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Abstract This paper presents several properties and relations that satisfy the components of a bicomplex
holomorphic function. It also exhibits several analogies and differences with the case of analytic functions.
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1 Introduction

One of the best-known extensions of complex numbers to four dimensions is the algebra of quaternions,
introduced by Hamilton [16,17], which, although is almost a field, loses the commutativity property. This fact
makes it difficult to extend the theory of holomorphic functions. Another attempt was made in 1848 by Cockle
following Hamilton’s ideas. He studied an algebra called tessarines [13] where the role of the imaginary units
is different from the bicomplex case. Thus, an attempt has been made to consider four-dimensional algebras
which preserve commutativity and contain C as a subalgebra, and in which it is possible to extend the theory
of holomorphic functions. Not surprisingly, this can be done by considering, for example, two imaginary units
i and j such that i = j> = —1 and introducing ij = ji = k. This makes k an imaginary hyperbolic unit, i.e., an
element such that k? = 1. It was not until 1892 that the mathematician Corrado Segre, also inspired by the work
of Hamilton and Clifford, introduced what he called bicomplex numbers [31]. Segre observed that (1 — ij)/2
and (1 + ij)/2 are idempotent and play a central role in the theory of bicomplex number. After Segre, other
mathematicians, in particular Spampinato [33,34] and Scorza Dragoni [30], developed the first rudiments of a
theory of functions over bicomplex numbers. The next great impulse in the study of bicomplex analysis was the
work of Riley, in 1953 with his doctoral thesis [28], in which the theory of bicomplex functions is deepened.
But the most important contribution was undoubtedly the work of Price [25], where the theory of bicomplex
(as well as multicomplex) holomorphic functions is extensively developed. However, in recent years, there has
been a resurgence of interest in the study of bicomplex holomorphic functions in one and several variables
[2,7,10,14,20,21,24], as well as bicomplex meromorphic functions [5,11] and more recently there has been
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a remarkable activity in this field, dealing with the study of the bicomplex Bergman and Bloch [26] spaces,
the bicomplex Stolz condition [27], the Mobius transformations in the bicomplex space [12] and the Cousin
problems for the bicomplex case [8].

In this paper, we study several properties of the components of a bicomplex holomorphic function. Propo-
sition 7.5.1 of [2] says that F = F| + j F; is a bicomplex holomorphic function on a domain of BC, if and only
if, their components F1 and F, are related to each other by a complex Cauchy—Riemann type of conditions,
very similar to the complex case. If F is expressed by its idempotent form F = G| e + G,e', Sect.3 shows
how the Cauchy—Riemann type of conditions of F; and F, determine some relations between G| and G».

In classical complex analysis, it is well known that if « is a real harmonic function on a domain D in the
complex plane, there exists a harmonic conjugate function v on the same domain such that f = u + iv is
holomorphic in D, and except for a constant this function f is unique and one has a classical integral formula
to obtain v in terms of u. Sect.4 shows that a similar result is true for the bicomplex case. In addition, two
different ways of obtaining its complex harmonic conjugate F, are presented and illustrated with examples.

The orthogonality between the contour lines of the components of an analytic function and their corre-
sponding gradients are well known. Section 5 shows that similar results exist for the different level sets of the
components of a holomorphic bicomplex function and illustrate this with an example.

In complex analysis if f = u + iv, there exists a relationship between the magnitude of the square of the
derivative of f and the norm of the square of the gradient of # and v. Section 6 shows what happens in the
bicomplex holomorphic case. That is, if F = F| 4 j F2, we exhibit various relations between the norm of the
bicomplex derivative of F' and the complex gradients of F| and F», even if F is expressed in its idempotent
form.

In complex analysis, the conformal transplants are used to obtain various relations on the gradient, Lapla-
cian, and integral from the conformal transplantation of an analytic bijective mapping. These results are very
useful to obtain important classical applications in Physics ([18], Chapter 5). Section 7 shows that also in the
bicomplex case, it is possible to generalize such relationships.

We expect that the generalizations to the bicomplex case presented in this article of classical results in
complex analysis will lead to applications in mathematics and physics in the immediate future.

2 Preliminaries

This section presents several common facts about bicomplex numbers and bicomplex holomorphic functions.
We will use freely results and notation of [2].
The set of bicomplex numbers BC is defined as

BC := { z1 +jz2 21, 22 € C(Q), j*> = —1}.

The sum and product of bicomplex numbers are made in the expected way. A bicomplex number Z = 71 + jz2
admits several other forms of writing; however, in this work we use only two representations: their normal
form Z = z1 + jzo, with zy = x; +iy; € C(i), [l = 1, 2, and their idempotent form, that is,

Z=Pre+ prel @2.1)
where
1 +ij ¥ 1 —ij
e:= , el:=
2 2
and
Pr=z1—iza , Pr=1z1+izxn. (2.2)
Observe that ee’ = 0;1 = e + e’ or more general L = A(e + e’) with A € C(i). Moreover,
a=Pth e P h 2.3)
2 2i

In the special case that Z = ;e + ﬁzeT and W =yje+ yzeT, with g;, y; real numbers, we consider the
partial order

