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Abstract Let k > 2. A generalization of the well-known Pell sequence is the k-Pell sequence. For this
sequence, the first k terms are 0, ..., 0, 1 and each term afterwards is given by the linear recurrence

P0 =2P® + PO, 4. 4+ PO,

In this paper, we extend the previous work (Rihane and Togbé in Ann Math Inform 54:57-71, 2021) and
investigate the Padovan and Perrin numbers in the k-Pell sequence.

Mathematics Subject Classification 11B39 - 11J86

1 Introduction

For k > 2, let (Pn(k)> 2 denote the k-Pell sequence given by the recurrence
n>—(k—
k k k
PO =2P® 4 P® 4. 4 PP forn >2, (1.1)
with the initial conditions P, _, = P%)_; = ... = ¥ = 0and P’ = 1.1f k = 2, we obtain the

classical Pell sequence.

The problem of finding the Padovan number P, and the Perrin number E,, in the Pell sequence was treated in
[10] by the second and third authors. They showed that PN P = {0, 1,2,5, 12}and ENP = {0, 2, 5, 12, 29}.
The main objective of this work is to determine the Padovan and Perrin numbers in the k-Pell sequence. We
prove the following results.
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Theorem 1.1 All the solutions of the Diophantine equation

P =P, (1.2)
in positive integers (m, n, k) with k > 3 belong to

{(,1,k),(2,1,k),3,1,k), (4,2,k), (5,2, k), (8,3,k)}.

Thus, we have P® NP = (1,2, 5}, fork > 3.
Theorem 1.2 All the solutions of the Diophantine equation

rh =E, (1.3)
in positive integers (m, n, k) with k > 3 belong to

{(2,2,k), (4,2,k), (5,3,k), (6,3, k)}.

Thus, we have PONE = {2, 5}, for k = 3.

Our proof of Theorem 1.1 is mainly based on linear forms in logarithms of algebraic numbers and a
reduction algorithm originally introduced by Baker and Davenport [1]. Here, we use a version due to Dujella
and Pethdé [5].

2 Tools
2.1 Linear forms in logarithms

For any non-zero algebraic number n of degree d over Y, whose minimal polynomial over 7Z is
a ]_[;{=1 (X — V), we denote by

d
1 .
hn) = | loglal + ) logmax{l, 1]}
J=1
the usual absolute logarithmic height of 7. In particular, if n = p/q is a rational number with ged(p, g) = 1

and g > 0, then h(n) = logmax{|p|, g}. The following properties of the logarithmic height 4 (), which will
be used in subsequent sections without a special reference, are also well-known:

h(n+y) < h(n) + h(y) +log2, @2.1)
h(ny™=Y < h(n) + h(y), 2.2)
h(1®) = Is|h(n) (s € Z). (2.3)

With this notation, we recall Theorem 9.4 of [4], which is a modified version of a result of Matveev [8].

Theorem 2.1 Let 1y, ..., ns be nonzero real algebraic numbers and let by, . .., b be integers. Let d be the
degree of the number field Q(n1, . .., ns) over Q and let A be a positive real number satisfying

Aj > max{dgh(n;), |logn;|,0.16}, for j=1,...,s.
Assume that
B = max{|b], ..., |bs|}.
Ifnll" P = 1 #£0, then

PP — 1] = exp(—=1.4-30°73 . 5% . a2 (1 + logdit) (1 + log B)A; - - - Ay).
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2.2 Reduction algorithm

Here, we present the following result due to Dujella and Pethd, which is a generalization of a result of Baker
and Davenport (see [5]).

Lemma 2.2 Suppose that M is a positive integer. Let p /q be the convergent of the continued fraction expansion
of vy such that ¢ > 6M and let

e =llpngll =M -lyqll,
where || - || denotes the distance from the nearest integer. If ¢ > 0, then there is no solution of the inequality
0<|uy —v+ul <AB™
in positive integers u, v with

log(Aq/¢)

<u<M.
logB — —

2.3 Properties of Padovan and Perrin sequences
Let (Pm)m=>0 be the Padovan sequence (sequence A000931 in the OEIS [11]) given by
Pm+3 = Pms1 + P,
for m > 0, where Py = P = P> = 1. The first few terms of this sequence are
1,1,1,2,2,3,4,5,7,9, 12,16, 21, 28, 37,49, 65, 86, 114, 151, 200, . ..
Similarly, let (E;,)m>0 be the Perrin sequence (sequence A001608 [11]) given by
Epy3 = Emt1 + En,
form > 0, where Eg = 3, E1 = 0 and E, = 2. The first few terms of this sequence are
3,0,2,3,2,5,5,7,10, 12, 17, 22, 29, 39, 51, 68, 90, 119, 158, 209, 277, ...
The characteristic equation
P-x—-1=0

has roots «, 8 and B, where

ri+nr —r1 —r2+ /30 —r2)
*= - P= 12 ’

with
ri =108 + 124/69 and r, =/ 108 — 12/69.
Furthermore, the Binet’s formula for P, is
Pu = coa" +cpp" +cgB, for n >0, (2.4)
and the Binet’s formula for E,, is

E,=a"+B"+B", for n=>0, (2.5)
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where
_U-pU-p __ l+a
Y @-pla—p —e?+3a+1
1— 1— 1+
p= Lz . F__ 2.6)
B-—a)p—-p —B-+3p+1
(I—a)1—8) 1+ 8 _
CE: — — = — — = ﬁ
B-—a)B—B) B +38+1
Numerically, we have
1.32 < a < 1.33,
0.86 < |B] = |B| < 0.87,
0.72 < ¢y < 0.73, 2.7)
0.24 < |cg| = |CE| < 0.25.
It is easy to check that
1Bl =Bl =o'/
Furthermore, using induction, one can prove that
"3 <P, <! (2.8)
and
" ? < E, <ot 2.9)
forn > 2.

