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Abstract A rigorous equation is stated and it is shown that the spatial derivative of the
Cole—Hopf solution of the KPZ equation is a solution of this equation. The method of
proof used to show that a process solves this equation is based on rather weak estimates
so that this method has the advantage that it could be used to verify solutions of other
highly singular SPDEs, too.
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1 Motivation and summary

The formal equation discussed in this paper is

d a2 d 3B

—Y = —YV+y —F¥H+2 1.1

o = a2 TV ) d1912 (D
where y is a real-valued parameter and B stands for a Brownian sheet thus 3‘2;52 can

be interpreted as the spatial derivative of a space-time white noise driving force. The
potential solutions Y to this equation which were first constructed in [4] take values in
the space D([0, T]; 2'(R)) of all cadlag functions mapping [0, T'] into the space of
Schwartz distributions 2’(R). So the problem arises to give meaning to the non-linear
term %(Y 2) and this is meant by stating a rigorous equation in this paper.
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Equation (1.1) is the equation the spatial derivative of a solution of the KPZ equation
for growing interfaces would formally satisfy and the main result in [4] is actually an
approximation scheme for the KPZ equation. The limiting field of this approximation
scheme equals the Cole—Hopf transform of another process and the community started
to call it the Cole—Hopf solution of the KPZ equation. Taking the spatial derivative of
the KPZ equation turns it into a conservative system with an invariant state and that’s
why (1.1) is also called conservative KPZ equation.

There has been a recent breakthrough in the theory of solutions to the KPZ equation,
see [8], and the reader is referred to this work and the references therein for a good
account on the progress being made over the past few years in the understanding of
the KPZ equation. But, as in [4], the main focus in [8] is on an approximation scheme
and it is not shown that the limiting field, which again equals the Cole—Hopf solution,
is the solution of a well-defined equation.

Since Y; € 2'(R) for fixed ¢, the canonical definition of the ill-posed term % (Y ,2)

would be a limit of type %[(Yt * JN)?], N = oo, using a mollifier / € Z(R) to
approximate the identity. Here Y; » Jy denotes the convolution of the generalized
function Y; and the smooth function Jy(#) = NJ(Nu), u € R.

It turned out that, even in the case where Y; is stationary, it is hard to make sense of
such a limit in an appropriate space. The author only achieved to get convergence in
a rather artificial space of so-called generalized random variables which made it kind
of impossible to understand (1.1) as a PDE and the notion of solution was based on a
generalized martingale problem (see [1]). It even remains to be shown that ¥ is indeed
a solution of this generalized martingale problem.

The difficulty seems to be that, as far as we know, there is no control of moments
higher than two. Very good if not the best second order moment estimates for Y; (G) in
the case where Y; is stationary can be found in [5] but the authors themselves remark
that their method cannot be applied to moments of higher order.

On the other hand, the convergence of time integrals fr ! % [(YyxdJ N)2] ds, N — oo,
r < t fixed, is much more regular and the notion of solution to (1.1) introduced in [7]
is based on the existence of such a limit.

However, in [7] it is not explained how % (Y?) should be understood for a chosen
Y € D([0, T]; 2'(R)). Instead, first showing very useful estimates, the authors of [7]
conclude that

t
G 1/N)—G
— lim //(YS*JN)z(u) w+1/N) (@) duds exists in mean square  (1.2)
N—oo I/N

r R

for every r < t and every test function G in the Schwartz space . (R). If Ba—u(Yz) is
defined by a limit for every ¥ € D([0, T]; 2'(R)) then verifying Eq. (1.1) for a possi-
ble solution requires a further limit-exchange and this has not been accomplished in [7].

The main message from [1] is that interchanging limy_, o and the time integration
in (1.2) leads to severe complications. So one wants to define

t
ad
<1[,,,]®G, —(Y2)> by — lim //G’(u)(Ys*JN)Z(u)duds,
ou N—o00
r R
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thinking of 1j,.;) ® G as a test function and of ( , ) as a dual pairing, which triggers
the idea to explain %(Y 2) as an element of 2/((0, T) x R). Indeed, if

hm // —¢(t,u) (Y * JN) (u) dudr exists forall ¢ € Z((0, T) x R)

then this defines an elementin 2’ ((0, T) x R). Of course, the above limit does not exist
forall Y € D([0, T]; 2'(R)) and limits of subsequences can be different depending
on ¢. So the definition of %(YZ) justified in this paper requires finding a suitable
subsequence (Nj)72 | whichisused tosplit D([0, T']; 2'(R)) into two sets Ag;, U
where

T
Ny def Jy ¢ D([0, T]; Z'(R)) : Jim //%gb(t,u) (Y; * In)? () dudr

does not exist for some ¢ € Z((0,T) x R) ¢ . (1.3)

Defining %(Yz) € 2'((0, T) x R) forevery ¢ € 2((0, T) x R) by
0 Y eNnm
@, -0 def[ <

, (1.4)
—liMsoo fy fg 2, u) (Y % Iy)>(w) dudr : Y € A5,

turns the equation (1.1) into a classical SPDE and it will be shown in this paper that

9 92 5
<¢,EY P y—(Y) ‘/—aa 2> 0 forall pe 2((0, T)xR) as. (1.5)

for the stationary (potential) solution Y constructed in [4] and some Brownian sheet
B both given on the same probability space.

Notice that the limits defining a%(Yz) in the case where ¥ € 4% could depend
on the choice of the mollifier J. But, when verifying (1.5) for a fixed y in this paper,
a subset 2, C ¢ is constructed such that (1.5) holds for all Y € €, and %(W)
given by (1.4) on 2, is the same for all even mollifiers J.

If Y¢ approximates Y then the standard method for showing that Y satisfies (1.5)
with - (¥?) defined by (1.4) would be:

2

T
0
control E, // a—¢(s, u) (Y % JN)Z(u) duds | ine, N, ¢. (1.6)
u
0 R

A good control of this type has been obtained in [7] for ¢ = 1}, ® G using the
density fluctuations Y¢ in ,/e-asymmetric exclusion as approximation scheme. But,
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sharp bounds on the spectral gap of the symmetric exclusion processes restricted to
finite boxes were required.