W < Z ifandonlyif yy<pg, (=1, 2.
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There are several conJugatlons of bicomplex numbers; however, we consider here only two conjugations
Z" = z1 —jp and Z* = 77 — jz2 = Bre + Bre’, where 77 and 75 are the usual complex conjugates of
21, z2 € C(i). With these conjugations,

ZR=2-Z'=3+3 . 1ZR=2-2" = |pil e+ |pal?e’
and the inverse

. Z“' » 7%
= _2 ’ Z = —7,
|Z1; | Z1
when 0 # Z is not a zero-divisor, that is, Z ¢ {8e+0e'} U{0e + Be'} for 0 # B € C(i).
The i-norm and k-norm of Z are defined as (see Sections 1.4 and 2.7 in [20])

1Zi=VZ -2V =2+ | |ZIk=vZ -Z*=|Bile+|Ble.

Let Q be a domain in BC and F : 2 — BC a bicomplex function. The complex partial derivatives of F
at Zy are defined by the following limits (if they exist):

. F(Zo+h1) — F(Zy)
F (Zy) := 1
u(Zo0) freac hy '

F(Zo + jha) — F(Zo)
hy ’

F[(Zo) == hlimo
2*)

where i1 and K, are complex increments and Zy + hy, Zo + jho € Q.
The bicomplex derivative F'(Z) of the function F at a point Zy € 2 is the following limit, if it exists that
F(Z) — F(Zo) (Zo+ H) — F(Zy)

F'(Zo) = lim —— " 2% _ i . ZeQ
Z—Zy Z—1Zp H—0 H

such that H = Z — Zj is an invertible bicomplex number, or equivalently is not a zero divisor.
If F is derivable for all Z € €2, then F is a bicomplex holomorphic function on €2.
If F = F| 4 jF; is bicomplex derivable at Zy, the next result follows.

Theorem 2.1 ([20], Theorem 7.3.6) Consider a bicomplex function F derivable at Zy. Then we have
o The C(i)—complex partial derivatives Fz/z exist, forl =1, 2.
e The complex partial derivatives verify the identity
F'(Zo) = F.,(Zo) = —jF.,(Zo),
which is the C(i)—complex Cauchy—Riemann system for F, that is,

dF] dF dF] F
—=—" and — =——=

= = . 2.4)
071 3472 3422 971

We would also like to mention the next comment and definition ([20], Definition 7.4.1, p. 153) The

C(i)—complex partial derivatives are denoted by the symbols F, ! forl =1, 2, instead of the symbols 7 oF (Z)
and < aF (Z ), because the first ones define the limits of suitable d1fference quotients, while the latter ones are

operators acting on C! functions. The relationship between these two notations is justified by the following
definition: a bicomplex C' — function F is called C(i)—bicomplex differentiable if

F(Z+H)—F(Z)=F(2) - hi + F,(2) - ha + o(H),
where o(H) denotes a function of the form «(H)|H| with ILllimOoz(H ) = 0, ([20] Remark[7.2.3]).

Theorem 2.2 ([20], Theorem 7.4.2) A C' —bicomplex function F is C(i)—bicomplex differentiable if and only
if both the components F|, F, are holomorphic functions in the sense of two complex variables.
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Consider the following bicomplex differential operators:

o 1/ 9 .0 o 1[0 4 a
0z~ 2\ Vo) azn T2 \on o)
Theorem 2.3 ([20], Theorem 7.4.3) Let F € C'(Q2, BC). If F is a bicomplex holomorphic function, then
dF _
377(2) =0.
In bicomplex analysis, there are different ways of characterizing the bicomplex holomorphic functions as

shown in the following result.

Theorem 2.4 ([20], Theorem 7.6.3) Let Q2 C BC be a domain. A bicomplex function F : Q — BC of class
C! on Q with idempotent representation

F=Ge+Gye' (2.5)

is BC-holomorphic if and only if the following two conditions hold:

(a) The component Gy, seen as a C(i)-valued function of the complex variables (B, B2), is holomorphic;
moreover it does not depend on the variable By and thus G1 is a holomorphic function of the variable B.
(b) The component G, seen as a C(i)-valued function of the complex variables (B, B2) is holomorhic;
moreover, it does not depend on the variable By and thus G, is a holomorphic function of the variable f,.

Its derivatives of any order are given by
F?2z)=G6"Bne+ G Be’, n=01,2.... (2.6)

The rules of derivability are the usual ones.

3 Relations between the idempotent components of a bicomplex holomorphic function

If we express the BC-holomorphic function F in its idempotent form (2.5), what kind of relationships must
satisfy G and G, between them?

As we can obtain a BC-holomorphic function F = G| e+Gae' : Q1 e+Q; e — BC by just taking any pair
of holomorphic functions G| : 21 — Cand G, : 2, — Candsetting F = G e+Gre' : Qe+ el — BC,
then we cannot expect some relation like (2.4). However, we will see that the complex Cauchy—Riemann type
of condition of 7 and F> determines some relationship between G| and G».

