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Abstract

We give decay estimates of the solution to the linear Schrodinger equation in dimen-
sion d > 3 with a small noise which is white in time and colored in space. As a
consequence, we also obtain certain asymptotic behaviour of the solution. The proof
relies on the bootstrapping argument used by Journé—Soffer—Sogge for decay of deter-
ministic Schrddinger operators.
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1 Introduction
1.1 Statement of the result

Letd > 3and V € S(R?) be a Schwartz function. Consider the Schrodinger equation
iV + AV =8VUB — %azvzw, w0, ) = f € S(RY), (1.1)

where B is a standard Brownian motion on the probability space (2, F,P) with
filtration (F;);>0, the product between W and B is in the It6 sense, and § > O is a
small number to be specified later. The linear correction term — %82V2\IJ is precisely
the 1t6-Stratonovich correction, and hence the L? norm of W conserved pathwise (see
for example [12,14,16]).

Forevery p > landg > 1, we write Ly LY := LP(2, L9(R?)). The main estimate
is the following.
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Theorem 1.1 Let W be the solution to (1.1) ind = 3. For every p > 1, g € [2, +00)
and % + é = 1, there exists 59 > 0 depending on V such that for all 5 < 8o, we have

_3l_1
IO o0 Spgt 2 NS N (1.2)

forallt > 0and f € S(R3). The proportionality constant is independent of t and §.

Remark 1.2 The above theorem holds for all dimension d > 3. More precisely, if W
is the solution to (1.1) in R4 (d > 3),and p, q, p and § are as in Theorem 1.1, then

,d(l,l)
1 Olp0 Spg "2 Uf N

forall # > 0 and all f € S(R?). We will give detailed proof for d = 3. The same
strategy works for d > 3, and we will give a sketch for that.

The estimates in Theorem 1.1 and Remark 1.2 allow us to start with initial data in
L? for any p € (1,2]. Another consequence of the decay estimate is the asymptotic
behaviour of the solution.

Proposition 1.3 Let d = 3. There exists §9 > 0 depending on V such that for every
8 < 8o and every f € L*(R?), there exists g € Lfff’L)zc such that the solution WV to
(1.1) satisfies
. _itA _
dim W) — gl =0

for every p > 1.

Remark 1.4 For simplicity of presentation, we choose the noise to be of the form
W (t, x) = V(x)B(t). This factorisation or finite dimensionality is not essential, and
the argument still works through as long as W is white in time and sufficiently nice in
space.

Remark 1.5 We shall see later that the assumption on V could be relaxed. In fact, one
only needs 8(|| VIipr + 11V ) to be small. We however write it in terms of § times a
Schwartz function to avoid appearance of various norms in the bounds later.

1.2 Background and motivation
itA

Itis well known [11,23] that the free Schrodinger operator e
estimate

satisfies the dispersive

. gl 1 11
e p 0 ST g e 2, 400, A (1.3)

in any dimension d. The estimate for the pair (p, g) = (2, 2) is an immediate conse-
quence of the unitarity of ¢/’ in L2. The other extreme case (1, +00) follows from
the explicit representation of the integration kernel of e’2. All intermediate situations
then follow from Riesz—Thorin interpolation.
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For the deterministic linear operator ¢/’(**+")which corresponds to the linear
equation
10w+ Au+Vx)u =0, (1.4)

it is known that when V is small and d > 3, one also has the dispersive estimate

; —di_1 I 1
”e”(A_H/)”Lf—)Lq St d(z—=3) , q €[2,4+00], ; + 5_1 =1. (1.5)

X

This estimate corresponds to a simple special case considered in [20], which could be
derived via perturbation around the free bound (1.3) for the pair (1, +00). The reason
(1.5) can hold only for d > 3 is that the bound [|e/"* || 1_, ; « for the free Schrodinger
operator in (1.3) is integrable for large ¢ if and only if d Xz 3. There has been a lot
of works regarding the dispersive estimate for (1.4), one may refer to, for example,
[3,17,21].

These dispersive estimates can be used to derive Strichartz estimates via the T*T
method (see for example the survey [22] for more details), and they are essential for
the study of long time behaviour of the solution to the nonlinear Schédinger equation.