In this paper it is demonstrated that (1.6) can be based on the weaker estimates
obtained in [3, Lemma 3.3]. Using these weaker estimates makes it more difficult
to verify that Y satisfies (1.5). But the proof of Proposition 2.5, which is the main
achievement of this paper, presents a method of how to overcome this difficulty.
Having a method based on weaker estimates might be beneficial when it comes to
a similar problem with other highly singular SPDEs.

Finally it should be mentioned that the estimates used in this paper, just as the
estimates found in [7], are only justified in the case where Y is the spatial derivative of
the Cole—Hopf solution starting from Gaussian white noise on R which is a stationary
state. In this case, in particular since this invariant state is Gaussian, the state space
of Y can be relaxed to be D([0, T]; .’/ (R)) with .#’(R) being the space of tem-
pered distributions—see Remark 2.2(i). But, in the non-stationary case, the growth
conditions implied by the theorems in [4] would not allow for .”/(R) without further
analysis. As a consequence %(Y 2y was defined to be an element of 2/((0, T) x R)
to leave room for non-stationary solutions.

It remains an open problem to show that the spatial derivative of the Cole-Hopf
solution starting from initial conditions other than Gaussian white noise on R satisfies
(1.5).

2 Notation and results

The approximation scheme for the conservative KPZ equation used in this paper goes
back to [4]. It is based on ./c-asymmetric exclusion processes and will be briefly
explained in what follows. The reader is referred to [10] for the underlying theory of
exclusion processes.

Fix y # 0 and consider a scaling parameter ¢ > 0 small enough such that \/ey €
[—1, 1]. Denote by (2, F, Bf, n €{0, 1}%, (n1)s>0) the strong Markov Feller process

whose generator L, acts on local functions f : {0, 1}Z — Ras

Lef( = (4 Vey) n0od = nex + DILF 0™+ = £]

x€Z

+(1 = Vey) n) (1 = nx — LG — f(ﬂ)]) 2.1

where n*»” is standard notation for the operation which exchanges the ‘spins’ at x and
y.

Denote by vy, the Bernoulli product measure on {0, 1}Z satisfying vi2(n(x) =
1) = 1/2 for all x € Z. Define

. ni(x) —1/2
P, = /B7 dvipp(m), &) = IW’ t>0,x€Z,

and notice that the process (&);>0 is a mean-zero stationary process on (2, F, P;)
which takes values in {—1, 1}Z.
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Denote by §. the Dirac measure concentrated in the macroscopic point ex and
define by

Y= Ve D (b 120,

x€Z

the measure-valued density fluctuation field. Fix a finite time horizon 7" and regard
Y® = (Yf)seq0,77 as arandom variable taking values in the space D([0, T']; .’ (R)) of
all cadlag functions mapping [0, 7] into the space of tempered distributions .’ (R).
Equip D([0, T1; .#’(R)) with the Skorokhod topology J; and let Y be the notation
for both an element in and the identity map on D([0, T']; .’ (R)). So Y = (Y;)se[0.7]
plays the role of the coordinate process on D ([0, T']; ./(R)) and it is evident that the
topological o-algebra on D([0, T1]; ./ (R)) is equal to }"}/ =o({Y,(G):t<T,G e
S (R)P.

Theorem 2.1 [4, Th.B.1 & Prop.B.2] Let 135 denote the push forward of P, with
respect to the map Y¢. Then, when ¢ | 0, the probability measures P, converge
weakly to a probability measure on D([0, T1; .’ (R)) which is denoted by P,, in what
follows. The measure P, has the following properties:

(i) the support of P, is a subset of C([0, T]; /' (R));
(ii) the process Y is stationary under P, satisfying Y, ~ , t € [0, T], where u is
the mean-zero Gaussian white noise measure with covariance E, Y, (G)Y,(H) =
Jr GH du;
(iii) P, is equal to the law of the spatial derivative of the so-called Cole—Hopf solution
of the KPZ equation for growing interfaces starting from a two-sided Brownian
motion.

Remark 2.2 (i) The space used in Th.B.1 of [4] is D([0, T]; Z'(R)). But this can
be relaxed to D([0, T]; .’ (R)) because V12 is the initial condition of (17,);=0.
Indeed, this implies that condition (2.13) on page 578 in [4] is satisfied form = 0
and one can rule out that the functions fx used in the proof of Th.B.1 have
exponential growth.

(i1) This result in [4] is stronger than the tightness of {f’s, & > 0} shown in [7] as
tightness would only give the weak convergence with respect to certain subse-
quences &k, & | 0, with possibly different limit points. The identification of all
limit points is a consequence of the Cole—Hopf transform for discrete systems
applied in [4].

Definition 2.3 The coordinate process Y on the probability space (D([0, T1; .’ (R)),
.7-'%/, P,) is called Cole—Hopf solution of the conservative KPZ equation (1.1).

The following two results whose proofs will be given in the next section form the
basis for the method of verification used in this paper to show that Y solves Eq. (1.1) in
the sense of (1.5) where %(Ytz) is defined by (1.4). Notice that, by technical reasons,
the mollifier / € Z(R) defining Jy by u — NJ(Nu), N > 1, should be taken to be
even.
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Lemma 2.4 Fix G € ./ (R). Then

2

T t
/ drE, / / G'(w) (Vs % T2 (W) = (Y % J)*(0)) duds
0 0 R

3
~ am
T -1/3 2 2
<e CyN E sup |(1 +u )—aumG(u)l

u
m=1

forall N > N > 1 where Cy is a constant which only depends on the choice of the
mollifier J.

