Arab. J. Math. H H Ch'?
https://doi.org/10.1007/540065-024-00460-5 Arabian Journal of Mathematics i

Aykut Has® - Beyhan Yilmaz

C,—helices and C,— slant helices in fractional differential
geometry

Received: 23 June 2023 / Accepted: 22 March 2024
© The Author(s) 2024

Abstract In this study, the theory of curves is reconstructed with fractional calculus. The condition of a
naturally parametrized curve is described, and the orthonormal conformable frame of the naturally parametrized
curve at any point is defined. Conformable helix and conformable slant helix curves are defined with the help
of conformable frame elements at any point of the conformable curve. The characterizations of these curves
are obtained in parallel with the conformable analysis Finally, examples are given for a better understanding
of the theories and their drawings are given with the help of Mathematics.

Mathematics Subject Classification 53A04 - 26A33

1 Introduction

The theory of curves has been one of the most important and most curious fields of differential geometry
from past to present. Carl Friedrich Gauss and Gaspard Monge have done very important study on curves and
surfaces. In this respect, they can be considered the founders of differential geometry. Afterwards, thanks to
numerous studies, the subject of curves has shown incredible developments. Most of the studies on this subject
are directed towards characterizing curves. The best way to characterize a curve is to use relations between
Frenet elements. There are two known methods for this. The first is to characterize the curve using the relations
between Frenet vectors. The best examples of this are curve pairs. As is known, curve pairs are characterized
by the states of Frenet vectors at opposite points of the curves. Bertrand curve pair, Mannheimm curve pair
and involute—evolute curve pair are the most well-known examples [5,6,10,33]. A second way to characterize
a curve is to make use of the relations between its curvatures. General helices and slant helices are the best
examples of curves characterized in this way. General helices characterized by M. A. Lancret in 1806 and first
proved by B. de Saint Venant in 1845 as follows [22]:

T=c ceRr )
K
Similarly, slant helices curves characterized by S. Izumiya and N. Takeuchi in 2004 as follows [19]:

K T\’
(m (;) ) = constant. (2)

Fractional calculus is the application of the classical derivative and integral concepts, which are studied in
detail by many researchers today is a generalization. What is meant by fractional derivative is actually any order
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derivative. The concepts of fractional derivative and integral are as old as the concepts of integer derivative
and integral, and the term fractional derivative mentioned for the first time in Leibniz’s letter to L’Hospital in
1695, as stated in many sources. Leibniz addressed in his letter to L’Hospital “Can integer decimal derivatives
be extended to fractional decimal derivatives?”” question can be shown as the first emergence of the concept of
fractional differential. The concept of fractional calculus is attracted the attention of many mathematicians and
is found a wide field of study. Fractional calculus, which is claimed to give more numerical results especially
in the solutions of differential equations, is become an indispensable cornerstone of almost every subject
in the field of basic sciences and engineering [1,8,24,32]. The fact that the subject of fractional calculus is
extremely popular is led to the emergence of the definition of fractional calculus with different features by
many researchers. Some of these are Riemann-Liouville (R-L), Caputo, Griinwald-Letnikov, Wely, Riesz
fractional derivatives [25-27]. As each fractional calculus has a common feature, it also has its own unique
rules. For example, none of the non-local fractional derivative types satisfy the classical Leibniz and chain
rule. In addition, the derivative of the constant is not zero in any of the non-local fractional derivative except
for the Caputo fractional derivative [7]. On the other hand, local fractional derivatives such as Conformable,
Alternative, M-fractional and V -fractional are known to satisfy Leibniz and the chain rule. Therefore, local
fractional derivatives provide an advantage in this respect in algebraically constructed subjects [20,21,28,29].

The theory of curves can be described as the study of the motion of a point in a plane or space using
the techniques of linear algebra and calculus. Considering the adventure of the literature in the last ten years,
it is observed that fractional calculus is started to be used for curves and surface in differential geometry. T.
Yajima and K. Kamasaki are made the first study on this subject by examining surfaces with fractional calculus
[34]. Later, T. Yajima et al. are obtained Frenet formulas using fractional derivatives [35]. In another study,
K.A. Lazopoulos and A.K. Lazopoulos are studied fractional differentiable manifolds [23]. M.E Aydin et al.
are studied plane curves in equiaffine geometry in fractional order [2]. U. Gozutok et al. are analyzed the
basic concepts of curves and Frenet frame in fractional order with the help of conformable local fractional
derivative [11]. On the other hand, A. Has and B. Yilmaz have investigated some special curves and curve pairs
in fractional order with the help of conformable Frenet frame [13,14]. In addition, electromagnetic fields and
magnetic curves are investigated under fractional derivative by A. Has and B. Yi1lmaz [15,36,37]. Additionally,
studies on this subject are ongoing [3,4,9,17,18,31].

