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Abstract In this article, we consider the problem of homogenising the linear heat
equation perturbed by a rapidly oscillating random potential. We consider the situation
where the space-time scaling of the potential’s oscillations is not given by the diffusion
scaling that leaves the heat equation invariant. Instead, we treat the case where spatial
oscillations are much faster than temporal oscillations. Under suitable scaling of the
amplitude of the potential, we prove convergence to a deterministic heat equation
with constant potential, thus completing the results previously obtained in Pardoux
and Piatnitski (Ann Probab, 40(3):1316-1356, 2012).
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1 Introduction

We consider the parabolic PDE with space-time random potential given by

t
dut(x,1) = 33“8(9@ N+efv (g, g_a) u(x, ),
u(x,0) = ug(x), (1.1

where x € R, r > 0 and V is a stationary centred random field. The homogenisation
theory of equations of this type has been studied by a number of authors. The case
when V is time-independent was considered in [1,8]. The articles [4,5] considered a
situation where V is a stationary process as a function of time, but periodic in space.
Purely periodic/quasiperiodic operators with large potential were also studied in [3,9].
The case of a time-dependent Gaussian V was considered in [2], where also a Central
Limit Theorem was established.

Fora > 2 and 8 = %, (1.1) was studied in [10], where it was shown that its
solutions converge as ¢ — 0 to the solutions to

oru(x,t) = afu(x, 1)+ Vu(x, 1), u(x,0) =ug(x), (1.2)

where the constant V is given by

e¢]

1% =/c1>(0, t)dt, (1.3)
0
in the case o > 2 and
T T en
// zﬁcb(x 1) dx dt, (1.4)
0 —o©

in the case @ = 2. Here, ®(x, 1) = EV (0, 0)V (x, t) is the correlation function of V
which is assumed to decay sufficiently fast.

In the case 0 < o < 2, it was conjectured in [10] that the correct scaling to use in
order to obtain a non-trivial limit is 8 = 1/2 + «/4, but the corresponding value of
V was not obtained. Furthermore, the techniques used there seem to break down in
this case. The main result of the present article is that the conjecture does indeed hold
true and that the solutions to (1.1) do again converge to those of (1.2) as ¢ — 0. This
time, the limiting constant V is given by

d>(t)
2[/ (1.5)

where we have set ®(s) := fR D (x, s)dx.
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Remark 1.1 One can “guess” both (1.3) and (1.5) if we admit that (1.4) holds. Indeed,
(1.3) is obtained from (1.4) by replacing ®(x, ) by ®(5x, ¢) and taking the limit
8 — 0. This reflects the fact that this corresponds to a situation in which, at the
diffusive scale, the temporal oscillations of the potential are faster than the spatial
oscillations. Similarly, (1.5) is obtained by replacing ® (x, r) with 8 "' ®(8~'x, 1) and
then taking the limit § — 0, reflecting the fact that we are in the reverse situation
where spatial oscillations are faster. These arguments also allow to guess the correct
exponent § in both regimes.

The techniques employed in the present article are very different from [10]: instead
of relying on probabilistic techniques, we adapt the analytical techniques from [6].
Note that the techniques used here seem very well to be able to tackle the cases treated
in [10]. Both methods necessitate quite involved estimates, and the results are not
strictly equivalent. The range of application of the method of this paper seems to be
wider. However, it is good also to have several possible methods for certain cases.
From now on, we will rewrite (1.1) as

dut (x, 1) = d2u (x, 1) + Ve(x, Duf (x, 1), u®(x,0) = ug(x),

where V is the rescaled potential given by

Velx, 1) = g1/t y (f, i) .

e ¢
Before we proceed, we give a more precise description of our assumptions on the

random potential V.

1.1 Assumptions on the potential

Besides some regularity and integrability assumptions, our main assumption will be
a sufficiently fast decay of maximal correlations for V. Recall that the “maximal
correlation coefficient” of V, subsequently denoted by o, is given by the following
definition where, for any given compact set K C R?, we denote by F g the o -algebra
generated by {V(x, 1) : (x,t) € K}.

Definition 1.2 For any r > 0, o(r) is the smallest value such that the bound

E(p1(V)g2(V)) < 0(r)y/E@} (V) Eg3(V),

holds for any two compact sets K|, K5 such that

d(Ky, KD inf  inf (v — x|+l —nl) =7
(x1,11)eK (x2,n)eK>

and any two random variables ¢; (V) such that ¢; (V) is Fk,-measurable and Eg;
(V)=0.
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Note that o is a decreasing function. With this notation at hand, we then make the
following assumption:

Assumption 1.3 The field V is stationary, centred, continuous, and C Uin the x-
variable. Furthermore,

E(|V(x, 0P + 10,V (x,0)|") < 00

for every p > 0.

For most of our results, we will furthermore require that the correlations of V decay
sufficiently fast in the following sense:

Assumption 1.4 The maximal correlation function ¢ from Definition 1.2 satisfies
0(R) < (1+ R)~7 forevery g > 0.

Remark 1.5 Retracing the steps of our proof, one can see that in order to obtain our
main result, Theorem 1.8, we actually only need this bound for some sufficiently large
q. Similarly, the assumption on the x-differentiability of V is not absolutely necessary,
but simplifies some of our arguments.

Let us first give a few examples of random fields satisfying our assumptions.

Example 1.6 Take a measure space (M, v) with some finite measure v and a function
¥ : M x R? — R such that

[ (m, x, )| + [0y (m, x, 1)
sup sup
meM x.1 L+ |x]9 4 [z]9

for all ¢ > 0. Assume furthermore that i satisfies the centering condition

///W(m,y,s)v(dm)dyds:O.
R M

R

Consider now a realisation 1 of the Poisson point process on M x R? with intensity
measure v(dm) dy ds and set

Vix,t) = ///w(m, y—ux,s —t)u(dm,dy,ds).
MR R
Then V satisfies Assumptions 1.3 and 1.4.

Example 1.7 Take for V a centred Gaussian field with covariance ® such that

g |2 DI+ 1020 (x, 1)]
wi o L |x|a +|e)e
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for all ¢ > 0. Then V does not quite satisfy Assumptions 1.3 and 1.4 because V and
d, V are not necessarily continuous. However, it is easy to check that our proofs still
work in this case.

The advantage of Definition 1.2 is that it is invariant under the composition by
measurable functions. In particular, given a finite number of independent random fields
{V1, ..., Vi} of the type of Examples 1.6 and 1.7 (or, more generally, any mutually
independent fields satisfying Assumptions 1.3 and 1.4) and a function F: R — R
such that

1. EF(Vi(x,1), ..., Vi(x,1)) =0,
2. F,together with its first partial derivatives, grows no faster than polynomially at
infinity.

Then, our results hold with V(x, 1) = F(Vi(x,1), ..., Vi(x,1)).

1.2 Statement of the result

Consider the solution to the heat equation with constant potential

oru(x,t) = 8§u(x, 1)+ Vu(x, t), t>0,x eR;
u(x,0) = ug(x), (1.6)

where V is defined by (1.5). Then, the main result of this article is the following
convergence result:

Theorem 1.8 Let V be a random potential satisfying Assumptions 1.3 and 1.4, and
let ug € C3*(R) be of no more than exponential growth. Then, as ¢ — 0, one has
uf(t, x) = u(t, x) in probability, locally uniformly in x € R andt > 0.