This lemma is proven using the estimates obtained in [3, Lemma 3.3] by applying
aresolvent-type method. It only gives a bound on the (£ ® P, )—average of the square
of the functional

t
1 [ [ 6 (0w ggPw - 0w sy Pw) duds
0 R

where ¢ denotes the Lebesgue measure on [0, T']. The main disadvantage of using an
L3¢ ® P, )—estimate of the above functional is that it complicates the method of
identifying the Brownian sheet in (1.5). The next proposition deals with each single
step of this method in detail. It’s proof is also based on [3, Lemma 3.3], only. This
means that fairly weak L?(¢ ® P) a priori estimates are still good enough for solving
singular SPDE:s.
Define the map
My : D0, T]; /" (R)) — D([0, T]; ' (R))

by
t t
My (V)Y = Y1(G) = Yo(G) — / Y,(G")ds +y / / G'(u)(Yy * Jn)* () duds.
0 0 R
Applying Lemma 2.4 gives that, for every G € . (R), there exists a B([0, T']) ® ]-'}/ -
measurable process

MC [0, T] x D([0, T]; . (R)) > R

such that

T

~ 2
/thy [M,G —sz(Y),G] -0, N— oo (2.2)
0
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Denote by F the filtration (F;),e0,77 With F; = o ({¥5(G) : s <1, G € S (R)}UN)
where N is the collection of all P, -null sets in }"%/ .

Proposition 2.5 (i) Forevery G € .7 (R), there exists an F-adapted process M® =
(M,G),e[o,r] on (D([0, T]; /' (R)), FY, P, ) which is a continuous version of
M in the following sense: there is a measurable subset Tg C [0, T] with
£(7g) = T such that MIG = M,G a.s. forallt € Tg. For every positive T' < T,
when restricted to [0, T'], the process M is a square integrable F- martingale.
(ii) Forevery G € % (R), the process MC = (MIG),E[(),T] is an F-Brownian motion
with variance 2||G’||% on the probability space (D([0, T1; .#'(R)), FY, P,).
(iii) It holds that

MAUCTRG — MO 4 MO as.

foreveryt € [0,T], aj,ax € Rand G, G, € L(R).
(iv) The process M,G indexed by t € [0,T] and G € S (R) is a centred Gaussian
process on (D([0, T]; &' (R)), Fr. P,) with covariance

E,MJ' M =231y /\tz)/G’l(u)G’z(u)du
R

hence thereis a Brownian sheet B(t, u), t€[0, T, u€R, on (D([0, T]; .7’ (R)),
.7:}/, P,) such that

ME = ﬁ/B(r,u)G//(u)du as.
R

foreveryt € [0, T] and G € ./ (R).

In what follows let M = (M,),e[0.1] denote the continuous .’ (R)-valued process
defined by

MGy & ﬁ/B(r,u)G’/(u)du, te[0,T], G e .ZR). (2.3)
R

Remark that, by Schwartz’ kernel theorem, M and Y can also be considered random
variables taking values in 2'((0, T) x R) such that

T t
/df gt | =Yi(G) + Yo(G) +/Ys(G”) ds + M;(G)
0 0
9 92 9
= G,—Y ——Y——M
<g G Tt T >
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forall g € 2((0,7)), G € Z(R) where (-, -) denotes the dual pairing between
20,T) x R) and 2'((0, T) x R). Notice that the last equality can be extended
to hold for all g € C'([0, T]) with g(T) = 0 and G € .#(R). Then it is an easy
consequence of Lemma 2.4, (2.2) and the Cauchy—Schwarz inequality that

2
T
, 5 3 32 3
Ey = [ [ 80G @) (Yi % ) (@) dudt — (g ® G, =Y = —=Y — M) [y
0 R
3 gm
=2e"CuNT NG g gy 2SI+ ZZG@P, N =1 24
m=1

forall g € C1([0, T]) with g(T) = 0 and G € .¥(R).

The next step consists in finding a subsequence (Ny);2, and a subset Q,, € }'}’
of measure P, (€2,) = 1 such that Q, C .4 where .43, is defined by (1.3). The
ultimate goal would of course be a subsequence (Nk),fil which is the same for all

y #0.
For this purpose it turns out to be useful to think of the function

(t,u) > (Y, * Jn)>(u) where Y € D([0, T]: .%'(R))

as aregular distribution in 2’((0, T) x R). This regular distribution is denoted by (Y x;
Jx)? in what follows. Notice the notation *» which emphasises that the convolution
only acts on the space component of Y.

Then the idea is to construct a Banach space (€, || - ||) satisfying 2((0, T) x R) €
E C L%([0, T] x R) C & such that

3 3 32 3
E, l—(Y 0 Jy)—=Y——Y——M 2 < t/N*, N=1, (5
ylllau( *2 JN) (at 2y "o )/VIII < const/ > (2.5)
for some a > 0.
Remark 2.6 Suppose for now that (2.5) can be achieved by finding || - ||, « and

const where the latter might depend on 7', J and y. Choosing (Ni)Z2 | to be

k% forsome & > 1/o: o < 1
Ny =
k o> 1

would then yield

iP 12w g (v Y Jyll=8t)<oo, ¥6>0
a.. * VL, T 92t T g, < ’ >V,
2\ 2 o Ta2 T )

hence
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aY 32Y 8M /Yl — 0, k— o0
ot du? ot v ’ ’

LY w0 I
(Y _
Ju 2 TN
forall Y € Q, for some Q, € FY with P, (Q,) = 1. Since weak convergence in
& implies weak convergence in 2'((0, T) x R) one would obtain that

¢8Y azy aM/—lim¢>a(Y*J)2
“ar T aur a1V T\ T I

T
3
= — lim //—¢(t,u)(Yt*JNk)2(u)dudt
k— 00 ou
0 R

forallp € Z((0,T) xR)and Y € 2, which obviously means 2, € .4/ where
the chosen subsequence (Ni)72 ; would indeed be the same for all ¥ # 0. Notice

that (¢, %Y — %Y — %M)/y does not depend on the choice of J so that %(Y2)
given by (1.4) on 2, would be the same for all even mollifiers J. Furthermore,
the equality in (1.5) would also be true forall ¢ € Z((0,T) x R) andall Y € Q,

because M /91 = /293 B /0t /du?® by (2.3).