Theorem 3.1 Let Q C BC be a domain and F = Fy + jF> : Q@ — BC a bicomplex function of class C' with
idempotent representation

F = Gl e—i—GzeI

Then, F is a bicomplex holomorphic function on Q2 if and only if

0G 0G G G G G 0G 0G
Gy _2=i<_1__2> and _1+_2=i<_2__1>, 3.7)
071 021 022 022 022 022 9071 971
In particular,
0G| Gy, <8G1 8G2>
+ =i + . 3.8
071 022 022 071 -8

Proof By (2.2),
G =F—iF, and Gy = F| +iF;.

Then,

aGy d0F1 0F, 0G2

oF, . 0F,
-1 === - 4j—=

9z1 9z dzy  dz1 9z dz1°
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which implies that

071 2

C oz 2i

071 971

dF; 1 <8G1 3G2> ) F, _ 1 <8G2 3G1>
071 971 '

Similarly,

T 970 2i

2 022 022 022 022

dF; 1 /0G; G . 0F, 1 /0G, 0G;
022 2 )

If F is a bicomplex holomorphic function, from (2.4), we have

oFr 1 (8G1 n 8G2) 1 <8G2 BGl) R

071 2

971 971 o0 022 9z0 ) 0z

0F&) 2

071 971

971

dF; 1 /0Gy G, _1 0G| G _ 0F,
3z 9z ) 2i

and from here we get (3.7). Reciprocally, if (3.7) holds, then (2.4) is satisfied and F is a bicomplex holomorphic
function. If we add the equalities in (3.7) and associate them, we get

3G, G 3G, G
(1+i)<—l+—2)+(1—i)<—l+—2> = 0;
9z1 022 ) 021

therefore, (3.8) follows. O

4 The conjugate of a C(i) complex harmonic function

This section defines the concepts of C(i)—complex harmonic and bicomplex harmonic function. We will show
that there is a connection between them.

Let D C C? be an open subset and f : D — C a holomorphic function. A function f is said to be a
C(i)—complex harmonic function if it satisfies a Laplace-type equation

2f  9f
2t =0
821 8Z2

Let © be an open subset of BC. A function F' = F; 4+ jF> : @ — BC is bicomplex harmonic if F has
continuous second partial derivatives and
’F  9*F 0 “9)
02 9 '
This equation is a bicomplex C(i)—Laplace-type equation in two complex variables z; and z». The opera-
tor % + % is denoted by Agjy2 and is called C(i)—Laplacian. C(i)—Laplace equation is abbreviated as
Ac(i)zf =0or AC(i)ZF =0.
With this notation,

AcaplF1 = AcaelFil +jAcar Pl

Moreover, if F is a bicomplex holomorphic function, then it satisfies the Cauchy—Riemann type of system
given by (2.4) and so it is clear that each component is a C(i)—complex harmonic function, that is,

Ac(i)Z F] =0 and A(C(i)ZFz =0.

Given a C(i)—complex harmonic function on a domain of C2, we want to determine its bicomplex conjugate
harmonic function. Then the following results appear to be natural generalizations of the complex cases. Recall
that a closed form is locally exact.
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Theorem 4.1 Let @ C C? be a domain and F; : Q@ — C, i = 1, 2 be two holomorphic functions. If

0F 0F>
—= (4.10)
022 071
then the differential form
w=Fdz1+ Fdz (4.11)

is closed.

Proof Let F; = u; + iv; be the real and imaginary parts of F; fori = 1, 2. If z; = x; +1iy;, i = 1, 2, the
Cauchy—Riemann relations are written as

Bu,- 31),' 314,' 8U,‘ L.
—=— and — =—— fori, j=1,2
8xj 8yj 8yj )Cj
and (4.10) rewritten as
ouy ouy ouy ouy

= and — = —=.
dxy  0xy dy2 9y
Now, the differential form (4.11) is

w = Fidz1 + Fadzy = (u1 4 ivy)(dxy +idy1) + (uz +iv2)(dxp + idy2)
=udx; —vidy) + usdxy — vadyy +i(vidx) + u1dy) + vadxs + uzdyr).

To prove that the real part of w is closed, it is necessary to verify

ouq _ vy duq . ouy ouq . vy
dyr  dx; dxp  dx; dy»  oxy
v _ duyp v . dvy  dup . dvo
dxy Oy dy2 ay1’ oy axy

These equalities are a straightforward consequence from the previous Cauchy—Riemann relations and the
hypothesis. In the same way, one can prove that the imaginary part of w is closed. O

Corollary 4.2 Let Q C C2 be a domain. Let Fy : Q@ — C be a C(i)—complex harmonic function, that is,
2F  9*F
52 T2 =0
8Z1 aZZ
Then the differential form
w=——4dz +7dZ2 (4~12)

is closed.
The curves involved in the following formulas (4.13) and (4.15) are subsets of €.

