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Abstract In this paper, we consider skew-Hermitian solution of coupled generalized Sylvester matrix equa-
tions encompassing *-hermicity over complex field. The compact formula of the general solution of this system
is presented in terms of generalized inverses when some necessary and sufficient conditions are fulfilled. An
algorithm and a numerical example are provided to validate our findings. A numerical example is carried out
using determinantal representations of the Moore—Penrose inverse.
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1 Introduction

Throughout, A € C™*" stays for a m x n matrix over a complex number field C. Additionally, the rank of
amatrix A € C is denoted by r(A). The conjugate transpose of A is written by A*. An identity matrix with
plausible shape is denoted by 1. The Moore—Penrose inverse of A is represented by AT = T and is defined as
a solution to the following system:

ATA=A, TAT =T, (AT)* = AT, (TA)* = TA.

Furthermore, Ly = I — A*A and R4 = I — AA* are projectors onto the kernel of A, such that AL4 = 0 and
RAA =0, where I and O stand for the identity matrix and a zero matrix, respectively. Moreover,

La=(La)" = (La)?=LY, Ra=(Ra)>=(Ra)" =R}

The solution of matrix equations have backbone position in different fields of sciences and engineering like
system design [49], singular system control [13], linear descriptor system [11], and sensitivity analysis [5]. For
instance, Bai computed the iterative solution of A1 X + XA, = Bin[2]and A1 X + YA, = B was considered
by different researchers in [3,45].

Similarly, the solution of system of Sylvester matrix equations also has been observed by different
researchers with different techniques. Recently, the general solution of

AX1+2Z1B1=Cy, ApXo+Z1B,=(C; (1.1
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was computed in [50] when this system is consistent. Some solvability conditions and condition number to
(1.1) were also given in [25,27]. Wang et al. in [52] evaluated the constraint solution of (1.1). When X, = X
in (1.1), then some necessary and sufficient conditions of (1.1) were given in [54]. Wang and He also gave
some necessary and sufficient conditions for

A1 X1+ 2Z1B =Cy, AyZ1+ XBy =y,

to have a solution with its general solution in [15]. Some latest research papers related to the general solution
of different types of Sylvester matrix equations can be viewed in [7,29-31,33-44,52,53,55-59]

The numerical solution of two-sided Sylvester matrix equation was explored in [6]. A researcher in [16]
discussed the triangular two-sided Sylvester matrix equation. The Hermitian solution of

A1XAT+BlYBT=C1 (1.2)

is presented in [28]. Some findings on (1.2) can be viewed in [12]. Very recently, an algorithm to find out the
solution of
A1XB+C YD =Eq,

1.3
ArZBy + CoYDy = E» (1.3)

was constructed in [14], and recently, the Hermitian solution to (1.3) has been carried out in [36] with its
general solution when this system is consistent.
Very recently, the authors in [43] researched the skew-Hermitian solution of the system

AlUAT—i—BlVBT =Cy, C = —Cf,

14
AzWAﬁ—}-BzVBS< =Cy, Cr = —C;, (1.4)

when it is consistent. They also presented the closed form of formula for the general solution when this system
is consistent over the complex plane C.

Motivated by the above research and the formidable applications of generalized Sylvester matrix equations
in the fields like feedback [48] and perturbation theory [26], we, in this paper, consider the skew-Hermitian
system of Sylvester matrix equations

DX — (D1 X)* + E\Y,\Ef + F\Z\F} = Gy, G| = -G},

1.5
Dy Xy — (D2 X0)* + EzYzE;< + FzZle* =Gy, Gy = —G;, (-5

over the complex number field C. By solving (1.5) will definitely reinforce the application of system of skew-
Hermitian Sylvester matrix equations into a variety of number of fields of sciences and engineering and their
allied areas.

To start with, we give some significant results which will be used in the construction of the main result of
this paper.

Lemma 1.1 [32]. Let K € C"*", P € C"*!, Q € C*", Then
r [g} —r(QLg) =r(K), r[K P]—r(RpK)=r(P),

r [g g] —r(P)—r(Q)=r(RpKLyg).

