxds, (5.7)
0 T3
where

AT I3V WIS ) ) + 203 (V o WISy - W = MSE[u),

(5.8)
AS2[u] = Jf((v * (Ig[u])z)ws“) + 2JSS((V * (va“lg[u]))lj[u]), (5.9)
AS[u] = Jf((V % Ig[u]z)lj[u]). (5.10)

Proof Using (2.27) from Proposition 2.9 together with the integral equation for u, i.e.
(4.3), we obtain that

(0,¢]
5.4 _ S.3 S
/wwoodx_4/0 /TSWS dw;
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o0 [o,0] ) )
4 / / WIS (JSus) dx ds + 4 / f WSdw s
o JT3 ) o Jr3 '

oo o
—41 / / (JSWE3) (J;WE3) dx ds + 4 f f (JSWE3)d B!
0 T 0 T3

+4/OO/‘3(JSSW§'3)(JY(V)_% L((V)"2WIY: d ds (5.11)
0 T-

From the cubic binomial formula (2.31) and the definition of A}, it follows that

3
S = W 3 AV,
j=1
Inserting this into (5.11) leads to the desired identity. O

We begin by studying the right-hand side of (5.5), which is the main term. Our first
lemma controls the expectation, which will be upgraded to a pointwise estimate later.

Lemma5.5 If0 < B < 1/2and S > 1 is sufficiently large, then

oo
]EQ‘;O[/ / (JWE) - JW dx ds] > s, (5.12)
0 T

Proof Since the law of W* under Q% coincides with the law of W under P, it holds
that

0 00
E@go[ f / (JSSW§’”‘3)-JSW?‘3dde]=Ep[ / / (JSSWSS’3)~JSW§dxds].
0 T 0 T3
(5.13)

The rest of the proof consists of a tedious but direct calculation. Using the real-
valuedness of W and the stochastic integral representation (2.25), we have that

/T%(wagﬁ) - JsW3 dx

= /W(JSSW?) - JyW3 dx

S
=2 % > [( 2. Vinrq) +"n(2>))( > Vineq +mf<2>))
neZz3 ny,na,n3€Z3, TES3 T€SZ

ml,mz,m3€Z3
ni23=ni23=n

$ 51 52 S.n S.n S.n § 51 52 T,s T,s T,s
x (/ / / AW AW 2 AW 1)(/ / / dWm’33dWm’22dWm'1‘>}.
0 JO 0 0 JO 0
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Taking expectations, we only obtain a non-trivial contribution for (ny, nz,n3) =
(my, my, m3), and it follows that

Ep[/Ts(JgWﬁ-% ALE dx]

sS( ) S( ) 1% ’ 3 l
- ¥ [M(Zmﬂw*””@))(HW

2
(n123) foerd il

ny,ny,n3eZ3

s S1 52 3
x/o /0 /0 (jlj[l(ﬁj(n])dj(n])» s3dsy Sl]
1

_ Z |:¢f(n123)0s(n123)

6 2
6"1,nz,n3ez3 (n123)
2 3 3 s
~ | S
X ( Z V(nz) +nn(2))> (l—[ 2 <l_[/ as_/(nj)gsj(nj)dsj)}
TES3 =1 (nj) e 0

By recalling that o = ps - o5, integrating in s, using Lemma B.1, and symmetry
considerations, we obtain that

o0
EP[/ / (JSWS3) . Iy W3 dxds]
0 T3

! ps(n123) ~ 2,3 psin)
"6 Vnz() +nz2)
6n1,nz,2:nsez3 (n123)% (ngij ! ' ) <jli[l <nj>2)

~ 3
x/o o2 (T ps(n)?) ds
j=1
3 3
ps(nizz) 1 ps(nj)\ [ ) )
XD (1:[1 (nj)/z )/o 05 (n123) (jl:[lps(n,/) )ds

I —— (n123)% (n12)%#

3 3
e (B ([

2
(n123)° (n12) =l j=1

nl,nz,n3€Z3

where ¢, C > 0 are small and large constants depending only on V. The only difference
between the two terms lies in the power of (n12). The minor term can easily be estimated
from aboveby
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3 3
ps(ni23) 1 pS(”lj) /*oo , .
S S j d
nl,nzznze% (n123)? (n12)1+2ﬁ<1:[1 (nj)2) o (n123) <,l:[1p (nJ)) s
1
<
- n n§623 (n123)2(n12) 128 (n1)%(n2)? (n3)?
<1

Using Lemma B.5, the main term can be estimated from below by

ps(nioz) 1 2 ps(nj) /'Oo 2 T 2
N 'S / d
nl,nLZMGZ‘? (n123>2 <n12>2ﬁ<j1:[1 (”j)z) 0 o5(n123) (jl:[lp (Vlj)> s
1
>
Sy , (n123)2(n12)?P (1) (n2)? (n3)?
ni,ny,n3e’’:

I —Se|<5/20
> ST82P#((n1, na,n3) € (%) Inj — Sej| < §/20 for j = 1,2, 3}
> gl-28.

