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Abstract In this paper, we provide a new and more general filtration to the family of noncommutative rings
known as skew PBW extensions. We introduce the notion of σ -filtered skew PBW extension and study some
homological properties of these algebras.We show that the homogenization of aσ -filtered skewPBWextension
A over a ring R is a graded skew PBW extension over the homogenization of R. Using this fact, we prove
that if the homogenization of R is Auslander-regular, then the homogenization of A is a domain Noetherian,
Artin–Schelter regular, and A is Noetherian, Zariski and (ungraded) skew Calabi–Yau.

Mathematics Subject Classification 16S36 · 16S37 · 16W50 · 16W70 · 13N10

1 Introduction

Skew PBW extensions (also known as σ -PBW extensions) were defined by Gallego and Lezama [12] with the
aim of extending the skew polynomial rings (also known as Ore extensions) of injective type introduced by
Ore [35], and the differential operator rings and PBW extensions defined by Bell and Goodearl [5]. Several
ring-theoretical properties of skew PBW extensions have been investigated by some authors (e.g., [1,3,10,15,
17,33,42,43,51,53]).

Lezama and the second author [27] defined a filtration for these objects considering the degree of each
element of the ring of coefficients as zero ([27, Theorem 2.2]). Using this filtration, different homological
properties have been formulated (e.g., [10,23,25,47,50]). Our objective in this paper is to consider the ring of
coefficients with a non-zero filtration, and generalize some of the previous results to a more general setting.

The paper is organized as follows. In Sect. 2, we recall some elementary definitions and properties of ring
theory and skew PBW extensions that are needed throughout the paper. Section3 contains the definition of
filtration on skew PBW extensions over positively filtered algebras, give some remarkable examples and study
some properties of these noncommutative rings (Theorem 3.3 and Propositions 3.5, 3.6, 3.7, and 3.11). Next,
Sect. 4 presents properties of σ -filtered skew PBW extensions over finitely presented algebras (Propositions
4.1, 4.2, and 4.5). We show that the homogenization of a σ -filtered skew PBW extension over a finitely
presented algebra R is a graded skew PBW extension over the homogenization of R (Theorem 4.3). In Sect. 5,
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for A a σ -filtered skew PBW extension over a ring R, we establish properties for A, its associated graded
ring G(A), and the homogenization H(A) of A (Theorems 5.2 and 5.6, and Proposition 5.4). Finally, Sect. 6
presents some ideas for a possible future work concerning the ideas developed here and topics of interest in
computational algebra and noncommutative geometry.

2 Preliminaries

Throughout the paper, the word ring means an associative ring (not necessarily commutative) with identity.K
denotes a field, all algebras are K-algebras, dim(V ) is the dimension of a K-vector space V , all modules are
left modules, and the tensor product ⊗ means ⊗K. The symbols N, Z and C denote the set of natural numbers
including zero, the ring of integers, and the field of complex numbers, respectively.

An algebra R is calledZ-graded if there exists a family of subspaces {Rp}p∈Z of R such that R = ⊕
p∈Z Rp

and RpRq ⊆ Rp+q , for all p, q ∈ Z. A graded algebra R is called positively graded (or N-graded) if Rp = 0,
for all p < 0. An N-graded algebra R is called connected if R0 = K. A non-zero element x ∈ Rp is called a
homogeneous element of R of degree p. A homogeneous element z of a graded algebra R is said to be regular
if it is neither a left nor a right zero divisor. For R and S two connected graded algebras, if there exists a central
element z ∈ S1 such that R ∼= S/〈z〉, then S is called a central extension of R. If further z is regular in S,
then S is called a central regular extension of R. If R is a Z-graded algebra, R(l) := ⊕

p∈Z R(l)p, where
R(l)p = Rp+l , for l ∈ Z.

An algebra R is said to be finitely graded if the following conditions hold:

– R is N-graded,
– R is connected,
– R is finitely generated as K-algebra, i.e., there are finite elements t1, . . . , tm ∈ R such that the set

{ti1 ti2 · · · ti p | 1 ≤ i j ≤ m, p ≥ 1} ∪ {1} spans R as a K-space.

A filtration F on an algebra R is a collection of vector spaces {Fp(R)}p∈Z such that Fp(R) ⊆ Fp+1(R),
Fp(R) · Fq(R) ⊆ Fp+q(R), for every p, q ∈ Z, and

⋃
p∈Z Fp(R) = R. The filtration F is said to be finite

if each Fp(R) is a finite-dimensional subspace. The filtration is positive if F−1(R) = 0. In this case, we say
that R is positively filtered (N-filtered). If 0 �= r ∈ Fp(R)\Fp−1(R), then r is said to have degree p, and
write deg(r) = p. A positive filtration is said to be connected if F0(R) = K; in this case, we say that R is
connected filtered. The associated graded algebra of R is given by GF (R) := ⊕

p≥0 Fp(R)/Fp−1(R). Notice
that GF (R) is connected if the filtration F is connected. We simply write G(R) if no confusion arises.

The associated Rees algebra is defined as ReesF (R) := ⊕
p≥0 Fp(R)z p. The filtration {Fp(R)}p∈Z is left

(right) Zariskian and R is called a left (right) Zariski ring if F−1(R) ⊆ Rad(F0(R)) (where Rad(F0(R)) is
the Jacobson radical of F0(R)), and the associated Rees ring ReesF (R) is left (right) Noetherian. Of course,
if R is graded, then R = G(R). In this case, we write Rp for the vector space spanned by homogeneous
elements of degree p. If R is a filtered algebra with filtration {Fp(R)}p∈Z and M is an R-module, then we
say that M is filtered if there exists a family {Fp(M)}p∈Z of subspaces of M such that Fp(M) ⊆ Fp+1(M),
Fp(R) · Fq(M) ⊆ Fp+q(M), and

⋃
p∈Z Fp(M) = M . If m ∈ Mp\Mp−1, then m is said to have degree p.

For further details about filtered and Rees rings, see Li and Van Oystaeyen [31].
For R a connected graded algebra, its global homological dimension gld(R) is the projective dimension of

the trivial R-moduleK = R/R+, where R+ is the augmentation ideal generated by all degree one elements. If
V is a generating set for R and V n is the set of elements of degree n, then the Gelfand–Kirillov dimension of
R is defined as GKdim(R) := limn→∞logn(dim V n). The algebra R is said to be Artin–Schelter Gorenstein
if ExtiR(KR, R) ∼= δi,dK, where δi,d is the Kronecker delta and d = gld(R).

The free associative algebra L in m generators t1, . . . , tm , denoted by L := K〈t1, . . . , tm〉, is the ring
whose underlying K-vector space is the set of all words in the indeterminates ti , that is, expressions of the
form ti1 ti2 . . . ti p , for some p ≥ 1, where 1 ≤ i j ≤ m, for all j . The degree (deg) of a word ti1 ti2 . . . ti p is p,
and the degree of an element f ∈ L is the maximum of the degrees of the words in f . We include among the
words a symbol 1, which we think of as the empty word, and which has degree 0. The product of two words is
concatenation, and this operation is extended linearly to define an associative product on all elements. Notice
that L is positively graded with graduation given by L := ⊕

p≥0 L p, where L0 = K and L p spanned by all
words of degree p in the alphabet {t1, . . . , tm}, for p > 0. L is connected and, therefore, augmented, where
the augmentation of L is given by the natural projection ε : K〈t1, . . . , tn〉 → L0 = K and the augmentation
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ideal is given by L+ := ⊕
p>0 L p. L is connected filtered with the standard filtration {Fq(L)}q∈N, where

Fq(L) = ⊕
p≤q L p.

An algebra R is finitely presented if it is a quotient K〈t1, . . . , tm〉/I where I is a finitely generated two-
sided ideal of K〈t1, . . . , tm〉, say I = 〈r1, . . . , rs〉. K〈t1, . . . , tm〉/I is said to be a presentation of R with
generators t1, . . . , tm and relations r1, . . . , rs . Throughout the paper, we assume that {r1, . . . , rs} is a minimal
set of relations for R, the generators ti all have degree 1, and none of the relations ri are linear. Notice that if the
relations r1, . . . , rs are all homogeneous, then R is called a connected graded algebra. Now, by a deformation
of a connected graded algebra R, we mean an algebra

U = K〈t1, . . . , tm〉/〈r1 + l1, . . . , rs + ls〉, (1)

where l1, . . . , ls are (not necessarily homogenous) elements of K〈t1, . . . , tm〉 such that deg(li ) < deg(ri ), for
all i . There is a standard filtration onU induced by the standard filtration onK〈t1, . . . , tm〉. If g = ∑p

k=0 gk ∈
K〈t1, . . . , tm〉, where each non-zero gk is a homogeneous polynomial of degree k, and deg(g1) < deg(g2) <
· · · < deg(gp), then gp is said to be the leading homogeneous polynomial of g, which is denoted by lh(g).
The homogenization ĝ of g is given by ĝ = ∑p

k=0 gkz
p−k , where z is a new central indeterminate. Let

R = K〈t1, . . . , tm〉/〈 f1, . . . , fs〉 be a finitely presented algebra. Since R is not necessarily graded, if we
homogenize every polynomial fi ∈ R, we obtain a graded algebra known as the homogenization of R.