As for the stochastic case, there have been a series of well-posedness results on the
stochastic nonlinear Schrodinger equation with multiplicative noise on whole space
[5,6,12—-15,18,24]. However, none of the above results gives information on long time
behaviour of the solution unless one puts on the noise an an extra fast decay in time
(see [19] for a scattering statement for noise of finite quadratic variation in time). A
first step towards the understanding the long time behaviour of the solution to the
nonlinear equation would be to establish certain decay properties of the solutions to
the corresponding linear equation. This is the main motivation of the current article,
and we have chosen the simplest possible model in the set-up of Theorem 1.1.

It will also be of interest to establish a stochastic version of the Strichartz estimate
for the solution W to (1.1), which would be of the form

1,z S 19O, )2

for admissible pairs (g, r) satisfying the Strichartz relation. But different from the
deterministic case, since Brownian motion is not time reversible, it is not clear at
this stage how such an estimate could be obtained from the dispersive estimate in
Theorem 1.1.

1.3 Outline of the proof

Proposition 1.3 is a simple consequence of Theorem 1.1. As for Theorem 1.1, we
first note that since ||W(¢)||;2 = || f|l 2 for all # almost surely, if we can prove the
statement for all sufﬁcientlyxlarge q (er equivalently, all p sufficiently close to 1),
then the theorem will follow from interpolation ([1, Theorems 5.1.1 and 5.1.2]). Note
that the interpolation statements used here are for mixed norm spaces, and are more
general than Riesz—Thorin. We refer to [8,9] and [10] for more details.
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It then remains to prove Theorem 1.1 for g sufficiently large such that

d(%—%}) > 1. (1.6)

This is always possible since d > 3. We follow the strategy in [20] and use a bootstrap
argument. The key is to establish a bootstrap relation

dl_1 dl_1
DRl = Clo. I g + Cap.g.8) sup (r7CTP I g00)
: rel0,z]

for some C1, C; independent of 7, and C»(p, g, 8) — 0 as § — 0. This would allow
us to absorb the second term on the right hand side into the left, and obtain the claim.

Throughout, we will frequently use the following Burkholder inequality [2,4,7] to
control the stochastic integral.

Proposition 1.6 (Burkholder) Let @ be progressively measurable with respect to (F).
Then for every q € [2, +00) and every p > 2, we have

2
. Soa
LH)LX

t
H / ' ""IAP(5)dB
0

t
[ 1t ez, as
0 X

Lh?
As a consequence, by triangle inequality, we have
1

! 3
(t—5)A 2
b e (/0 et ‘D(S)”Lf,LfidS) )

t
H f &I P (5)dBs
0 LP LS

Remark 1.7 In order to apply Proposition 1.6 directly, we will restrict to p > 2 below.
As for Theorem 1.1 and Proposition 1.3, the case p € [1,2) follows from that of
p =2

Remark 1.8 The reason the end-point case (p, g) = (1, +00) is excluded from Theo-
rem 1.1 is that the Burkholder inequality does not hold for the space L{°.

Organisation of the article

The rest of the article is organised as follows. In Sect. 2, we show how Proposition 2
follows from Theorem 1.1 and Remark 1.2. In Sect. 3, we give some preliminary
lemmas needed for the proof of Theorem 1.1. Section 4 is devoted to the proof of the
main theorem in d = 3 and ¢ sufficiently large. We briefly explain in Sect. 5 how
the arguments could be modified to cover higher dimensions. By interpolation, this
completes the proof of Theorem 1.1.
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Notation

We fix d > 3. We use L{ to denote L9 (R), and write L{jL? = L°(Q, LY(R?)). For
any r € R, we write (r) = 1 4 |r|. Also, since the statements are for every fixed pair
(p, q), we use « to denote
1 1
o= d(— — —).
2 q

When non-commutative products are involved, we write
m
[T4)=A4n-- A (1.7)
j=1

Typically these A ;’s will be operators. Finally, according to Remark 1.7, we assume
without loss of generality that p > 2.

2 Proof of Proposition 1.3

We first prove the proposition for f € S(RY). We need to show that e ""A(t) has
alimitin L5 L2 as t — o0, and equivalently, {e~"2W(¢)}, is Cauchy in L L2. To
see this, we write down the Duhamel formula

t 2 pt
e RW() — e (s) = —i(Sf e "M (VW(r))dB, — 5—/ e A (VAW(r))dr.

s 2
2.1)
We need to control the L%, L2-norm of the two terms on the right hand side. For the
first one, by Burkholder and triangle inequalities (Proposition 1.6), we have

The integrand on the right hand side then can be controlled as

2

t
/ e A (VW (r))dB,

l .
s [l ey
w™~x s !