In this study, algebraic and calculus based properties of curves are reconstructed with the help of con-
formable local fractional derivative. First of all, the most basic concepts of geometry, line, plane and sphere,
are redefined in fractional order. Then, the concepts of unit and orthogonality, which are the algebraic basis
of curves, are defined in fractional order. Then, the « —conformable frame of the o —conformable naturally
parameterized curve is defined. Throughout this study, definitions based on conformable analysis is denoted by
Cqy . For example, C, —frame, C, —naturally parameterized curve, etc. It should be noted here that the C, —frame
defined in this study is different from the frame discussed in the study [11]. The C, —frame mentioned in this
article is fully defined by the conformable local fractional derivative of the vectors and gives different results
than the classical Frenet frame. In addition, general helices and slant helices, which are the most important
concepts of the theory of curves, are discussed again in fractional order. The effects of conformable calculus
on these curves are investigated and necessary characterizations are given. Finally, the concepts obtained from
fractional order are given with examples and their graphs are drawn.

2 Preliminaries
2.1 Basics parametrized curves

A-regular naturally parametrization of class C¥, with k > 1 of acurvein R?isavector functionx : I C R — E3,
s > X(s) = (x1(s), X2(s), X3(s)) defined on an interval I which satisfies x is of class C¥ and x'(s) == 0 for
all s € I. A curve x is continuously differentiable if x'(s) exists for all s € I and the derivative X'(s) is a
continuous function; thinking dynamically, the vector X' (s) is the velocity of the curve at time s. We call x(s)
naturally parametrized curve if X;(s) (i = 1, 2, 3) is of class C* and ||X'(s)|| = 1, for each s € I [30].

Let x(s) be biregular, thatis, X' (s) x x”(s) # 0, foreach s € I. We consider a trihedron {T (s), N(s), B(s)}
along x(s), so-called Frenet frame, where [30]

T'(s)

T(s)=x(s), N(s)= ol

B(s) =T(s) x N(s).
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The curvature «, a non-negative scalar field, is defined by setting «(s) = ||7’(s)|| and torsion is defined by
setting T (s) = (N'(s), B(s)). The naturally parametrized curve x has unit speed and strictly positive curvature
then the following equations hold [30]:

T’ 0 « 0 T
Nl=|-«o0c||N]. 3)
B’ 0 —-70 B

2.2 Basics in conformable fractional calculus

Given s — x(s) € E3, s € I C R, the conformable derivative of x at s is defined by [21]

x(s +es'™%) — x(s)
- .

Dy (x)(s) = Eh_rf(l)

Let Dx(s) = dx(s)/ds. We then notice
Dox(s) = s'™%dx(s)/ds.

Denote by Dy x(s) the ath order conformable derivative of x(s) foreachs > 0,0 <« < 1.
It can be said that the conformable derivative provides some properties such as linearity, Leibniz rule and
chain rule as in the classical derivative as follows:

Dy (ax 4+ by)(s) = aDy(x)(s) +bDy(y)(s), foralla,b € R,
Dy (sP) = psP~* forall p € R,

D, ()) = 0, for all constant functions x(s) = A,

Dy (xy)(s) = x(s)Dgy(s) + y(s)Dgx(s),

Da();c)(s) — X(S)Day(sy)z—(;v)(S)DaX(S)’

Dg(y 0 x)(s) = x()* ! Dyx(s) Doy (x(5)),

where x, y be a-differentiable for each s > 0and 0 < @ < 1 [21].
The definition of the conformable integral is given as the inverse operator of the conformable derivative.
The conformable integral of the function x(s) is defined by [21]

&dx.

xl—a

S A el e

Efo=1¢"f=

The effect of conformable analysis on vector-valued functions is investigated, and the limit and derivative
of these functions also are investigated. In the following theorem, the conformable fractional derivative of
vector-valued functions is given.

Theorem 2.1 Let x be a vector-valued function with n variables, and let x be a vector-valued function
X(S1, eees Sp) = (X1(S1y oeey Sp)s ooy X (81, +vvy S)). SO x is a—differentiable at t = (t1,...,t,) € R, for all
t; > 0if and only if each x; is, and [12]

Dox(t) = (Dax1(1), ..., DX (1)).

3 Some concepts of fractional differential geometry

In this section, some vector operations and parameterized curves will be reconstructed with conformable
calculus. First of all, let’s define the concepts of conformable angle and conformable perpendicularity, which
are the most important concepts of geometry, with the help of conformable calculus as follows.