This completes the proof of the lemma. O

Before we can upgrade Lemma 5.5, we need the following estimate of the A%/,

Lemma5.6 Let0 < B < 1/2, let § > O sufficiently small, and let k > 1 be sufficiently
large depending on B. For any v: Rog x T° — R and any j = 1,2, 3, it then holds
that

1A/ ll7, < <s>*1*2ﬂ+2°3(Qs(W“) IS, + ||1§[v1||i,]). (5.14)
X CX X

Remark 5.7 Asis clear from the proof, this estimate can be slightly refined. Ignoring §-
losses, the worst power (s)~!=2# only occurs with || 75[v] ”i]l‘ﬁ instead of || 75[v] ||%11.

X

However, (5.14) is sufficient for our purposes.

Proof We treat the estimates for j = 1, 2, 3 separately. We first estimate A5, which
consists of two terms. For the first summand, we havethat
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2
(s n)|

A

2
O [ (VSRS O] (.
SO B Q15 Sl AR ) A1) [

—1— 2—
ST RNV (W 1 s T T

Provided that k > B!, the desired statement follows from Young’s inequality. The
estimate for the second summand is similar, except that in the second inequality above
we use the random matrix estimate (Proposition 3.7) instead of Holder’s inequality.

Next, we estimate A%?. Let n > 0 remain to be chosen. Using (B.6) from
Lemma B.3, we can control the first term in A$* by

7 (v ap2ywe) |

%
< 72 @B (s
< <s>*2+45||W§'“||C A [v]n Ly T,

—2+128 )2 2
S s TR WA 7%75”15[1)]” 7;75||ISS[U]||H1
C, i
—2+125+8 , 24+
< (s) 721y s 2 1 LI [v]II 1 III [v] ||
Cy

X X
4(24n)

+ ||1§[v]||c_"%_5 + ||I§[v]||i,;).

8

—2+12648 m
SR (e
c?

After choosingn = 10k, the desired estimate follows provided thatk > (1/2—p)"".
The only difference in the estimate of the second term in A is that we use (B.5) instead
of (B.6).

We now turn to the estimate of A$’. Arguing exactly as in our estimate for A2,
we obtain that

|

Using Young’s inequality, this contribution is acceptable. O

—2+12548 4+n 2-n
(s)7FFIRT0 ]| LIl

(v wpnm)|, <
L

X

We are now ready to upgrade our bound on the expectation from Lemma 5.5 into
a pointwise statement. The main tool will be the Boué-Dupuis formula.

Lemma 5.8 For any § > 0, there exists a sequence (Sp),._, converging to infinity
such that

lim —/ / Js’” Wt 3) (JSW” 3) dxds =00 QY-a.s.(5.15)
3

o gI=2p=5
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Proof Let k > 1 remain to be chosen. We define the auxiliary function

1 *° 3 3 k
GSZW/O /Ts (W) (aw) deds + sup WY

0<s<oo CX ('[[‘3)
(5.16)
We will now show that
I Eu[ S]zo, 5.17
Pt (5.17)

which implies the desired result. We could switch from (W*, Q%)) to (W, IP), which
we have done several times above. Since the A5 in (5.8)—(5.10) are defined in terms
of W*, however, we decided not to change the measure.