In the setting of noncommutative rings having PBW bases, Cassidy and Shelton [7, Theorem 1.3] proved
that a deformation U of the graded algebra R is a PBW deformation if and only if the homogenization of U
is a regular central extension. Other properties of central extensions and homogenization have been used by
several authors to study certain classes of algebras (e.g., [7,9,11,46,52]).

Of interest for us in this paper, we recall the following definition.

Definition 2.1 ([11, Definition 2.1]) Let U = K〈t1, . . . , tm〉/〈 f1, . . . , fs〉 be an algebra, where f1, . . . , fs ∈
L = K〈t1, . . . , tm〉. The graded algebra H(U ) = L[z]/〈 f̂1, . . . , f̂s〉 is called the homogenization of U .

In other words, the homogenization H(R) of R = L/〈 f1, . . . , fs〉 is the algebra with n + 1 generators
t1, . . . , tn , and z, subject to the homogenized relations f̂k as well as the additional relations zti − ti z, for
1 ≤ i ≤ n.

Notice that if U := K〈t1, . . . , tm〉/〈 f1, . . . , fs〉 is an algebra and we consider

R := K〈t1, . . . , tm〉/〈lh( f1), . . . , lh( fs)〉,
then we have a natural graded surjective homomorphism φ : R → G(U ). When φ is an isomorphism, we
say that U is a Poincaré–Birkhoff–Witt (PBW) deformation of G(U ) [11, Definition 2.6]. If R is a connected
graded algebra, a deformation U of R as in (1) is said to be a PBW deformation if G(U ) is isomorphic to R.

Definition 2.2 ([4]). A connected graded algebra R is said to be Artin–Schelter regular of dimension d if:

(i) R has finite global dimension d;
(ii) R has finite Gelfand–Kirillov dimension;
(iii) ExtiR(K, R) = 0 if i �= d , and ExtdR(K, R) ∼= K.

Now, we recall the definition of skew PBW extension and some of its properties.

Definition 2.3 ([12, Definition 1]). Let R and A be rings. We say that A is a skew PBW extension over R
(also called a σ -PBW extension over R) if the following conditions hold:

(i) R is a subring of A sharing the same identity element.
(ii) There exist finitely many elements x1, . . . , xn ∈ A such that A is a free R-module, with basis the basic

elements Mon(A) := {xα = xα1
1 · · · xαn

n | α = (α1, . . . , αn) ∈ N
n}.

(iii) For each 1 ≤ i ≤ n and any r ∈ R \ {0}, there exists an element ci,r ∈ R \ {0} such that xir − ci,r xi ∈ R.
(iv) For any elements 1 ≤ i, j ≤ n, there exists di, j ∈ R \ {0} such that

x j xi − di, j xi x j ∈ R + Rx1 + · · · + Rxn . (2)

Under these conditions, we write A := σ(R)〈x1, . . . , xn〉.
For X = xα = xα1

1 · · · xαn
n ∈ Mon(A), deg(X) := α1+· · ·+αn . The relationship between skewpolynomial

rings and skew PBW extensions is presented in the following proposition.
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Proposition 2.4 ([12, Proposition 3]). Let A be a skew PBW extension over R. For each 1 ≤ i ≤ n, there
exist an injective endomorphism σi : R → R and a σi -derivation δi : R → R such that xir = σi (r)xi + δi (r),
where r ∈ R.

From now on, σi and δi are the injective endomorphisms and the σi -derivations as in Proposition 2.4,
respectively.

A skew PBW extension A is called bijective if σi is bijective and di, j is invertible, for any 1 ≤ i < j ≤ n.
A is called quasi-commutative if the conditions (iii) and (iv) in Definition 2.3 are replaced by the following:

(iii’) for each 1 ≤ i ≤ n and all r ∈ R \ {0}, there exists ci,r ∈ R \ {0} such that xir = ci,r xi ;
(iv’) for any 1 ≤ i, j ≤ n, there exists di, j ∈ R \ {0} such that x j xi = di, j xi x j .

Examples of bijective and quasi-commutative skew PBW extensions, and some of their properties can be
found in [10,16,40–42].

Let I ⊆ ∑
n≥2 Ln be a finitely generated homogeneous ideal ofK〈t1, . . . , tm〉 and let R = K〈t1, . . . , tm〉/I

be a connectedgraded algebra generated in degree 1. Suppose thatσ : R → R is a graded algebra automorphism
and δ : R(−1) → R is a graded σ -derivation (i.e., a degree +1 graded σ -derivation δ of R). Let B := R[x; σ, δ]
be the associated graded Ore extension of R, that is, B = ⊕

p≥0 Rx
p as an R-module, and for r ∈ R,

xr = σ(r)x + δ(r). If we consider x to have degree 1 in B, then under this grading B is a connected graded
algebra generated in degree 1 (for more details, see [8] and [36]).

Proposition 2.5 ([47, Proposition 2.7]). Let R = ⊕
m≥0 Rm be an N-graded algebra, and let A =

σ(R)〈x1, . . . , xn〉 be a bijective skew PBW extension over R satisfying the following two conditions:

(1) σi is a graded ring homomorphism and δi : R(−1) → R is a graded σi -derivation, for all 1 ≤ i ≤ n.
(2) x j xi − di, j xi x j ∈ R2 + R1x1 + · · · + R1xn, as in (2) and di, j ∈ R0.

For p ≥ 0, if Ap is the K-space generated by the set

{
rt x

α | t + deg(xα) = p, rt ∈ Rt and xα ∈ Mon(A)
}
,

then A is an N-graded algebra given by A = ⊕
p≥0 Ap.

Proposition 2.5 motivates the following definition.

Definition 2.6 ( [47, Definition 2.6]). Let A = σ(R)〈x1, . . . , xn〉 be a bijective skew PBW extension over
an N-graded algebra R = ⊕

m≥0 Rm . A is said to be a graded skew PBW extension over R if it satisfies the
conditions (1) and (2) established in Proposition 2.5.

The class of graded iterated Ore extensions of injective type is strictly contained in the class of graded
skew PBW extensions. For example, homogenized enveloping algebras and diffusion algebras are graded skew
PBW extensions over a field but these are not iterated Ore extensions of the field. Details and examples of
graded skew PBW extensions can be found in [13], [47] and [49].

3 σ -Filtered skew PBW extensions

If R is an arbitrary algebra, then it is clear that R is a filtered algebra with filtration given by Fp(R) = R, for
all p ∈ Z. In this case, we say that R has the trivial filtration. R has the trivial positive filtration ifFp(R) = R,
for all p ≥ 0 and F−1(R) = 0. If l ≥ 0, then R is connected filtered with filtration given by

Fp(R) =
⎧
⎨

⎩

0, if p = −1;
K, if 0 ≤ p ≤ l;
R, if p > l.

In this case, we say that R is an l-trivial connected filtered algebra. If l = 0, then we say that R is a trivial
connected filtered algebra. Throughout the paper, we assume that K has trivial connected filtration.

Remark 3.1 Let A = σ(R)〈x1, . . . , xn〉 be a skew PBW extension.
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(i) From (2), we have that

x j xi = di, j xi x j + r0 j,i + r1 j,i x1 + · · · + rn j,i xn, (3)

where di, j , r0 j,i , r1 j,i , . . . , rn j,i ∈ R, for 1 ≤ i, j ≤ n.

(ii) ( [12, Remark 2]). Every element f ∈ A \ {0} has a unique representation as

f = c1X1 + · · · + cd Xd , with ci ∈ R \ {0} and Xi ∈ Mon(A), for 1 ≤ i ≤ d. (4)

Definition 3.2 Let A = σ(R)〈x1, . . . , xn〉 be a skew PBW extension over a positively filtered algebra R =⋃
p∈N Fp(R).

(i) For X = xα = xα1
1 · · · xαn

n ∈ Mon(A) and c ∈ R \ {0}, tdeg(cX) := deg(c) + deg(X).
(ii) Let f = c1X1 + · · · + cd Xd ∈ A \ {0}, tdeg( f ) := max{tdeg(ci Xi )}di=1.
(iii) Let σ : R → R be an endomorphism of algebras. If σ(Fp(R)) ⊆ Fp(R), then we say that σ is a filtered

endomorphism.
(iv) Let δ : R → R be a σ -derivation. If δ(Fp(R)) ⊆ Fp+1(R), we say that δ is a filtered σ -derivation, and

if δ(Fp(R)) ⊆ Fp+m(R), then we say that δ is an m-filtered σ -derivation, for m > 1.
(v) We say that A preserves tdeg if for each x j xi as in (3),

tdeg(x j xi ) = tdeg(ci, j xi x j + r0 j,i + r1 j,i x1 + · · · + rn j,i xn) = 2.