The geometric interpretation of the conformable derivative draws inspiration from the principles of fractal
geometry, where objects exhibit self-similarity across varying scales. In the realm of fractal geometry, this self-
similarity manifests as patterns repeating themselves at different magnifications. Similarly, the conformable
derivative captures this notion of self-similarity within functions by examining their local fractional variations.
From a geometric standpoint, envision the conformable derivative as akin to zooming in on a function at a
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Fig. 1 Transformation from line to curve

specific point. This zooming process reveals intricate details and nuances, much like how the classical derivative
unveils local linear behavior. Essentially, the conformable derivative allows us to scrutinize the function’s
behavior at different levels of detail and resolution, mirroring the self-similarity and scaling properties inherent
in fractal objects. Moreover, we can conceptualize the conformable derivative as a metric of curvature-the extent
to which a straight line or plane deviates to form a curve or surface. Figure 5 visually demonstrates this effect
of the conformable calculus, illustrating how a line bends under its influence, offering a tangible representation
of the concept’s geometric implications.

Example 3.1 Let consider the s — x(s) = (s, f s1=%ds), Cy—line passing through the point P = (0, 0) and
whose direction is v = (s!7¢, s17®).
Figure 1 shows the graph of the conformable line for various « values.

As seen in Fig. 1, there is no classical line in the C,— (fractional) system. This is only achieved when
o — 1. Accordingly, it requires a new concept of angle in C,— space. This angle is called the C,— angle,
which gives the angle between two C,— lines. In addition, the concept of orthogonality in this C,— space
is different from the classical one. Because we cannot talk about classical directness, we cannot talk about
steepness in the classical sense. We will explain this below.

Notation: Along the study, expressions that are equal to 1 whena — 1 willitdenoted as 1, and expressions
that are equal to O when o« — 1 will be denoted as 0.

Suppose that x and y are C, —unit vector, that is, they are vectors of the form ||x|| = 1, and |ly|| = 14.
Then, the @ —conformable radian measure of Cy—angle between x and y is defined by

0 — ( (x,y) )
oy = arccos [ ———— | .
Iyl

(x,y) =04

In this sense,

when x and y are C, —orthogonal. For example, the C,, — vectors u = (s - | _q, Sl%a) andv = ( 1;,0‘ , 8%, 2—
2a) are orthogonal to each other in the C, — sense, and we present this in Fig. 2.

In addition, vectors u, v and u x v form the fractional orthogonal system. For example, if u = (sl_“, 1—
o, sl;_"‘) and v = (tT“, s%, 2 —2a), it becomes u x v = (2052 — 4o — 27l 42 dgelme gl % +
%, —a? 574 2a5™% — 5% 4-5). The fractional orthogonal system is shown in Fig. 3. Also fractional alternative
frame definitions defined on the C, — parametrized curves will be given with the help of conformable fractional
derivative [16].
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Fig. 2 C,—orthogonal vectors

UXv

Fig. 3 C,—orthogonal system

Definition 3.2 Let x : I/ ¢ R — E3 be a vector-valued function where s — Xx(s) = (x1(s), X2(s), X3(5)).
Then, Dyx(s) = (DyX1(s), DuX2(s), DyXx3(s)). We call x(s) Cy—naturally parametrized curve if X;(s) (i =
1,2, 3)is of class C¥ and || Dyx(s)|| = s'~%, for each s € I. Here n is the maximum order that we will need.

In the remaining part, unless otherwise specified, we will assume that x(s) in E? is a C,—naturally
parametrized curve. Let x(s) be Cy,—biregular, that is, DyX(s) X Dgx(s) # 0y, for each s € I. We con-
sider a trihedron {E(s), E>(s), E3(s)} along x(s), so-called Cy, —frame, where

Dy E(s)

Ei($) = Dax(s),  Ea(s) = 17570

E3(s) = E1(s) x Ex(s), “)
where {E(s), E2(s), E3(s)} trihedron is called C,—tangent, C, —principal normal and the C, —binormal of
the C, —curve X, respectively. Also, considering Eq. (4) C, —tangent, C,—principal normal and C, —binormal
of the Cy —curve x, they different from the Frenet vectors by the effect of the conformable calculus. However,
these vectors turn into Frenet vectors, respectively, in case « — 1. In addition, the set {E{(s), E2(s), E3(s)}
is mutually C, —orthogonal and Cy, —unit speed vectors.