We define Aj similar as in (5.8)—(5.10), but with J& replaced by J;, IS replaced by
Iy, and W replaced by W¥. Since all our estimates for A5/ were uniformin S > 1,
they also hold for A/. Using the Boué-Dupuis formula (Theorem 2.1) and the cubic
binomial formula, we have that

—log EQI&) [8765:|

= inf Equ [51*15*5 /0 /1I3 (J;( (Vo (WP + lss[v])z)(WSS»u + [v]): )

vel,

-8

xJs(:<V*(W;‘+1:[v])2><ws‘+1s[v]>:))dxds+ sup [[WY' + Ll
C

0<s<oo .
1
+ fuvnim]
_IEQ%[S] — 5/ / LV 5 (W2 WS ) 5(:(V*(W§‘)2)W:’:)dxds:|
(5.18)
u ] o
+U1€nf Egx, |:0<§su£oo”W + I [v]II 4 +5/0 ||vs||2% ds (5.19)
l = .
+ Wzlfo /TS(JSSWAS: ?)A{[v]dx ds
=
1 S [
u,3\ AS.j
+WZ_;/O /w(lst YASI[v]dx ds (5.20)

+ <5 25 - Z[ / A [v] A/[v]dxds] (5.21)

i,j=1

The main term is given by (5.18). By Lemma 5.5, we see that (5.18) converges to
infinity as § — oo. Thus, it remains to obtain a lower bound on the variational
problem in (5.19)—(5.21). The terms in (5.19) are nonnegative and help with the lower
bound. In contrast, the terms in (5.20) and (5.21) are viewed as errors and will be
estimated in absolute value.
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Regarding (5.19), we briefly note that

1
EQ”[ sup ||W;‘+1S[v1||"15}z—E@go[ sup ||1s[v1||"15}—c.
CXZ 2 C 2

0<s<oo 0<s<oo o

In the estimates below, we will often use that Ag"i [v] = O for all s > S. We begin
with the first term in (5.20). We have that

1 00 .
‘51—2,5—5/0 fw(JSSWf«’““g)Aﬁ[v] dx dt

1 > — 3 rspyss) 2 1
SW/O Hs < SHs) 21 I3 W ”Lst—l_W/o

ls < S)s) 2N AL [vII2, ds. (5.22)

o0

For the first term in (5.22), we obtain from Lemma 2.20 that

1 o0 1
E@&[W /0 1{s < S}(s) 2||J§W§*”**‘||izds]

1 o0 1,
—5—2B+25 S.u,3 )12
S s /0 s S SHo)F 2B [ W ||H7%+/H]ds

1 00
S’ 1-2 8/
S_ﬁ_ 0

1{s < S}(s) "2 2P+ g5
<1

(5.23)

For the second term in (5.22), we obtain from Lemma 5.6 that

| o0 o
E@m[mfo s < SH 1AL IIE, ds}
< b [T < sis) PR [Q (W“)]ds
~ Sl—zﬂ—5 0 ~ Q% s

1 > -1-2 k 2
+WE@"M Is < SHs) 72 5(||Is[v]||c:%_5+||15[v1||HX1)ds

1
<1+ 8 max(s, Szﬁl)Eng[ sup (LI, + ||1s[v]||§11)]
Cy !

0<s<oo

1 _
S 1+ 8 max(s72, 5% I)E@go[ sup ||1A-[v1||"%5+||v||im}. (5.24)
C §TXx

0<s<oo o

In the last line, we also Lemma B.4. Since S — o0, this contribution can be absorbed
in the coercive term (5.22). The estimate of the second summand in (5.20) is exactly
the same.

@ Springer



Stoch PDE: Anal Comp (2022) 10:1-89 75

Regarding the error terms in (5.21), we have that

1 oo ;
S.i
)—SHH Z/O /T3 ASi[v] A [v] dx ds
i j=1

3
1 o . i
=) j/o 1s S SH(IAS I, + 147 w112, ) de ds.
j=1

The right-hand side can now be controlled using the same (or simpler) estimates as
for the second summand in (5.22). This completes the proof. O

Essentially the same estimates as in the previous proof can also be used to control
the minor terms in (5.6) and (5.7). We record them in the following lemma.

Lemma5.9 Let0 < B < 1/2,let§ > 0andlet j = 1,2, 3. Then, it holds that

2_
lim Eq [( / / W“3d3> =0, (5.25)
S—>oo = S*-ﬁ+6 T3

1
lim Eqgu [— AS u] - J; WY 3dx ds
S—oo % ™

2_
lim Equ |:< / / A3/ [u]dBY ) =0, (5.27)
S—o00 max(5272ﬁ+5 1) T3

/(JSW”)(J( )72 ((V )*7w;’)”:)dxds

=0, (5.26)

—0. (5.28)

hm E@oo |:

Proof We begin with the proof of (5.25). Using Itd’s isometry, we have that

1 * S s,u,3 2
E u J ‘W;,M, dBu
¢ [(S%—M/o [Jl" o ’)]
— ! * Syi7S,u,3 2
U,
= 5172/3+28\/0 Engl:”JY Wy ||L)2c:| ds
Arguing essentially as in (5.23), we obtain that
—1 > 32
5172,3+25/0 EQ&[”JEW?’"’ ||L§]ds

1 /oo —2B8+68 -5
S e | Us SSHs) P ds <579,
§1-28+25 |,

which yields (5.25).