The following theorem, one of the most important results of the paper, provides a general filtration to the
skew PBW extensions.

Theorem 3.3 If A = σ(R)〈x1, . . . , xn〉 is a skew PBW extension over a positively filtered algebra R such that
the following conditions hold:

(1) σi and δi are filtered, for 1 ≤ i ≤ n;
(2) A preserves tdeg,

then {Fp(A)}p∈N is a filtration on A, where

Fp(A) := { f ∈ A | tdeg( f ) ≤ p} ∪ {0}. (5)

Moreover, A is a filtered R-module with the same filtration.

Proof Notice that for each f ∈ A \ {0}, tdeg( f ) ≥ 0. By definition, 0 ∈ Fp(A). Let f, g ∈ Fp(A) with
f �= 0 and g �= 0. By Remark 3.1(ii), f and g have a unique representation as f = c1X1 + · · · + cd Xd
and g = r1Y1 + · · · + reYe, with ci , r j ∈ R \ {0} and Xi , Y j ∈ Mon(A) for 1 ≤ i ≤ d and 1 ≤ j ≤ e.
In this way, tdeg(ci Xi ) ≤ p and tdeg(r jY j ) ≤ p, for 1 ≤ i ≤ d , 1 ≤ j ≤ e. Thus, tdeg( f + g) =
tdeg(c1X1 + · · · + cd Xd + r1Y1 + · · · + reYe) = max{tdeg(ci Xi ), tdeg(e jY j ) | 1 ≤ i ≤ d, 1 ≤ j ≤ e} ≤ p,
and so f + g ∈ Fp(A). Now, if k ∈ K, then tdeg(k f ) = tdeg((kc1)X1 + · · · + (kcd)Xd) ≤ p, whence Fp(A)
is a subspace of A, for each p ∈ N. It is clear that

⋃
p∈N Fp(A) = A. If 0 �= f = c1X1+· · ·+cd Xd ∈ Fp(A),

then tdeg(ci Xi ) ≤ p < p + 1, for 1 ≤ i ≤ d , and Fp(A) ⊆ Fp+1(A). Let h ∈ Fp(A) · Fq(A). Without loss
of generality we assume that h = h phq with h p ∈ Fp(A) and hq ∈ Fq(A). Let h p = a1X1 + · · · + am Xm ,
hq = b1Y1 + · · · + btYt . Then, tdeg(ai Xi ) ≤ p and tdeg(b jY j ) ≤ q , for 1 ≤ i ≤ m, 1 ≤ j ≤ t . Hence,

h = (a1X1 + · · · + am Xm)(b1Y1 + · · · + btYt ) =
m+t∑

k=1

( ∑

i+ j=k

ai Xib jY j

)

, (6)

and so tdeg(h) = max{tdeg(ai Xib jY j ) | 1 ≤ i ≤ m, 1 ≤ j ≤ t}, but obtaining the unique representation of
ai Xib jY j as in (4) once the commutation rules have been made taking into account (3) and (4) in the Definition
2.3.
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Let Xi = xα1
1 · · · xαn

n , Y j = xβ1
1 · · · xβn

n , with αi , βi ∈ N. By [39, Remark 2.7], we have that

ai Xi b j Y j = ai (x
α1
1 · · · xαn

n b j )x
β1
1 · · · xβn

n

= ai x
α1
1 · · · xαn−1

n−1

( αn∑

j=1

xαn− j
n δn (σ

j−1
n (b j ))x

j−1
n

)

x
β1
1 · · · xβn

n

+ ai x
α1
1 · · · xαn−2

n−2

(αn−1∑

j=1

x
αn−1− j
n−1 δn−1(σ

j−1
n−1 (σ

αn
n (b j )))x

j−1
n−1

)

xαn
n x

β1
1 · · · xβn

n

+ai x
α1
1 · · · xαn−3

n−3

(αn−2∑

j=1

x
αn−2− j
n−2 δn−2(σ

j−1
n−2 (σ

αn−1
n−1 (σ

αn
n (b j ))))x

j−1
n−2

)

x
αn−1
n−1 xαn

n x
β1
1 · · · xβn

n

+ · · · + ai x
α1
1

( α2∑

j=1

x
α2− j
2 δ2(σ

j−1
2 (σ

α3
3 (σ

α4
4 (· · · (σαn

n (b j ))))))x
j−1
2

)

x
α3
3 · · · xαn−1

n−1 xαn
n x

β1
1 · · · xβn

n

+ aiσ
α1
1 (σ

α2
2 (· · · (σαn

n (b j ))))x
α1
1 · · · xαn

n x
β1
1 · · · xβn

n , σ0
j := idR for 1 ≤ j ≤ n. (7)

Notice that as σi and δi are filtered, then σ k
i (Fp(R)) ⊆ σ k−1

i (Fp(R)) ⊆ · · · ⊆ σi (Fp(R)) and
δki (Fp(R)) ⊆ Fp+k(R)), and thus σ k

i is filtered and δki is k-filtered. Furthermore, as A preserves tdeg, then for
each of the summands in (7), tdeg ≤ p + q (once the commutation rules have been made taking into account
(3) and (4) in the Definition 2.3). In this way, tdeg(h) ≤ p + q , and so h ∈ Fp+q , whence {Fp(A)}p∈N is a
filtration on A.

On the other hand, let g ∈ Fp(R)Fq(A). Then, g = r f , for some r ∈ Fp(R) and f = r1X1 + · · · +
rt Xt ∈ Fq(A). Therefore, tdeg(ri Xi ) = deg(ri ) + deg(Xi ) ≤ q , for 1 ≤ i ≤ t . Thus, tdeg(r(ri Xi )) =
tdeg((rri )Xi )) = deg(rri )+deg(Xi ) ≤ p+deg(ri )+deg(Xi ) ≤ p+q , which implies that tdeg(r f ) ≤ p+q ,
and, therefore, r f = g ∈ Fp+q(A). This shows that A is a filtered R-module. ��

Theorem 3.3 suggests the following definition.

Definition 3.4 Let A = σ(R)〈x1, . . . , xn〉 be a skew PBW extension over a positively filtered algebra R. We
say that A is a σ -filtered skew PBW extension over R if A satisfies the conditions (1) and (2) in Theorem 3.3.

In this case, it is understood that A has the filtration {Fp(A)}p∈N, where Fp(A) is as in (5).

Proposition 3.5 Let A = σ(R)〈x1, . . . , xn〉 be a σ -filtered skew PBW extension over R.

(1) If {Fp(R)}p∈N is a positive filtration on R, then Fp(R) is a subspace of Fp(A).
(2) If the filtration on R is finite, then the filtration of A is finite.

Proof Let {Fp(R)}p∈N be a connected filtration on R and {Fp(A)}p∈N the filtration on A.

(1) If 0 �= r ∈ Fp(R), then deg(r) ≤ p. By Definition 2.3(1), we have R ⊆ A, and r = r x01 · · · x0n is the
unique representation of r . This means that tdeg(r) = deg(r) ≤ p, and so r ∈ Fp(A).

(2) Let B(R)
k be a finite basis forFk(R). By Definition 2.3(ii), we have that A is a left free R-module with basis

Mon(A) = {xα = xα1
1 · · · xαn

n | α = (α1, . . . , αn) ∈ N
n}, whence Bp = (

⋃p
k=0 B(R)

k )
⋃{X ∈ Mon(A) |

deg(X) ≤ p} is a finite basis for Fp(A).

��
Proposition 3.6 If A = σ(R)〈x1, . . . , xn〉 is a σ -filtered skew PBW extension over R, then R is connected
filtered if and only if A is connected filtered.

Proof Let A = σ(R)〈x1, . . . , xn〉 = ⋃
p∈N Fp(A) be a σ -filtered skew PBW extension over a connected

filtered algebra R. If 0 �= h ∈ F0(A), then h has a unique representation as h = a1X1 + · · · + at Xt (Remark
3.1(ii)), whence tdeg(ai Xi ) = deg(ai ) + deg(Xi ) = 0, for 1 ≤ i ≤ t . Thus, deg(ai ) = 0 = deg(Xi ), Xi = 1,
for 1 ≤ i ≤ t , and so h ∈ R with deg(h) = 0, that is, h ∈ F0(R) = K since R is connected filtered. This
proves that F0(A) = K, i.e., A is connected filtered.