—i —2d(3—1) 22
eTTAVEM)IZ0,, = IVEOIZ, 5 Sv W20 g Svpr 270
le " AV @)IT, 0 = IV, Sv WO, 0 Sva 1112

where we have used the unitary property of e~"2 and the decay estimates in Theo-
rem 1.1, and the bound in the middle follows from ¢ > 2 and Holder. Note that the
bound above holds for every g > 2. If we choose ¢ sufficiently large such that (1.6)

holds, one can immediately deduce that

2
—0
LoL2

t
H f e "M (VW (r))dB,
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as s, t — +o00. The second term on the right hand side of (2.1) can be controlled in a
similar way with ¢ in the range of (1.6). One can see the limit belongs to LS’ L)ZC since
el s unitary and the L2-norm of W(¢) is conserved.

As for general f € L?, we note that the equation is linear, and hence by pathwise
mass conservation, the difference of the L2-norm of two solutions at any time is the
same as the difference of the L?-norm of the initial data. The claim then follows directly
from the unitarity of ¢/’* and the case for Schwartz initial data. This completes the

proof of Proposition 1.3.

Remark 2.1 One can see from the proof that the Cauchy property for the stochastic
term only needs g to satisfy
1 1
2d(5-=) = 1,
2

q
while control of the third term on the right hand side of (2.1) requires g to satisfy

(1.6).
3 Preliminary bounds
We give some preliminary bounds that will be used in the rest of the article. Throughout,

W denotes the solution to (1.1) with initial data f. We also fix arbitrary ¢ € [2, 4-00)
and p such that % + é = 1. Recall

1 1
o-if-)
2 q
and the dispersive estimate for the free Schrodinger operator
le™ g S117%,  teR. 3.1

We do not impose conditions on « in this section. Also recall (1.7) for the non-
commutative product. We have the following lemma.

Lemma 3.1 For everym € N, every &1, ...,&y—1 € RY and every uy, ..., uy, € R
with Zj uj #0, there exists 0 € Randn, ¢ € RY such that

m—1
gt l_[ (gugj,.)eiujA) _ eieeim,.)ei( ’;l:luj)Aei(g,->_ 3.2)
=1

As a consequence, we have

—o m —~
[T1Vile- (3.3)

m
S| u
L1 ™ | 4

m—1
)eiumA l—[ (VjeiujA)‘
j=1
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Proof The assertion (3.2) is precisely [20, Lemma 2.4]. As for the second asser-
tion (3.3), by Fourier expanding each V; (with frequency variable &;), we see that
(3.3) is a direct consequence of (3.2) and the dispersive estimate (3.1) for the free
Schrddinger operator. O

If we know a lower bound of | )" jujl, we may improve the above lemma to the
following.

Lemma 3.2 For every ¢ > 0, we have

m m—1
ezumAl_[(VjezujA <em (l_[(uj ) 1_[ (||Vj||L1+||Vj||L%)’
=1 =l

LY — _
(3.4)

uniformly over the points uy, ..., u, € R such that | Zj ujl > e.

Proof This is the content of the first bound in [20, Lemma 2.6]. The only difference
is that the relevant norm is LY — LY instead of L! — L%°. The argument does not
rely on that, but combines (3.3) for large |u ;| and Holder for small |u;]. O

We now look at bounds that involve W, the solution to (1.1). We now require all
the times u ; involved are positive.

Lemma3.3 For0 <s <t, let

Fy(s) = sup [[e'"™9% EIW(s)|| .
EER‘] wlx

Then, there exists C = C(p, q) such that
Fils) = CrI fllpexp (CE VIR + 84T I115%))

forallt > 0andall s € [0, t].
Proof We expand W (s) as

) s 32 s
W(s) =2 f — i5/ STV W(r))dB, — 7/ ST (VAY(r))dr.
0 0
Hence, we have the bound

Fi(s) < (D) + (D) + (11D,

where o -
(I) = sup “el(lfA)Ael@w)eléAf||L£)LZ’
EcRd
S
(I = § sup / e HITIRIE =AYy (1) d B, :
gerd ' JO LoL?
82
(III)_ 2 sup H/ H1=9)8 Gi(E,) i =N A Y2y (1) dr o
SER“’ wlx
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We control them one by one. For the first one, a direction application of Lemma 3.1
shows that it is controlled by
M < Cr || £l -