We now turn to (5.26). Using Lemma 5.6 and Corollary 4.6, we have for all ¢ > 0
that

Eg [1437 113, | S ()7 722051+ (9650 < ()70 (5.29)

~
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Using Lemma 2.16 and (5.29), we obtain that

o0
EQ:&[ / / ASIu] - J;W3 dx ds i|
0 T3

[o9]
< EQ&M Hs S SH) TP IS W2 I1Z, ds]

T Eg [ fo s S SHo P IAY i}, dS}

o0
< / s < S)(s)~3B+40¢ 4 < 573 max(1, S1736+9),
0

Next, we prove (5.26). Using Itd’s isometry and (5.29), we have that

00 2 00
E@&[(f f} Ai”'[u]dB;‘) } < EQ&[/ ls S SHIAY [l dsj|
0 T 0 .

o0

< [ sim e
0

< 570 max(52728+9 1)2,

Finally, we turn to (5.28), which is the most regular term. We first recall the algebraic
identity JSWS? = JSW$** + Y3, AJ/[u]. Then, Lemma 2.16 and (5.29) yield

]E@go[lllfWi’SIIiz] < (s)72hr2e (5.30)

From Lemma 2.23, we have that

1

Eqy [I4:(V) 72 :((0) 7T WY)"s 12,] S () 742, (531)

]

By combining (5.30) and (5.31), we obtain

E@&H /OO/W(JSSW?%(LW)‘% L((V)"2 W) dx ds
0 T-

o0
S E@go[ /0 Is < SHs) ™! ||J§W§~3||i§ds]
1

+E@go[/0 () IV) 72 (V)T TWE)" 2 ds}

oo
5/ ((s)7172ﬁ+2€ + (s)*3+6) dS g 1
0

We are now ready to prove the main result of this section.
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Proof of Proposition 5.1 We recall from Lemma 5.4 that

[ wran= -2 [T [ swey W
ST=26=5 |y = ® Sy o g s s s Wy dxds

+R5(W*, u), (5.32)

where the remainder R(W*, i) contains the terms from (5.6) and (5.7) with an addi-
tional S—1+28+8 By Lemma 5.8, there exists a deterministic sequence S, such that
the first summand in (5.32) converges to —oo almost surely with respect to Q% . Since
0 < B < 1/2, we have that

1 1
1—2,3>max(§—ﬁ,1—3,3,§—2ﬂ,0>.

Using Lemma 5.9, this implies that the remainder R5(W*, u) converges to zero in
L! (QY,). By passing to a subsequence if necessary, we can assume that RS (W*, u)
converges to zero almost surely with respect to Q% . Using (5.32), this implies that

1

lim ————— | W*dy = —o00 “o_a.s.
m—>00 S1—2/5—5 ™ Qoo
m

Using B < 1/2 and Lemma 5.3, the integral S~172*9 [ s W52 dx converges to zero
in L?(P). By passing to another subsequence if necessary, we obtain that

M 1 Sm .4 —
mh—I>noo W -~ WOO dx =0 ]P)-a.S.
Since oo is absolutely continuous with respect to voe = (Weo)#Ql4 and g =
Lawp(Wx), this implies (5.1) and (5.2). O

Equipped with Corollary 3.4 and Proposition 5.1, we now provide a short proof of
Theorem 1.5.

Proof of Theorem 1.5 If0 < B < 1/2,then the mutual singularity of the Gibbs measure
Moo and the Gaussian free field g directly follows from Proposition 5.1.
If B > 1/2, we claim that for all p > 1 that

d
T ¢ 1r(g) (5.33)
dg

with uniform bounds in 7 > 1. Since ur converges weakly to (1o, this implies the
absolute continuity (o <K ¢.