For the converse, let 0 �= r ∈ F0(R). By Proposition 3.5(1), F0(R) ⊆ F0(A) = K, whence r ∈ K, that is,
F0(R) = K. ��
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Lezama and Reyes [27, Theorem 2.2] defined a filtration F ′ for a skew PBW extension A =
σ(R)〈x1, . . . , xn〉 in the following way:

F ′
m(A) :=

{
R, if m = 0
{ f ∈ A | deg( f ) ≤ m} ∪ {0}, if m ≥ 1,

(8)

where deg( f ) := max{deg(Xi )}ti=1, for f = a1X1+· · · at Xt . Notice that if R has the trivial positive filtration,
then deg(r) = 0, for all r ∈ R. Thus, deg( f ) = tdeg( f ) (tdeg( f ) as in Definition 3.2(iv) and deg( f ) as in
(8)), i.e., the filtration (5) coincides with the filtration (8). More precisely,

Proposition 3.7 If A = σ(R)〈x1, . . . , xn〉 be a skew PBW extension over R with filtration as in (8), then A is
a σ -filtered skew PBW extension if and only if R has the trivial positive filtration.

Proof Suppose that A = σ(R)〈x1, . . . , xn〉 is σ -filtered with the filtration given in (8). Then, R is positively
filtered and F ′

0(A) = R. By (5), F ′
0(A) = { f ∈ A | tdeg( f ) ≤ 0} ∪ {0} = R. Let r ∈ R = F ′

0(A).
Then, tdeg(r) = deg(r) = 0 = min{p ∈ N | r ∈ Fp(R)}, i.e., r ∈ F0(R). Therefore, F0(R) = R and so
Fp(R) = R for p ≥ 0.

For the converse, assume that R has the trivial positive filtration, i.e., Fp(R) = R for all p ≥ 0. Notice
that σi (Fp(R)) = σi (R) ⊆ R and δi (Fp(R)) = δi (R) ⊆ R = Fp+1(R). Thus, σi and δi are filtered. Now,
as x j xi = ci, j xi x j + r0 j,i + r1 j,i x1 + · · · + rn j,i xn with ci, j , r0 j,i , r1 j,i , . . . , rn j,i ∈ R = R0, then deg(ci, j ) =
deg(r0 j,i ) = deg(r1 j,i ) = · · · = deg(rn j,i ) = 0, so, tdeg(ci, j xi x j + r0 j,i + r1 j,i x1 + · · · + rn j,i xn) = 2, that is,
A preserves tdeg. Thus, A is a σ -filtered skew PBW extension. ��
Remark 3.8 From Proposition 3.7, we obtain that every skew PBW extension A over a ring R is σ -filtered
with the filtration given by Lezama and Reyes [27, Theorem 2.2]. Of course, graded skew PBW extensions
are trivially σ -filtered skew PBW extensions. For some examples of skew PBW extensions, filtrations (5) and
(8) coincide. More exactly, if we consider a skew PBW extension A over R where σi is the identity map on R
and δi = 0, for each 1 ≤ i ≤ n, where σi and δi are as in Proposition 2.4, then the skew PBW extensions are
trivially σ -filtered skew PBW extensions. For instance, if g is a finite-dimensional Lie algebra overK, then its
universal enveloping algebra U (g) satisfies these conditions.

Example 3.9 (1) TheWeyl algebraK[t1, . . . , tn][x1, ∂/∂t1] · · · [xn, ∂/∂tn] = An(K) is a skew PBWextension
over the commutative polynomial ring K[t1, . . . , tn], i.e., An(K) ∼= σ(K[t1, . . . , tn])〈x1, . . . , xn〉, where
xi t j = t j xi + δi j , xi x j − x j xi = 0, and δi j = 0 for i �= j and δi i = 1, 1 ≤ i, j ≤ n. The endomorphisms
and derivations of Proposition 2.4 are σi , the identity map of R, and δi = δi j , respectively. If R is endowed
with the standard filtration, then An(K) is a σ -filtered skew PBW extension.

(2) LetK be a field of characteristic zero. It is well known that An(K) ∼= U (g)/(1− y)U (g), whereU (g) is the
universal enveloping algebra of the (2n+1)-dimensional Heisenberg Lie algebra with basis given by the set
{t1, . . . , tn, x1, . . . , xn, y}overK. Li andVanOystaeyen [30,Example (i)] proved thatU (g) is theRees alge-

bra of An(K)with respect to the filtrationF ′′ on An(K), whereF ′′
p(An(K)) =

{∑
|α|≤p fα(t1, . . . , tn)xα

}
,

fα(t1, . . . , tn) ∈ K[t1, . . . , tn] and xα ∈ Mon(An(K)). Notice that F ′′ coincides with the filtration given
in (8). Thus, by Proposition 3.7, An(K) ∼= U (g)/(1 − y)U (g) is σ -filtered with the filtration F ′′.

(3) Let R = K〈t1, t2〉/(t2t1 − t1t2 − t21 ) be the Jordan plane and A = σ(R)〈x1〉 be the skew PBW extension
over R, where x1t1 = t1x1 and x1t2 = t2x1 + 2t1x1. According to Proposition 2.4, we have σ1(t1) = t1
and σ1(t2) = 2t1 + t2 and δ1 = 0. Notice that A is a σ -filtered skew PBW extension over the Jordan plane
R, when R is endowed with the standard filtration.

(4) Let R = K[t] be the polynomial ring and A = σ(R)〈x1〉 a skew PBW extension over R, where x1t =
c1t x1 + c2x1 + c3t2 + c4t + c5, for c1, c2, c3, c4, c5 ∈ K and c1 �= 0. According to Proposition 2.4,
σ1(t) = c1t + c2 and δ1(t) = c3t2 + c4t + c5. Therefore, A is a σ -filtered skew PBW extension overK[t],
whenK[t] is endowed with the standard filtration. Notice that since c1 �= 0 then σ1 is an automorphism of
K[t].

Remark 3.10 Let A be the free algebra generated by x, y subject to the relation yx = xy + x3, that is,
K〈x, y〉/〈yx − xy − x3〉. As one can check (following the ideas presented in [1]), A is a skew PBW extension
over K[x]. By Proposition 2.4, yx = σ(x)y + δ(x), whence σ is the identity map of K[x] and δ(x) = x3.
Notice that the standard filtration of K[x] is connected, σ is filtered but δ is not filtered. In this way, A is not
σ -filtered.
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Let R be a graded algebra. A graded R-module M is free-graded on the basis {e j | j ∈ J } if M is free as
a left R-module on the basis {e j }, and also every e j is homogeneous, say of degree d( j). A filtered module
M = ⋃

p∈N Fp(M) over a filtered algebra R = ⋃
p∈N Fp(R) is free-filtered with filtered basis {e j | j ∈ J }

if M is a free R-module with basis {e j | j ∈ J }, and Fp(M) = ⊕
j Fp−p( j)(R)e j , where p( j) is the degree

of e j .

Proposition 3.11 If A = σ(R)〈x1, . . . , xn〉 is a σ -filtered skew PBW extension, then A is free-filtered with
filtered basisMon(A). Moreover, G(A) is free-graded over G(R).

Proof By Definition 2.3(ii), we have that A is a free R-module with basis Mon(A) = {xα = xα1
1 · · · xαn

n | α =
(α1, . . . , αn) ∈ N

n}. If the degree of xα is denoted by deg(xα) := |α|, the idea is to show that

Fp(A) =
⊕

α∈Nn

Fp−|α|(R)xα. (9)

Let 0 �= f ∈ Fp(A). By Remark 3.1 (ii), f has a unique representation given by f = c1X1 + · · · + cd Xd ,

with ci ∈ R \ {0} and Xi := xαi = x
αi
1

1 · · · xαi
n

n ∈ Mon(A), where tdeg(ci Xi ) = tdeg(ci xαi
) = deg(ci ) +

deg(Xi ) = deg(ci )+|αi | ≤ p, for 1 ≤ i ≤ d . Hence, deg(ci ) ≤ p−|αi |, i.e., ci ∈ Fp−|αi |(R), for 1 ≤ i ≤ d ,

and so f ∈ Fp−|α1|(R)xα1 + · · · +Fp−|αd |(R)xαd
. From the uniqueness of the representation of f , it follows

that f ∈ ⊕
α∈Nn Fp−|α|(R)xα .

For the other inclusion, let f ∈ ⊕
α∈Nn Fp−|α|(R)xα . Then, f has a unique representation as f =

fα1 + · · · + fαt , where fα j ∈ Fp−|α j |(R)xα j
, for 1 ≤ j ≤ t . Thus, fα j = r j xα j

, with r j ∈ Fp−|α j | and
xα j ∈ Mon(A). In this way, deg(r j ) ≤ p − |α j |, and, therefore, tdeg( fα j ) = deg(r j ) + |α j | ≤ p, whence
tdeg( f ) ≤ p, that is, f ∈ Fp(A). This means that A is free-filtered with filtered basis Mon(A). Finally, since
A free-filtered, by McConnell and Robson (2001, Proposition 7.6.15), we obtain that G(A) is free-graded over
G(R) on the graded basis Mon(A). ��

4 The homogenization of a σ -filtered skew PBW extension

Proposition 4.1 Let A = σ(R)〈x1, . . . , xn〉 be a skew PBW extension over an algebra R.