Theorem 4.3 Let @ C C2 be a domain and Fy : Q@ — C a C(i)—complex harmonic function. If the first
homotopy group of 2 is trivial, then all the conjugate complex harmonic functions of F| are given by

@) §F dF
F2(21,22)=/ ——(1,80)da + — (&1, 02)do + ¢, (4.13)
(9.2 952 CIq]

where Zo = z? + jzg = (z(l), zg) € Q is a fixed point and ¢ € C. In particular, F\ + jF, is a bicomplex
holomorphic function on Q.
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Proof By Corollary 4.2 and the hypothesis, the function F> is well defined, that is, it does not depend on the
path joining Zo with Z. Then we can suppose that Z, Zy € B,(z1,z0) C €2, and if 2 € C is small enough,
the differential quotient can be written as (omiting evaluations)

@+h)  §F OF] @2) jF, aF,
/ ——dg“]—}——d;“g—/ ——di+—d{
(21 +h,22) — P2(21,22)  J@2d) 96 94 @ 9 al
h h
(z1+h,z2) dF; oF;
/ ——di+—do
_ Jz1.2) el 3¢
h 9

where the last integral is calculated using the path y : [0, 1] — €2 defined by y () = (z1 + th, z2). Since
y/(t) = (h, 0), we have

@th2) 9F aF L aF
/ (Cl,Cz)d§1+—(§1,Cz)d§2=/ —a—ﬁ(m—l—th,zz)hdl-
( 0

21,22) - 982 CIq]
Thus,
IF, . P+ h,22) - Faz1,22) . /1 dF, dF;
, — 1 = 1 _—— th, dt _ — 5 )
P (z1,22) lim h Lim NrTS (z1 +th, 22) 002 (21, 22)

since F is uniformly continuous on the segment. Using the path i : [0, 1] — Qdefined by n(¢) = (z1, z2+th),
we obtain

0F, 1

—(21,22) = — (21, 22).

822( 1,22) aZl( 1,22)

O
Example 4.4 Let Fi(z1,22) = z3 — 32123 and Zg = 29 +jz) = (29, 29) € BC. Clearly, F; is complex

harmonic. Then we integrate % from (z?, zg) to (z1, 22), through integrals in segments from (z?, zg) to (z?, 22)

and from (z(l), 72) to (21, z2). As in the first integral d¢; = 0, while in the second integral d¢, = 0, we have

@) HR IF| @) §F,
/ O eyde + B ey de = / M e ey de
( lo) a1

29,29 9,2 91

@f.22) 2 2 2, 1@22) 370, 22)
=/ (3§1 - 3§2)d§2 = 3(1 52] - Cz]

9.2) 1.2 @.29)
=3D(z2) - 3ED*ED) — (22 + @)
Likewise,
G122 F, (z1,22) 1.22)
/ ——— (1, )de = f (65102)dE1 = 30267 20
@) 022 (9.22) P
=371z — 3(z) 2.

Therefore, F>(z1, z2) = 3Z1Z% — z% + ¢ with ¢ € C. Moreover, F(Z) = z% - 3z1z% —|—j(3z1z§ - Z% +c)isa

bicomplex holomorphic function, more precisely F(Z) = (z1 + jzz)3 + jc.

Now, we are going to present a second way to calculate the conjugate of a complex harmonic function. For
that, we need the following equality:

(z1,22) aF, (0,22) aF, (z1,22) F (z1,22) IF;
/ ———dg =/ ———d +/ ——da =/ ————d&. (4.14)
@0 90 @, 00 @0,z 002 @,z 0802
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Proposition 4.5 Let Q@ C C? be a domain such that the first homotopy group of S is trivial. Let Fy : @ — C
be a C(i)—complex harmonic function. Then there exists an infinite number of conjugate complex harmonic
functions of F defined in 2, given by

(z1,22) dF|
F(z1, 22) =/ —— (&1, ) doi+
(0.22) e
G@122) (§F, 9 @.0) gy
/ —(§1,Cz)+—/ — @, m2)dn | di +c, (4.15)
@.29) \ 9 982 J(0,2) 9m

where (Z(l), Zg), (z1,22) € Q and ¢ € C. Moreover,
Fi(Z) +jF(2)
is a family of bicomplex holomorphic functions.

Proof Let (z9,29), (z1,22) € , using (4.14) define

@12) jF,
Fr(z1,22) = / —— (11, ) dt1 + ¢(22), (4.16)
@) 9T

where ¢ is a holomorphic function that must be determined. Since the first homotopy group of €2 is trivial,
we have that the integral in the definition of the function F> is well defined and by uniform continuity on the
linear path

@it+h.z2)  jF, Y3
/ —— (11, ) d1 / ——l(zl + th, zo)h dt
O (11,2 = Jim L0 08 = lim 20 0™
dz1 h—0 h h—0 h
aF
=—-—(z1,22).
00 (z1, 22)
In particular, F> is holomorphic on z; and since % is holomorphic on z3, then F5 is also holomorphic on z5.
Since ¢ is a holomorphic function on z, only, its derivative j—z‘/; must also be independent of z;. Since we need
dF aF
that Fzz = ?11, we get
3 (9F> d [ 9F
—(—(Zl,zz) +—/ — (1, ) dn
0z1 \ 022 022 (9,22) a7
3’ F) a2 @n2) § Fy
= 21, 22) + / —— (1, )dn
3z1821( ) 921922 J(0,2,) azz( )

32F1 2 (z1,22) IF;
=—(z1,22) + —— (T, ) dn
(

0zy 022021 J (0,27 0T2
32F 3*F

= —(21,22) + —5 (21, 22) =0,
8Z1 8Z2

since F is a C(i)—complex harmonic function. Thus,

@2) (R, 9 @.0) gy
<P(Z2)=/ —(Cl,{2)+—/ — (T, )dt | di +c.
@29 \ 9 05 J 0,0 972
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Substituting ¢ in (4.16), we have

OF a [ JF 9
—(4“1 $) Fy —— (11, ) dt1 + —¢(22)
22 J(0,20) k%) 972

3 (@) R dFy
=— ~ () du + (21, 22)
022 (ZO ) ) 071

3 [G2) R
+ — (1. m) dn
022 J(9.z) M2

0F;

= 3(21 22).