Remark 1.9 The precise assumption on u is that it belongs to the space ng/ ? for some
£ € R, see Sect. 2.1 below for the definition of this space.

Remark 1.10 The fact that EV = 0 is of course not essential, since one can easily
subtract the mean by performing a suitable rescaling of the solution.

To prove Theorem 1.8, we use the standard “trick” to introduce a corrector that
“kills” the large potential V, to highest order. The less usual feature of this problem
is that, in order to obtain the required convergence, it turns out to be advantageous
to use two correctors, which ensures that the remaining terms can be brought under
control. These correctors, which we denote by Y® and Z¢, are given by the solutions
to the following inhomogeneous heat equations:

QY. 1) = Y (x, 1) + Ve(x, 1),
HZE(x, 1) = 02Z°(x, 1) + |8: Y (x, z)|2 — Ve (1), (1.7
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where we have set V, (1) = E |3, Y (x, t)|2. In both cases, we start with the flat (zero)
initial condition at t = 0. Writing

v8(x, 1) = u(x, 1) exp [— (Yg(x, 1)+ Z%(x, t))] ,

Theorem 1.8 is then a consequence of the following two claims:

1. Both Y? and Z° converge locally uniformly to 0.
2. The process v® converges locally uniformly to the solution u of (1.6).

It is straightforward to verify that v® solves the equation

00" = 020" + Voo +2(0:7* +0,2°) 0" + (|27 + 20,270, 7)o",
(1.8)

with initial condition ug. The second claim will then essentially follow from the first
(except that, due to the appearance of nonlinear terms involving the derivatives of the
correctors, we need somewhat tighter control than just locally uniform convergence),
combined with the fact that the function V(r) converges locally uniformly to the
constant V.

Remark 1.11 One way of “guessing” the correct forms for the correctors Y¢ and Z¢ is
to note the analogy of the problem with that of building solutions to the KPZ equation.
Indeed, performing the Cole-Hopf transform h® = logu®, one obtains for i® the
equation

dh® = 02h° + (3:h°)” + Vs,

which, in the case where V. is replaced by space-time white noise, was recently
analysed in detail in [6]. The correctors Y and Z¢ then arise naturally in this analysis
as the first terms in the Wild expansion of the KPZ equation.

This also suggests that it would be possible to find a diverging sequence of constants
C, such that the solutions to

o t
dut (x, 1) = 02u (x, 1) + e~ 2V (f, —a) W (x, 1) — Co® (x, 1),
e &

converge in law to the solutions to the multiplicative stochastic heat equation driven
by space-time white noise. In the non-Gaussian case, this does still seem out of reach
at the moment, although some recent progress can be found in [7].

The proof of Theorem 1.8 now goes as follows. In a first step, which is rather long
and technical and constitutes Sect. 2 below, we obtain sharp a priori bounds for Y*
and Z¢ in various norms. In a second step, which is performed in Sect. 3, we then
combine these estimates in order to show that the only terms in (1.8) that matter are
indeed the first two terms on the right hand side.

Remark 1.12 Throughout this article, the notation X < Y will be equivalent to the
notation X < CY for some constant C independent of ¢.
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2 Estimates of Y€ and Z¢
In this section, we shall prove that both Y¢ and Z¢ tend to zero as ¢ — 0, and establish
further estimates on those sequences of functions which will be needed for taking the

limit of the sequence v®. But before doing so, let us first introduce some technical
tools which will be needed both in this section and in the last one.

2.1 Weighted Holder continuous spaces of functions and the heat semigroup

First of all, we define the notion of an admissible weight w as a function w: R — R4
such that there exists a constant C > 1 with

w(x)

c'< <cC, .1

w(y) —

for all pairs (x, y) with |x — y| < 1. Given such an admissible weight w, we then
define the space C,, as the closure of C§° under the norm

1l = 1 Fllow = sup L1
xeR w(x)

We also define c,’ii for B € (0, 1) as the closure of C(‘)’O under the norm

1l = 1l + sup L= SO

[x—y|<1 w(x)|x — YIﬁ .

Similarly, for 8 > 1, we define Cf) recursively as the closure of C§° under the norm

1flgw = I1f o + 11 p=1,w-

It is clear that, if w; and w; are two admissible weights, then so is w = wj ws.
Furthermore, it is a straightforward exercise to use the Leibniz rule to verify that there
exists a constant C such that the bound

If12l8w = Cllftllgrw I f21l g2wn» 2.2)

holds for every f; € Cffi, provided that 8 < 81 A Bs.

We now show that a similar inequality still holds if one of the two Holder exponents
isnegative.For B € (—1, 0), we canindeed define weighted spaces of negative “Holder
regularity” by postulating that Cf) is the closure of C3° under the norm

| [7 f(2)dz
1fllpw = sup —=
P e w(x)lx — y[FF
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In other words, we essentially want the antiderivative of f to belong to C{ZH, except
that we do not worry about its growth.
With these notations at hand, we then have the bound:

Proposition 2.1 Let wi and w> be two admissible weights and let 81 < 0 < B be
such that B> > |B1|. Then, the bound (2.2) holds with = B;.

Proof We only need to show the bound for smooth and compactly supported elements
f1 and f>, the general case then follows by density. Denote now by F7 an antiderivative
for fi, so that

y y
/fl(z)fz(z)dz=/fz(z)dF1(z),

where the right hand side is a Riemann-Stieltjes integral. For any interval / C R, we
now write

Iflg.s = sup M

{x,y}ci lx — ylﬂ
It then follows from Young’s inequality [12] that there exists a constant C depending

only on the precise values of the §; and on the constants appearing in the definition
(2.1) of admissibility for the weights w;, such that

s
/fz(z)dF1(z) < HL®I|Fi(y) — Fi(x)]

+C1 oy 1,31 FFilg 41,1,y 1% — yI PP
< w)lx = P Allo.ws Il Fill grw, + Cl2ll gows L fill g1 )s

which is precisely the requested bound. O

There are two types of admissible weights that will play a crucial role in the sequel:

def def
ee()= exp(—Llx]), pe()=1 4+ |x|¥,

where the exponent « will always be positive, but £ could have any sign. One has of
course the identity

er ey = Crim. (2.3)

Furthermore, it is straightforward to verify that there exists a constant C such that the
bound

Pe(X)eg(x) < CLT*, (2.4)

holds uniformly in x € R, « € (0, 1], and £ € (0, 1].
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Finally, we have the following regularising property of the heat semigroup:

Proposition 2.2 Let 8 € (—1,00),lety > B, andlet €, k € R. Then, foreveryt > 0,

the operator Py extends to a bounded operator from Cg to CZZ and from CgK to CZK.

Furthermore, for every £o > 0 and ky > 0, there exists a constant C such that the
bounds

y—

_v=B _vzB
1P fllyee <Ct™ 2 N fllgees N1Pe&lly.pe < Ct™ 2 lglB.pes

hold for every f € CZ, every g € C,’?K, everyt € (0, 1], every |£]| < £y, and every
k| < o.

Proof The proof is standard: one first verifies that the semigroup preserves these
norms, so that the case y = f is covered. The case of integer values of y can easily be
verified by an explicit calculation. The remaining values then follow by interpolation.c0

We close this section with a quantitative version of Kolmogorov’s continuity criterion,
which will be used a couple of times in this paper.