In order to prove the claim, we recall that uy = (Weo)sfir and g = (Wao)xP.
Furthermore, we see from (2.10) that the density dji7 /dP is a function of We,. As a
result, we obtain for all p > 1 that

J (&) o= [ () as
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Thus, it suffices to bound the density dzi7 /dP in L? (P). From the definition of iy
(Definition 2.3) and the definition of the renormalized potential energy in (3.2), we
have that

diir\» 1 - '
( dP ) - (z74)” exp(— P .V”(Wgo).)
_ 1 Ap ) ) > ,
- (ZT.A)p eXp ( T4 /11‘3 (Vs (Wa) ) (W)™: dx — pe’ ’\)
ZT.p)»
= oy P e g e (= v ad):).

The first two factors are uniformly bounded in 7 by Proposition 3.3 and Corollary 3.4.
The last factor is uniformly bounded in L' (P) for all T > 1 since we only replaced
the coupling constant A by pA. This completes the proof of the claim (5.33). O
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Appendix A. Probability theory

In this section we recall two concepts from probability theory, namely, Gaussian
hypercontractivity and multiple stochastic integrals.

A.1 Gaussian hypercontractivity

In several places of this paper, we reduced probabilistic L”-bounds to probabilistic
L?-bounds using Gaussian hypercontractivity, which is closely related to logarithmic
Sobolev embeddings. In the dispersive PDE community, among others, the resulting
estimates are known as Wiener chaos estimates. A version of the following lemma
can be found in [39, Theorem 1.22], [34, Theorem 1.4.1], and most papers on random
dispersive PDE.
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LemmaA.1 Letk > 1 andlet f: (R X Z3)k — C be deterministic, bounded, and
measurable. For any t > 0, define the random variable

X, = Z // / fny, o, n)dWRAWS AW
nyeZ3

MYy

(A1)

Then, it holds for all p > 2 that

k
IXillLr) < (p— D21 Xell12(0)- (A2)

A.2 Multiple stochastic integrals

This section is based on [34, Section 1.1] and we refer the reader to this excellent book
for more details. Of particular importance to us is [34, Example 1.1.2], which discuss
the specific case of a d-dimensional Brownian motion.

We identify W7 with a Gaussian process on H = L*(R-q x Z3, dt ® dn), where
dr is the Lebesgue measure and dn is the counting measure. For any & € H, we define

Z/ h(t, n)dw/ ", (A.3)

neZ3
For any &, h' € H, we have that
T( )2
E[WT[h]WT[h/]] = Z/ h(t, m)h'(t, —n) o dr. (A.4)
neZ3

Since we did not include a complex conjugate in the left-hand side of (A.4), we note
that this does not yield a positive-definite bilinear form. We also did not include the
weight p/ (n)?/(n)? in the definition of . Thus, the “covariance” in (A.4) does not
coincide with the inner product on H and instead is only dominated by it. As is clear
from [34, Section 1.1], this only requires minor modifications in both the arguments
and formulas.

For any k > 1 and any function f € H; = Lz((R>0 X Z3)k, ®§=1(dt ® dn)),
the multiple stochastic integral

il f]= Z / / ft,ny, ..., t, nk)th:,nk . thf’nl (A5)

NREZ3
can be defined as in [34, Section 1.1.2]. If f is symmetric in the pairs (71, n1), (2, n2),
., (tx, nr), we can relate the multiple stochastic integral to an iterated stochastic

integral.
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LemmaA.2 Letk > 1 and let f € Hy be symmetric. Then, it holds that

e} n th—1
TLifl=k 3 / / / f@n, g n)dW AW
nk€Z3 0 0 0

(A.6)

where the right-hand side is understood as an iterated It integral.

This lemma follows from [34, (1.27)] and the discussion below it. The primary reason
for working with multiple stochastic integrals instead of iterated stochastic integrals
is the simpler representation of their products. In order to state the product formula in
Lemma A.4 below, we need one further definition.

Definition A.3 (Contraction). Let k,/ > 1 and let f € Hj and g € H; be symmetric.
For any 0 < r < min(k, /), we define the contraction of r indices by

(f®r&)t1,n1, ..., tkt1—2r Rk1—2r)

def o° o°
= Z / ‘-'/ [f(tlvnla"-atkI"nkr’s17m17"'5sr’mr‘)
0 0

mi,..., m,eZ3

X &tk l—rs Mkt 1—rs -+ - s Bl =2 » Mkti—2r» 51,
T 2
k oy (mj)
J
—ml,...,sr,—mr)l |—2 ds, ...ds;.
. (m ;)
j=1 /

The reader should note the relationship to the covariance (A.4). If f, g € H = Hy,
then

E[WLIW I8l = /@1 g.