For the third one, Fourier expanding V2, then another application of (3.2) shows that
the integrand satisfies

i3 €0 6DAYV 2y ()| g

Prd
wx

_ Hf ‘//\2(n)ei(t—s)Aei(S,»)ei(s—r)Aei(n,-)\I_,(r)dn
R4

< IVIZs sup e300 )| o0
neRd ’

= VI2, F(r),
L
which is true for all £ € R4, Hence, we have
82 o s K
I < ?HVIIU f Fi(r)dr.
0

As for (IT), by Burkholder and then triangle inequalities, we have

s 1
(ID) < C$ sup ( / =986, 7 6-DA Yy 2, qur)z
EERd 0 wtx

1

< ColPl ( /0 (Fin)’ar)”,

where we used the previous bound for (III) with V2 replaced by V. Combining the
above three bounds, we have

K 1 K
_ = 2.\2 =
Fi(s) = C[r™ N f g + 81Vl (/0 (Fr)’dr)” + 8 V12, /O Fi(rdr].
Let K,(s) = (F, (s))z, the above bound then implies

) N
Kq(s) sc(t—2“||f||ipu,+52||V||§1f K,<r>dr+s84||vn‘;1/ Kt(r)dr),
@ 0 0

where the additional factor s in front of the last integral comes from Holder. The
desired bound then follows from Groénwall and then taking square root of K;. O

Combining (3.2) and Lemma 3.3, we have the following consequence.
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Corollary 3.4 Form > landu1, ..., u, € R*, we have

eiu’"Aqu e VzeiuzAV] W(uy)

m m—1

— o~ o~ —~
c(Dwi) Mg (TT 1) exp (CEIVIZ w1 + 6171 ) ),
j=I j=1

where C = C(p, p, d) is independent of m and the u;’s.

The following lemma is analogous to Lemma 3.2 but with W involved and requiring
all u ;’s being positive.

Lemma3.5 Let m > 2. We have

eiumAVm_l e VzeiuzAvl\l/(ul)

LoLY
m—1

o (T ™) (TT (0 + Vil e ))1f N,
j=1 :

uniformly over the points ui, ..., u, € RT satisfying Zj uj>2anduy < 1.

Proof Note that the claim does not follow directly from Corollary 3.4 since we do not
want to have a singularity in #1 when it is small. This lemma is similar to the second
bound in [20, Lemma 2.6] but not identical, so we give detailed arguments here.

We distinguish two cases: uy > 22m and u, < 22", starting with the first one. In
this case, let k1 = 2, and define recursively

ket —m/\mf{] >ketuj > 22m= J}
until it reaches m. This gives an increasing (finite) sequence of integers 2 = k; <

- < kN+1 = m, and partitions {uj} ', into N blocks of the form (ug,, ..., Ug, ;1)
for{ =1,..., N.Ineach block, we have
ko—1

kep1—1 —a ker1—1 —a
(Z uj) Sm [] @)™ and ( uj> S [Twn™. 33

Jj=k¢ Jj=ke j=1 j=1

ky—1

Hence, for £ > 2, we have the bound

key1—2
iu A
‘ kg1 —1 ( 1_[ Velu )Vk(ﬁl‘L"—ﬂ‘Z
T 3.6)
ke -1 kg1 =2 3.
5’"( I <”j>’°‘) [1 (IIV,-lIL;+||V,-|| %)
J=ke—2 j=ke—1 L

@ Springer



Stoch PDE: Anal Comp (2021) 9:472-490 481

As for £ = 1, Fourier expanding V1, ..., Vi,—> and applying (3.2), Corollary 3.4 and
the second bound in (3.5), we have

M IAY o VzemzAVl\I’(Ml)‘

LoLd
k-1 3.7

S (klz:[le)—“)( [T 1732 )11
j=1 j=1

Muliplying (3.7) and (3.6) gives the desired bound in the case us > 22m,
We now turn to the case up < 22" If u j < 22m+t] for all Jj, then we have

(Zw) S [ o)™, (3.8)

and the bound follows. If not, then let
k:inf{jz?a:uj >22m+j}.

Ifk =m,ork <mand |uj| <1forall k < j < m, then we still have (3.8), and the
bound follows in the same way. Otherwise, let

K =inf{j>k:u;>1}.