Lemma 1.2 [51]. Let A, B, and C be given matrices with right sizes over C. Then

(1) AT = (A*A)TA* = A*(AA*)T.
(2) La=Lj =L} Ra =R} =R},
(3) LA(BLA)" = (BLA)", (RAC)'Ry = (RAC)".

In obtaining the general solution to (1.5), we need the general solution of

AX — (AX)*+BYB*+CZC*=D, D= —D*, Y = —Y* Z = —Z*. (1.6)
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Lemma 1.3 [40]. Let A, B, C, and D = — D* be given coefficient matrices in (1.6) over C with conformable
sizes. Denote

Al = RaB, Bi = RsC, Ci = RADRy, M = Rp, By, S=Bi1Ly.
Then

(1) Egq. (1.6) has a solution (X, Y, Z), where Y = —Y* and Z = —Z*.
(2) The coefficient matrices in (1.6) satisfy

RyR,C1 =0, RA1C1R§1 =0.

(3) MMTR4,C1 = Ra,C1 = Ra,C1(B]))*B?.
4
A* 0

r[DC ]:r[CBA]+r(A),

*

=r[BA]+r[AC]

o
cox> on

a
*

are equivalent statements. Under these conditions, the general solution to the system (1.6) can be demonstrated
as

Y = —v* = Alcial)* - %AIBl MTCilI + (B)*S*1(A])*
—%AI[I + SBIICI(M Y Bf(A])* — A[SWaS*(A])* — L4, U + U*LY,
Z=-7"= %MTCI(BH')*[I +STs1+ %[1 + sts18{cy (M)
+LyWaL}y — VL, + Lp V*+ Ly LsWy — Wi (Ly Ls)*,
X = A'[D—-BYB*—CzC*]— %AT[D — BYB* — CZC*](A")*A*
—LAU; + U5 (ANH*A* + ATU, A%,
where Uy, Uy, Wi, U, V, and Wz* = — W, are arbitrary matrices over C.

The skew-Hermitian solution to the system (1.5) will be expressed in terms of the Moore—Penrose (MP-)
inverse. Thanks to the important role of generalized inverses in many application fields, considerable effort has
been exerted toward the numerical algorithms for fast and accurate calculation of matrix generalized inverse.
In general, most existing methods for their obtaining are iterative algorithms for approximating generalized
inverses of complex matrices (some recent papers, see, €.g., [1,46]). There are only several direct methods
finding MP-inverse for an arbitrary complex matrix. The most famous is method based on singular value
decomposition (SVD),i.e.,if A = UL V* then AT = VETU*. Another approach is constructing determinantal
representations of the MP-inverse A'. There are various determinantal representations of generalized inverses
(for the MP-inverse, see, e.g., [4,47]). Because of the complexity of the previously obtained expressions of
determinantal representations of the MP-inverse, they do not found a wide applicability.

In this paper, it is used the determinantal representations of the MP-inverse recently derived by one of
authors in [17].

Lemma 1.4 [17, Theorem 2.2] If A € C"*", then the MP-inverse At = <a;rj> € C"™M possesses the
following determinantal representations:

(A*A) (a,)]Z  Vachaip [(AAD @],

ZﬂeJr nli}
(,1.'. = ‘ =
! Ypes, [A*AL] Y AATIG

1.7)
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Here, |A[S denotes a principal minor of A whose rows and columns are indexed by o := {aj,..., o} C
{1,...,m}

Lim:=fo: 1<ai <. <o <m}, and I n{i} :={a:a €Ly, i€al.

Also, afkj and a denote the jth column and the ith row of A*, and A;. (b) and, respectively, and A ; (c) stand

for the matrices obtained from A by replacing its ith row with the row vector b € C'*" and its jth column
with the column vector ¢ € C™.

The formulas (1.7) mean calculations of sum of all principal minors of » order of the matrices A*A or
A A* in denominators and sum of principal minors of » order of the matrices (A*A) ; (afk].) or (AA*); (aF) that
contain the ith column or the jth row, respectively, in numerators. '

Note that these new determinantal representations of the Moore—Penrose inverse have been extended
over quaternion matrices [18] as well. This method was successfully applied for constructing determinantal
representations of other generalized inverses in both cases for complex and quaternion matrices (see, e.g.,
[20,21]). It also yields Cramer’s rules of various matrix equations [19,22-24,34,41,42].