A slight modification of [34, Proposition 1.1.3] then yields the following result.

Lemma A.4 (Product formula). For any k,l > 1 and any symmetric f € Hy and
g € Hy, it holds that

min(k,l)

k\ (1
Llf1-Tilgl= ) r!< )( )Ik+12r[f ®r gl. (A7)
r r

r=0

Appendix B. Auxiliary analytic estimates

In this section, we record several auxiliary results, which have been placed here to not
interrupt the flow of the argument.
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Harmonic analysis

We record a non-stationary phase argument and several standard trilinear product
estimates.

LemmaB.1 (Asymptotics of V). There exists a constant ¢ = cg € R such that

o~ Cﬁ 1
V= TR S e

(B.1)

Remark B.2 On the Euclidean space R3, instead of the periodic torus T3, the Fourier
transform of |x|#~3 is given exactly by c,g|e§|’ﬁ. At high frequencies, the Fourier
transform V is determined by the singularities of V, and hence the difference between
R and T should not be essential. In fact, a more precise description of the asymptotics
of Vis given by cg In|=P1{n # 0} + Op((n)~™), but it is easier to work with (B.1).

Proof We denote by Fps the Fourier transform on R? given by
Fraf(€) = f fe™ 6 dx
R3

Let {xn¥}n>1 be as in (1.15), which we naturally extend from 73 to R3. Because we
require additional room, we define for any x € T> and N > 1 the function

~ def
A @) = xv (100x). (B.2)
Let n € Z\{0}. Using the assumptions on the interaction potential V, we obtain that
Vn) = / V(x)e Y dx
T3
=/ V() %1 (x)e ) dx+/ V()1 — Xi(x))e 0 dx
T3
=f 7O (e 0 dx+/ V) (1= X1 (x))e™ ™) dx
T

= Fasll )6 = 3 [Py

N>2

+ / V(= 710 ) dx,
']1'3

The first summand is given exactly by cg||n ||, P A non-stationary phase argument for
the second and third term shows that they are bounded by Oy ((n)™™) forall M > 1.
This implies that

V(n) = cglinll;” 1n # 0} + Oy ((n) ™).
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Since [|n]l;” = (n)=F + O((n)~1=P), this leads to (B.1). 0
The following estimates are used in the paper to control several minor error terms.

Lemma B.3 (Trilinear estimates). For any sufficiently small 5 > 0, we have for all
f, g h e CX(T3) the estimates

H<V>%+8(<V*<fg>>h)HLlN||f|| delel gl g (B.3)
H(V>2+8((V*(fg))h>H SN o8 poas] pa (B.4)
|22 (o), Iy 8(ugu LanhnH;W+||g||HX1+4suhuC,%,a) (B.5)

[ 22 (v e renn)] N(nfn ol 1 gl Al
“ (B.6)

These estimates are essentially an easier version of the fractional product formula.
They can be proven using a paraproduct decomposition and Holder’s inequality and
we omit the details. We always included §-loss on the right-hand side of (B.3), so we
can avoid all summability or endpoint issues. We also never rely on the smoothing
effect of the interaction potential V.

The integral operator and truncations

We now record two properties related to the integral operator I; and the associated
frequency truncations p and o.

LemmaB.4 ([5, Lemma 21). For any space-time function u: [0, 00) x T> — R and
any § > 0, it holds that

sup ||I [u]Hﬂl(W ”u”L,zL)%([O,oo)x’H‘—‘) (B.7)
T.,r>0

and

sup (17 [u] — 1T [u])? < min(s, 1)~ min(1, |r —

2
sPuell72, 2 3
T,t,5>0 L;L%([0,00)xT?)

(B.8)

Hl 5(T3

Proof The first estimate (B.7) follows directly from [5, Lemma 2]. Since I ST [u]— ItT [u]
is supported on frequencies = min(s, r), we have that

115 [u] = I Tl 15 psy < min(z, )] ] - LTl g oy -

The rest of the statement then again follows from [5, Lemma 2]. O

The result in [5] is only stated for I; instead of I/, but the same argument applies.
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LemmaB.5 (Well-behaved truncations). If S > 1 and ny, na, n3 € 73 satisfy |n; —
Sejll2 < S/20 forall j =1, 2,3, where e; is the j-th canonical basis vector, then

3 oo 3
psi)( [ pstny) /0 o ([Tpetnp?)ds 2 1. (B9
j=1 j=1

While the proof is a bit technical and depends on the precise regions in the definition
of p, this lemma should not be taken too seriously.