Then k¥’ < m. Since |uy/| > 1, by Lemma 3.2, we have

m—1
ezumA( l_[ VjemjA>Vk/,1

Pl Li—1LY
m m—1
<o (1) TT (70 + 1931, g, )
Nm< <j) ) l ]||L1+|| ]”L%
Jj=k Jj=k'—1

For the term ||e/“¥ 12 Vi 5 Vayelt2Ay, \D(u1)||L5)Lz, one can control it in the same
way as (3.7) since we have

k-1 —a k-1
(Zu,-) S [ )™
j=1

j=1

This completes the proof. O
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4 Proof of Theorem 1.1

We are now ready to prove Theorem 1.1. We consider d = 3 in this section, and will
briefly explain in the next section how the situation for general d can be established
with minor modification of the argument. Recall the notation

a:d(z—c—), d=3.

As mentioned in Sect. 1.3, it suffices to consider (arbitrary) g in the range (1.6). Also
since ¢ < +00, we have

3
1 = 4.1
<oz<2 4.1)

Theorem 1.1 is equivalent to the bound

sup (#1901l 1) Sog 1 Np- 42)

teR+

To achieve this, we need to establish an inequality of the form

IOl = Clo DI g +C20.8) sup (P19 Ogeg)  43)
! ’ re(0,1]

for all ¢, where both Cy and C; are independent of 7, and C2(p, q,8) — 0as§ — 0
for every fixed p and ¢g. This will allow us to absorb the second term on the right hand
side into the left and establish (4.2).

Using Corollary 3.4 with m = 1 and u; = ¢, we see the bound (4.3) is true with
C> = 0ifr < 2. Hence, we only need to prove (4.3) for t > 2. Following the strategy
in [20], we expand W with Duhamel formula twice to obtain

t 2 t
\Ij(t) =eitAf _ 18/ ei(t_S)AVeiSAdey _ %/ ei(t—S)szeiSAfds
0 0

(4.4)
+ (D) + (D) + (1) + (IV),
where
84 tops o )
(I):Z/ / UITIAY 2 =IA Y2y (r)drds,
0 JO
i83 t ops o )
(11):7/ / UITIAY 2R Yy (r)d B, ds,
0 Jo 4.5)

'83 t ops o )
(I = 17 / / el =AY i DAYy (1)drd By,
0 JO

t s . .
(IV) = —8? / / =AY =AYy (1)dB,dBy.
0 JO
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We need to show that each term in the right hand side of (4.4) is bounded by the right
hand side of (4.3). Since p and ¢ are fixed, for simplicity of notation, in what follows
we write “<” instead of “S,, ,”. Also, we restrict to ¢ > 2 from now on.

4.1 “Constant” terms
We first treat the terms withoqt W (r), that is, those on the first line of the rjght hand
side of (4.4). The bound for ¢/’ f is the standard dispersive estimate for ¢//2.

As for the second term, since p > 2, by Burkholder and triangle inequalities
(Proposition 1.6), we have

ro . 2
‘ S (/(; ”el(l—é)AVel.SAf”ig)des) .

Since ¢t > 2, by Lemma 3.2, the integrand satisfies the bound

1

t
/ ez(t—s)A VezsAdeS
0

LoLd

i(t—s)Ay, isA - -
e AV A fll g S (=) ) f N o

Since 2« > 1, we get

t
‘/ et(lfs)AvetsAdes
0

ST
LyLx

The third term can be controlled in the same way (but requiring « > 1). This completes
the three terms in the first line of the right hand side of (4.4).

The rest of the section is devoted to the four terms in (4.5). We start with the first
one.

4.2 Term (l)

Let ' '
Gl (r’ S) — ” el (t—s)A Vzel (s—r)A Vzw (r) H e

LY

so we have P
Ml p e < 84t°‘/ / G;(r,s)drds. (4.6)
w™~x 0 O

Recall that t > 2. In the domains r € [0, 1], € [1,t — 1] and r € [t — 1,¢], by
Lemmas 3.5, 3.2 and 3.1 respectively, we can bound the integrand G, pointwise by

(=)™ s =)~ fllgr re[0,1]
Gi(rys) SN =8)"" s =)Wl ppe . rellit—1] C)
=)V e g s reft—1,1].
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All the proportionality constants above are independent of r, s and ¢. Note that the
factor in the last bound is (¢ — r)~ rather than (r — r)™%, so it has a singularity at
rxt.