So it remains to justify (2.5). Of course, one wants to use the bounds given by the
right-hand side of (2.4) to construct the Banach space (&, || - [|) but some care is needed
to ensure that Z((0, T) x R) C &’. A straight forward approach to tackle this problem
is using a so-called negative-order Sobolev space which is introduced next.

First observe that

sup [(1+u*) H@) ] <4 [[(1+ u*) H 72 + 2101+ uP) Hl| 2 |1 +*) H' [ 2wy
uelR

(2.6)

for any test function H € . (R). Now let (gm)fn":1 be the eigenbasis of the one-
dimensional Laplacian on [0, T'] with Dirichlet boundary conditions and let (G,,)fj‘;1
be the collection of Hermite functions. Then (g, ® G;),,m forms an orthonormal

basis in L2([0, T] x R) and it follows from (2.4) and (2.6) that

2

E, (gn®G i(Y*ZJN)Z— 3Y—a—zY—EM Yo% <const-n12n6/N1/3
PN u g ar dur ot -

2.7

where const does not depend on the choice of m and n. Of course the factor m?> goes
back to the eigenvalue associated with g, and, using the combinatorical properties
of the Hermite functions, O (n°) is a quite crude estimate of the norms of H and its
derivative in (2.6) when H = G, G, G)/. So an appropriate choice of the Banach
space & is the completion of Z2((0, T) x R) with respect to the norm || - || given by
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-1
I8P = > [0n® + 0¥ ymn®] " (g © G, )

m,n

Notice that Z((0, T) x R) € £’ is a standard consequence when choosing (g,)%_,
and (G,);2 , as above.

Using this Banach space and applying (2.7) to calculate E,, || 3"—” (Y% Jy)2— (% Y —

% Y— %M )/y lI? results in (2.5) for @ = 1/3 hence Remark 2.6 proves the following
theorem.

Theorem 2.7 (i) There exists a subsequence (Nk),f‘;l such that for every y # 0
there is a set Q, € _7-'}/ with P, () = 1 such that Q, C N where Ny,
is defined by (1.3) and a%(Yz) given by (1.4) on Q. is the same for all even
mollifiers J.

(ii) There exists a Brownian sheet B(t,u), t € [0, T], u € R, on (D([0, T]; Z'(R)),
]-"%, P,) such that the coordinate process Y solves the Eq. (1.1) in the sense of
(1.5).

Remark 2.8 (i) The choice of the subsequence used in the definition (1.4) of % (Y?)
depends on the power « needed to establish (2.5). The power « = 1/3 used in
this paper goes back to [2]. The results in [7] suggest that « = 1/2 seems to be
possible. However, for the purpose of giving rigorous sense to the Eq. (1.1), the
choice of an optimal subsequence is not intrinsic and so the author used what
he had proved himself in [2]. But, in the light of the new techniques applied in
[8], he would like to conjecture the following: Eq. (1.1) holds true in the sense of
(1.5) using Ny = k in the definition (1.4) of BE'—M(YZ).

(ii) It is a consequence of Theorem 2.7(i) that Uy;éo Q, C A, But, as shown in
[4], each measure P,, is related to the solution of a corresponding stochastic heat
equation

9 92 9B
Y72y 2725 0,
ot o2 +7v2 oo’ V7

through the Cole—Hopf transform and changing the diffusion coefficient by y
indicates that all measures P,,, y # 0, are singular to each other. Thus, the set
U, 0 @y is not too small since Py, (2,,) = 1 forall y # 0.

3 Proofs

This section contains the proofs of Lemma 2.4 and Proposition 2.5, but first, further
notation and auxiliary results need to be provided.

Fix ¢ > 0 small enough such that \/ey € [—1, 1], fix a test function G € .¥(R)
and denote by || - ||, the norm in L?(R), 1 < p < oo. Then

t
MOC = ¥(G) = ¥{(G) — / LY (G)ds, 120,
0
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is a martingale on (€2, F, P,) by standard theory on strong Markov processes and

t t

/e_ngYf(G)ds =/e—% > G(ex)Lekye2(x)ds, 120, 3.1)

0 0 x€Z
where

LESyg_z (x) = [(535_2 (x - 1) - 25,95‘_2 (-x) + 535_2()( + 1))

ey (B 2 (4 1) B — DEge2)] G2

follows from (2.1). Substituting (3.2) into (3.1), performing a summation by parts and
approximating by Taylor expansion implies

1 t t

/ e 2L YE(G)ds = / YS(G")ds — y / > Gl(ex) 2 (&2 (x + 1) ds
0 0 0 x€Z
t

-I—%g/z(;//(sx) E,o2(X)E;e2(x 4+ 1)ds + RO (1)

0 x€Z

with
1
RS (1)] < ﬁ6(2+¢5y><n+28>||(1+u2>G”/||oo 1, 1=0,  (3.3)

where  + 2¢ is an upper bound of the discretization of the integral fR(l +u?)~'du
in this context. Now, by notational purpose, define

t
’ I
RZ(1) def 3 / DG (k2 (g2 (x + 1 ds, 120, (3.4)
0 xeZ

although the right-hand side does not depend on N and includes G” instead of G’.
Using this notation leads to the decomposition

t
MEE + RO +y RO (1) = YE(G) — Y§(G) — / YZ(G")ds
, 0 (3.5)
+y / D G (ex)E 2 (X)Ee2 (x + 1) ds

0 x€Z

forall ¢+ > 0.
It turns out to be useful to rewrite the difference below as follows
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//G W) (YE % Jy)2(u) duds — /ZG (6x)E,0—2 (X)E,o—2 (x + 1) ds = ZRGN'(’)

0 X€Z i=1
(3.6)

where
t
RO () dﬁf/ VO () ds, 120, i=1,2,34, (3.7)
0

are given by

INEGEDY / [G'(u) — G'(ex)) Iy (u — £x) D ey (u — ) du E(X)E(D),

xeZp Xel
Vi) =e>. G (sx)/ T3 = ex) du EX[E(x) — E(x + )],
xe€Z

VE,GN" € =c>.G (SX)/ In(u —ex) Iy (u — ex) du §(x)[E(X) —&(x + D],

XF#X
Vf,@"‘(g) >G (8x)/ Iy (u — gx) [Z edn(u — &%) — 1:|du E()EMX + 1).
x€Z X€Z

Notice that fR G’ (u)du = 0 hence the following lemma can be applied in this context.