Thus, F; is a harmonic complex conjugate of Fj. O
The previous result gives us a classical way to calculate the harmonic conjugate of one function.

Example 4.6 Let Fi(z1,22) = zl 3zlz2 We know that Fj is a C(i)—complex harmonic function. Since

TR

F(z1,22) = /61122 dz1 = 32322 + 9(22).
Since 32‘ = 322 we have

g—Z(zl, 22) =321 + ¢/ (z2) = 321 — 325.

Therefore, ¢'(z2) = —3z% and ¢(z3) = _Zz + c. Finally,
Fr(z1,22) =321 — 33 +c,
and the formula
2 — 32125 +§G32iz2 — 23 + ©) = (21 +j22)’ + e

gives a family of bicomplex holomorphic functions, see Example 4.4.

5 Bicomplex level sets of bicomplex harmonic conjugate

In complex analysis, one of the consequences of holomorphicity is that the level curves of the harmonic
components result in orthogonals among them, see [37]. We will see what happens in the bicomplex case.

Definition 5.1 Let F(Z) = F|(Z) + jF2(Z) be a bicomplex function in some domain 2 C BC, where
Z = x1 +1iy + j(x2 + iyz). Suppose that F; = u; + iv; where u;, v; are real functions for [ = 1, 2. The
equations:

ur(xy, yi, x2, y2) = ar,  vxy, yi,x2,y2) =b, =1, 2,
where q;, b; are arbitrary real constants, which define the level sets of u; and v;, [ = 1, 2, respectively.
Consider the following basic fact that characterizes the tangent space of hypersurfaces, see [35].

Theorem 5.2 Let U be an open set in R" and let f : U — R in C*°(U). Let p € U such that V f (p) # 0,
and let ¢ = f(p). Then the set of all vectors tangent to the level set f~'(c) is equal to [V f(p)]*, where
V f(p) denotes the usual gradient. In particular if V f (p) # 0 forall p € U, f~'(c) is a hypersurface.
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Two hypersurfaces M and N are orthogonal if for each p € M N N, their respective tangent spaces T,,(M) =
T, (N) are orthogonal, ([6], formula (3.2.4)).

Theorems 5.3 and 5.4 may be summarized by saying that the level sets of the real parts of F| and F> are
two orthogonal families as well as the level sets of the imaginary parts of them. Corollary 5.5describes the
intersection of these orthogonal families in BC.

Theorem 5.3 Let F(Z) = F|(Z) + jF2(Z) be a bicomplex holomorphic function in some domain Q C BC.
Suppose that F; = u; +1iv; forl =1, 2and Vu1(p) # 0, p € Q. Then

Vui(p) L Vuz(p)

and

Vui(p) L Vua(p).

Proof From (7.18 ) [2], Vu1(p) = 0 if and only if any of the other gradients is 0. We omit the evaluation at
p. Since F; = u; + iv;, then

0 d 0 d
dxy dy1 dx2 dy2

withl =1, 2. As F(Z) = F|(Z) + jF>(Z) is a bicomplex holomorphic function, then F; and F; satisfy the
Cauchy—Riemann equations (2.4). Thus,

d 0 0 d

g _owa o dm_ 0wz (5.18)
d0x1  0x2 dyr  dy

d 0 d d

our __ou2 , our _ _ %42 (5.19)
3xo x| ay2 GAY

Applying (5.18) and (5.19) to (5.17) with [ = 2, we obtain
3141 3141 aul 3141
V”ZZ N N P T .
Oxa  dyr 0x1 0y
It follows that

v v ouq dup oup Jduy ouq oup oup Juj
ui- uz = I T N : N T
! ? dx; 0dyr dxz 0y Oxa  Odyz 0x1 0yi
32141 82u1 82141 321/“
—~ —~ + +
0x10xy  0y;dyz  0xp0x;  dy20y1
=0.