(1) If R is finitely generated as algebra, then A is finitely generated as algebra.
(2) If R is finitely presented, then A is finitely presented.

Proof (1) If R is finitely generated as algebra, then there exists a finite set of elements t1, . . . , ts ∈ R such that
the set {ti1 ti2 · · · tim | 1 ≤ i j ≤ s,m ≥ 1} ∪ {1} spans R as a K-space. By Definition 2.3(ii), Mon(A) =
{xα = xα1

1 · · · xαn
n | α = (α1, . . . , αn) ∈ N

n} is an R-basis for A. There exists a finite set of elements
t1, . . . , ts, x1, . . . , xn ∈ A such that the set {ti1 ti2 · · · tim xα1

1 · · · xαn
n | 1 ≤ i j ≤ s,m ≥ 1, α1, . . . , αn ∈ N}

spans A as a K-space.
(2) If R is finitely presented, then R = K〈t1, . . . , tm〉/I , where

I = 〈r1, . . . , rs〉 (10)

is a two-sided ideal of K〈t1, . . . , tm〉 generated by a finite set r1, . . . , rs of polynomials in K〈t1, . . . , tm〉.
In this way,

A = K〈t1, . . . , tm, x1, . . . , xn〉/J, where

J = 〈r1, . . . , rs, fik, g ji | 1 ≤ i, j ≤ n, 1 ≤ k ≤ m〉 (11)

is the two-sided ideal of K〈t1, . . . , tm, x1, . . . , xn〉 generated by a finite set of polynomials r1, . . . , rs , fik ,
g ji with r1, . . . , rs as in (10), that is,

fik := xi tk − σi (tk)xi − δi (tk) (12)

where σi and δi are as in Proposition 2.4, i.e.,

g ji := x j xi − ci, j xi x j − (r0 j,i + r1 j,i x1 + · · · + rn j,i xn) (13)

as in (3). Therefore, A is finitely presented.
��
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Proposition 4.2 If A is a skew PBW extension over a finitely presented algebra R such that σi , δi are filtered,
and A preserves tdeg, then A is a connected σ -filtered algebra, and the filtration of A is finite.

Proof Let A = σ(R)〈x1, . . . , xn〉 be a skew PBW extension over a finitely presented algebra R =
K〈t1, . . . , tm〉/〈r1, . . . , rs〉. As L = K〈t1, . . . , tm〉 is connected filtered, R inherits a connected filtration
{Fq(R)}q∈N, from the standard filtration on the free algebra K〈t1, . . . , tm〉. Since σi and δi are filtered and A
preserves tdeg, then A is σ -filtered. Now, as R is connected filtered, Proposition 3.6 implies that A is connected
filtered. Notice that L p is a finite-dimensional subspace of L , for all p ∈ N. In this way, Fq(L) is also a finite
dimensional subspace, and so Fq(R) is a finite dimensional subspace of R, for all q ∈ N, i.e., the filtration of
R is finite. Proposition 3.5(2) guarantees that the filtration of A is finite. ��
Theorem 4.3 If A = σ(R)〈x1, . . . , xn〉 is a bijective skew PBW extension over a finitely presented algebra R
such that σi , δi are filtered and A preserves tdeg, then H(A) is a graded skew PBW extension over H(R).

Proof Consider the ring R = K〈t1, . . . , tm〉/〈r1, . . . , rs〉 = L/〈r1, . . . , rs〉 and letH(R) = L[z]/〈̂r1, . . . , r̂s〉 =
K〈t1, . . . , tm, z〉/〈̂r1, . . . , r̂s, tk z − ztk | 1 ≤ k ≤ m〉 be the homogenization of R. By Proposition 4.1(2) and
its proof, A is finitely presented with presentation

A = K〈t1, . . . , tm, x1, . . . , xn〉
〈r1, . . . , rs, fik, g ji | 1 ≤ i, j ≤ n, 1 ≤ k ≤ m〉 , (14)

where fik = xi tk − σi (tk)xi − δi (tk), g ji = x j xi − ci, j xi x j − (r0 j,i + r1 j,i x1 + · · · + rn j,i xn), with
ci, j , r0 j,i , r1 j,i , . . . , rn j,i ∈ R. Let Ltx := K〈t1, . . . , tm, x1, . . . , xn〉. Then,

H(A) = Ltx [z]/〈̂r1, . . . , r̂s, f̂ik, ĝ j i | 1 ≤ i, j ≤ n, 1 ≤ k ≤ m〉 (15)

= K〈z, t1, . . . , tm, x1, . . . , xn, 〉
〈̂r1, . . . , r̂s, f̂ik, ĝ j i , tk z − ztk, xi z − zxi | 1 ≤ i, j ≤ n, 1 ≤ k ≤ m〉 . (16)

By Proposition 4.2, A is a connected σ -filtered algebra, whence σi and δi are filtered and A preserves tdeg.
Hence,

tdeg( fik) = tdeg(xi tk − σi (tk)xi − δi (tk)) = 2,

tdeg(g ji ) = tdeg(x j xi − ci, j xi x j − (r0 j,i + r1 j,i x1 + · · · + rn j,i xn)) = 2.

Notice that
f̂ik = xi tk − (σi (tk)z

1−deg(σi (tk)))xi − δi (tk)z
2−deg(δi (tk )), (17)

ĝ j i = x j xi − ci, j xi x j − r0 j,i z
2−deg(r0 j,i ) − (r1 j,i z

1−deg(r1 j,i ))x1 − · · ·
−(rn j,i z

1−deg(rn j,i ))xn, (18)

where ci, j ∈ K \ {0}, r0 j,i z
2−deg(r0 j,i ), r1 j,i z

1−deg(r1 j,i ), . . . , rn j,i z
1−deg(rn j,i ) ∈ H(R), for 1 ≤ i, j ≤ n.

From (17) and (18), in H(A) we have the relations

xi tk = (σi (tk)z
1−deg(σi (tk )))xi + δi (tk)z

2−deg(δi (tk)) (19)

and

x j xi − ci, j xi x j = r0 j,i z
2−deg(r0 j,i ) + (r1 j,i z

1−deg(r1 j,i ))x1 + · · ·
+(rn j,i z

1−deg(rn j,i ))xn, (20)

where ci, j ∈ K \ {0}, r0 j,i z
2−deg(r0 j,i ), r1 j,i z

1−deg(r1 j,i ), . . . , rn j,i z
1−deg(rn j,i ) ∈ H(R), for 1 ≤ i, j ≤ n.

Relations given in (19) and (20) correspond to Definition 2.3(iii) and (iv), respectively, applied to H(R)
and H(A). Notice that H(R) ⊆ H(A) and H(A) is an H(R)-free module with basis

Mon(A) := Mon{x1, . . . , xn} := {xα = xα1
1 · · · xαn

n | α = (α1, . . . , αn) ∈ N
n},
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whence H(A) is a skew PBW extension over H(R) in the variables x1, . . . , xn . Thus, H(A) ∼=
σ(H(R))〈x1, . . . , xn〉. Since H(R) is a connected graded algebra, i.e., R(H) = ⊕

p≥0 H(R)p. From

(19) and applying Proposition 2.4 to H(A), it follows that σ̂i (tk) = (σi (tk)z1−deg(σi (tk))); σ̂i (z) = z;
δ̂i (tk) = δi (tk)z2−deg(δi (tk )) and δ̂i (z) = 0, for 1 ≤ i ≤ n. Thus, σ̂i : H(R) → H(R) is a graded ring homo-
morphism and δ̂i : H(R)(−1) → H(R) is a graded σ̂i -derivation for all 1 ≤ i ≤ n. Now, from (20) we have
that ci, j ∈ K\{0}, r0 j,i z

2−deg(r0 j,i ) ∈ H(R)2, r1 j,i z
1−deg(r1 j,i ), . . . , rn j,i z

1−deg(rn j,i ) ∈ H(R)1, for 1 ≤ i, j ≤ n.
Thus, x j xi − ci, j xi x j ∈ H(R)2 + H(R)1x1 + · · · + H(R)1xn , and ci, j ∈ H(R)0 = K. As σi is bijective then
σ̂i is bijective and as ci, j is invertible, then H(A) is bijective. Therefore, H(A) = σ(H(R))〈x1, . . . , xn〉 is a
bijective skew PBW extension over the N-graded algebra R(H) that satisfies both conditions formulated in
Proposition 2.5, and so H(A) is a graded skew PBW extension over H(R). ��
Remark 4.4 Let A as in Theorem 4.3. By (15),

H(A) = K〈z, t1, . . . , tm, x1, . . . , xn, 〉
〈̂r1, . . . , r̂s, f̂ik, ĝ j i , tk z − ztk, xi z − zxi | 1 ≤ i, j ≤ n, 1 ≤ k ≤ m〉 .