Lemma 2.3 Let R be a compact subset of R? (for us d will be either 1 or 2), and

let for each ¢ > 0{&], u € R} be a stochastic process such that for some positive

constants C, y, and 6, 0 € R, allu; v € R,
E[l& —&517] < Ce0u — v]**.
Then there exists a continuous modification of € (which, as an abuse, we still write

&%), andforall0 < B < 8/y, € > 0, there exists a positive random variable {g ; such
that

E[(5p.e)"] < Cpe®,
where Cg depends only upon C, B, d, y, 6 and the diameter of R, and
&6 — 851 < Epelu — vl

forallu,v € R a.s.

Proof The result follows readily from an application of Theorem 0.2.1 in [11] to the
process £ ¢/Y£¢. The claim about the constant Cp can be easily deduced from the
proof of that Theorem. O

2.2 Bounds and convergence of Y¢

The main results of this section are Lemma 2.12 and Corollary 2.13 below. For any
integer k > 2, define the k-point correlation function ®® for x, r € R¥ by

P, 1) = E(V(xi, 1) ... V1)
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(In particular, ®D(x1, 11, x2, 1) = (x| — x2, 1 — 12), where ® is the correlation
function of V defined above.) With these notations at hand, we have the following
bound which will prove to be useful:

Lemma 2.4 The function ¥ given by
VO, 1) = 0P (x, 1) — @(x) —x2, 1 — )P (x3 — x4, 13 — 1),
satisfies the bound

WD (x, )] < n(lx1 — x3] + |t1 — 610 (x2 — xa] + |12 — 1))
+n(x1 — x4l + |11 — aDn(lx2 —x3| + 12 —3]),  (2.5)

where the function n: Ry — Ry is defined by
n(r) = VKo(r/3), with K =4(|V, DIV, Ol + IVA(x, 0)13),

where we write || - |2 for the L*>(2) norm of a real-valued random variable.

Remark 2.5 In the Gaussian case, one has the identity
WD (x, 1) = @(x) — x3, 11 — 13)P(x2 — X4, 12 — 1)

+D(xp — x4, 11 — 1) P (x2 — x3, 12 — 13),

so that the bound (2.5) follows from the fact that o dominates the decay of the corre-
lation function ®.

Proof For the sake of brevity denote &; = (x;, t;). We set

1<i<

B J#

Ri = max dist [ & (g} ) . Ro = maxdist ({6, &), (6. 60))

where the second maximum is taken over all permutations {i1, i2, i3, i} of {1, 2, 3, 4}.
Consider first the case Ry > R;. Without loss of generality we can assume that
Ry =dist(&1, U (& 1. Itis easily seen that, in the case under consideration,
J#1

dist((§,&;) <3Ry, i, j=1,2,3, 4. (2.6)
Then the functions ®® and @ (&) — &) P (&3 — £4) admit the following upper bounds:

1@ (&), &, &3, &4)| = [E(V(ENV(E)V (£3)V ()]
< o(RDIVED IV (EDV (E)V (£l
< o(RDIVE) 21V ()32,
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and
D& — E)P(E —£) < o(RDIVIZIVI3
Therefore,
WDl < o®) (IVOILIVE) 12+ 1VI3)
From (2.6) and the fact that o is a decreasing function we derive

Ko(R1) =n(BR)nGBRy) = n(§1 —&Dn(152 — &l).

This yields the desired inequality.
Assume now that Ry < R, and dist({&1, &}, {&3, &4}) = Ry. In this case

dist(&1, &) < Ry and dist(&3, &) < Ry. 2.7

Indeed, if we assume that dist(&1, &) > R», then dist(&q, {&2, €3, £4}) > R» and, thus,
R1 > R, which contradicts our assumption. We have

| WD (&1, 6, 83, 80)| = | WD (&1, 82,83, 84) — P(E — E)D(E3 — £9)|
= |E([V(EDV (&) —E(VEDVEDIV (E)V (E)
—E(V(&)V(E)])]
< o(R)I(VEN’[5. 2.8)

In view of (2.7), dist(&1, &3) < 3R, and dist(&2, &) < 3R;. Therefore,

Ko(Ry) < n(l& — &Dn(1& — &4),

and the desired inequality follows.
It remains to consider the case R < R and dist({&1, &3}, {&2, &4}) = R»; the case
dist({&1, &4}, {&2, &3}) = R» can be addressed in the same way. In this case
dist(§1, &) > Ro, dist(§1,&4) > R, dist(§1,53) < Ra.
Therefore, dist(&1, {&2, &3, &4}) = dist(&;, &3), and we have

1@ (&1, &, &, &)| < 0(1&1 — EDIVE) 21V E)) I
|D(E — £)D (& — E4)| < 0(R)IVIE < 0(1&1 — EDIVI5.

This yields

WD &L &, &, 8] < 0(E —SDIIVE IV ED 12+ 1VII3)

@ Springer



582 Stoch PDE: Anal Comp (2013) 1:571-605

In the same way one gets

W@ (&, &, &, 8] < 0 — ED(IVE IV EN 12+ 1VII3)

From the last two estimates we obtain

WD (&, &, &, 8] < Vo(&r — EDvVe(& — aD(IIVE IV EN 2+ I1VI3)
< n(l& — &€& — &)

This implies the desired inequality and completes the proof of Lemma 2.4. O
In order to prove our next result, we will need the following small lemma:

Lemma 2.6 Let F: Ry — Ry be an increasing function with F(r) < r4. Then,
fooo(l +r)"PdF(r) <ocoassoonasp >q > 0.

Proof We have [(°(1+r)"PdF(r) <1+ [°r~PdF(r), so we only need to bound
the latter. We write

00 2k+1 2k+1

/V de(V)<Z/r PAF(r) < D 277k / dF(r) < > 2 PkoatksD),

1 k>0 k>0 Sk k>0
This expression is summable as soon as p > ¢, thus yielding the claim. O
Lemma 2.7 Fixt > 0and let ¢ : R x Ry — Ry be a smooth function with compact

support. Define gs(x,t) = 8 3¢ (6 52) Then, forall p > 1, €,5 > 0, one has the
bound

pql/p

E //(pg(x —y,t—8)Ve(y,s)dyds
<, (8—1/2—a/4 A~V 2g—al4 | 8_3/28“/4),

where Cy, depends on p, on the supremum and the support of ¢, and on the bound of
Assumption 1.3.

Proof We consider separately the cases § > max(e, €%), § < min(e, %), as well as
min(e, %) < § < max(e, £%).

Assume first that § > max(e, £*). Without loss of generality we also assume that
p is even, that is p = 2k with k € N. Then

p

j” //wg(x—y t—s)Ve(y,s)dyds

:/ // /H‘P(S(x yls SI)E(HVS(yhsl )dyds
0 R

Rtl
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where dy = dy; ...dyy and d5 = ds; .. .dsy. Changing the variables y; = ¢~y
and 5; = ¢ %s;, and considering the definition of ¢5 and V., we obtain

2k
a —ey; t—e¥ 5 o
T =8 0kg k=T g2ht20k / /| |<p(L 5y’ s’) (| [ vGi s )dids.