Hence, Vu; L Vu,. In the same way, we can see that Vv; L Vv, using

d d 0 0

vy = (2o Qo Bu du) (520)
dxy dyp dx2 dy2

o

Theorem 5.4 Let F(Z) = F1(Z) 4 jF2(Z) be a bicomplex holomorphic function in some domain Q C BC
Suppose that F; = u; + iv;, where uj, v; are real functions andl = 1, 2. Then,

Vu; L Vu

and

Vuy; L V.
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Proof As F(Z) = F1(Z) 4 jF>(Z) is a bicomplex holomorphic function, then F; and F, are holomorphic
as functions of two complex variables. Then they are holomorphic on each variable separately. Thus by using
Cauchy—Riemann equations, we obtain

0 0 0
g __2n_ %4, (5.21)
dx| dx2 ay2
0 0 0
A L (5.22)
dx2 dx1 ay1
0 0 0 0
v _om__omi__oui (5.23)
dyr  dx 0x2 A
0 0 0 0
v _dua B o 5.24)
dy,  0xp 0x1 ay
Aplying (5.21), (5.22), (5.23) and (5.24) to (5.20) when / = 1, we have
duyp ouq duq ouy
Vo ==y ——y o —— ).
8y1 0x] 8y2 0x2
Then,
dup ouyp Jduyp Jup oup ouy oup ouq
Vul‘vvlz P P S S : T A Y A~ s T L s T o
dx1 dyr dxz dy2 dyr dx; dyz  dx2
9%u, 9%u; 0%u, 9%u,
=— + — +
0x10yr  dy1dx;  9x20y2  9dy20x2
=0.
Hence, Vi1 L Vvi. In the same way, we can see that Vuy L V. O

However, Vu and Vv, are not orthogonal in general, because

82141 82u1 82u1 82u1
Vul : Vl)z = |- — — +
dx1dy2  dyrdxz  0xpdyr  9y20x)

_5 82u1 82u1
B dx10y2 dy1oxz ) |’

We can see also that Vu; and Vv are not orthogonal in general, because

82u1 82u1 Bzul 82u1
Vup - Vo, = (- - - +
0x10y2  dy1dxp  0x20y1  0y20x]

_5 82u1 82u1
B 9x19y2 dy1dxz ) |
In the same way, it is possible to see that Vuy and Vv are not orthogonal in general.
The following result permits us to describe the intersection of the pairs of hypersurfaces u; = a; and
ur =apz; vy =byand vop = by; uy = ay and vy = b; up = ap and v = by.
It is well known that we can get an n-surface as the non-empty subset of R"** obtained by the inter-
section ﬂ{;] fi_1 (¢i) , ¢; € R¥, where the fi + D — R (D open in R"*%) are smooth functions such that
{(Vf1(p), ...,V fi(p)} is linearly independent for each p € S. This n— surface in R"** results in the inter-

section of k, (n + k — 1)—surfaces which meet “clearly” in the sense that the normal directions are linearly
independent at each point of the intersection, see [35]. Since BC ~ R*, we have the next corollary.

Corollary 5.5 Let F(Z) = F|(Z) + jF2(Z) be a bicomplex holomorphic function in some domain Q C BC
with F; = u; + iv;, where uy, v; are real functions for 1 = 1, 2. If Vu1(p) # 0 for all p € u"Yay) and
S = ul_l(al) Nuy 1(ag) is not empty. Then, S is a 2—surface in BC obtained by the orthogonal intersection
of two hypersurfaces in BC.
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Proof By Definition (5.1) u; : BC ~ R**> — Rwithi = 1, 2. By Theorem (5.3): Vu; L Vu,. This implies
that {Vu1(Zp), Vuz(Zo)} is linearly independent for each Zy € S. Therefore, S is a 2—surface in BC obtained
as the intersection of two orthogonal hypersurfaces. O

We get the same results if we use {Vvy, Vuvy} (and ({Vu;, Vv;} withi = 1, 2)).

Example 5.6 Consider the bicomplex holomorphic function

s . . . 2
F(Z) = (21 +jz2)* = (x1 +iy1 +j(x2 +1y))
. . . 2
=x{ — y] — x5 + 3 +iQx1y1 — 2x2y2) + (26152 — 2y1y2 +i(2x1y2 + 2x231))

To simplify our analysis, we suppose y; > 0 and so Vui(xy, y1, x2, y2) = 2(x1, —y1, —x2, y2) # 0 and
Vua(x1, y1, x2, y2) = 2(x2, —y2, X1, —y1) # 0, and they are orthogonal. We consider F(1,0,0,0) = 1 and
we have the orthogonal 3-surfaces:

up' () = Gty yi, %0, 32) a3 493 = 14y + 23},

uy 1(0) = {(x1, y1, %2, y2) © x1%2 = Y1y}

yiy 1+ v} +x3 x2/1 4y} +x3

» X2, )’1, -

VT +x3 yi+x3

Their intersection is the 2-surface:

S=u;'(H)Nuy'0) =

6 Bicomplex gradients

In complex analysis, we have that the following relationship exists between the modulus of derivatives and the
gradients of the real and imaginary parts of an analytic function: | f "% = ||Vu ||% = ||Vv I|% . Now, we show
what happens in the bicomplex case.
Let F be a bicomplex function in some open subset 2 of BC. We define the bicomplex gradient of F
denoted by gradF : @ — BC as
dF oF L oF
radFF = — +j—.
g 071 022
Let F = F + jF be a bicomplex holomorphic function in some domain 2 C BC. By Theorem 2.1, FZ/]
exists for / = 1, 2 and verify the identity

F'(Z) = F;l(Z) = —jFZfz(Z) , Zeq.
Since F| and F, satisfy the Cauchy—Riemann type of equations (2.4), F’ can be represented as