Our paper is composed of four sections. The general solution to (1.5) is constituted in Sect. 2 with a special
case. The algorithm and numerical example of finding the anti-Hermitian solution of (1.5) are presented in
Sect. 3. A conclusion to this paper is given in Sect. 4.

2 Main result

Now, we present the main Theorem of this paper.

Theorem 2.1 Given D\, D>, E|, E, F|, F», G| = G}, G2 = —G}, be matrices of conformable shapes
over C. Assign
A1 =Rp,E1, Bi =Rp,F1, Ci =Rp,GiRp,, A» = Rp,E>, B» = Rp,F>, C2 = Rp,G2Rp,,
My = Ra,B1, S1 = BiLy,, My = Ra, B2, S = BoLy,, A4 = RazLyy, As = RayLy,,
W*=[U5 Us U}, Uss |, A3 =[LmLs, Ly, —Lp,Ls, —Lp, |, M3 = R, As,

1o I .
S3 = AsLy,, Zox = §M2C2(32T)*(1 + 515 + 5(1 + SIS By Ca(MI)*, Eni = Zoa — Zot,

1. 1 .
Zo) = EMfCI(BlT)*(I +85781) + SU+5) SB{C1(M])*, Exy = RayE11Ra;.
Q2.1

Then, the following conditions are equivalent:

(1) System (1.5) is consistent.

(2) The following equalities hold:
RA1C1R21 =0, Ry, Ra,C1 =0,
RAZCZRZ2 =0, Ru,R4,Cr =0, 2.2)
RA4E22R25 =0, Rm;Ra,Exn =0.

(3) The following rank equalities hold:

_Gl E| Dl_
r{ Ff 0 0 | =r[Di Eil+r[D Fi], (2.3)
DY 0 0
[ G| E| Fi D
| DT 0 0 0

_Gz E> Dz_
r|{ F5 0 0 | =r[Dy E]l+r[Dy Fl, 2.5)
D> 0 0

} = [ Dy Er Fi ]+ r(Dy), (2.4)
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_Gz E>, F) Dy
(D} 0 0 0 } r[ Dy Ex 2| +r(Dy), (2.6)

[0 B 0 0 Bf 0 07
0 0 Bf 0 Bf 00
0 0 0 BfBx0 0
0 0 —C; 0 0 By A
B,—C, 0 0 0 0 0
0 A, 0 0 0 00

%1 1;)1 0 Al By By —Aj
0 B —Bz tr %1 1.81 g ; 2.7)
B, 0 B,

0 0 B* 0 0 B* 0 0]
0 0 0B 0 Bf 00

0 0 0 0B—BfO O

—B,—B, 0 0 0 —Cy Ay O

Bl 0 CiL0 0 0 0 A

0O B 00 O 0 0O

By By —A> 0 By B |

—r| B O 0 A |+r|B 0 |. 2.8)
0B 0 0 0 B

Under these conditions, the general solution to (1.5) is

X, = D{(G| — E\Y\E} — F1Z,F}) — %DI(GI — E\Y1E} — F\Z\F{)D\ D]
+ DIT\Df + TS DD} — Lp, T,

X = D}(Gy — ExV2Ef — F2 21 FY) — %Dg(az — ExY2EX — F,Z F§)Dy D)
+ DIT11D} + T3 D2 D} — Lp, T3,

Yi = —Y; =Alcialy - EA{BIM{ Cill + (B))*st1AT)*

- lA{[l + S1B1CI (MY Bf (AD)* — ATS1U STAD* — La, Vi + Vi'La,, 29
Ya = -V} = AlCyaly — —ATBZM2C2[I + (B))*S51(AD)*

- %Aiu + $2B1C2(M3)* By (AD)* — ALS2U11S5(AD* — La, Vit + Vi La,.
a=%Mkﬂﬂﬁu+smo+%u+shoﬂqmﬁﬁ+LmuwM

+ Ly Ls, Uy — U5 Ls, Ly, + UssLp, — L, Usz",

or
a=%Mkﬂ@fﬂ+$&H§U+$&W¥MMW+LMMMM
+ L, Ls,Uyy — U3y L, Lyg, + UsLp, — L, U%, (2.10)