According to (4.7), we decompose the integral on the right hand side of (4.6) into
three disjoint regions as

t K t sAL t sA(t—1) t s
/ / G.drds =/ / G drds +/ f G.drds +/ / Gdrds.
0 JO 0 JO 1 1 t—1Jr—1

For the first one, using the first bound in (4.7) and @ > 1, we have

t psnAl t psnAl
// thrds§||f||Lpf/ (t —s)"%(s —r)"*drds
0o Jo *Jo Jo
t

ST RECRICRY

S f e

(4.8)

where the last inequality uses o > 1. For the second one, using the second bound in
4.7), we get

t psA(t—1) t psA(t—1)
/ / G,drds < / / (t —s5)"%s =)Vl e padrds
1 J1 1 J1 !

< sup ((r)“ ||qj(r)”Lf,LiI) ﬁ ﬁ (t — ) %s —r) " %(r) " “drds

re[l,t—1]

S sup (P Og),

ref0,1]
4.9)
where in the last bound we have also used o > 1. For the third term, we have

t s t N
t”‘/ / G,drds gt"/ (t =r) ")l e
t—1Jr—1 t—1Jr—1 '

t s
< sup (r“II\IJ(r)IILqu) (t —r)~drds (4.10)
o t—1Jr—1

re(t—1,1]

S swp (FIW)g)-

relt—1,t]

Here, for the second line above, we used » € [t — 1, t] and ¢t > 2 so that we replaced
t* with r¢ with a universal proportionality constant. Also, since o < 2, the integral
on the second line above is finite if and only if & < 2, which is indeed the case. Hence
one obtains the last bound.

Combining (4.6), (4.8), (4.9) and (4.10), we conclude that

Nl ege S 8HILNLe + 8% sup (r“nwr)um),
rel0,z] :
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which is of the form (4.3). This completes Term (I).

4.3 Term (Il)

We now turn to the second term in (4.5). By Burkholder and triangle inequalities, we

have the bound 1
t s 3
Il gp 5 8° ( Ji IG,(r,s)Izdr> s,
0 0

where this time G; has the expression
Gi(r.s) = |l VAV STV W ()| o0,

but still satisfies exactly the same bound as in (4.7). Similar as before but with an
inequality, we split the integral by

/Ot (/OS G%dr)%ds 5/0[ (/OMI G,zdr)%ds + /1t (/;s/\(tl) Gtzdr) ds
+ftil (/H G,zdr)%ds.

The first two terms above can be controlled in exactly the same way as in Term (I)
since they contain no singularity. For the third one, also similar as before, we have

t s 1 , S l
td/ (/ G,er)zds < sup (ra||\p(r)||Lqu)/ ( (t—r)_z"‘dr)zds,
t—1 —1 r€[l*l,t] wlx -1 L

This time, the integral on the right hand side above has a worse singularity, but it is
still integrable

=

1 3
—Roa—-—1<lea<-—-.
2 2

Hence, % ||(IT)|| 1oL is also bounded by the right hand side of (4.3) with C| and C;
proportional to 83. This completes the bound for Term (II).

Remark 4.1 As we can see, if there were no square root for the inner-integral, then
bound for fttfl ftil G,zdrds would have a non-integrable singularity. This is precisely
the case for Term (IV), for which we need to expand one more time to reduce this
singularity to make it integrable.

4.4 Term (11I)

For Term (III), we have

t N 7
||<1H)||L5nga3[ / ( f Gt<r,s)dr)2ds] ,
0 0
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where ' _
Gi(r.s) =[R2V TRV ()| o g

satisfies the same bound as in (4.7). Again, we split (the square of) the integral above

as
/t (/S G,dr)2ds < /t(/Ml thr>2ds + /t (/M(I_l) G,dr)zds
0 0 0 0 . . 21 1
+/17] (/tfl G,dr) ds.

The first two terms on the right hand side can be controlled in the same way as in (I)
and (II). The third one is also essentially the same except a slightly different but still
integrable singularity. It can be controlled by

20 /l’l ( /tslG,dr)zds < wp (FIOR,,) /,tl ( /zsl“‘”_“ oY

reft—1,]

The integral on the right hand side above is finite since 2(o¢ — 1) < 1. Term (III) is
then complete by taking square root of the above bounds.

4.5 Term (IV)

As explained in Remark 4.1, if we control Term (IV) in the same way as before, then
we will end up a non-integrable singularity at s ~ ¢, so we need to expand the term
one more time to make it integrable.