, 0F1 ,0F 0F> 0P,
F = _J_ = + .]_1
971 022 022 9071

where the partial derivatives are all evaluated at Z = z; + jz2. Thus, we obtain

2 2

dF 2

971

oF)
022

or

2
oF,

+ JE—
071

6.25
022 ( )

2
|F/|IB<C=‘

where | - |gc is the Euclidean norm in BC and | - | is the Euclidean norm in C. On the other hand, by definition
of bicomplex gradient, we have

oF, 0F]
radFj = — 4+ j—,
& ! 021 022
and
oF, 0F
gradFp, = — +j—,
021 022
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then
aF > |oF|?
radFy |30 = |—| + |— (6.26)
e e ‘ 071 022
and
0F 2 0F, 2
rad P> |30 = | —= —= 6.27)
2 2l5c 921 022 (
where | - | is the norm in C. Thus,
|F')3c = |grad Fi 3¢ = |grad Fa |3
If we write F| = u; + iv; where 1| and v are real functions, by Cauchy—Riemann equations %TF; can be

written as

8F1_8u1 Louy dvy  ,0vp

dz1  dx;  dyr  dyr oxy

2 2 2 2 2
0 0 0 0

= (Z) (2 (&) (o (6.28)
0xq Iy Iy axy

2 31/!1 2 8141 2 31)1 2 81)1 2

=(—) +(—) =(—) +(—) - (6.29)
9xo ay2 ay2 0x2

On the other hand, we know that

ouq 2 ouq 2 duq 2 ouq 2
2 _ - _ R —
IVuiligs = <8x1> + <8y1> + ™ + iy )

where |||, is the norm in R*. By (6.26), (6.28) and (6.29), we have

which implies that

J0F
971

and

dF)]
022

lgrad F [§¢ = [[Vuillgs = IvvillRs -
In the same way, if F> = us + jv, and using (6.27),
lgrad P [fc = vu2llze = vvallza
therefore,
|F'lgc = |grad Fi g = |grad Fa|g¢
= Ivuillzs = Vvl
= Ivuzllzs = vv2llzs -

Now, if we consider the i—norm, we have
() () () ()
' \azy dz2)  \ 9z dz2 )

oF, 0F
921 dz2

On the other hand,
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Then,
2 [(aF\? <3F1>2
rad )7 = [ — + | —
|(g D }' <321> 022
and
2 (OF\? [0F)\?
dF T R — — D b}
(erad P2) <3Z1> +<322)
however,

2 2
|/} = |(grad F)'|; = |(grad F,)"|; = [(grad F) [} = |(grad )} .
Suppose that F = G e + G, e' is a bicomplex holomorphic function in & C BC. By (2.6),

F'(Z) = G(B1) e+ Gh(Ba) e’

If we consider the k—norm, we get
IF'(Z)lz = IG(BDI* e + |G5(Ba) % e,

where | - | is the norm in C.
Since G| and G; are complex holomorphic functions, G; has the form G; = w; + iv; and satisfies the
following relations for/ = 1, 2 :
IGY 1P = lvuills = Ivwilla

and
1G5 = lvpal3 = llvvall3 .
Consequently,

IF'IE = Ivill3 e+ [viall3 e

= viill3 e+ vl e
= [vvil3 e+ [vual3 €
= lvvil3 e+ v} ef.

7 Bicomplex conformal transplants

In this section, we will give the generalization to the bicomplex case of the complex conformal transplants,
which are very useful in Physics, to facilitate the calculation of potentials (temperature, electricity, stress, etc.).
For more information, see [18].

Let D, E be domains in BC and F, a bijective bicomplex holomorphic function from D to E, with inverse
F~1 also bijective and F'(Z) # 0 forall Z € D.

Let ¢ be a C(i)—valued function of class C2(D). We define in E a function ¥ as follows: for any W € E,
let

Y(W) = ¢(FH (W) = ¢(z1 (w1, wa), 22(wy, wa)).

The function i will be called the bicomplex conformal transplant of ¢ under the mapping F and its process
of construction is given by the bicomplex conformal transplantation. See the diagram.

—1
E-f~p |

¢
1//:(}5017_\

C
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By definition

¢ (z1,22) = Y (wi(z1, 22), w2(21, 22)),

we have F(Z) = F(z1 +jz2) = Fi(z1, 22) + jF2(z1, 22) = W = wy + jws.
Then we have the following results:

Theorem 7.1 If  results from ¢ by bicomplex conformal transplantation by means of the mapping F, then
grad¢(Z) = grady (W) - F'(Z).
Proof Applying the chain rule and the Cauchy—Riemann system given by (2.4), we obtain

0y owq oY owy oY dwy oY dw

dp = — — 4 T "= S e B et

grad¢ dwp 971 + dwy 071 + owp 971 + dwy 071
0y dw oY owy .9y dwy . 0y dw

T w9z owy 071 Jw; 071 dwy 071
d Jw Jw 0 ow ow
=_¢<_1_j_2)+_1/f<_2+j_1>
dwp \ 071 971 dwy \ 071 071

oy Loy ow; 0wy
Jwq Jwy 071 071
= grady/ (W) <—1 i

since by Theorem 2.1 F'(Z) = F. (Z), which completes the proof. O

We will see what is the relationship between the C(i)—Laplacian of ¢ and the C(i)— Laplacian of . By
definition of C(i)—Laplacian, we have

2¢p 3%

Acie = — + —, (7.30)
Co 3z} 973
2y 9y

Acap¥ = —5 + —5. (7.31)
! Bw% Sw%

Theorem 7.2 Under the hypotheses of the preceeding theorem,

Acp®(Z) = Deae ¥ (W)IF(Z)]F.