@ Springer



592 Arab. J. Math. (2023) 12:587-600

with
Ui =1, 000]W,
U =01, 00]W,
Uy =[001, 0]1W,
U3 =[000 17, 1W, 2.11)
. 1
W = ANE\ — LmyUiLy, — Ly, Ui Ly) — 5A§(En — Ly Ui Ly,
— Lo, Uni L) A3 AL — ATW1 A% + WA AL + L, Ws,
1
Ui = —Uf = AlEn(AD)* — 5A2A5M3TE22(I +(AD sHAD*
1 . + .
—EAZ;(I + S3AD Enn(MI)* AL(AD* — AL S3We(ALS3)* + La,W7 — WiLy,,
Uny = —U% = S MIEn(AD* (1 + S183) + 2 (1 + SIS3) AL Era(MD)* + Ly, WelL
1= 11—2322(5)(+33)+2(+33)522( 3)" + Ly We Ly
+Ly, Ls;Wg — VVékLS}LM3 — WoL a5 + Lag Wg, 2.12)
where Ty, T, T3, and Wy, Ws, --- , Wo, Wg‘ = —Wg are any matrices of acceptable shapes over C.

Proof By writing the equations in (1.5) as follows:
DiX| — (D1 X\)" 4+ E\Y1Ef + F\Z\F} = G|, G} = -G (2.13)
and
DyXy — (D2 X2)* + ExY2EX + F2Z Ff = Gy, G} = —Go. (2.14)
By the support of Lemma 1.3, Egs. (2.13-2.14) have solution if and only if
Ry, C1R},. =0, Ry R4 ,C =0,
Ri,CoR},, =0, Ry,R4,Co =0,
Ra,EnR}, =0, RyyRaExn =0.
In this case, the general solution to (2.13) and (2.14) can be described as
X\ =DI(G| — E\Y\Ef — F\Z\ F}) — %DT(GI — E\Y\Ef — F\Z\F{)D, D]
+ DT\ D} + Ty D1 D} — Lp, T3,
Yy = AJCi(A])* — %AiBlMI CilI + (B)*S{1(A])"
—%AIU + S1B{1C1(M{)* B} (A])* — A[S1U1ST(A])* — La, Vi + Vi'La,.
Z) = %M;VCI(BI)*(I + S/ + %(1 + sTspBiCi(M))*
+Lm Ut Ly +Lyy Ls,Ur—Uy Ls, Ly, + UssLp, — L, U3z, (2.15)
X2 = D} (Gy — EaY2E% — B, 71 F) — %Dg(cz — E2Y2Ef — F2Z Ff) Dy D)
+D}T11 D} + T33D2D} — Lp, T3,
Y, = AJCy(AD)* — %AEBZMJ Coll + (B)*S31(A})"
—lAT[l + S BICy (M) BE (A — AL SUy 1 SE(AD* — L, Vi + VAL
72 2 2) P24y 292V 11924 Ay V11 11+Az»

1 4 . 1 ¥ i
Z1 = 3 MCo(BY)" (I + 535) + 5 (1 + 5352 B Ca(M3)"
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+Ly, Ut Ly +Lag, Ls, Uz —Uy, Ls, Ly, +U3 L, — L, U3, (2.16)

where V|, Ul* = -U;, Uy, Us, Ul*l = —Uyp1, U, Usz and Ty, T», T3 are free matrices of plausible sizes
over C.

Equating (2.15) and (2.16), we get
A3W—(A3W)*+LM|U1LM1 +LM2U11LM2=E11. 2.17)

Solving Eq. (2.17) with respect to unknowns W, Uy, and U;; by Lemma 1.3, we have that it has a solution
(2.12) if and only if (2.2) is satisfied. In this case, its general solution can be expressed by (2.9-2.10).
(2) < (3) : From Lemma 1.3, we have

Ci1 A
RA,CiR} =0 & r [Bll 01} =r(A1) +r(B)),

RD1G1R*D Rp, Eq
|: Fl*R*Dl ! 0 :r(RD1E1)+r(RD1F1)