Lemma 3.1 [3, Lemma 3.3] Recall (3.7) for the definition of ROy}, i = 1,2,3,4.
Then

(i) [ drE,

R
32 ~
(i) [T drE, RsN 0| < eTCJ(£2N2 IG" 1% + eN? ||(1+u2)G/||go)
R
R

12 ~ 2312 2302
IA4+u5)G™| [A+u5)G"|
a0 SeTCJ( D0 | ) °°)

7 1A+uHG N2

2
(iii) [, drE. SN(t) e

(iv) [, drE,

NI1/3

) ~
N (t) < T3C; 2N G|

foralle > 0, N > 1 where Cy is a constant which only depends on the choice of the
mollifier J.

Remark 3.2 Recall the definition of Rg;;,o given in (3.4) which does not depend on
N. Then the rate of convergence

T

, 2
/ drE, [REGJ\’,O(Z‘)] — 0(¢2), & 0, uniformly in N, (3.8)
0
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follows from Remark 1(iii) in [2] by the same method used in the proof of the above
lemma in [3].

Proof of Lemma 2.4 Fix N > 1, fix § > 0 and choose N5 > N such that

~1/3
s

87 Cy (N 210 +u)G 12+ Ny 10+ G 124N, P+ 61 < /4

where Cj is the constant appearing in Lemma 3.1. Then

T t 2

/ drE, / / G') (¥ % I 0) = (¥ Iy)2(@) duds
0
T

t t
=/dt ////dslduldszduz G’(ul)G’(uz)
0ROR

0
Ey (Yo % )2 @) = Yy % 02 w) (Yo % I 2 @)= (Yo # I (w2)

where by Lemma 4.1 in the Appendix

E, (Y, % In)2 1) — (Y, % )2 U1)) (Y, % Ing) 2 (u2) — (Y, % In)*(12))
= lim Eq (Vg % Ing) 2 (1) — Yy, % In)2 @) ((Ygy % Iy) 2 u2) — (Ys, % In) (u2))

such that

R 2
B (VT ) = Oy 2w ) (O x I 2@2) = (Vi % I 2 (w2))|
< FUINIZ 1N 1)

foralle < 1,0 < sy,sp < T and uy, up € R. Hence, by dominated convergence, it
follows that

2

T
/dt E, //G’(u) (O % T2 = (¥ )2 @) ) duds
0 0 R

T 2

/thg //G (1) (Y * Iny) 2 ) — (Yy % Jy) (u)) duds | (3.9)

0

5
2

if ¢ = ey n; > 01is chosen to be sufficiently small.
Using (3.6), the last summand can be further estimated by
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4 T 4 T o
SZ/thg[ EN(t) 8Z/th8 5,\*,’8@)]
0 0

i=1 i=1

where
oo
PN - (IIA+u®G"2  1A+uPG"%  I1A+u?)G12
E /the[RSG,{/(t)] §eTCJ( 5 4 © 4 1 o0
, /3
i=17) N N N

+eTC; €2N?G" |12 +e N2 [ (1+uP) G |2 +&2 NG 1))

by Lemma 3.1. Of course, the same inequality holds if N is replaced by Ns such that

4
Y I 5
Z/thg [Rg]\’,;(t)] < 5t (82N§||G”||§O +eNZI(1+ udG' |12
=17

+e2N}1G'I1})

by the choice of Ns at the beginning of this proof. So, choosing & = ey, n; small
enough such that both (3.9) and

2-8¢7Cy (2N52 - IG 1%, + Ns? - G G I + & Ns* - 1GIF) < 674

yields

2

T t
/dt E, //G’(u) ((YS I3 () — (Yy % JN)Z(u)) duds
0 0 R

<5+8€TC~J(||(1+MZ)GW||§O I+ ) G5 ||(1+u2)G’||3,o)

N2 N N1/3
3
<8+8TC;N~ 1HZ:supl(l—i-u

u

m=1

Repeating the above procedure with respect to N5 > N gives the same inequality for
N. Hence

T t 2
/dt E, //G’(u) ((YS « T) ) — (YS*JN)Z(M)) duds
0 0 R
3
<45+32"C; NP supl(l +u )—G(u)|

m=1
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for arbitrary but fixed N, N with N > N which finally proves the lemma since § can
be made arbitrarily small. O

Proof of Proposition 2.5(i) In this proof the notation const is used when a notation for
a constant is needed thus const can take different values depending on the situation.

Fix G € (R). Applying (2.2), there exists a subsequence (Ny);2, and a measur-
able subset 7 C [0, T] with £(7g) = T such that

~ 2
lim E, [#7 - My, 17| =0 (3.10)
k— 00

for all ¢+ € 7. For technical reasons assume T ¢ 7 and let {#1,1,...} € 7 be a
dense subset of [0, T]~.
First observe that Mg is f}’:- measurable,n = 1, 2, ..., and and the key is to show

the following ' - martingale property
E, X[M; - M7]=0

for t,y, t, € {t1, 12, ...} satisfying t,; < t, and an arbitrary random variable X of the
form X = f(Ys,(Hy), ..., Ys,(Hp)) where f : R?” — R is a bounded continuous
function, H; € (R) and 0 < 5; < t,y, 1 < i < p. Of course, this martingale
property is satisfied if there exists const > 0 such that

- ~ 2
(B, XU ~ ME1)" < const -5 forall 5 > 0. 3.11)

In order to prove (3.11), fix an arbitrary § > 0 and remark that Lemma 3.1 implies

T T

/ 2 , 2
/thg (RO 0] = o) and /thE (RG] =ow17)
0 0

uniformly in ¢ > 0. Hence, for some 7 > 0 satisfying #, + 27 < T, one can choose
k big enough such that both