Proof Applying the chain rule again, we obtain

Ay dw; OV dwn
BUJ] BZ] sz aZl

B <a¢> 8w1+81ﬁ 3 <8w1>
T 9z \dwy /) 9zr  dw; 9z \ 9z
3 (9 dw, 0 3 (9
+_(_W>._2+_¢._(ﬂ)
071 \dwy 071 dwy 9z \ 0271

_(azw dw, 92y 8w2> dw, oY 92w

aw% . 071 dwydwq . 971

9071 ow ' az%

92 dw; 9%y dw dw 9 9w
+( Y Ly 1/f_z) 2+_1/f 2

8w18w2. 971 aw%. 971 . 9071 8w2. 8z%
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Ry faw\T 9% dwpdwy | 9y 9Pwy
—m(a—) T Swsdw, 921 022 dwr 05
2y dwy dwr %Y [dwn\> v 9w
dwidwy 9z 021 8_w§ ' <8_Z1> 3_’1)2@'

Since ¥ € C2%(E), we have

3¢ 02 dw; \? %y dw; dw 32 dwa\> oy %w; Yy 02w
_(f:_1€<_1) +2( v _‘_2)4__1/;(_2) _+__1ﬁ 21_|__1// 22_ (7.32)
dzy  dwy 071 dwidwy dz1 971 dw; \ 9z1 dwy 9z3 dwy 9z
Analogously,
¢ 0%y (wr\’ 2y dw dwa\ %Y [owr\> oy w9y 92ws
— (=) +2 ——— )+ ———  ——". (1.33)
azz awl 022 dwidwy 0z 072 dws 022 ow| 073 dwy 925

Substituting (7.32) and (7.33) in (7.30) we get
32y <8w1>2 <8w1>2 32y <8w2>2 <8w2>2
A — ) +(—=) |+ |l—) +(—
car? = 8w1|: 0z1 022 Sw% 0z] 022
92 dwy dwy  dwp dw 9 87w
() (e
dwi 0w, d0z1 071 0z0 022 ow 0z] 075
B] 2wy 9w
;v —+—=).
dwy \ 0z 973

and by Cauchy—Riemann type of equations we have

dwi dwy  dw) awz

d0z1 021 dz0 9z0

EREI 9 dwy 92w» 92w,

922 022 071 0z10z2 022071

Furthermore,

Since w; and w; represent the components F and F; of F, it follows that A2 (w1) = 0 and Agy2 (w2) = 0.

Hence,
32y <8w1>2 (8w1>2 32y <8w2>2 <8w2)2
Acid=—|l—) +(—) |+—||—) +|—
crd awf[ 971 922 ow? |\ oz 922
3y <8w1)2+<8w2>2 +a21// (8w1>2+(8w2)2
~w? |\ 9z 321 dws | \ 922 dz2 ) |
As F'(z) = F], = —jF/,(Z), we have |F'(2)[{ = |F,,|} = |F/,(Z)|{. then
a2y 9ty
Aoged = (2 + 20) PR,
c@?2® <8w% aw% [F (2
which proves the theorem. O

The next result gives the relationship between the integral of ¢ over D and the integral of v over E.

Theorem 7.3 Under the hypotheses of Theorem (7.1),

/D ¢ (Z)dz1dzs = /E YWI(F~Y (W) [2dwidws.
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Proof Notice that

dz1 0z1

iy 9@1,22) | Gur ws
[det(F™ )| = ———— = | 920 %

(w1, wo) 902 03

1, W2 dJwy dwr

dz1 022 dz2 07

Jwj dwy  Jdwy dwy
Bz 8921 | Oz Bz
dwi dw dwy dwr

_ (@)2 . (8&)2
- dw dwa
= [(F~1Y (W)2,

since D and E are domains in BC ~ R*, and F~! is a bijective bicomplex function so, in particular, it is a
diffeomorphism of class C'. Moreover if ¢ € £!(D, C), then (¢ o F~!) |det(F~!)'| € L(E, C) and

/ $(Z)dz1dzy = / (¢ o F~') Idet(F 1Y |dwidws.
D E
O

Important applications of bicomplex analysis in physics have appeared in several works during the present
century, for example, to Maxwell’s equations in bicomplex analysis [1], in applications of bicomplex algebra to
electromagnetism [3], as well as works on bicomplex quantum mechanics [29] and on the bicomplex quantum
Coulomb potential problem [22], among others. We expect that the results presented in this work will be
applied in the near future to physics problems in higher dimensions.

In a forthcoming paper, we will present some consequences of the results of this paper related to Cauchy’s
bicomplex integral theorem and Morera’s bicomplex theorem.
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