G1 E1 Dy
S Fl* 0 O | =r[Dy E1l+rlDy Fil,
Df 0 0

RyyRA,C1 =04 r[Rs,Ciy M{ ]| =r(M)) & r[Ra,Ci R, B1]=r(Ra,B1)
<:>r[C1 B Al]zr[Al Bl]
@r[RDIGlR*D] Rp, E} RDIFI]ZV[RDIEI Rp, F1]

G| E| F| Dy
& [DT 0 0 O]=r[D1 E; Fi]1+r(Dy),

C) A
RpA,CoRp =06 r [Bgﬂ 02] =r(A2) +r(B2)

RDszR*D Rp, E>
r|: FZ*R*DZ 2 0 =r(RD2E2)+r(RD2F2)

Gy Ex Dy
Sr| Ff 0 0 |=r[Dy E)]+r[Dy Fol,
Dy 0 0

Ry Ra,Co =0 r[Ra,Co My | =r(Mp) < r[Ra,Co RayBo | =r(Ra,B2)
<:>r[C2 B> A2] :r[A2 Bz]
& r| Rp,G2R},, Rp,Er Rp, Fa | = r(Rp,Ex Rp, Pl

Gy Er Fp Dy |
[D; 00 0 =r[Dy Ey F2]+r(Dy),

RaE20RAs =06 r(Ra E2nRA5) =0

[Exp A
er| AZ;? 04] = r(A4) +r(As)
[RA.E{1RA; Ra-.L
S '23 llé*A3 A30 Ml]ZV(RA3LM1)+V[(RA3LM2)*]
M Az
B Eq LM1 Az
&r| Ly, 0 O :r[LMl A3]+V[LM2A3]
L A%‘ 0 0
Zop — Zot Lmy LmyLs, L, —Lm,Ls, —L,
Ly, 0 0 0 0 0
L51LM1 0 0 0 0 0
«r Lp, 0 0 0 0 0
—Lp, 0 0 0 0 0
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= I‘[LM1 Lp, —Lp, Ly, Lsg, —LMzLS2]+V[LM2 Ly,Ls, Lg, —Ly,Ls, _LBz]

I 1
cococoococo
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coiffoocoococoo
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* e

Q
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=
coocococoNoO
N

Q
~oocococomoo
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—

Q

A.nlOOO

5

~NOo OO o

~ MII_.OOOO
3

T Zo2 — Zoi

= }’[LM1 LBl _LM2L52 _LBZ] +V[LM2 LM1L51 LBI _LBz]

¢
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0
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0-BX 0 0B0 O
0 0 Bf 0BjO O
0 0 0 B'B}O 0
STl 0 0 —C; 0 0 By A
B,—-C, 0 0 O O O
0 A5 0 0000
Iélg 0 A] By By —A>
= OBl_B Bi 0 0 |& @7
22 0 B 0
B, 0 B

On the same lines, Ry, R4, E22 = 0 can be proved to be same as (2.8).
Hence, the theorem is finished. O

Comment 2.2 The application of extremal rank in the area of control theory can be viewed in [8—10]. We may
carry out the extremal rank of the general solution of the system (1.5).

Now, we discuss some particular cases of our system.
Using Theorem 2.1, the general solution and the solvability conditions to (1.4) can be obtained as follows.

Corollary 2.3 Let A € C"*", A e C"*4, B; € Cm™*k and C; = —C; e C"™" fori =1, 2. Assign

My = Ra,B1, S1 = BiLy,, My = Ra,Bo, So = BoLy,, A4 = RasLy,, Ba= Ra;Ly,,
A3 =[Ly, —Lp, LmLs; —Lm,Ls,|, M3 = Rp,Bs, S3 = ByLy;,

1 : 1 .
Cs = Voo — Vo, Voo = EMJCZ(BZ)*(I + S§Sz>+§(1 + 518 B Ca(MI)*,

_ Lot giy foya L FevBT O Ty Cy —
Vo1 = 2M1C1(Bl) v +Slsl)+2(1 + §,S)BC1(M[)", C4 = Ra;C3R ;.

Then, the following conditions are equivalent:

(1) System (1.4) is consistent.
(2) The following equalities hold:

R4, CiRp, =0, Ry Ra,C1 =0,
Ra,CoRp, =0, Ry,RA,Cr =0,
Ra,C4Rp, =0, RpRs,Cq=0.