Expanding W (r) as

. ro §2 rr .
q/(r):e”Af—ia/ e’(’*MV\p(u)dBM—?/ e TTOAY2W () du,
0 0
and substituting it into (IV) in (4.5), we get
(IV) = (IV-i) 4+ (IV-ii) + (IV-iii),
where
t § . . .
(IV-i) = —8° / / IRy =AY IrA £qB 4B,
0 JO
t N ro. . .
(IV—ii)=i83/ / / e IIBYy =AY =AYy () dB,dB,dBs, (4.11)
0 JO 0
54 tops o opro ) )
(IV—iii):E / / / By ol =AY i =AY 2y () dyd B, d By.
0 JO 0
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Term (IV-i) is straightforward. Indeed, by Burkholder and triangle inequalities, we
have

1

t s . . . b3
||(IV'1)”LZLZ § 52(/ / "el(l—S)AVel(S—r)AVeerf”iqudrds> .
0 0 w™~x
Since ¢t > 2, by Lemma 3.2, the integrand satisfies a pointwise bound
e e e N R () B Gy R (0 el VA

and hence the desired bound for (IV-i) follows immediately. As for (I'V-ii), we have

1

t N r 2

||(IV-ii)||Lqu§53</ / / |G,(u,r,s)|2dudrds>,
@ o Jo Jo

where again by Lemmas 3.5, 3.2 and 3.1, the integrand
Gi(u,r,s) = ||V IRV LAY W) o g

satisifes the pointwise bound

=) s =)~ —u)" N fllp. u€[0,1]
Gilu.r.s) S V(=) s — 1) —u) W@l ppg, uellit—1] (412)
(=)Wl e uelt—1,1].

We now split the integration into three disjoint sub-domains: {# < 1}, {u € [1,¢ — 1]}
and {u > ¢ — 1}. The bound for the first two domains are similar as before. The only
one containing a singularity is the third one, which we have the bound

I / G?dudrds
t—l<u<r<s<t

t N r
S s (W92, ) ( — w2 dudrds.
Lole) Jiv Ji1 Jim

uelt—1,t]

This time, the integral on the right hand side above is finite since the exponent of the
singularity satisfies 2o — 2 < 1. One can then conclude the desired bound for (IV-ii).

Finally, the bound for Term (I'V-iii) is essentially the same. This completes the case
for (IV) as well as the proof of Theorem 1.1 ind = 3.

5 Higher dimensions
The argument for higher dimensions is essentially the same, except that when the

inner-most integration variable is close to #, the singularity is worse since o becomes
larger. Hence, we need to expand more times with the Duhamel formula in order to
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make the singularity integrable. We give a brief sketch here (see also page 587 of [20]
for a sketch for the extension to high dimensions in the deterministic case).

In dimension d, we expand W (¢) to the d-th order so that it can be expressed as a
linear combination of terms of the form

{ / ei(t—x_,')A V]_ . Vzei(sz—m)AVlemAdeSI - dXSj } 5.1
O<sy<--<sj<t j=1,...d

and
{/ e ISDAY, el 27SDA Y g (51)d X, ---dXsd}, (5.2)
O<sy<--<sqg<t

where each Xj; is either s or Bs;, and each V;j is either § V or 82V2. To control these
terms, we first note that if ¢ is sufficiently close to 1, then

2 gq

for some sufficiently small « > 0.

The bound for the terms in (5.1) are straightforward. As for (5.2), when s; < ¢ — 1,
the proof are exactly the same as before since the pointwise decay estimates are even
better. Singularity occurs when 51 > ¢ — 1, and the worst case is that all X;; in (5.2)
are BX_/ , and we need to control

1
2

8dta</ ”ei(tfsd)AV L VeiG2msDA Vlll(sl)”iﬂLl]dSl o de>
t—l<sy<---<sg<t olx

(5.3)
By Lemma 3.1, we have the pointwise bound

e DAY VTRV I, g S (= s) T IWDIp 0

for the integrand, so that (5.3) is controlled by

o sup (¥ Olg) </r

relt—1,1]

1

(t —s1) " 2ds; - - ~dsk>

—l<si<--<sg<t

The integral on the right hand side above is finite since —2«a + (d — 1) > —1. This
bound is of the form (4.3) with both C; proportional to §¢. The proof is then complete.
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