Proof We recall the lower bound min(p(y), —p'(y)) = 1 forall 1/2 < y < 2 from
the definition of p. From the assumptions, we directly obtain that

3
— /35| < —S.
123l f|_20

In particular, we obtain that 3/2-§ < |ln23]l2 < 19/20-S. Since 19/20-S < |nj|l2 <
21/20 - S forall j = 1, 2, 3, it follows that

3
ps(nlza)( I1 PS(”j)) z1

j=1

We estimate the integral by

/Oooos(nmﬂ( f[ pa(n)?) ds
j=1
z/ooou S < sl = 26 }(ﬁ1{||n,||z<2 (5)}) ds

j=1

Vv

RYRY
s [ 15 maxdmll el sl sl < 5 < 20miasl} s~ 2)
0

3

57! (Il —2)
2||l1123|I2

1’

Vv

where we used that S > 1. O

A basic counting estimate

The following estimate has been used to control stochastic objects (see Lemma 2.20).
LemmaB.6 Lerv, w € Z3 and let a, B > Osatisfy 1 <o+ B < 3. Then,

1
Z (n+v)*{n+w)b(n)?

neZ3

< min({v), (w))'~*7F. (B.10)
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Remark B.7 The estimate (B.10) is not sharp if v and w have different magnitudes.
For our purposes, however, (B.10) will be sufficient.

Proof of Lemma B.6 Using Young’s inequality, we have that
1 < 1 n 1 .
(n+v)*n+w)f ~ (n+v)eth - (n+w)eth

(B.11)

Using this inequality, the estimate (B.10) reduces to

1 l—a—p
Z (n + v)oz—i—ﬂ (n)2 5 {v) :

neZ?

This can easily be proven by decomposing the sum into the regions |n| < |v|, |n| ~ |v|
and |n| > |v|. O

Appendix C. Uniqueness of weak subsequential limits

In this section, we sketch the proof of the uniqueness of weak subsequential limits of
(ur)T>1, which has been obtained in [35, Proposition 6.6]. For the convenience of
the reader, we present the argument from [35] in our notation.

Proposition C.1 The limit

Jim [ dur @) exp(- 7@ @

1/2—«k

exists for all Lipschitz functions f: Cyx (T3 — R. In particular, weak subse-

quential limits of (Wr)T>1 are unique.

Remark C.2 The only reason why Proposition C.1 does not (immediately) yield the
weak convergence of (wr)7>1 is that we do not prove that the limit in (C.1) corre-
sponds to the Laplace transform of a limiting measure. As described in the proof of
Theorem 1.3, this part follows from Prokhorov’s theorem.

As was observed in [35], Proposition C.1 follows essentially from the same esti-
mates as in the proof of uniform bounds on the variational problem (Proposition 3.1).

Proof We recall from (2.9) that

dur(@) =z exp (= VM or(Me): ) d(WakP) @) (€C2)

1
Z T,
We now split the proof into two steps.

Step 1: Reduction. Let k > 1 be a large integer. In this step, we reduce the existence
of the limit in (C.1) to the existence of the limit

lim Ep| exp (= f(Woo)— V(W) —elWaclll120)|  (€3)
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1/2—«

for all Lipschitz functions f: Cy (T3) — R and all € > 0. To this end, we first

note that
1-— exp(—exk) < exk < kle exp(x)

for all x > 0. Using Proposition 3.3, this implies

‘Eﬂ»[exp ( — F(Wao)— :VTH(WL): )]
— el exp (= f(Woo)= VM WL): =€l Wocl 2 )]|
= Ep[ (1 —exp (= elWasl 1)) exp (= fWoo)= V(o1 (V) Wec): )|

SieBp[ exp (IWasllg 12 = f(Woo)= V™ (o1 (V)Weo): )]

Sk f €.

Thus, the existence of the limit in (C.3) implies the existence of the limit
lim Ep[exp ( — F(Woo)— VTH(WL): )] (C.4)
T—o0

for all Lipschitz functions f: Cy /7 (T?) — R. By setting f = 0, we see that (C.4)
implies the convergence of the normalization constants Z7* as T — oo. Since (C.1)
and (C.4) only differ by a factor of Z7*, we obtain that the limit in (C.1) exists.