! 2 / 2
¢ (’t €[0,7T] : E, [RS;V,‘((;)] +E, [RSGJ\’,i(t)] > (SD <7/2 foralle >0 (3.12)
and
- 2 ~ 2
E, [M,f - szk(Y)g] +E, [M,f, - thk(Y)g,] <5 (3.13)

hold true. This k = ks is chosen and fixed for proving (3.11) in what follows.
Of course, applying Cauchy—Schwarz, (3.13) implies

-G G\ G G\
(EVX[M,n - M,n,]) < const [5 4 (EVX[thk (NG —my, (Y),n,]) ] . (3.14)
Now, substituting the definition of 9y, , one obtains that
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t71
2
(B, X190, (N = M, (1E 1) = [ B, X1Y,,(G) = ¥, (G)] - / E, XY,(G")ds

[

2

n
+y//G’(u)EVX(YS*JNk)Z(u)duds

where

E, X (Ys % Jn,)* (u) = 16%1 Ee X (Y % Jn,)? ()

such that

B X (Ys % In)2 @) < supyere | £ FUIINI3)

foralle <1, s € [0,T] and u € R by Lemma 4.1 in the Appendix. Here f is the
function defining X while f corresponds to Lemma 4.1 applied to (Y5« J Nk) (u) and
does not depend on u. So

//G () Ey X (Y *JNA) (u)duds = hm//G (u)ESX(Y *JNk) (u) duds

t,y ty R

by dominated convergence and, as similar estimates can be obtained for the remaining
but easier terms, one arrives at

2
(E},X[me(Y)g - ime(Y)gf])
2

=lim E X°|YE(G)= Y, (G)— / [Yf(G”) —y / G (u)(YE % Ty,)2(u) du] ds
R

2

4
_lalir()l(EEX£|: MEE — +RG(tn) R, (t;1/)+VZ( gNk(tn) RgNk(tn))i|)

i=0

using (3.5) and (3.6) for the last equality and writing X® as a substitute for
FOYE(H), ..., YE (Hp)). Notice that E,X°[M;** — M;*] disappears by the mar-
tlngale property. So, if &g is chosen small enough then

2
(B, X[y, (1 = My, (1)51)

4
< const {8+ Z (Ego [Rg)(t)]z + ZESO [Rs((;)/,’lilk(l)]z) (3.15)
i=0

tefty b}
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by Cauchy—Schwarz. Also, choose ¢y small enough such that

G 2 G 2
E., [Rso(tn)] + K [Rgo(t,,/)] <4

which is possible by (3.3). The next lemma provides estimates for the remaining
summands.

Lemma 3.3 Fix0 <i <4,t € {ty, t,y} and v > 0 satisfying t, + 2t < T. If
GLi 17
e el0.T1:E RG] z o) <72
then there exists t € [t, t 4+ 21] such that
Gi 1> Gi = GLi ]
E[ROY®] <8 and B[RO - RIJ0] <6,
Indeed, observe that if 7 > ¢ then
G'i o~ GLi 1 Gi - 2
B[ROV @ — RE{ 0] = B[RV -1

by stationarity and the Markov property. Now assume the contrary of the lemma’s
assertion, hence

L2
[t,1+27] C fe[t,t+2r]:Eg[R§;v’(t)] > 5

g,

- ) Gi - 2 W
felt,r+2t]:E RO (D[ = 6

U lfelr,t+2t]:E, [Rg;y(;) - RG’A’;'(;)]2 > 5]
U

e 2
fe[t,t+2r]:Eg[R€G,1{,’(t—t)] > 8].

Thus, as the Lebesgue measures of each of the sets on the last equality’s right-hand
side are bounded by t/2, one obtains that 2t < 7 which is a contradiction proving
the lemma.

Next, for fixed N, from Lemma 3.1 follows that

T T

' 2 / 2
/dt E [RO0] =06 and /dt E RO 0] =06
0 0

and, additionally taking into account (3.8), one obtains that
. ¢o 1 ¢2 12 a4 1
{1t el0,T]:E, Rsl,Nk(t) +E;, REl’Nk )| +Eg, Rsl’Nk(t) >4 < 1/2
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for a sufficiently small €1 > 0. Thus, because (3.12) holds for all ¢ > 0 and so for €]
in particular, one can estimate

/- 2 . /s 2 I VA
E RO 0] = 2B [RIG® - RO (0] +2E. ROy )]
<2542

using Lemma 3.3 foreachi = 0, 1,2,3,4 and ¢t = t,, t,, where f of course depends
on the chosen i and ¢. So, when g in (3.15) is replaced by the minimum of &y and €1,
it follows that

2
(EVX[E)ﬁNk(Y)g —sme(Y)g,]) < const -8

which, together with (3.14), proves (3.11). Hence (M g )’}’:1 isan (F, S’; T: | -martingale
for every finite ordered subset {s1, ..., s, } of {t1,%2,...}.

Now, choose arbitrary s, € 7g and fix a > 0. Without restricting the generality
one can assume for a moment that s, ¢ play the role of ¢/, #,, chosen in the previous
part of this proof. Combining Chebyshev’s inequality and (3.13) yields

const
a2

P, (105117 > a) = 54, (19, ()F =My, (HT] > a/3)  (3.16)

for the corresponding k = ks. Remark that the set {|9, (Y)tG — My, (Y)§;| > a/3}is
open in D([0, T]; ./ (R)) with respect to the uniform topology and that convergence
in Jj to elements of C ([0, T']; &’ (R)) is equivalent to uniform convergence. Thus, by
Theorem 2.1(i), the weak convergence of the measures 138, ¢ | 0, implies

P, (190, ()F =M, ()¢ > a/3) = lim o P (190, () =My, (] > a/3)

where the lim inf on the right-hand side is equal to

t
lim, o P: Yf(G)—Yf(G)—/ Yf(G”)—)//G’(u)(Yf*JNk)z(u)du dr| > a/3

R
> a/3)

