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Abstract In this paper, we study the current 7 A dd°y for positive currents 7 and semi-exhaustive, not
necessarily plurisubharmonic, functions 1. The study leads to new definitions of capacity and Lelong—Demailly
numbers with respect to the weight .

Mathematics Subject Classification 32U05 - 32U40

1 Introduction

Let €2 be a domain in C" and T be a current of bi-dimension (p, p) on Q2. Recall that T is said to be closed
if dT = 0, and is said to be plurisubharmonic (resp. plurisuperharmonic) if dd°T > 0 (resp. dd°T < 0).
Consider a non-negative function ¥ of class C> on €2 and set the following notations for every reals r; < r2

By (r1) :={z € Q; ¥(2) <ri},
Sy (r1) :={z € Q; ¥(z) =nr},
By (ra, 1) := By (r2) \ By (r1),
By :=ddV¥, ay = dd“log .
Throughout this paper, we assume that dy/(z) # 0 on {z € @, ¥ (z) # 0} and that ¢ is semi-exhaustive,
which means that there exists Ry, > 0 so that By, (Ry ) is relatively compact in €2. The paper consists of two
parts. The first one concerns with obtaining Lelong—Jensen formula and Lelong—Demailly numbers related to

Y. More precisely, we show the following result.
Theorem. (Theorem 3.7) If T and dd“T are of order zero and O < ry < ry < Ry, then

1 1 1 1 . 1
— TAﬂ”——/ TAﬂ”=/ — - = f dd°T A B dt
ry JByr) Vool Jeye v\ ) s v
11 r _
+l5-5 / / dd°T A By
T ) 0 JBy()

+ / T A a{;. (1.1
By (r2,r1)
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Moreover, Theorem 3.8 shows that the previous formula remains true when 7 is positive (or negative)
plurisubharmonic and v is plurisubharmonic of class C!. These results generalize some classical conclusions
of [2,5,8]. As a consequence of these formulas, one can obtain the Lelong—Demailly number v(T, ) with
respect to the weight v for positive plurisubharmonic current 7' and plurisubharmonic function v of class C'.

The second part is devoted to study the Monge—Ampere measure 7' A dd“y. Namely, the contribution of
this section is stated as follows.

Theorem. (Theorem 4.1) Let T be a positive current. If  is of class C' and d°y A T is well defined on
Sy (r) for all 0 < r < Ry. Then we have

/ T AdY ABP~L >0, B=dd|z|%. (1.2)
Sy (r)

If, in addition, T is plurisuperharmonic, then / T Addy A BP~1 > 0.
By (r)
The above inequalities make possible to introduce different capacities, each originating from a different
source.

2 Preliminaries and notations

Let D), 4(£2, k) be the space of C* compactly supported differential forms of bi-degree (p, ¢) on Q. A form
¢ € Dy (K2, k) is said to be strongly positive form if ¢ can be written as

N
o(z) = Z yj(z) ial’j AU A A iozp,j ANUp, j,
j=1
where y; > 0 and a,; € Dy,0(£2, k). Then, D), ,(£2, k) admits a basis consisting of strongly positive forms.
The dual space D;,’ (€2, k) is the space of currents of bi-dimension (p, ¢) or bi-degree (n — p, n — q) and of
orderk. If T € D;,’ p(SZ, k), then it can be written as

T=i""" 3N Ty dy Adi,
[11=l71=n—p

where the coefficients 77 ; are distributions on . If these coefficients are measures, then 7T is called of
order zero. Remember that when 7" and dd“T are of order zero, then T is called C-normal. The current
T e D;,’p(Q, k) is said to be positive if (T, ¢) > O for all forms ¢ € D, , (2, k) that are strongly positive.
For such currents 7', the mass is denoted by || T'|| and defined by >_ |77, |, where |T} ;| are the total variations
of the measures 77 ;. Let 8 = dd®|z|? be the Kihler form on C" ( whered = 3 4+ 9 and d° = i(—d + 9), thus
dd® = 2i99), then for each open subset Q] C 2, there exists a constant C > 0 depends only on 7 and p such
that

P
T A ﬁ—(91) <|Tlq, =CT ABP(Q1).
2P p!

3 Lelong—Jensen Formula

We start this section with some basic facts that will be used frequently in this paper.

Lemma 3.1 Let E be a domain in R" and f : E — R be a function of class C' so that df (x) # 0 for all
x € E. If ¢ is a locally bounded (n — 1)-form and compactly supported, then

ﬁdf/\(p:/(:dt/f:tgo.
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Lemma 3.2 Let Q2 be a domain in C" and ¢ : Q — [0, 00) be a function of class C. Let t > 0 be a regular
value of ¢ and set S(r) = {z € Q, ¢(z) = r}. Then,

1
jt*ddc(LOg(p) = ;j;*ddc<ﬂ,

where j : S(t) — 2 is the canonical injection.