[0,¢/5% 2k R2t i=l1

The support of the function H (ﬂ tg—") belongs to the rectangle (x—k 25, x+

kgs(p)”‘ X (t—kg—as¢, t+kj—as¢)2 , where s, is the diameter of supportof ¢ = ¢(y, ).

Denote 1'[(;‘€ = (0, 2k§s¢)2k and Hg’s = (0, 2k§—2s¢,)2k. Since V (y, s) is stationary,
we have

2%
6k —k_ak -
T < §0kmh=F 2herdak 2k / / ‘E(HV()’i,Si))
i=1

0.2k 5,)% (0,2k 2. 5,,)2%

d5ds.

(2.9)
For any R > 0 we introduce a subset of R*
Vs,e(R)

= (},f)eﬂé’sxng)g :lmax dist(y;, Uyz)<R max d1st(s], UE,-)fR ,
<js <js :
i#j i#]

and denote by |Vs | (R) the Lebesgue measure of this set. It is easy to check that the
set V5. (0) is the union of sets of the form

5T 1 2 Lz s, 5. — 3. S, — 3. S — 3.
{(y,s) €Ils o X II5 . ¢ Viy = Yigs -+ s Vi = Yiogs Sjs = Sjos e Sjyy _S]2k}

with i; # iy and j; # ju if | # m, thatis, Vs (0) is the union of a finite number
of subsets of 2k-dimensional planes in R**. The 2k-dimensional measure of this set
satisfies the following upper bound

e = e (2) ()"

80!

Therefore,

el < () (5) r 2.10)
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For each (y, §) € Vs ¢(R) we have
2k
E([TVG)| = e RNV IV Mg, @11
i=1

Combining (2.9), (2.10) and (2.11) yields

o
jsé < 6 Gk —k—f 2k+2ak/Q(R)d|V(S’g|(R) §3_3k8%
0

Here, the last inequality holds due to Assumption 1.4, combined with (2.10) and
Lemma 2.6. Therefore, recalling that p = 2k, we have the bound

1/p
(j,f"s) < §732gal4, (2.12)

In the case § < min(e, %) we have

2k ok

£,0 o

’ —Yi,.t — 8 E V. Y dy d:
\71) /[0,1]2“ /RZk i|=|1 s (x — yi 5i) (ilzl1 e (i Sl)) yds

2% o
< — 4’1‘_ . E V S
_/[O,I]Zk /lzzkil:[1|%(x Vi si) (11;[1 - (yi sl))
2k
E((V, ,2k/ / ot — s)Idd3
((Ve(yr, s»™) 0 RZkil;[lltpa(x Yist —si)ldyds

_k_f
S ||§0||L1,

dy d3

so that

(\75,5)]/17 5 8_1/2_0[/4. (213)

Finally, if we are in the regime ¢ < § < £%/2_ then

2k

— L2 x—8y t—e%s - =
o8 = 50k gkt / /H‘/’( . i z) (HV(y”S’ )dyds
[0,¢/s2 2k R2K =1
2%
E([Duﬁag
i=I

< 5—6k8k+3ak/2 ||<,0||2Llf>c / /
s\* T
< 8Ok g 7K l/ nvm;@mvﬁfwuqmds(g)l/guan*dR
0

dy ds

(o, 2k 52 qu)Zk (0, 2k S )ZI‘
2
(0.2k 27 5,) %

< 5 kgok/2,
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Hence,
(TyHP g 671 2emelt (2.14)

so that, combining (2.12), (2.13) and (2.14), the desired estimate holds. O

Lemma 2.8 Fixt > 0 and let ¢ : R x Ry — Ry be a function which is uniformly
bounded and decays exponentially in x, uniformly over s € [0, t].
Then, for all p > 1, & > 0, one has the bound

1/p

‘ P
E //(p(x—y,t—s)Vg(y,s)dyds <Cy (8_1/2_“/4/\8_“/4/\8“/4).
0 R

Here, the proportionality constant depends on p, on t, on the bounds on ¢, and on the
bounds of Assumption 1.3.

Proof The proof of this lemma is similar (with some simplifications) to that of the
previous statement. We leave it to the reader. O

In the proof of the next Lemma, we shall exploit in an essential way the fact that
t
Ye(x, 1) = //pt_s(x = Ve(y, s)dyds.
0 R
The fact that this integral converges follows readily from Assumption 1.3. Indeed
t t
E//pz_s(x = WIVe(y, s)ldyds = //pt—s(x — VE[Ve(y, s)lldyds
0 R 0 R
t
< Cs_(1/2+°‘/4)//pt_s(x — y)dyds < oo,
0 R
hence
t
//pz—s(x = WIVe(y, s)ldyds < oo
0 R

a.s., and all the operations done in the next proof are valid a.s. in .
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Lemma 2.9 For each p > 1, there exists a constant Cj, such that for all ¢ > 0, t >
0, x eR,

E (Y, 0" < C,(1 + Ve (2.15)
[E (] )] p

E(|a,Y°x, 0" <C (2.16)
[E (| | »

[E( 82V (x, t)‘p)]l/p <Cpe . 2.17)

Proof Our main ingredient is the existence of a function ¥ : Ry — [0, 1] which is
smooth, compactly supported in the interval [1/2, 2], and such that

Dver =1,

neZ

forall r > O.
As a consequence, we can rewrite the heat kernel as

pr(x) =D 27", (x, 1), (2.18)

neZ

where

on(x, 1) = 202" x,2%"1),  @(x,1) = pi()Y (Vx> +1). (2.19)
The advantage of this formulation is that the function ¢ is smooth and compactly
supported. The reason why we scale ¢, in this way, at the expense of still having a

prefactor 2721 in (2.18) is that this is the scaling used in Lemma 2.7 (setting § = 27").
We use this decomposition to define Y, by

t
YE(x,1) = 2*2"//%@ — vy, 1 —9) Ve(y,s)dyds, (2.20)
0 R

so that, by (2.18), one has Y¢ = Zn Y:. Setting ¢(x, 1) = dxp(x, t) and defining
Gn(x, 1) = 2"@(2"x, 2%"1) as in (2.19), the derivative of Y¢ can be decomposed in
the same way:

t
nYi(x,1) = 2_"//¢n(x —y,t—35) Ve(y,s)dyds. (2.21)
0 R

We first bound the derivative of Y?. Since ¢ is smooth and compactly supported,
the constants appearing in Lemma 2.7 do not depend on ¢ and we have

(E|aer(:)(x’ t)|p)l/p S 211/2801/4 A 2—n/28—ot/4 — 2—|%+%10g2 8|.
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Since the sum (over n) of this quantity is bounded independently of ¢, (2.16) now
follows by the triangle inequality.

Note that (2.17) follows from the same argument, if we integrate by parts (hence
differentiate V).

In order to finally establish (2.15), we bound Y¢ in a similar way. This time however,
we combine all the terms with n < 0 into one single term, setting

t
=Yg, Yoo = [ [ e - vosds
0 R

n<0

sothat Y¢ = > £ 4+ Y®. Similarly to before, we obtain

n>0 'n
(EIYE(x,0)|P)" /P < 27264, (2.22)
In order to bound Y?, we apply Lemma 2.8 with ¢ = p~ and ¢ < 1, which yields
(BIYE(x, 017) /7 < 6%,
Combining this with (2.22), summed over n > 0, yields the desired bound. O

We deduce from Lemma 2.9 and Eq. 1.7

Corollary 2.10 Ase — 0, sup(, ,)cp |Y*|(x, 1) — Oin probability, for any bounded
subset D C R x Rj.