4
— 36 iy
<lim. o (P£(|M,G’£—MSG’5| >a/6)+ K |:Rf(t) —RE®)+y D (ng,’k )

i=0
_Rg Ni (s )):|

where

4
=lim, ,P: (‘M,G’E —ME*+REW—RE()+y Y (RSA’,’k (n—RSy (s))
i=0

2
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2

4
E, |:R€G(t) ~RE®)+v > (RO5 —REy (s))] <const -8 foralle < gg A ey
i=0

as in the proof of (3.11). Using this to estimate the right-hand side of (3.16) yields
P,(IME — M| > a) < Tim. o P.(IME* — ME?| > a/6) (3.17)

since é can be made arbitrarily small.
Now recall that s, r € 7g were arbitrarily chosen and observe that

6" 4 6'Cy 2
Pe(1M = M| > a/6) < e MO * ~ME*| < 2B, (M99, - [M9);)

by first applying Chebyshev’s and then Burkholder-Davis-Gundy’s inequality with
constant C4. Furthermore, it is known in this context (see [6] for example) that

2
Ee (M%), = MO9))" = C(T, G)e> + (t = )2).
Hence, by (3.17), there exists const only depending on 7 and G such that
Py(|1\7[,G — A;[SGl > a) < const - a_4(t — s)2 (3.18)

foralla > Oands,t € 7g.

The next step is to construct a continuous process (M )tef0,77 such that M G =M, G
P, -a.s. for all t € 7. But such a construction can be achieved almost the same way
the continuous version of a process is constructed in the proof of the Kolmogorov-
Chentsov theorem (see [9] for example) As in this proof, it follows from (3.18) that,
for a dense subset D of [0, T'], {M G(w)t € D} is uniformly continuous in ¢ for
every w € Q* where Q* is an event in f of P, -measure one. But in difference to
[9], D should not be the set of dyadic rationals in [0, T'] but rather an appropriate
subset of the set {#1, 2, . . . } chosen at the beginning of this proof. Then one can define
ME(w)=0,0<t<T,forw ¢ Q* while, for v € Q*, ME (w) = ME (w) ift € D
and MC(w) = lim, Mg(w) for some (5,)>°, € D with s, — tif t € [0, T]\ D.
This gives indeed a continuous process.

To see that MG MG a.s. for all # € 7 one splits 7 into D and 7 \ D. For
t € D one has MG MG a.s. since P, (%) = 1. Fort € 7 \ D and (s,);2; € D
with s, — ¢ one has M = lim, M Y a.s. by construction as well as MC =lim, M o

in probability by (3.18) which also glves M G =MC as.
Realise that, without restricting the generahty, both 7 and D can be chosen to
contain zero as SD?N(Y)g = 0 for all N by definition. Notice that D C {t1, 2, ...} and

M is F -measurable for all n and Q* € F. So M is F;-mesurable for t € D.

Hence (MIG )ief0,7] 1s F-adapted since it is continuous and D is dense in [0, T'].
Finally, the ' - martingale property of M f n=1,2,...,shownby (3.11) implies

that (M G)’” | isan (.7-' ) | - martingale for every finite ordered subset {s1, . .., 5, } of
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D. All these martingales are square integrable because E,, (1\;15)2 < 00 by the choice
of t,, n = 1,2, ..., at the beginning of this proof. Now choose an arbitrary positive
T' < T. Then (MtG )tefo,77] is a square integrable IF-martingale as the limits used
to construct this process can be interchanged with both expectations and conditional
expectations by Doob’s maximal inequality for martingales as there must be an element
of D between 7’ and T. a

Proof of Proposition 2.5(ii) Fix G € . (R). Since (MtG),E[(),TI is a continuous [F-
adapted process it suffices to show that for every positive 7" < T, when restricted to
[0, T"], the process M G is an F-Brownian motion with variance 2||G’ ||%. So, in what
follows, T is identified with some positive 7’ < T to simplify notation.

Obviously, it remains to show that (M,G)2 — 2||G/||% -t,t € [0,T], is an FF-
martingale. Recalling the construction of M in the proof of Proposition 2.5(i) above,
the F-martingale property already follows from

E, X[(ME)? = 2|G'3 -t — (MO* +2|G'13-11=0
forallt,t" € Dsuchthatt’ < tand X = f (Y, (H), ..., Ys,(Hp)) where f : R —

R is a bounded continuous function, H; € (R) and 0 <s; <, 1 <i < p. Again
this is verified by showing that

2
(EyX[(M,G)Z — 2G5 -t — (MS)? +2|IG'|13 - t/]) < const -8 forall§ >0
(3.19)

for some const > 0. So fix ¢, ¢’ € D such that ¢’ < ¢ and observe that
(B, XUMEY 21613 -1 — MEY +21G13 - 1'1)’
< const [a + (B, X100y, (H)? = @y, (N =201G15 - (¢ - /)])2]
for some k = ks big enough since the inequality
(B, [0 — @y, ()871)” < 2B, M7 — My (1P (E, (MP)?
+E, My, (1)?)

holds for 7 and #’. Furthermore, using Lemma 4.1 in the Appendix as in the proof of
Lemma 2.4 gives

E, X My, (V)7)?

t
=lif(f)1 E X Yz(G)—Yo(G)—/ YS(G//)_V/G/(“) (Ys % Iy ) () du ¢ ds
0 R
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which simplifies to

2

4
lim B, X M7 +RE D) +y > ROV @)) with X°=f(YE(H)), ..., Y (Hp)).
£l0 = +Vk 51 P

As the same equality holds for ¢/, one obtains that

2
(B, XUMO? =213 -1 = (ME) +211G13 - 1)

< const [5 + (ESXS[(M,G’S)Z —(MJ)? =2|G'13 - (t — /)])2]

for a sufficiently small ¢ > 0 by estimating

2

4 4
E MO (Rf O +y 2 RN, (’)) and. Ee (RSG 0y 2, Rgfvl"(t))

i=0 i=0

for ¢ and ¢’ using the bounds derived in the proof of Proposition 2.5(i).
Now (MZ#)2, ¢ > 0, is a submartingale in the class (DL). Hence (MZ)? —
(M%#),, t >0, is a martingale so that