Let f ∈ H(A). By Theorem 4.3, H(A) = σ(H(R))〈x1, . . . , xn〉 is a graded skew PBW extension
over H(R). Remark 3.1(ii) shows that f has a unique representation as f = c1X1 + · · · + cd Xd , with
ci ∈ H(R) \ {0} and Xi ∈ Mon(A). As H(A) is graded, ci Xi is homogeneous in H(A), let us say of degree
d(i), and ci is homogeneous in H(R). Then, ci Xi = ki zβi ti1 ti2 . . . ti p Xi , 0 ≤ i j ≤ m, where ti1 ti2 . . . ti p ∈
R = K〈t1, . . . , tm〉/〈r1, . . . , rs〉, t0 = x0 = z0 = 1, ki ∈ K and βi + p + deg(Xi ) = d(i). Therefore, f has a
unique representation as f = k1zβ1 t11 t12 . . . t1p X1 + · · · + kd zβd td1 td2 . . . tdp Xd .

Let A be a bijective σ -filtered skew PBW extension over a finitely presented algebra R. Let us fix the
notation: G(A) and Rees(A) is respectively the associated graded algebra and the associated Rees algebra
of A regarding the filtration given in Theorem 3.3. One can always recover A and G(A) from H(A), via
A ∼= H(A)/〈z − 1〉 and G(A) ∼= H(A)/〈z〉, respectively.
Proposition 4.5 If A = σ(R)〈x1, . . . , xn〉 is a bijectiveσ -filtered skewPBWextension over a finitely presented
algebra R, then the following assertions hold:

(1) A ∼= H(A)/〈z − 1〉.
(2) H(A)/〈z〉 ∼= G(A).

Proof (1) It is clear.
(2) From (11) and (14),

A = K〈t1, . . . , tm, x1, . . . , xn〉/J
= K〈t1, . . . , tm, x1, . . . , xn〉/〈r1, . . . , rs, fik, g ji | 1 ≤ i, j ≤ n, 1 ≤ k ≤ m〉,

i.e., A is an algebra defined by generators and relations. Then, there is a standard connected filtration
{F∗

p(A)}p∈N on A whereinF∗
p(A) = (Fp(Ltx )+ J )/J , i.e.,F∗

p(A) is the span of all words in the variables
t1, . . . , tm, x1, . . . , xn of degree at most p. Notice that for σ -filtered skew PBW extensions of a finitely
presented algebra R, F∗

p(A) coincides with Fp(A) as in (5), for all p ≥ 0. Therefore, H(A)/〈z〉 ∼= G(A).
��

Example 4.6 TheWeyl algebra An(K) in Example 3.9 is the free associative algebra with generators t1, . . . , tn ,
x1, . . . , xn modulo the relations t j ti = ti t j , x j xi = xi x j , xi t j = t j xi + δi j , where δi j is the Kronecker
delta, 1 ≤ i, j ≤ n. Adding another generator z that commutes with t1, . . . , tn , x1, . . . , xn and replacing
δi j with δi j z2 in the above relations yields the homogenized Weyl algebra H(An(K)). Since An(K) is a
bijective skew PBW extension over a finitely presented algebra R = K[t1, . . . , tn], such that σi , δi are filtered
and An(K) preserves tdeg, by Theorem 4.3 we have that H(An(K)) is a graded skew PBW extension over
H(R) = K[t1, . . . , tn, z]. By Proposition 4.5, An(K) ∼= H(An(K))/〈z−1〉 and H(An(K))/〈z〉 ∼= G(An(K)),
which is just a commutative polynomial ring in 2n variables, where G(An(K)) is the associated graded algebra
of An(K) with respect to the filtration F as in (5).

Example 4.7 Following [6] or [45, Definition C4.3], a 3-dimensional algebra A is a K-algebra generated by
the indeterminates x, y, z subject to the relations yz − αzy = λ, zx − βxz = μ, and xy − γ yx = ν, where
λ,μ, ν ∈ Kx+Ky+Kz+K, and α, β, γ ∈ K

∗.A is called a 3-dimensional skew polynomialK-algebra if the
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set {xi y j zk | i, j, k ≥ 0} forms a K-basis of the algebra. As we can see in Rosenberg [45, Theorem C.4.3.1],
there are exactly fifteen non-isomorphic 3-dimensional skew polynomial K-algebras, and one of these is the
enveloping algebra of sl(2,K). From the definition, it is clear that these algebras are skew PBW extensions
over K, and hence, σ -filtered skew PBW extensions.

Redman [37] studied the geometry of the homogenizations of two classes of 3-dimensional skewpolynomial
algebras. Following the terminology used by Bell and Smith [6], the algebras Type I and Type II (these objects
are called like this because these are two classes of three dimensional skew polynomial rings that have finite-
dimensional simple modules of arbitrarily large dimensions) are defined as

Type I

⎧
⎪⎨

⎪⎩

g1 = yz − αzy,
g2 = zx − βxz − ay − b,
g3 = xy − αyx

and Type II

⎧
⎪⎨

⎪⎩

g1 = yz − αzy − x − b1,
g2 = zx − αxz − y − b2,
g3 = xy − αyx − z − b3

where a, b, b1, b2, b3, α, β ∈ C with such that αβ �= 0.
The homogenization H(A) of both types of algebras with respect to a central variable t is given by

C〈x, y, z, t〉 with defining relations
⎧
⎪⎨

⎪⎩

yz − αzy = 0,
zx − βxz = ayt + bt2,
xy − αyx = 0,

or

⎧
⎪⎨

⎪⎩

yz − αzy = xt + b1t2,
zx − αxz = yt + b2t2,
xy − αyx = zt + b3t2,

and xt − t x = yt − t y = zt − t z = 0. From [6, Proposition 2.1.1], the standard monomials {xi y j zk tl |
i, j, k, l ≥ 0} form a C-basis for the algebra D with the degree and dictionary ordering being x > y > z > t ,
whence t is a non-zero divisor.

By Proposition 4.5, A ∼= H(A)/〈t − 1〉 and H(A)/〈t〉 ∼= G(A), where G(A) is the associated graded
algebra ofAwith respect to the filtrationF as in (5). Thus, H(A) is a central extension of the algebra H(A)/〈t〉,
and, therefore, H(A) is a central extension of G(A). These facts were used by [37] to prove that the quotient
algebra H(A)/〈t〉 is a 3-dimensional Artin–Schelter regular algebra [37, Lemma 1.1], H(A) is 4-dimensional
Artin–Schelter regular, graded Noetherian domain, and Cohen–Macaulay with Hilbert series (1 − t)−4 [37,
Proposition 1.2]. He also described the noncommutative projective geometry of these objects, and compute
the finite-dimensional simple modules for the homogenization of Type I algebras in the case that α is not a
primitive root of unity. In this case, all finite dimensional simple modules are quotients of line modules that are
homogenizations of Verma modules. From Theorem 4.3, we know that H(A) is a graded skew PBW extension
over C[t]. In Theorem 5.2 below, we generalize some of these properties for σ -filtered skew PBW extensions
over a ring R such that H(R) is Auslander-regular.

Example 4.8 Following Le Bruyn and Smith [18], we write g = Ce ⊕ C f ⊕ Ch and define a vector space
isomorphism sl(2,C) → g by

(
0 1
0 0

)

→ e,

(
0 0
1 0

)

→ f,

(
1 0
0 −1

)

→ h,

and we transfer the Lie bracket on sl(2,C) to g giving [e, f ] = h, [h, e] = 2e, [h, f ] = −2 f . The homoge-
nization H(U (g)) of the universal enveloping algebra of g with respect to a central variable t is C〈e, f, h, t〉
with defining equations

e f − f e = ht, he − eh = 2et, h f − f h = −2 f t et − te = f t − t f = ht − th = 0.