Lemma 3.3 Let ¢ be a function of class C'. If T and y are two C'-form of bi-degree (n — p,n — p) and
(p — 1, p — 1), respectively, then

dp NdT Ny = —d°p ANdT N y.

Lemma 3.4 Let u be a C'-function on Q. If T is a C-normal current of bi-dimension (p, p), then the current
T A dd°u is well defined.

Proof Take a test form ¢ in €2 and let (u) jen be a sequence of smooth functions converges in C 1(Q) to u.
Then,
/ ddc(u]xp)/\T/\/SP*1 =/ uj(pddCT/\ﬂpfl. 3.1
Q Q

Hence, by a simple computation, one can deduce that

/wddcujAT/\ﬂH:/ujwddCTA,eP*l—z/dujAd“(pATAﬂH
Q Q Q (3.2)
—/ ujddp AT A BP7L

Q

This shows that lim dd“u; A T exists as the right-hand side terms of the previous equality are convergent. O
j—00

Lemma 3.5 Let uy, ...,uy, 1 < g < p be plurisubharmonic functions of class C'on QIfT is positive (or
negative) plurisubharmonic, then the current T A dduy A - - - A dd“uy is well defined.

Proof By the precedent lemma, T A ddu j is well defined for all j € {1, ..., g}. Now, the result is induced
by induction and the fact that each T' A ddu is positive (or negative) plurisubharmonic. O

Theorem 3.6 (See [6]) Let T be an (n — p, n — p)-form of class C* on Q2. Then for all0 < ri < ry < Ry,
we have

"2 dt c p—1 1 c r—1
= ddT A~ = — T AdY AP
n 1 JBy @) ri Sy (r2) (3.3)
- = T/\dclﬁ/\ﬁz_l—[ T/\O‘IZ'
Ty JSy @) By (r2,r1)
Proof By Stokes’ theorem, we have
/ dd‘T AL = / d@dT Ap) Y = / T Apy!
By (1) By (1) Sy (1)
v v v (3.4)

= tp_l/ d°T /\az_ )
Sy (1)
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Therefore,

"2 dt i _ 2 dt . _
/ —/ d‘TAa{/j‘:/ —/ dd‘TAﬂf;‘
o tJsym rn P JBy @

= / dLogyr /\dCT/\o«ef;'f1
By (r2,11)

= / dT A d°Logyr Aaly™
By (ra,r1)

= / T ANd°Logyr A ai_l — / T ANd°Logyr A ocf/j_l
Sy (r2) Sy (r1)

- T Aab™
/Bw(rz,n) v

Now, (3.3) follows by applying Lemma 3.2.

1

Theorem 3.7 If T is C-normal and 0 < ry < rp < Ry, then

1 » 1 » (1 1 . o1
— TABD— = T Al = — ddT A By dr
3 JBy () Iy JBy(r) n \t* 1y ) By

// dd°T A B} di
rl r2 By (1)

+/ T /\O‘:Z'
By (r2,11)

Notice that the previous formula is obtained without constraint on d7" as required in [8] and [6].

Proof We first assume that T of class C2. Then by the previous lemma, one has

"2 dt c 1 c p—1
dd“T A ,3 p T AdY A ﬂ‘//
By (1) Sy (r2)

1 _
- T/\dcw/\ﬁéjl—/ T/\af;.
Sy (r1) By (r2,r1)
But
1 c r—1 1 1 c r—1
- T/\dl///\ﬂw = T/\ﬂl// dT/\dl///\,Bw
Sy (r2) ry JBy(r2) By (r2)

1 2
== T/\,Bw—k—/ dt/ ddcT/\ﬁ
Ty JBy(r2) By (r2)

Similarly, we have
1

_ 1
= TAdch5$1=—p T/\,Bw—i-—/ dt/ ddCT/\,B
Sy (r1) Iy JBy(r1) By (r2)

(3.5)

(3.6)

(3.7)

(3.8)

(3.9

Thus, the result is verified for C? currents 7' by combining the latter equalities. Now, for C-normal currents 7,
set ET = {r e R, [|T||s¢y * [|[dd°T||s() # 0}. By the assumptions of 7' and dd“7', it is clear that || T'|| ¢ and
||dd“T|| g are bounded for all compact subset K of 2. Hence, the set E7 is countable. Consider a regularization

pe. Then for all t € R\ E7, we have

lim T % p /\ﬁpzlim/ 1g, T * p, Aﬂpzf T ABY,
e~0Jp, ) CU T S0 Jo ORI T T v
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where 1p, () is the characteristic function of By (¢). If ri, ry are elements of E7 one can take (r{j )) jeN
increasing to r; and (ré" )) jeN increasing to r; so that r,ﬁ" ) e R\ E7. The result is achieved by taking the limits.
O

Theorem 3.8 If T is positive (or negative) plurisubharmonic current and  is plurisubharmonic and of class
C', then Lelong—Jensen formula (3.6) remains valid.