Proof 1t follows from Lemma 2.9 and Eq. 1.7 that for some a, b > O and all p > 1,
all bounded subsets D C R} x R,

sup E[|Y°(x,0)|"] < &, (2.23)
(x,t)eD

sup E[18 Y (x,0)|P] Se PP, sup E[13,Y°(x,0)|’] Se PP (2.24)
(x,1)eD (x,1)eD

We deduce from (2.23) that for all (x, 1), (y,s) € D, p > 1,
E[IYe(x,1) — Ye(y, 9)IP] S &P,

and from (2.24), writing Y¢(x, t) — Y*(y, s) as the sum of an integral of d, Y® and an
integral of 9,Y?, we get

E[1Y50, 1) = Yo, 9)IP] S (x =yl + [t —sPPe™ PP,
Hence from Holder’s inequality

EL|Y*(r.0) = Yo ()] < (b =yl 11 = sPece.
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Provided 8 > 2 and @ > Bb/a, we obtain an estimate which allows us to deduce the
result from a combination of (2.23) and Kolmogorov’s Lemma 2.3. O

We will also need

Lemma 2.11 The functiont — V. (¢) is continuous, and, for each ¢ > 0, there exists
a positive constant V. such that

Vg(t) — \_/EO, ast — oQ.

Furthermore,

lim V0

e—0

D(y, ¢t
/ (¥ )dydt,
R

and \_/g(t) — Vase — 0, uniformly int € [1, +00].

Proof Writing @, for the correlation function of V, and using the definition of V. (1),
we have

t
_ d
Ve(t) =E a//Ptfs(x_)’)Vs()ﬁs)dyds
0 R
B 2

_E //pt = WVe(y, ) dyds

tt

= ////pt s =P (x =) Ve(y, $)Ve(z, r) dydzds dr

L O ORR

11
=[] rs =i =00 s = ndvizasar

0ORR

rt
=////pé(y)pi(zwg(y—z,s—r)dydzdsdr-

0ORR

It is easy to check that, for each ¢ > 0, this integral is a continuous function of ¢ and
that it converges, as t — +00. Performing the change of variables y’ = gl/zyT/m 7=
m, s’ = 8]++/2, r = €1+r_a/2’ renaming the new variables and setting 7, =

e~ 1=%/2¢ we obtain

I T,

2
22 y—z S§—r
R = P

0 0 RR
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We represent the integral on the right-hand side as

T. T,
2
L_L y—z S
4s  4r
BC: //// SRR QJ(SH’E% ) dvdcasar s
0 0 RR
(2.25)
The further analysis relies on the following limit relation:
lim sup |re(#)] =0. (2.26)

€=U 0<r<+00

In order to justify it we denote x = % — g and x; = {5, and divide the integration
area into four parts as follows

I, = {(y,z,s,r) eR>x (RT)? : 5 <&M, rfe}”},

(y, z,s,r)esz(RJ“)2 e < s < T, rfe’”},

{(y zsr)esz(R+)2'358”1,8”1<r§T8},

(yzsr)esz(R+) 8”'<S§Tg,8”1<r§Tg}.

In IT; we have

el g%l

22y dsd
LTl |Z3|eix4rq>( N r])dydzdsdr<C2// S — 42,
0

r?

%

(2.27)

To estimate the integral over I1, we first notice that there exists a constant Cy such
that

IyI _T

sz

<C

uniformly over all s > 0 and y € R. Then,

2 2
Iy3l |Z3'|e—iu—zrq>(
s2r2

= 1) dydzdsdr

a?
7182

T, &1

// |Z|dzdrds Z/cp( : a—rl)dy
Srz % 82*
R

g”l
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T: "1

ZC]SX///e_fja(s—r)|z|dzdrds
8%_1 sr%

e“1 0 R

T:
y —(s—r\ drds
=CCi¢ ON I 1 — < CCe"
£2” sr2

o0
v xa [ =( s ds = ds
=2CCe"e2 [oN I )= <2CCy&¥ 82 O(s)—
- s

e*1 £l +2x

o\
<l
A
\_/
U

[
< ~
D= S;

< G0 + 20)e* T 7 |logel; (2.28)

here ®(1) = [ ®(x, 1)dx, and ®(¢) stands for max{®(s) : t—1 < s < r}. A similar
estimate holds true for the integral over I13. Therefore,

L ==a _
i s | e B ) dvdsasar| <o
[T UITLUIT3
(2.29)
We also have
2 2 2
Z _Z_ = y—z S5—
———e & P , —= dydzdsdr
/ 372,32 (8;_3‘ e 1) yaz
IVl
T, SZETES}(H»Z)(
s—r dsdr — dsdr
=C¢*¥ — —=C O —r)——
8 J{ 2
(s+7r)? (s+7r)2
0 0
1 6}{1+2)( oog”lJrz"
— dsdr — dsdr ){
<C S —r)——= +C D(s —r)———= < Cye
00 (s+r)2 L0 (s+7r)2
(2.30)

Combining this estimate with a similar estimate for the integral over IT1; U I3, we
obtain

? 22 (y—z s—
lim  sup 372,37¢ EERT ) , dydzdsdr| =0.
s

£=>0 0<r<too
IT{ UIT, VI3

2.31)
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In order to justify (2.26) it remains to show that

| y2 272 2 Zz 22
yze ¥ 4 —zfe A W y—z S§s—
lim sup/ 372,37 ) e i dydzdsdr‘ 0

=0 O<t<+oo

(2.32)

We first estimate

3/2,3/2 e
_ 2 2 el
- 4/ 'yzs|5|/z2 3/zy - (eas +e%)Q(—ygxz,—zzi)dydzdsdr

P+ ly—zP 2 P +ly—zP 2
S /( 52,32 ¢ T+ 52,32 ¢ o

Iy
2
= y—z §—
X e 4 (I)l (_
g}f

2 2 2 _ _
Je(t) : = / ﬂe_ff e_ZTS — e_ﬂ|d>(y Z, %) dydzdsdr
=

) dydzdsdr (2.33)

with @1 (x, 1) = |x|®(x, 1); here we have used the inequality |e? —e?| < |b—al(e® +
¢”) and the estimates | yz||y+z| < C(IyP+ly—zI*) and |yz|ly+z| < C(jzP+y—zI*)
that follow from the Young inequality. Let us estimate the integral

3 2 2 —7 Ss—7
8”/Le_%€_ﬂ(bl(y Z,_—z;{)dydzdsdr
&

§5/273/2 o
Iy
1 _2 y—z S—r
5C38%/sr3/26 4rcI)l( > ’8—2x)ddeder
<C482”//—5 —
sr

%1 gl

o0 o0
o ]

£x1+2x 8}(1+2)(

here C3 = max(x3e’x2), and @ (¢) stands for fR @ (x, t)dx. Other terms on the
right-hand side of (2.33) can be estimated in a similar way. Thus we obtain

lim sup J.(r) =0. (2.34)

e=>0 g<r<c0
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The inequality

2 2 2 — —
lyz zle_lfre_ﬁq) y=z s—r

§3/243/2 g% ' g—2x
Iy

) dydzdsdr < Ce*(loge)?