By Proposition 4.5, U (g) ∼= H(U (g))/〈t − 1〉 and H(U (g))/〈t〉 ∼= G(U (g)), where G(U (g)) is the
associated graded algebra of U (g) with respect to the filtration F as in (5). Thus, H(U (g)) is a central
extension of H(U (g))/〈t〉 ∼= G(U (g)) ∼= C[e, f, h] = S(g), the symmetric algebra on g. These facts were
used by Le Bruyn and Smith [18] to deduce that H(U (g)) has Hilbert series (1− t)−4, it is a positively graded
Noetherian domain, Auslander-regular of dimension 4, satisfies the Cohen–Macaulay property, and its center
is C[�, t], where � = h2 + 2e f + 2 f e is the Casimir element. Recall that U (g) is a σ -filtered skew PBW
extension (Example 3.9), and by Theorem 4.3, H(U (g)) is a graded skew PBW extension over C[t]. Below,
using Theorem 5.2, we obtain some of the above properties for σ -filtered skew PBW extensions over R such
that H(R) is Auslander-regular.
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Remark 4.9 A graded algebra R is said to be generated in degree one if R1 generates R as an algebra. Let A
be a σ -filtered skew PBW extension over a commutative polynomial ring R = K[t1, . . . , tm]. Notice that if
we use the filtration given in (8), then H(A) and G(A) are not generated in degree one, while if we use the
standard filtration for R, then H(A) andG(A) are generated in degree one. For the study of certain properties in
an algebra such as Artin–Schelter regular, strongly Noetherian, Auslander-regular, Cohen–Macaulay, Koszul
and the Jacobson radical, some authors impose the condition that the algebra be generated in degree one (e.g.,
[14, Theorem 3.3] or [55, Theorem 0.1]). For the example presented by Greenfeld et al. [14, Section 6], it
was considered that the Ore extensions of endomorphism type R[x, σ ] satisfy deg(r) = 0, for all non-zero
r ∈ R and deg(r x j ) = j , for all natural number j > 0. This fact was used to study the properties graded
nilpotent (a graded algebra is graded nilpotent if the algebra generated by any set of homogeneous elements
of the same degree is nilpotent), graded locally nilpotent (a graded algebra is graded locally nilpotent if the
algebra generated by any finite set of homogeneous elements of the same degree is nilpotent), the Jacobson
radical, and to ask some related questions in the Ore extension R[x; σ ].

5 Other homological properties

It is known that a graded algebra R is right (left) Noetherian if and only if it is graded right (left) Noetherian,
which means that every graded right (left) ideal is finitely generated [20, Proposition 1.4]. Let M be an R-
module. The grade number of M is jR(M) := min{p | Ext pR(M, R) �= 0} or ∞ if no such p exists. Notice
that jR(0) = ∞. When R is Noetherian, jR(M) ≤ pdR(M) (where pdR(M) denotes the projective dimension
of M), and if furthermore injdim(R) = q < ∞, we have jR(M) ≤ q , for all non-zero finitely generated
R-module M (for further details, see [20]).

Definition 5.1 ([20, Definition 2.1]). Let R be a Noetherian ring.

(i) An R-module M satisfies the Auslander-condition if for all p ≥ 0, jR(N ) ≥ p, for every R-submodule
N of Ext pR(M, R).

(ii) R is called Auslander–Gorenstein of dimension q if injdim(R) = q < ∞, and every left or right finitely
generated R-module satisfies the Auslander-condition.

(iii) R is said to be Auslander-regular of dimension q if gld(R) = q < ∞, and every left or right finitely
generated R-module satisfies the Auslander-condition.

Theorem 5.2 If A is a σ -filtered skew PBW extension over a ring R such that H(R) is Auslander-regular,
then the following assertions hold:

(1) H(A) is graded Noetherian.
(2) H(A) is a domain.
(3) A is Noetherian.
(4) A is a PBW deformation of G(A).
(5) G(A) is Noetherian.
(6) Rees(A) ∼= H(A).
(7) A is Zariski.
(8) H(A) is Artin–Schelter regular.
(9) G(A) is Artin–Schelter regular.

Proof From Theorem 4.3, we know that H(A) is a graded bijective skew PBW extension over H(R).

(1) Since H(R) is Noetherian and graded, by [20, Proposition 1.4] H(R) is graded Noetherian. From [50,
Proposition 2.7], we obtain that H(A) is graded Noetherian.

(2) By [28, Theorem 2.9] we know that H(A) is Auslander-regular. Since H(R) is connected graded, by [47,
Remark 2.10], we have that H(A) is connected graded, and thus the assertion follows from [20, Theorem
4.8].

(3) Part (1) above shows that H(A) is Noetherian, whence A ∼= H(A)/〈z − 1〉 is Noetherian.
(4) Notice that A is a deformation of G(A). By (2), z is regular in H(A), and since G(A) ∼= H(A)/〈z〉, then

H(A) is a central regular extension of G(A). By [7, Theorem 1.3], A is a PBW deformation of G(A).
(5) Since H(A) is connected graded and z ∈ H(A)1 is central regular, then by [20, Proposition 3.5], we have

that H(A) is Noetherian if and only if H(A)〈z〉 ∼= G(A) is Noetherian.
(6) It follows from (4) and [52, Proposition 2.6].
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(7) From (1) and (6), Rees(A) is Noetherian. As A is connected filtered, then A is Zariski.
(8) Since H(R) is finitely presented connected Auslander-regular and H(A) is a graded skew PBW extension

over H(R), then by [50, Proposition 3.5 (iii)], we have that H(A) is Artin–Schelter regular.
(9) As H(A) is a connected graded, by (2) H(A) is a domain, and by (8) H(A) is Artin–Schelter regular. From

[44, Corollary 1.2], G(A) ∼= H(A)/〈z〉 is Artin–Schelter regular.
��

Example 3.9 showed that the Weyl algebra An(K) is a σ -filtered skew PBW extension over R =
K[t1, . . . , tn], and by Example 4.6, H(R) = K[t1, . . . , tn, z], which is Auslander-regular. Hence, Theorem
5.2 guarantees that An(K) is Noetherian, Zariski, and a PBW deformation of G(An(K)), H(An(K)) is a
domain graded Noetherian and Artin–Schelter regular, G(An(K)) is Noetherian and Artin–Schelter regular,
and Rees(An(K)) ∼= H(An(K)).

From Proposition 4.5 and Theorem 5.2, we immediately get the following result.

Corollary 5.3 If A is aσ -filtered skewPBWextension over a ring R defined by R = K〈t1, . . . , tm〉/〈r1, . . . , rs〉
such that σi is graded, then G(A) is a graded skew PBW extension over G(R) in n variables y1, . . . , yn given
by

yi tk = σi (tk)yi + ri ,

y j yi = ci, j yi y j + r0 j,i + r1 j,i y1 + · · · + rn j,i yn,
(21)

where

ri =
{

δi (tk), if deg(δi (tk)) = 2,
0, otherwise,

r0 j,i =
{
r0 j,i , if deg(r0 j,i ) = 2,
0, otherwise,

rl j,i =
{
rl j,i , if deg(rl j,i ) = 1,
0, otherwise,

(22)

for 1 ≤ l ≤ n, with ci, j , r0 j,i , r1 j,i , . . . , rn j,i , 1 ≤ i, j ≤ n, the constants that define A as in (3), and tk ∈ G(R)
is the coset of tk .

Proposition 5.4 PBW deformations of Artin–Schelter regular algebras of dimension two are σ -filtered skew
PBW extensions.

Proof By [11, Corollary 2.13], PBW deformations of Artin–Schelter regular algebras of dimension two are
isomorphic to one of the following algebras: K〈x, y〉/〈xy − qyx〉, K〈x, y〉/〈xy − qyx + 1〉, K〈x, y〉/〈yx −
xy + y〉, K〈x, y〉/〈yx − xy + y2〉, K〈x, y〉/〈yx − xy + y2 + 1〉, where q ∈ K\{0}. Notice that the first three
algebras are skew PBW extensions over K and the last two are skew PBW extensions over K[y]. As one can
check, every algebra satisfies the conditions (1) and (2) established in Theorem 3.3. ��
Example 5.5 (1) Andruskiewitsch et al. [2] studied the Hopf algebra D which was called the double of the

Jordan plane. The authors considered the field K to be characteristic zero and algebraically closed. Fol-
lowing [2, Definition 2.1], the Hopf algebra D is presented by generators u, v, ζ, g±1, x, y and relations
g±1g±1 = 1, ζg = gζ , gx = xg, gy = yg + xg, ζ y = yζ + y, ζ x = xζ + x , ug = gu,
vg = gv + gu, vζ = ζv + v, uζ = ζu + u, yx = xy − 1

2 x
2, vu = uv − 1

2u
2, ux = xu,

vx = xv + (1 − g) + xu, uy = yu + (1 − g), vy = yv − gζ + yu. According to Andruskiewitsch et
al. [2, Lemma 4.1], the algebra D can be described as the iterated Ore extension

D ∼= K[g±1, x, u][y; σ1, δ1][ζ ; σ2, δ2][v; σ3, δ3],

where σ1 the identity automorphism of K[g±1, x, u], and δ1 is the σ1-derivation of K[g±1, x, u]
given by δ1(x) = − 1

2 x
2, δ1(u) = g − 1, and δ1(g) = −xg; σ2 is the identity automorphism

of K[g±1, x, u][y; σ1, δ1], and δ2 is the σ2-derivation of K[g±1, x, u][y; σ1, δ1] defined by δ2(x) =
x, δ2(u) = −u, δ2(g) = 0, and δ2(y) = y. Finally, σ3 and δ3 are the automorphism and the σ3-derivation
ofK[g±1, x, u][y; σ1, δ1][ζ ; σ2, δ2], respectively, given by σ3(x) = x, σ3(u) = u, σ3(g) = g, σ3(y) = y
and σ3(ζ ) = ζ + 1, δ3(x) = 1− g + xu, δ3(u) = − 1

2u
2, δ3(g) = gu, δ3(y) = yu − gζ and δ3(ζ ) = 0.
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Notice that K[g±1, x, u][y; σ1, δ1][ζ ; σ2, δ2][v; σ3, δ3] satisfies the four conditions established in [10,
Example 2.2 of Part I], which means that D is a bijective skew PBW extension over K[g±1, x, u], that is,

D ∼= K[g±1, x, u][y; σ1, δ1][ζ ; σ2, δ2] ∼= σ(K[g±1, x, u])〈y, ζ, v〉.