We call k4 (s) = || Dy E1(s)|| Co—curvature and t,(s) = (Dy E2(s), E3(s)) Cq—torsion. The Cy—frame
formulae are now [16]

DO[EI 0 Ko O El
DyE> | = | —kqy 0 Ty E> |. (®)]
D, E3 0 —14 O E;

Conclusion 3.3 (What is the advantage of C, — frame?) In noticeable that a function is a-differentiable at a
point where it is not classically differentiable. For example, consider the function f(t) = 2./t. Here f'(0)
does not exist. However, the result D 1 f(0) =1 can be easily reached. As can be seen from this example, the

function f does not have a tangent at the 0 point in the classical sense, but an approximation to this tangent
can be obtained with the help of the conformable fractional derivative. As it is known, the most important
vector element of the Frenet frame is the tangent of the curve. Therefore, a Frenet frame of the curve cannot
be mentioned at a point where the tangent of the curve does not exist. However, the Cy—frame eliminates
this problem. At the points in the Cy—frame where the tangent of the curve does not exist, fractional values
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Fig. 4 Classical tangent and C, —tangent of the curve x(s)
are assigned to provide an approximation to the tangent at that point. Also, when oo = 1, the Cy—frame

is equivalent to the Frenet frame. In that case, the Cy—frame both includes the classical Frenet frame and
provides advantages to the researchers at points not defined by the Frenet frame.

Example 3.4 Letx: I C R — E3 be a C,—naturally parametrized curve in R® parameterized by
1 3 5
x(s) = <2s7, 52, sf) .

The tangent of the curve x obtained with the classical derivative and the tangent obtained with the conformal
fractional derivative for o = % and —2 < s < 2 are as follows, respectively.

where T and T% are the classical tangent and C, —tangent of the curve x(s), respectively. In Fig. (4) we present
the graph classical tangent and C, —tangent of the curve Xx(s).

On the other hand, if a curve does not have a tangent at any point, then there does not exist Frenet frame.
As can be seen in Fig. (5), the Frenet frame is not present at s = 0, while the C, —frame is present at this point.

Theorem 3.5 Let x = x(s) be Cy —naturally parametrized curve in the Euclidean 3—space where s measures
its Co—arc length. When o — 1, as follows [16]

ke = 5" 70/ (1 — a)2s—20 4 52202 (6)
and
S5—5aK2
ty= . ()
K
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The point where E

the Frenet frame ) .

can't be create. i
Cqo-frame is
defined for all
points.

Frenet frames of curve x. Cy-frame of curve x.

Fig. 5 Frenet frame and C, —frame of the curve x(s) at s = 0

4 Cy—Helices and C,—Slant Helices

Definition 4.1 Let us Cy—naturally parametrized curve s +— X(s) in E s € I C R, where
{E1(s), Ea2(s), E3(s)} denotes the C, —frame. Suppose that C, —biregular. We call the curve x(s) C, —helix, if
the C, —tangent of the curve makes a constant angle with a constant direction U € R3. In this context, it can
be shown by the following equation:

(E1,U) =cosb, (8)

where 0 is a constant angle.

Theorem 4.2 (The Conformable Lancret Theorem) Let’s x(s) be Cy—naturally parametrized curve. The
Cq—curve X(s) with the Coy—curvature k, > 0 is a Cy—general helix if and only if the ratio of its Cy—
torsion and its Cq — curvature is a constant.

Proof Without loss of generality, suppose that C, —naturally parametrized curve s — X(s). Taking a con-
formable differentiation of Eq. (8) together with considering C, —frame formulae, we have

(DgE,U) =0
and
ke (E2, U) = 0.
Since ko, > 0, we find
(E2,U) =0. )

If taking conformable derivative of above equation is taken together with considering C, —frame formulae, we
obtain
_KO[<E1’ U) + TO((E39 U) = 0
whereupon
(E3, U) = Ko cosf.

Ta

If conformable fractional derivative of this expression is taken according to s again and considering Eq. (9),

we get
Da (K_()l) — _Toz <E21 U>
To cos b

and finally from this equation, we have

Ko
Dy (_) —0
To
or in this context
Ko
— =c, ceR.
To
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Proposition 4.3 Let the Cy—naturally parameterized curve s +— X(s) be a helix. From this situation, the
constant U —direction, which makes a constant angle with the C,—tangent of the helix curve X, as follows:

U— cky + Ej3
where ¢ € R.
Proof From Eq. (9), we have
(E2, U) = 0.

It can be easily seen that E, and U are perpendicular. Therefore, we can say that the constant U —direction is
in the plane spanned by the vectors E and E;. So the constant U —direction can be expressed as

U =cosOE| +sinfE3. (10)
Taking the conformable differentiation of this equation and considering C,—frame formulae, we get
DyU = (ky cosO — 14 8inH) E».