Step 2: Existence of the regularized limit (C.3). Using the Boué-Dupuis formula
(Theorem 2.1) and arguing as in the derivation of (3.22), we have that

—tog (Ez| exp (= f(Woo)— V"4 (WL): —ellWoclf 12+ ) |)

A
= inf Ep[f;{[w] + & [l + & [w] + S VUL w) (C.5)

weH,

1
5wl + ellfsolw) + Wl o -

Here, V is as in (3.1) and &£ [w], & [w], and &£ [w] are as in (3.24)—(3.26), but the
term (W + I[u]) in (3.24) is replaced by

FWeo + InoLJ] :(V 5 (WHHW/ 1] + Lo[w]).
In contrast to (3.24)—(3.26), we also reflect the dependence on 7' and w in our notation.
To avoid confusion, we also recall that the term Ep [So + c”] in (3.22) vanishes due to

our choice of ¢”*. Our estimates in the proof of Proposition 3.3 show that the infimum
in (C.5) can be take over w € H,, satisfying the additional bound

Ep[ 7VULlwD + 5wl +ellslwlll ] S0t
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In order to conclude the existence of the limit (C.3), it therefore suffices to prove for
all T, § > 1 the estimate

> [Ee[ €7 1w] - &51w1]| + [Ee[VULiwD - vuLwD ]|
j=1

Shock Min(S, T)'?(l FER[ S0l +elllwllin ])

(C.6)

where > 0is sufficiently small. We only present the estimate (C.6) for EIT [w]—-€& f [w]
and V(1L [w]) — V(I5,[w]), since the remaing estimates are similar.

Step 2.a: Estimate of £{[w] — & IS [w]. For the convenience of the reader, we recall
that

ETw] & f (Wao + Lol JT (V5 (WHW ] + Lno[w])
— 22 A}(V* (W2 HWIBIT [w] dx 7

— 22 /w ((V 5 (WEWEE) WL, = ME WL )1 [w] d.

We estimate the contributions of the three terms separately. For the first summand in
(C.7), we have that

|f (Woo + IoolJT :(V 5 (WHHW 1+ Inolw]) — f(Woo + IoolJi :(V % (WHHWE]
+ Ioo[w])|
< Lip(f) | Il :(V 5 (WHYHYW[ 1] = IoolJS :(V % (WtS)z)W,SS]”C;l/Z—K.

The desired estimate then follows from a minor modification of (2.47).
We now turn to the second summand in (C.7). First, we note for any y > 0 that

M lw] = 13 [wlll - = Ier (V) = ps(V Ioclw]ll g1 (C8)
S min(S, 7)™ Hoolwlll (C9)

Now, we let 0 < y < ¥’ < min(1/2, B). Using (C.8), we obtain that

‘/T3(V*:(W§O)2:)WT' [w]dx—/ (Vs 1 (W)2)WER S [w]dx

< H(V* H(WL)2)WEE! — (Ve s (WS,)2 ) WL e NGl
v oWt il = 2w,
S <H(V* WLTIWED — (Vi (W)W .,
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CXHV’)

The desired estimate then follows from a minor modification of (2.47) and Lemma B .4.
The estimate of the third term in (C.7) is similar and we omit the details.

Step 2.b: Estimate of V(11 [w]) — V(I3 [w]). Using Holder’s inequality and inter-
polation, it holds that

+ min(S, T)~" H(V* (W) )WL

x | so[wlll g1

PR P i S 17 (C.10)

Using Holder’s inequality, (C.10), and I/ = pr(V)I,, we obtain that

VULLw) = VI [w)]

< (MLl + 123 [wlll ) 1 [w] = 13, [w]] 4

V23(|?1K) ;-FZK é+4611(
K K T S K
S ||1<>o[w]||c_1/+z IMoolw]ll ™ Mg [w] = I [wlll i
X
V23(14K ;-%—ZK
< min(S, 7)™ B ||[oo[w]||c—172k»<||loo[ wlll ”.

Since 4(1 + 6k)/(3 + 4x) < 2, the desired estimate follows from Lemma B.4 and
Young’s inequality. O

Remark C.3 As seen in the proof of Proposition C.1, the regularizing factor
exp ( — €| Woonéq/zw) in (C.3) is needed to estimate V(I [w]) — V(15 [w]).
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