can be obtained in the same way with a number of simplifications. This yields (2.26).
It remains to notice that

T. Ts
2 zz 22 — S—r
//// ﬁe‘ﬂ_ﬂd)(y %Z, _zx)dydzdsdr
N r & &
e"1e”1 RR
Te Te 2 2 2
_ox Z ,%,%— S—r
=& ///me 4 4 @(—8_2%)dzdsdr
e”1e”1 R
T, T, % &Y%
c x//a(s—r) dsdr c / / 3 ) dsdr
= Coe — ) =5 = §—r)———7=
‘ e ) sz " (s + )32
&¥lg*1 g1+ gxp+2%

_C]o/a Ly dsdr
=Cy (s rm e (
0 0

with Co = [ 2e= /4 dz, and

lim sup |R.(t)] =0.

e—0 1<t<+oo

Combining the last two relations with (2.25) and (2.26), we obtain the desired state-
ment. o

Lemma 2.12 For any T > 0, any even integerk > 2, any 0 < 8 < 1/k, any p > k
and any k > 0, there exists a constant C such that forall 0 <t <T, ¢ > 0,

1/p @ 1/p
(B ig,) " <ceti=, (Blywip,) " <ce,

I/p
(B1a. 015, )" < ce ™,

Proof We establish the estimates of the norms of d, Y¢(¢) only. The norm of Y4(¢) is
estimated similarly. Let ¢ > 1 and p = gk. For any x < y, we have the identity

v
10, Y2(t, y) — 0, Y (r, x)|F = k/(ast(t, 2) — 0 YE(t, x) 102y (1, 2)dz.
X
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Raising this to the power ¢ and taking expectations, we obtain

E(10,Y%(r, y) — 0, Y*(r, x)|7)
y q

<K / (B YE(t, 2) — 3 YE(r, ) 192V (1, 2)dz

X
y

S(y—x)7! /E (‘(8XY8(I, 2) — 9, Y@, x) T alyeq, z)’q) dz
SO- x)’f\/E(waS(r, DPIEE ([o2ve @, 0[7) S -0,
(2.35)

where we have used the stationarity (in z) of the processes 9, Y (¢, z) and 33Y £, z),
as well as the estimates (2.16) and (2.17) from Lemma 2.9.

As a consequence of (2.16) and Kolmogorov’s Lemma 2.3, there exists a stationary
sequence of positive random variables {&,},cz such that for every n € Z, the bound

sup 3, Y*(t, x)| < &,
x€[n,n+1]

holds almost surely, and such that (E|, |p)1/ P < ¢=1/k for every p > 1. The bound
on [|0xY¢(t)|lo,p, then follows as follows. Choose p > 1/«k.

&n

0, Ye(¢ <2su
10, Y () llo,p. < nggl-i-lnl"

g\
<242
=2 Z(HW
neZ

E(0: Y (0)l0.p,) <2+ 2E(I&17) D (1 + [n[) 7P

neZ

< Ce Pk,

The bound on ||0,Y*(¢)||,p, follows in virtually the same way, using the fact that
(2.35) also yields the bound

0. Y5, %) — Y, | _ 2

sup = é&n,

x,y€[ln—1,n+1] |x - Y|ﬁ

for some stationary sequence of random variables &, which has all of its moments
bounded in the same way as the sequence {&,}. O

We further obtain the following bound on the “negative Holder norm” of 9, Y *:
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Corollary 2.13 Forany T > 0, k being any even integer, p > k and k = 1/k, there
exists a constant Ct p . such that

1/p
(E“ast(t)Hlii PK) < CT,p,K 801/16—/(’

forall0 <t <T, e>0. O

Proof We note that

Yé(t,x) — Yé(t,

1oyl y, = sup LDV
@l i<t pe@))x =y

[YE(t, x)| [0x Y (2, x)|

1Y@ o, pe = sup ————, 3Y*(®)llo,p, = sup —————.
X Dic(x) X Dic (X)

We have, for [x — y| < 1,

Y, 0)=Ye(t, y)| (|Y8<r,x>—Y8<t, y>|)‘/“ (|Y8<z,x>—Y8<t, y>|)3/“
pe)lx—yPP4 Pic(x) Pe(X)|x—y|

e & 1/4 & 3/4
5(|Y (t’x)|+CK|Y (f,y)|) (CK sup [0y Y (l‘,Z)l) ‘
Dic(x) D (y) xX<z<y DPie(2)

It remains to take supremums and apply Holder’s inequality. O
Remark 2.14 By interpolating in a similar way between the first and the third bound
of Lemma 2.12, one could actually strengthen the second bound to obtain a bound
onE|0,Y4(¢) ||g, e by some positive power of €. This is however not required for our
main result.

2.3 Bounds and convergence of Z°

The main result of this subsection is Lemma 2.18, which follows essentially from a
combination of Lemma 2.15 and Lemma 2.17.

Lemma 2.15 Forany T > 0, there exists a constant Ct such that for all ¢ > 0, 0 <
t <Tandx e R,

[E (]Zs(x, t)|2)]1/2 < Cre“.

Proof The main ingredient in the proof is a bound on the correlation function of the
right hand side of the equation for Z¢, which we denote by

Ae(z, 7)) = Cov([a: YE ()1, 18: Y¥ (2)1P).
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Inserting the definition of Y, we obtain the identity
Ae(z,7) = /--~/Is(z—m)IS(Z—zz)ﬁ(z’—Z3)15(z’—Z4)‘1’g(4)(11, . za)dzy ... dz,
where

P(z) = P(x,1) = 3, p; (x),

with p; the standard heat kernel and

4 2 4y (X1 X4 N 14
‘lje()(Zl,.--,sz):S a\p()(_,_,,,—,—a,,,,,_a,
& e & &

Here, we used the shorthand notation z; = (x;, t;), and integrals over z; are understood

to be shorthand for fé Jr dxi dt;. We now make use of Lemma 2.4, which allows to
factor this integral as

|[Ae(z, 2| < < //P(z—m)P(z —23)0e(21 —Z3)dZ1dZ3) —Qg(z 7,

where we used the shorthand notation

0s(x, 1) —Q()—C,L)

8(1
We will show below that the following bound holds:

Lemma 2.16 Foranyy > ZL

gov/2

@s(z,z/)5(1/\m)+(1+t+t)8“/2 Ltz — )+ (141 +1))e%/2,
(2,2

where d, denotes the parabolic distance given by
dy(z,2) =|x — x>+t 1.