From the last equation, we obtain
Ta

— =cotf =c,
Ko
where ¢ € R. So, we have the following equations:
cosf = < and sinf = ;
N 1+ c?
If this results is used in Eq. (10), we can easily see that
_CcE1 + Ej3
N

O

Definition 4.4 Let us Cy—naturally parametrized curve s +— X(s) in E} s € I C R, where
{E1(s), Ea(s), E3(s)} denotes the C,—frame. Suppose that C, —biregular. We call the curve x(s) Co,—slant
helix, if the C, —principal normal vector of the curve makes a constant angle with a constant direction and
Ce—unit vector U € R>. In this context, it can be shown by the following equation:

(E>, U) = cos@, (1)
where 6 is a constant angle.

Theorem 4.5 Let Cy,,—naturally parametrized curve X with the iy (s) # 0. Then X is a Co—slant helix if and

only if
2
K Ko
————=Dy | — 12
(k2 + 1) (r) (2

is constant function.

Proof Suppose that C, —naturally parametrized curve s — X(s) is a Cy —slant helix. Taking a conformable
derivative of Eq. (11), we get
(Do E2,U) =0 (13)

and
_K(){(Els U) + ‘COl<E37 U) = 0

As can be seen from the elements of Cy—frame and (11), since there is a constant angle between E, and
fixed direction U, there is also a constant angle between E3 and fixed direction U. Then there is the following
equations:
Ta
<E15 U) = —¢, (14)

Ko
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Fig. 6 C,—cylindrical helices

(E3,U)=c, ceR.

The constant direction U from Egs. (11), (14) and (15) is obtained as follows:

U=2CE +cos0E, + cE;.

Ka

Since U is the C, —unit vector, taking the norm of both sides of the above equation:

2
1, = <T—a> czla + coszela + czla
Ka

or

2
1= (T—a) 2 4+ cos? 6 + 2.
Ka

If this equation is arranged, we get
2
T
(% + l) ¢? =sin’0

o

whenupon, it follows that
c= :FK—a sin 6.

Therefore, U can be written as

T,
U=FE; = 2sin0+E20059:FE3

2
Ke + T4 Ke + T4

(15)

(16)

a7
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Since U vector is also a constant vector, by taking a conformable differentiation in Eq. (13), as follows:
(D2E,, U) =0. (18)

If we use Cy —frame and from Eq. (17), we have

Ka

VK2 + 12

Ta

VK2 + 12

DykyEq + (Kﬁ + r,f)Ez — Dyt E3, F SinfE| 4+ cosOE>F sinfE3 ) =0,

Ta Dokq — Ko Dy Ty
(kG +13)%?
2 2\3/2
(kg + 1)
To Dok — Ko Dy T

tan6f +1 =0,

tanf = F

and finally, we get

Kozl Ko
:le)a a =coth =c, ceR.
o o

Example 4.6 Letx : I C R — E3 C,—naturally parametrized curve in R? parameterized by

24/13 24/13 6
x(s) = - s sin 2sds, 5 /s“_ICOSZSds, 7/s“_1ds

In Fig. (6) we present the graph of the C,—cylindrical helices for different o values

5 Conclusion

At the beginning of the most popular topics in the field of mathematics are different types of calculus. While this
is done the mathematical concepts obtained by classical analysis are redefined from different types of analysis
and compared with their classical results. The first thing that comes to mind when we say different calculus
is fractional calculus. Today, fractional analysis is used in almost all basic sciences, especially in Physics,
Chemistry and Engineering. The reason for this is the claim that fractional calculus gives more numerical
results than classical calculus. This makes fractional calculus more advantageous than other calculus. In this
direction this article, the basic concepts of geometry is re-examined with conformable fractional analysis,
which is a local fractional calculus. The difference of this study from the others is that geometric concepts
are defined with conformable fractional calculus, unlike the classical ones. The C,— frame is constructed
differently from previous similar studies and different from the classical Frenet frame. The advantage of this
frame is that when o — 1 it gives the classical Frenet frame, it also gives the opportunity to examine the
frame of the curve for all cases in the range of 0 < o < 1. In other words, it exhibits a more general situation
compared to the classical Frenet frame. In this context, curves defined according to the C, —frame take on a
different variation of the curve for each « value. In addition, general helices and slant helices are introduced
according to the C, —frame and their necessary characterizations are given. As seen in Fig. 6, for each « value,
the C,—helix curve corresponds to a point on the Cy—cylindrical. Thus, we can obtain an infinite number
of variations of the C, —cylindrical helices curve obtained by classical calculus. In addition, we can make
approximations as close as we want to the helices curve obtained by classical methods.
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