Notice that σi and δi restricted toK[g±1, x, u] are the endomorphism and derivation as in Proposition 2.4,
whence D satisfies the conditions of Theorem 3.3, and, therefore, D is a σ -filtered skew PBW extension.

(2) Semi-graded rings were defined by Lezama and Latorre [26] in the following way: a ring R is called
semi-graded (SG) if there exists a collection {Rp}p∈N of subgroups Rp of the additive group R+ such that
the following conditions hold:
– R = ⊕

p∈N Rp;
– For every p, q ∈ N, RpRq ⊆ R0 ⊕ R1 ⊕ · · · ⊕ Rp+q ;
– 1 ∈ R0.

Notice that R has a standard N-filtration given by Fp(R) := R0 ⊕ · · · ⊕ Rp [26, Proposition 2.6], and
N-graded rings and skew PBW extensions are examples of semi-graded rings ( [26, Proposition 2.7]). In
the case of a skew PBW extension A over a ring R, they assumed A0 = R, i.e., R has the trivial positive
filtration. Notice that under these conditions, skew PBW extensions over an algebra R with the standard
N-filtration are σ -filtered. In this way, if R does not have the trivial positive filtration, then A is not generally
σ -filtered, as can be seen in Remark 3.10.
Recently, Lezama [22, Definition 4.3] introduced the notion of semi-graded Artin–Schelter regular algebra,
and proved under certain assumptions that skew PBW extensions are semi-graded Artin–Schelter regular
[22, Theorem 4.14]. With this purpose, he showed that A is a connected semi-graded algebra with semi-
graduation A0 = K, and Ap is the K-subspace generated by Rqxα such that q + |α| = p, for p ≥ 1.
In this regard, notice that A with the standard N-filtration given by this semi-graduation is σ -filtered [26,
Proposition 2.6].

(3) Zhang and Zhang [54] defined double Ore extensions as a generalization of Ore extensions. If R is an
algebra, and B is another algebra containing R as a subring, then B is a right double Ore extension of R
if the following conditions hold:
• B is generated by R and two new variables x1 and x2.
• The variables x1 and x2 satisfy the relation

x2x1 = p12x1x2 + p11x
2
1 + τ1x1 + τ2x2 + τ0,

where p12, p11 ∈ K and τ1, τ2, τ0 ∈ R.
• As a left R-module, B = ∑

α1,α2≥0
Rxα1

1 xα2
2 and it is a left free R-module with basis the set {xα1

1 xα2
2 |

α1 ≥ 0, α2 ≥ 0}.
• x1R + x2R ⊆ Rx1 + Rx2 + R.
Left double Ore extensions are defined similarly. B is a double Ore extension if it is left and right double
Ore extension of R with the same generating set {x1, x2} [54, Definition 1.3]. B is a graded right (left)
double Ore extension if all relations of B are homogeneous with assignment deg(x1) = deg(x2) = 1. They
studied the property of being Artin–Schelter for these extensions [54, Theorem 3.3].
Later, Zhang and Zhang [55] constructed 26 families ofArtin–Schelter regular algebras of global dimension
four using double Ore extensions. Briefly, to prove that a connected graded double Ore extension of an
Artin–Schelter regular algebra is Artin–Schelter regular, Zhang and Zhang needed to pass the Artin–
Schelter regularity from the trimmed double extension RP [x1, x2; σ ] to RP [x1, x2; σ, δ, τ ] (details about
the notation used for double Ore extensions can be found in [54]). For this purpose, they defined a new
grading and with this a filtration: let A = RP [x1, x2; σ, δ, τ ] be a graded (or ungraded) double extension
of R with d1 = deg(x1) and d2 = deg(x2) (or deg(x1) = deg(x2) = 0), the new defined graduation is
deg′(x1) = d1 + 1 and deg′(x2) = d2 + 1 and deg′(r) = deg(r) for all r ∈ R. Using this grading they
defined a filtration of A by Fp(A) = {∑ rn1,n2x

n1
1 xn22 ∈ A | deg′(rn1,n2 + n1 deg′(x1) + n2 deg′(x2) ≤

m}. F = {Fp(A)}p∈Z is an N-filtration such that the associated graded ring GF (A) is isomorphic to
RP [x1, x2; σ ]; there is a central element t of degree 1 such that ReesF (A)/(t) = RP [x1, x2; σ ] as graded
rings and ReesF (A)/(t − 1) = RP [x1, x2; σ, δ, τ ] as ungraded rings; also, if A is connected graded, then
so are GF (A) and ReesF (A), where ReesF (A) is the Rees ring associated to this filtration [54, Lemma
3.4].
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Related with this work, Gómez and the first author proved that for R = ⊕
m≥0 Rm be an N-graded algebra

and A = RP [x1, x2; σ, δ, τ ] be a graded right double Ore extension of R, if P = {p12, 0}, p12 �= 0 and

σ :=
(

σ11 0
0 σ22

)
, where σ11, σ22 are automorphism of R, then A is a graded skew PBW extension over R

[13, Theorem 3.5]. As one can check, the previous filtration on A coincides with the filtration given in (5),
and so A = RP [x1, x2; σ, δ, τ ] is a σ -filtered skew PBW extension.

For the last theorem of the paper, recall that the enveloping algebra of an algebra R is the tensor product
Re = R ⊗ Rop, where Rop is the opposite algebra of R. If M is an R-bimodule, and ν, μ : R → R are two
automorphisms, then the skew R-bimodule νMμ is equal to M as a vector space with a ·m ·b := ν(a) ·m ·μ(b).
When ν is the identity, we omit it. M is a left Re-module with product given by (a⊗b) ·m = a ·m ·b = ν(a) ·
m ·μ(b). In particular, for R and Re, we have the structure of left Re-module given by (a⊗b) ·x = ν(a)xμ(b),
(a ⊗ b) · (x ⊗ y) = a · (x ⊗ y) · b = ν(a) · (x ⊗ y) · μ(b) = ν(a)x ⊗ yμ(b).

An algebra R is said to be skew Calabi–Yau of dimension d if it has a finite resolution by finitely generated
projective bimodules, and there exists an algebra automorphism ν of R such that

ExtiRe(R, Re) ∼=
{
0, i �= d,
Rν, i = d.

as Re -modules. If ν is the identity, then R is said to beCalabi–Yau. Enveloping algebras and skew Calabi–Yau
algebras related to skew PBW extensions were studied in [38].

Theorem 5.6 If A is a σ -filtered skew PBW extension over a ring R such that H(R) is Auslander-regular,
then A is skew Calabi–Yau.

Proof From Theorem 5.2, parts (4), (5) and (9), we know that A is a PBW deformation of a Noetherian
Artin–Schelter regular algebra G(A). The assertion follows from [11, Proposition 2.15]. ��
Example 5.7 Let R = K[t1, . . . , tm], m ≥ 0. Since H(R) = R[z] is Auslander-regular and a commutative
polynomial ring in m + 1 variables over K, then every one of the examples of skew PBW extensions over R
presented in [10], [12,27,47], and [48] that are σ -filtered, are skew Calabi–Yau. In particular, every one of the
algebras in the proof of Proposition 5.4 are skew Calabi–Yau.

6 Future work

SinceRedman [37] andChirvasitu et al. [9] studied the noncommutative geometry of the homogenization of two
classes of three dimensional skew polynomial algebras, and of the homogenization of the universal enveloping
algebra U (sl(2,C)), respectively, keeping in mind that these algebras are particular examples of skew PBW
extensions (Examples 4.7 and 4.8), we can think of establishing several properties of noncommutative geometry
of the homogenization of skew PBW extensions. It is a natural task to investigate if the treatment developed
by Redman [37] and Chirvasitu et al. [9] can be extended to the more general setting of these extensions.
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