(3) The following rank equalities hold:

g; ’2)‘] =r(A) +r(B), r[Ci B Ail]l=r[Al Bi],

r Igj fﬂ =r(A) +r(By). r[C2 B Mao] =r[A2 Bo],

0 0 0 By B 0 O
0 0 0-B50BfO
o 7 B 0 0 0 O0C; A
0 By 0—-C, 0 0 O
—-B,—B,B, 0 0 0 O
0 0 0 A3 0 0 O

—Bl 0 —B; Ay B 0 0 A
-, B, B 0 O T —B, B —B; 0
- 0 B 0 O 0 B 0 0|
L 0 0 B O 0 0 By O
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0 0 —B*B; 0 000

0 0 —B0 B 0 00

0 0 —B0 0 B00O0

"I =B =B* 0 0 —C; 0 A0

B, 0 0 0 0 CpAO

L 0 B 0 0 0 0 00
P o

=r 02 B2 0 0 +r| B 0 | +r(B)).
1 0 B,
L 0 0 B, 0O

Under these conditions, the general solution to (1.4) is
feratye _ L aip gt e g1 ATYE
U = AJCH(AD® = SATBIM] CIlT + (B))STI(A])
L i e pr ATy — AT wATy* i
— A+ SIB{ICI(M])* BY(A])" = ATSIUIST(AD" + Lay Vi = Vi'La,,
+ r 1 4
W= —W*=AjCa(A])* - EAngMgcz[l + (B])*S31(AD*
1 ¥
—§A§[1 + $3BI1CH (M) B (AD* — AL S2U4S3 (ALY + LayVa — V5L,

1 1 B
V= —V* = ZM{CI(B)"( + S{S)+5 (1 + S|SB Cr(M])*
+Lap ULy + Ly Ls, Uy — U;LSILMl + UsLp, — LBlUék,

or
1 1
V= —V' = SMCa(BY)" (U + SiS2)+5 (I + S38) By Ca(M))"
+La,UsLpg, + Ly Ls,Us—US Ls, Ly, + UsLp, — L, Ug,
with
U =[1;000]Z,
U =[01;00]Z,
U,=[001;0]Z,
Us=[0001;]1Z,
where

1 ¥
Z = AY(Cs = LiUr L, = LaUsLa) = 5A3(C3 = Lty UrLgy = L UsLany) A3A]
— AJU7 A% — UF AR AL + Ly, Us,
. 1 . X +
Ui = —Uf = AC4(A)* — §A134M§ Ca(l + (B SH(AD*
1 T T ik pk 4 Tyx T T y* *
—§A4(1 + 83B,)Ca(M3)" By (A" — AyS3U9(A,S3)" + La,Uro — UypL ay,

R T oyt t S0 BTCaM*
Us = ~Uj = SM{C4(B)Y"(I + S8+ (I + S1S3) ByCa(M)" + Ly Uni L

+ Ly Ls;Urp — Uy Lss Ly, + UisLp, — L, U5,

where Vi, Vo, Uy, ..., Uiz, Ug = —Ug, Uy = —Ul*1 are any matrices of acceptable shapes over C.
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3 Algorithm with example

In this section, we construct the algorithm for finding solutions to (1.5) that is inducted by Theorem 2.1.

Algorithm 3.1 (1) Feed the values of D;, E;, F;, G;, (i = 1,2) with conformable shapes over C.

(2) Compute the matrices determined by (2.1).

(3) Verify the consistence equalities expressed by matrix equations (2.2) or rank equalities (2.3)-(2.8). If no,
then return “inconsistent”.

(4) If the consistence equalities are true, then we compute auxiliary matrices Uy, U1y, and W by (2.12), and
Uy, U3, U, and U3 by (2.11).

(5) Finally, we find the solution X;, Y;, (i = 1,2) and Z1 by (2.9), or another formula for Z1 is (2.10).

Using Algorithm 3.1, we consider the following example. Note that our goal is both to confirm correctness of
main results from Theorem 2.1 and to demonstrate the technique of applying the determinantal representations
of the MP-inverse from Lemma 1.4.