This result generalizes the formulas in [2] to the case of C! functions.

Proof By regularizing ¥, one can assume that v is smooth. Now the result follows by applying, first, Theorem
3.7 and, second, Lemma 3.5. O

Remark 3.9 According to Theorem 3.7 and Theorem 3.8, if T’ Aoef; anddd‘T A /3571 are positive measures, then
1 1
the function r > — / T A ﬂg is positive and increasing on (0, Ry ). Therefore, lim — T A /35,
rpP By (r) r—>0t rP By (r)
exists, and is denoted by v (7', ¥) the Demailly—Lelong number of 7" with respect to the weight 1. This show

that v(T, ¥) exists in the particular case when T is positive plurisubharmonic and 1 is plurisubharmonic and
of class C'.

4 Capacity related to semi-exhaustive functions

In this section, we study the current dd“y A T. From now on, we relax the classification of ¥ to C!.

Theorem 4.1 If T is positive and d“ A T is well defined on Sy, (r) for all 0 < r < Ry, then we have

/ Ay AT ABP~1>0. 4.1)
Sy ()

If, in addition, T is plurisuperharmonic, then / T Addy A BP~1 > 0.
By (r)

Proof Notice first thatdy Ad“y AT is a positive current. Hence, the function f (r) = || By () dy AdSY AT ABP!

is non decreasing. So, f/(r) > 0. But

/

fo) = U dy AdY AT A 51’1}
By (r)

’

= |:/(;rdt/SW(t)dcl///\T/\ﬂp_l:|

= / dy AT A BPL (4.2)
Sy (r)
Now, assume that dd°7 < 0. By Stokes’ formula, we have

/ dY AT A P! =/ dd“y AT A BP7! —/ d°y AdT A BP7!
Sy (r) By (1)

By (r)

=/ dd“y AT A BP7! +/ dy AT A BP7!
By (r) By (r)

!
Z/ ddcw/\T/\ﬂp_l—i—/ dtf d°T A BP7!
By (r) 0 Sy (1)

.
=/ ddy AT A BP! +/ dt/ dd‘T A P (4.3)
By (r) 0 By (1)
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This shows that
.
/ ddy AT A BP1 = / dY AT ABP1 = / dr/ dd’T A B~ > 0. (4.4)
By (r) Sy (r) 0 By (1)

O

Remark 4.2 If T is C-normal on €2, then the current d“yy A T is well defined on Sy (r). Indeed, the wedge
product ddi» A T is achieved by Lemma 3.4. Hence, we set

.
/ &Y AT ABP! =f ddy AT A BP7! +/ dtf dd‘T A P71 (4.5)
Sy (r) By (r) 0 By (1)

As shown above, semi-exhaustive functions have things in common with plurisubharmonic functions.
Despite this, we must be cautious once we deal with these semi-exhaustive functions as some important prop-
erties of Psh are not applicable to this type of functions. For example, if ¥ is plurisubharmonic, then it is

so obvious that 7 +— dd“y AT A BP 7 Lis increasing in r. This fact is not valid when the plurisubhar-
By (r)
monicity is omitted. The following example shows this.
Example 4.3 In C, set @ = B(0, 1) and put 7 = 1. Now, take ¥ (z) = sin (%|z|2). Clearly, ¢ is an semi-
exhaustive function on €2 where Ry, = 1. By a simple computation, we have
b4 b4 b4 T
dd*yr = [—(5)%[z] sin (5 121) + 5 cos (5121 B. (4.6)
2 2 2 2
Notice that dd“y tends to 78 when |z| — 0, while dd“¢ tends to —(%)2,3 as|z| — 1°.

Let us recall a very fundamental fact about currents. When g is a locally bounded plurisubharmonic function
on 2 and T is positive and closed, the current g7 is well defined. The exterior derivatives lead to the current
dd®g A T as itis defined by dd“(gT).

Proposition 4.4 Let T be a positive closed current of bi-dimension (p, p) on Q2 and g be a locally bounded
plurisubharmonic function. Then,

/ dy ANd°g AT ABP1 > 0. 4.7)
By (r)
If g is positive, then

f dd(Yg) AT A BP~1 > 0. (4.8)
By (r)

Proof First, we show that the quantity / dy Ad°g AT A BP ~lis non-negative and increasing in r. By
By (r)
Lemma 3.1, we have

,
/ dl///\dcg/\T/\,Bp_l:/dt/ dg AT ABP7!
By (r) 0 Sy (1)

) 4.9)
=/ dt/ ddg AT A BP~1 > 0.
0o By

Now, assume that g is positive. Then the current g7 is C-normal. Hence by Lemma 3.1 and Theorem 4.1, we
have

f dd“(ye) AT AP = / d°(Wg) AT ABP!
By (r)

Sy (r)

=/ gdy AT A P! +r/ dd°g AT ABP71 > 0. (4.10)
Sy (r) By (r)

O
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In virtue of [7], if g € Psh(2) N LY. (2 \ K) for some compact subset K of 2, then dd°g A T is well

[
defined. Therefore, by following a similoacr technique as in [1], the current g7 in this case can be deduced.