Taking this bound for granted, we write as in the proof of Lemma 2.9 Z¢ = Z° +
Zn>0 ZZ with

ZE() =27 / on(z —2) (18 Y5 ()* = Vet)) dZ,
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and similarly for Z%. Squaring this expression and inserting the bound from
Lemma 2.16, we obtain

EIZ () 27 / / 0@ = Don(z — ") (£ = N+ A+ +1")e*) d7’ dZ”
<2 / g“gz(z’) dz + 271 + 1),

where we made use of the scaling of ¢, given by (2.19). Performing the corresponding
bound for Z¢ , we similarly obtain

EIZ5 ) < z/;f(z’) 47+ (1 4+ 0%

The claim now follows from the bound

! o
200 ! e’ < Loy 2a
(i (2)dz < ———— A ldxds <& + &7
Yy (IxI? + 1Is1)

Consequently, for ¢ < 1, we get on the right hand side the power (2 A y)a of €, and
this for any y > —%, so clearly the above right—hand side should be ¢ O

Proof of Lemma 2.16 Similarly to the proof of Lemma 2.9, we write

0:(z,2) =D D"z, 2,

n1>0n2>0

with
é?l»HZ(Z’ Z/) = 5_1_%2_n1_n2//¢n| (z — Zl)@nz(z/ —22)0:(z1 —22)dz1d22.

Here, for n > 1, ¢, is defined as in the proof of Lemma 2.9, whereas ¢ is different
from what it was there and is defined as

Po(x, 1) = 0xp; (x).

By symmetry, we can restrict ourselves to the case n; > ny, which we will do in the
sequel. In the case where ny > 0, the above integral could be restricted to the set of
pairs (z1, z2), such that their parabolic distance satisfies

dp(z1,22) = (dp(z,2) —227")

where (- - - )+ denotes the positive part of a number.
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Replacing ¢,, by its supremum and integrating out ¢,, and o, yields the bound
802, ) S (1 Suo 1 + 1) 27262 / 0(z3) dzs,
Ag(n2)
where A, (0) = R2 and

Ae(n2) = {z3 : dp(0.23) = £ (dp(z,2) — 227n2)+},

for np > 0. (Remark that the prefactor 1 + ¢ + ¢’ is relevant only in the case n; =
ny = 0.) It follows from the integrability of o that one always has the bound

0112(2, 7)) S (1 + 8y 0(t + 1)) 22127 g%/2, (2.36)

Moreover, we deduce from Assumption 1.4 that, whenever n, > 0 and d(z,7") >
2372 one has the improved bound: for any y > 0,

él’ll,ﬂQ(Z Z/) < 22n2—n18(x/2 1A 8017/2 (2 37)
‘ o d)(z,7)

The bound (2.36) is sufficient for our needs in the case np = 0, so we assume that
ny > 0 from now on.

We now obtain a second bound on ;' (z, z) which will be useful in the regime
where n; is very large. Since the integral of ¢,, is bounded independently of ny, we
obtain

oM (z, 7)) SeTiTETT™ qup /ﬁz’nz(z’ — 22)0:(z1 — 22) dz2.

dp(z1,2)<2'™"
(2.38)
We now distinguish between three cases, which depend on the size of z — 7.

Casel:d,(z, 7) < &%/2 . In this case, we proceed as in the proof of Lemma 2.7, which
yields

oM (7, 7)) S el Sup/¢>n2 (22)0¢(z2 —z1)dz2
21

X1

t
< g lmipmom sup/Sust(xz —xl,s)/énz(xz,h)dfz dx2
N
0

<g lmapm /sup 06 (x2, 8)dxy < e~ 227", (2.39)
N
R
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Case2: [x —x'| > dp(z,2)/2 > £%/2 /2. Note that in (2.38), the argument of g, can
only ever take values with |x; — x2| € B;(ny) where

B:(ny) = {)E x> (Ix — x| = 227”2)} .
As a consequence, we obtain the bound

~ - _g . - Y
oM (7,7)) Sem I sup sup og (R, 5).
X€B:(ny) seR

/2

The case of interest to us for this bound will be 26~"2 < ¢%/2_in which case we deduce

from this calculation and Assumption 1.4 that

14
a &€
~ni,nn N < o—l=59—nj—ny
0"z z) e T2 —F ]
¢ dy(z,7))

where y is an arbitrarily large exponent. Choosing y > ﬁ, we conclude that one
also has the bound

51z, ) < g5 (1 A i)y (2.40)
& ’ ~ dp(Z, Z/) k)

which will be sufficient for our needs.
Case 3: |1 — 1’| = d3(z,2/)/2 = £%/2. Similarly, we obtain

@31*"2@,1’)55—%2—"1/ sup 0 (x2, ) dxz,

seB}(n2)

where

B, (n2) = {S Cs| > g_“(|[ —1 - 28—2n2)}.

Restricting ourselves again to the case 20— < /2 thig yields as before
o 80{/2 14
oM 2(z, 7)) Sem227M (1 A —) ) 2.41
0.""(z,7) 4,7 (2.41)

It now remains to sum over all values n; > no > 0.
For ny, = 0, we sum the bound (2.36), which yields

> om0z ) < A+ 141

n1>0
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In order to sum the remaining terms, we first consider the case d,(z, 7) < &¥2. In
this case, we use (2.36) and (2.39) to deduce that

Z é?l’”z(z, Z/) 5 2n28a/2 A zfnzgfa/Z’

ni=ny

so that in this case g, (z,2) <14 (1 +1 4+ 1/)e%/2.
It remains to consider the case d)(z, 7 > €*/2. For this, we break the sum over
ny in three pieces:

Ni=f{n2z1:27 =d(z2)/8},
Ny = {n2 >1:27%%2 <27 (g, Z')/8},
N3 = {nz >1:2"" < 2_68“/2}.

For ny € Np, we only make use of the bound (2.36). Summing first over n; > ny and
then over n, € Ni, we obtain

a2

Z Z innz(zz)sh

npeNy nyznz

For ny € N,, we only make use of the bound (2.37). Summing again first overny > nj
and then over n, € N, we obtain

ocy/2

Z Z ~ny, nz(Z Z)< dy( /),

npeNpy ni=n2

In the last case, we similarly use either (2.40) or (2.41), depending on whether |x —x'| >
dp(z,2)/20r|t —1'| > dlz,(z, 7')/2, which yields again

oty/2

Z ZQZI”Z(ZZ)<dV( Z/)

npeN3 ny=nz
Combining the above bounds, the claim follows. O

Lemma 2.17 Forany T > 0, p > 1,k > 0, 0 < y < 1, there exists a constant
CT.p.c,y Such that forall0 <t <T, ¢ > 0,

1 _
E19. 252 ,) """ < BIZZON2,, , )7 < Cropye ™

y+1,pe

Proof The first inequality is obvious from the definition. For the second one, we use
successively the second statement of Proposition 2.2 with 8 = 0, and y replaced by
y + 1, and the second estimate from Lemma 2.12. As a consequence, we have indeed
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t
1Z5 (O Nly+1,p, < / I Pr—s v ($)lly41, peds < Ct' = FD/2g=20,
0

where we set v (s) 1= 3, Y2 ()2 — E(|0: Y2 () |?). o
Combining this result with Lemma 2.15, we deduce

Lemma 2.18 Forany T > 0, x,k > 0, and p > 2/«, there exists a constant C such
that forall0 <t <T, ¢ >0,

ap op
E|Z50)|f, < Cer T~ El,Z°(0], < CeXrin ™~

Proof We first derive the bound on E|| Z* (t)”g,px' For this, we set x; = ke&¥ with
k € Z, as well as Iy = [xy, xx+1]. For any fixed function Z: R — R, we then have

1Z1l Loy < 1Zxi)| 4+ eV 10x Zll Loy < 1Z(xi)] + ¥ (1 + |xk[)N10x Zlo, p, »

so that

Zé(t, p
1ZE 0N, < P10 25O, + sup 12— L)

sup = KT (2.42)
rey (L+ [ )7

with a proportionality constant depending only on p. Using the Cauchy—Schwartz
inequality, we furthermore obtain the bound

3 p e 2 e 2p—2
2030l s |20 ) /Esupm (1, %))

kez (L+ [xe)P = (| & T el | kez (14 |xg )P+
1 2p—2
< & E ———JEIZE0)!