2
(B, XIM? = 21613 -1 = (ME)? +21G'13 - 1)

< const [5 + (ESXS[(MG’E), — (M%&), = 2G5 - (1 — t’)])z] )

Finally E,[(M©¢);, — (M%#), — 2||G’||% - (t — t")]? can be made arbitrarily small by
choosing a suitable ¢ which proves (3.19) hence part (ii) of Proposition 2.5. The last
argument is standard and can be found in [6], for example. O

Proof of Proposition 2.5(iii) Fixaj,a; € Rand G, G, € L (R). The wanted linear-
ity holds for My (Y) and, because Ny (Y) is an approximation for (M G)GE 7 (R), the

linearity should also hold for the version (M G)Gey’(lR) of (M G)Ge,sf’(]R)- But some
care has to be taken since the construction of (M G)Gey(R) depends on the choice of
subsequences and, also, since the notion of version used in this paper is special as not
all t € [0, T'] are covered.

By Proposition 2.5(i), there are sets 7G,, 7G5, Za,G,+a,G, corresponding to the
processes MG, MGz, MaGi+axGa First one wants to find a set

T € 76,76, N 14,G,+arG, densein [0, T']
such that

MR — g O 4 g, MP? as. forteT. (3.20)
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This is achieved by successively choosing subsequences as follows. Using (3.10),
there is a subsequence (k; ;?Ozl of (Nk),f‘;l such that

Mtcl101+a2G2 = lim (alﬂﬁk./(Y)tGl —l—azmk‘j(Y)th) a.s. fort € 74,6, 4a,G,-

J—>00

(3.21)

Now, using (2.2) with respect to (k j)i‘;l and G, there is a measurable subset Tél -
[0, T'] with ((TG’I) = T and a subsequence (j;);2; of (k{;)?":] such that

MET = lim M, (NHE' as. fort e Ty .
[— 00 1
Notice that 7/ G/l and 7, can be different. Similarly, one obtains that
~ G2 . Go /
M2 = lim 9, (Y),? as. fort e 7g,
m— 00

where (I,,)5_, is a subsequence of (j;)7°, and E(TG’Z) = T. Then

def
T = 16, N16, N 14,6 +aG, N T(/}I ﬂTG/2 € 76, N 716, N 14161 +a26,

and 7 is dense in [0, T'] because £(7) = T. Furthermore, using the subsequence
(Im)5y_, instead of (kj);?ozl in (3.21) implies (3.20).
But, by Proposition 2.5(i), (3.20) is equivalent to

MACTRG — g Oy MO as. forteT

which proves part (iii) of Proposition 2.5 because the processes M@ C1T2G2 - prG1
M2 are continuous. o

Proof of Proposition 2.5(iv) Remark that part (iv) would not follow from part (ii)
allone but, including part (iii), it is straight forward to check both the Gaussian dis-
tribution and the covariance structure of the process MIG indexed by ¢ € [0, T'] and
G € Z(R). Of course, from the covariance structure follows that the index set of the
process can be extended to ¢ € [0, T] and absolutely continuous functions G on R
with density G’ € L?(R) without changing the underlying probability space. Hence

B(t,u) = MP*/V2, 1€[0,T], ueR,
is properly defined using test functions G, (i), i € R, given by

OV @wAu):u=>D0,

Gulit) = OA@@Vn):u<DO.
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Obviously, é(t, u),t € [0,T],u € R, is a centred Gaussian process on
(D([0, T1; &' (R)), FY, P,) with covariance E,, B(t,u)B(t',u') = (t At )(u| A|u])
if u, u’ have the same sign and vanishing covariance otherwise.

So, as in the proof of the Kolmogorov-Chentsov theorem, one can construct a
version B(z, u) of B(t, u) on the same probability space which is continuous in ¢ and
u, hence, is a Brownian sheet. By standard theory on random linear functionals, see
[11] for a good reference, there is an ./ (R)-valued version of the process MtG which
is of course indistinguishable of

«/5/ B(t, )G (u)du, te€[0,T], Ge .ZR),
R

finally proving part (iv) of Proposition 2.5. O

Acknowledgments The author thanks Martin Hairer for valuable comments.

4 Appendix

Recall that IA’S is the push forward of P, with respect to the map Y introduced on
page 4 and denote by E, the expectation when integrating against P.. Then it is a
consequence of Theorem 2.1(i) that weak convergence implies

E.X — EX, 0, (4.1)

forX = f(Y5, (Hy), ..., Ysp(Hp)) defined by bounded continuous maps f : R? — R
and H; € Y(R),0 <s; <T,1 <i < p, although such functions X are not J; -
continuous on the space D([0, T1; .7/ (R)).

The lemma below states that the boundedness condition on f can be relaxed when
the one-dimensional marginals of the limit process are Gaussian. This result is not
new but the specific statement needed in this paper could not be found in the literature.
Remark that if the limit process does not have Gaussian one-dimensional marginals
then, for polynomial singularities, instead of weak convergence of measures one should
consider convergence in Wasserstein spaces.

Lemma 4.1 The convergence (4.1) remains true for X defined by continuous functions
f with polynomial growth and

supe<1 B X2 + B, X1> < FUHIIB, ..., 1Hpl3)

where f is a polynomial not depending on the time points s1, . .., s, defining X.

Proof It suffices to show the lemma for polynomials f. The convergence claim follows
from Theorem 2.1(ii). Indeed, as the one-dimensional marginal distributions of ¥ under
P, are Gaussian, one can cut-off f turning it into a bounded continuous function for
which (4.1) holds and estimate the remainder using the exponential decay of the tails
of the Gaussian distribution.
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The uniform bound f (|13, ..., |IH,lI3) also follows from Theorem 2.1(ii) by
successively applying Holder’s inequality and estimating moments of Gaussian distri-
butions by powers of the variances. Notice that the supremum is taken over 0 < & < 1
but any other bounded subset of ¢ > 0 could have been used. O
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