Indeed, take neighborhoods V and W sothat K € V. € W C Q, and x € Cj°(W) such that x = 1 on V.
Now, construct a decreasing sequence of smooth plurisubharmonic functions (g;) converges point-wise to g
on 2. Then,

/ dd®(x1z*)g; T A P~ = f xlz?ddg; AT A BP71.
w w
This implies that,
/ —xg;T nBP = —/ X|Z|2ddcgj AT A ,Bp_l
w w
+2/ gidx AdIzP AT ABPT!
w
+/ gjlzI*dd x AT A P71
w
Thus,

sup/ lg;1T A BP < o0.
i Jv

The previous discussion yields to the fulfillment of Proposition 4.4 in the case of unbounded functions g.

Definition 4.5 A real-valued function f on 2 is called a T-Monge-Ampere of degree ¢, 0 < g < p on 2 (for
short f € MAI(T, Q)) if the current (dd€ /)7 AT is well defined on €2. If in addition fQ (dd® YIAT ABP™T >
0, then f is said to be of class P4(T, 2).

Clearly, the set C% N Psh(Y) C PP(T, ). Moreover, the early studies of currents lead to many cases
where the previous inclusion is proper. For instant, if 7 is positive and closed, then we already know that
Psh(R2) N L5 (2) C PP(T, Q). Also, the above study shows that the C ! semi-exhaustive function ¥ €

PUT, By (r)).

Definition 4.6 Let S be a positive current of bi-dimension (p, p) on 2. We define the capacity Cg(O, Q) for
all Borel set O € 2 by

Cg(O,Q)=sup{/(ddcf)q/\S/\,3p_q, FePi(S,Q),0<f< 1}.
o0

Observe that for positive and closed currents S, the capacity Cg, which is introduced in [4], is dominated
by Cg. This is an obvious inclusion from the fact that Psh(2) N L () C PP(T, ). We give an example

loc
where Cs < C{.

1 1
Example 4.7 In C!, set @ = B(0, 1) and S = 1. From [3] it is very well known that Cs(B(0, 5)) = oa2"
0g

Now construct a positive smooth semi-exhaustive function ¥ on B(0, 1) so that ¥/ (z) = %|z|2 on B(0, %), and
¥ (z) = sin (%|z|2) on an appropriate neighborhood of {|z| = 1}. Clearly,

2
/ ddy = 7. 4.11)
B, 1) 3

1 1
This show that C5(B(0, 5)) < Cé(B(O, 5)).

Another definition of capacity is given as follows.
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Definition 4.8 Let S be a positive closed current of bi-dimension (p, p) on Q. We define the capacity
Cs(dy, r,r’) forall0 < r <r’ < Ry by

sup / dy Adg A (ddcg)p_1 NS, g € Psh(By(r')), 0<g <1
By (r)

The above definitions together with Proposition 4.4 yield to the next properties.

Proposition 4.9 Ler S be a positive closed current of bi-dimension (p, p) on Q. Then for all0 <r <1 <
r" < Ry, we have

(1) Cs@y,r,r'")y < Cs(dyr, 1, r").
(2) Cs(dy, r, r’) > Cs(dy,r, r").
(3) LCs(dy,r, Ry) < Cs(By(r), By(Ry)) < CE(By (r), By (Ry)).

We end this paper with a version of Chern—Levine—Nirenberg inequality in the case of semi-exhaustive
functions.

Proposition 4.10 Let K be a compact subset of Q2 so that By (r) € K € Q. If T is positive and plurisuper-
harmonic, then there exists a constant Ck (r) > 0 such that

/ ddy AT AP~ < Ck Wl o IT N k- (4.12)
By (r)

Proof By similar arguments as above, one can assume that i is of class C2. Now, set O = {z €
By (r), dd“y (z) > 0}. Clearly, O is an open subset of By, (r), and

/ ddclﬁ/\T/\,Bp_1 5/ ddcw/\T/\,Bp_l. 4.13)
By (r) o
Thus, for ¢ > 0, there exists an open subset O, of O so that
f ddy AT A BP! 5/ ddy AT ABP7! 4 6. (4.14)
By (r) Oe

But Chern-Lieven—Nirenberg shows that

/ ddC¢ATAﬁP—‘5/ dd‘y AT ABP 4 ¢
By (r)

O¢

= CxkM¥llcox)IT Nk - (4.15)
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