~ 2 0,pp

keZ I+ |xk|
where we have set

. kp—2
K= ,
2p—2

and we used Lemma 2.15 to get E|Z°(z, xk)|2 < Ce™. Ifk >0 (which explains
the requirement on p in our assumptions), then it follows from Lemma 2.17 that the
second factor in this expression is bounded by Ce ™. On the other hand, one has

TRt
1 o2 ™

keZ

so that the expectation of the second term in (2.42) is bounded by C g4~V =¥_ Using
again Lemma 2.17, the first term in (2.42) is bounded by Ce?”~*. Optimising over y
yields the required bound on || Z®(¢) |, p, -
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Concerning the bounds on ||d, Z°(¢)||o, », » We use the easily verifiable fact that any
function f defined on an interval [ satisfies the bound

2|1 fllee

+ 1 g 1P
1] P

If e <
Cutting the real line into intervals of size ¥ as before, we deduce that

1 No,pe S &7 11f lo,pe + €77 1L g, -

Choosing B very close to 1 and combining this with the bound just obtained on
E|Z%(t) ”g,m as well as Lemma 2.17, we have

El0, 20l , S e P iTF 4 errE,
Optimising over y allows us to conclude. O
We will need moreover
Corollary 2.19 As e — 0, Z¢(x, t) — 0 in probability, locally uniformly in (x, t).
Proof 1t follows from estimate (2.16) that for any p > 1 and any bounded subset
K C R x RT, there exists a constant C p,k such that

E /||8xY€(x,t)|2—V€|pdxdt <C,k.
K

Then, by the Nash estimate, we obtain
E|Z%|lcr k) < Ck, (2.43)

where the Holder exponent y > 0 and Ck do not depend on €. As a consequence of
the first estimate of Lemma 2.18, we have for p sufficiently large the bound

EIZ°I], k) < Cpxe’, (2.44)

for some exponent § > 0. Combining (2.43) and (2.44) one can easily derive the
required convergence. O

3 Proof of the main result
Before concluding with the proof of our main theorem, we prove a result for a parabolic

heat equation with coefficients which live in spaces of weighted Holder continuous
functions.
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We consider an abstract evolution equation of the type
du = 0%u+ Fd,u+ Gu, (3.1

where F' and G are measurable functions of time, taking values in C;Ky for some
suitable k > 0 and y < % The main result of this section is the following:

Theorem 3.1 Let y and « be positive numbers such that y + 2k < % and let F and
G be functions in sz)c R4, C;Ky)for every p > 1.

Let furthermore £ € R and uy € CS/ 2, Then, there exists a unique global mild
solution to (3.1). Furthermore, this solution is continuous with values in CS rﬁ 2 for every
m < € and, for every set of parameters £, m, k, y satisfying the above restrictions,

there exists a value p such that the map (ug, F, G) > u is jointly continuous in these
topologies.

Proof We will show a slightly stronger statement, namely that for every § > 0 suf-
3

ficiently small, the mild solution has the property that u, € Cfefat for ¢ € [0, T] for
arbitrary values of T > 0. We fix T, § and £ from now on.
We then write

def
leells.e.r = sup Jlucll3

ee—st’
1€[0,T] o

and we denote by B; ¢ 7 the corresponding Banach space. With this notation at hand,
we define a map Mt : Bs ¢.r — Bs.o.7 by

t
(Mru), =/PH(FS dcus + Gyug)ds, tel0,T].
0

It follows from Proposition 2.2 that we have the bound

” (Mru) ds.

: |
t ” 7.€0-8 —V.er—5t

t
312y
= c/(r —5)7 % ||Fy dyus + Gy ug
0

Combining Proposition 2.1 with (2.3) and (2.4), we furthermore obtain the bound

||Fs Oy lUg

”_7»96—61 s€L—3s

—K
< C(81t = s1) "I Fsll—y, p, Nuells e, 7

< C(81t =) WEsll—p.p, s

where the proportionality constant C is uniformly bounded for § € (0, 1] and bounded
£ and s. A similar bound holds for Gu; so that, combining these bounds and using
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Holder’s inequality for the integral over ¢, we obtain the existence of constants ¢ > 0
and p > 1 such that the bound

IMrulls.c.r < C8 ™ TE(1Fll Ly ey + IG oy Muls.e.r

holds. Since the norm of this operator is strictly less than 1 provided that 7' is small
enough, the short-time existence and uniqueness of solutions follow from Banach’s
fixed point theorem. The existence of solutions up to the final time T follows by
iterating this argument, noting that the interval of short-time existence restarting from
u(t) at time ¢t can be bounded from below by a constant that is uniform over all
t € [0, T'], as a consequence of the linearity of the equation.

Actually, we obtain the bound

1/¢
luelly o, ,, S exp (Cr (1F1 ooy + 16 ) ) luolly.,,.

where the constants C and ¢ depend on the choice of £ and §.

The solutions are obviously linear in u( since the equation is linear in u. It remains
to show that the solutions also depend continuously on F and G. Let u be the solution
to the equation

it = 8%ii + F dii + G i (3.2)
and write o = u — u. The difference o then satisfies the equation
ho=00+Fdo+Go+ (F—F)oi+(G-G)i,

with zero initial condition. Similarly to before, we thus have

t

Qr = (MTQ)I + / P ((Fs - Fv) Oxus + (G5 — Gv) 'Zs) ds.
0

It follows from the above bounds that
llolls.e.r S IMzells,e,r+C8 TS (| F — F||Lp(c;KV)+I|G - G||Lp(C;KV))"Ilzm(s,@,T'

Over short times, the required continuity statement thus follows at once. Over fixed
times, it follows as before by iterating the argument. O

Remark 3.2 In principle, one could obtain a similar result for less regular initial con-
ditions, but this does not seem worth the additional effort in this context.

We now have finally all the ingredients in place to give the proof of our main result.
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Proof of Theorem 1.8 We apply Theorem 3.1 with y = % and k = %. Note that the
equation (1.8) for v is precisely of the form (3.1) with

F=F=20,Y +20,Z° G=G*=|0,Z°>+20:Z°0,Y".

It follows from Corollary 2.13 and Lemma 2.18 that, for every p > 0 there exists
& > 0, such that one has the bound

T
enpP < 6
E/||F 12, dt| < €.
0

Similarly, it follows from Lemmas 2.12 and 2.18 that one also has the bound

T
ep < )
B [ 1611, di| < &
0

for a possibly different constant § > 0. These estimates imply that for every
p > 0, ”FEHLP(C;KV) + ”GSHLP(C;KV) tends to zero in probability as ¢ — 0. As
a consequence of Theorem 3.1, this shows immediately that v¥* — u in probability,
locally uniformly both in space and in time. We conclude by recalling that from Corol-
lary 2.10 and 2.19, the correctors Y* and Z® themselves converge locally uniformly
to 0 in probability. O
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