Example 3.2 Given the matrices:

S 4 4—4i 4 444 4+8i  8+4i —8+4i
| 4 at4i 4 4i—4 | —844i 8i—4 —4-8
Ev=\4i 4 8 4iva 8 |"T7| 41120 12044 —12-4i |’ G.D
| 8 —8i—8 -8 8-8i —8—16i —16—8i 16— 8i
C i 14 i1 1+ -2
o1 B 1P —l4i -2
D, = 1—i 14 ,G1 =92160 4il4i 2 —2—2i (3.2)
- 1—i 2 2 2-2 4
Fib ] —1 4 3 =3 343
ot i 13 3 3-3i
Ee=l34i 3-i |2~ |-6 6 —6i-6]| (3.3)
| 24+2i —2i—2 6 —6i —6+6i
C 240 2—i —142i i1 240 2
o ctv2iziet 2 B 1P 1420 2
D=1 143 34 34 |"92=% | 24i142i 50 2+4 3.4
| 3-0 130 143 2 2 244 4

1. Thanks to Lemma 1.4, we calculate the Moore—Penrose inverses of given matrices and using them for
compute all needed matrices from (2.1). For example

343 —6i 3-3i 6]

IR D e A B A S A o A — |33 6 3430 6

16l —i—1—1+4i—i+1 14+i "V 7| =540 6+4i 1+5 —4+6i |’
54i —6i—41—5 6—4i

Dj

I .1 [2- —1-201-30 34
Br=l o nicreizi - | P2=gg| 3 T2 30 oA
| —7-9i —11-3i 9-7i ! ! ! !

r—i i 5i+2-5+2i 7T+3i

I I o l2it 240 34
A= 5 o [B=| 1y 2 -2
[ 14+3i—3i—1 2 2 242
24432 400 —32—24i oL
. . 10 4+3i —5i
1 137 _ _ — 1
iy L | 3224 0 - | LB AT T

11 | =104 +72i —40 + 120i —72 — 104
—120 — 40i —120 + 40i 40 — 120

13 +37i =37+ 13i 50 4 24i 3 i —14i
Mo — 1| T+ 13i =134 110 24 42i [V 3 14
T8 8-22i 22461 —l6—28 " T T4 o 7 T

—446i —6—-4i 2+10i

IS| 50 344 10
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etc. In particular, we obtain Sy, Sz, A4, As, and Eq1, are zero matrices.
2. Confirm that (2.2) are true for given matrices.
3. To avoid a trivial singular case, we put

4i 4 —4i ii2 . .
We=| 48 4|, Wwo=|ili|,v= [jit’l _21:.2’},
4 4 4 1ii

l4+i —14i —2+i 2+gqi

—l4i—i—1=1=2i =142 | o _[1+i —1+i =3+i 3+gqi
2i 2 =3—i 143 |37 |“1+4+i—-i—1-1-3i—-143i|"
2 2i —143i 3—gqi

Vi =

4. Finally, we have

X 2700i 1916 — 312i 3345 — 1315i T a4 13
Zi= —— | —1916—312i  2700i 125743299 | . ¥, = - [ 1-2 ] ,
1200 | _3345 _ 1315i —1257 +3299i 5460 2|-1-23 26i
974i 953 —963i 951 958 + 965i
p_ 1| -953-963 1920i —952+960i —1927+ i
'=% —951 952 + 960i 952i —966 +977i |°

—958 +965i 1927 +i 9664 977i 1898i

y, [ 1+i —1+i =3+i 3+qi
V=l i —i—1-1-3i —1+3i|”

1 [33497 4 20254i 20254 + 13243; —39729 — 13243 13243 — 39729i
T 2250 | 3895 +38950i 1558 + 24149i —13243 — 39729i 39729i — 13243i |°

Note that Maple 2021 was used to perform the numerical experiment.

X2

4 Conclusion

The compact form of formula for the general solution of system of skew-Hermitian generalized Sylvester
matrix equations (1.5) is established in this paper when this system obeys some solvable conditions over a
complex number field C. The Moore—Penrose inverse and the rank equalities of the coefficient matrices are
used to obtain our main result. A particular case of this system is also discussed. We provide an algorithm
and a numerical example to compute the general solution to (1.5) based on determinantal representations of
generalized inverses.
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