2.4 Properties of k-generalized Pell sequence

In this subsection, we recall some facts and properties of this sequence which will be used later.
The characteristic polynomial of this sequence is

W) = -2 — 1

Bravo et al. [3] proved that Wy (x) is irreducible over Q[x] and has just one root y (k) outside the unit circle.
It is real and positive so it satisfies y (k) > 1. The other roots are strictly inside the unit circle. Furthermore,
in the same paper they showed that

P’ (1—¢™) <y < ¢, fork=2, (2.10)
where ¢ = 1+2‘6. To simplify the notation, in general, we omit the dependence of y on k and write y (k) = y.
For k > 2, let
x—1 x—1
8i(x) : (2.11)

T+ DX —Bkxtk—1 k(2 —-3x+D+x2—-1

Bravo and Hererra [2] proved that
0.276 < gi(y) < 0.5 and ‘gk(y(i))‘ <1, 2<i<k

where y =y, ..., y® are all the zeros of Wy (x). So, the number g (y) is not an algebraic integer. In
addition, they proved that the logarithmic height of g (y) satisfies

h(gk(y)) < 4klogey + klog(k + 1), fork > 2. (2.12)
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With the above notations, Bravo et al. [3] showed that

Pn(k) = Xk:gk(y(i))y(i)n and Pn(k) gy < %v (2.13)
i=1
forn > 1and k > 2. So, forn > 1 and k > 2, we have
PR = g(y)y" +ex(n), where |ex(n)| < % (2.14)
Furthermore, for n > 1 and k > 2, it was shown in [3] that
y12 < P,E") <yl (2.15)

We conclude this subsection by giving the following estimate (see [2]). If k > 30 and n > 1 are integers
satisfying n < ¢*/2, then

" 4 1+4/5

g0+2(1+§)’ where |§|<W, g=—5 (2.16)

g()y" =

3 k-Pell numbers which are Padovan numbers

In this section, we will show Theorem 1.1. The proof of Theorem 1.1 will be done in four steps.

3.1 Setup

In this step, we study the Diophantine equation (1.2), for 1 < n < k+ 1. Moreover, we will give an elementary
relation between n and m, for n > k + 2. It is known that for 1 <n < k + 1, we have

P,,(k) =1,

see [7]. De Weger [12] proved that all integers which are both Fibonacci and Padovan numbers are F; = F» = 1,
F3 =2, Fy = 3, Fs = 5, and F3 = 21. Thus, we deduce that the solutions of (1.2) in this range are
PP =1=P =P =P3, ;¥ =2=P4 = Psand P,"’ =5 = Pg, fork > 3.

From now on, we assume that n > k + 2. It remains to show that the Diophantine equation (1.2) has no
solution in this range.

Let us now get a relation between n and m. Combining the inequalities (2.8) and (2.15) together with Eq.
(1.2), we have

yn—2 §Olm_1 and Olm_3 < yn—l‘

This means that

I I
(n—2)<°g’/>+1 5m§(n—1)<ﬂ>+3.
log o log o

By the fact that ¢*(1 — ¢™3) < y < ¢?, for k > 3, it follows that

24n—4 <m < 3.5n —0.4. (3.1)
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3.2 Bounding » in terms of m and k

In this step, we will bound 7 in terms of m and k. Namely, we will show the following lemma.

Lemma 3.1 If (m, n, k) is a solution in positive integers of Eq. (1.2) with k > 3 and n > k + 2, then we have
the following inequalities

0.28m < n < 8 x 109k log* k. (3.2)
Proof We use identities (2.4) and (2.14) to express (1.2) into the form
g Y" +ex(n) = ca@™ +cpB" + czh
which we rewrite as
gk (V)Y — cae™| < % +2cp| 18" < 1, 3.3)
where we have used (2.7) and (2.14). Dividing through by c,a™, we get
Al < 1.4-a™™, where Aj:= (c(;lgk(y)) e (3.4)

To apply Theorem 2.1, we need to show that Aj # 0. Indeed, A1 = 0 implies

n

8k(y) = cqay ™"
Hence, g (y) is an algebraic integer, which is false. Thus, A| # 0. To apply Theorem 2.1, we set
1. b1) = (¢ ' &), 1), (n2.b2) := (y.n), and (n3.b3) = (o, —m).

One can see that 01, 72, 13 € K := Q(y, o) and dg < 3k. The fact that 2 (172) = (logy)/k < (2log¢)/k and
h(n3) = (loga)/3 gives

Ay = 6loge > max{3kh(n,), [lognz|, 0.16}
and

Az = kloga > max{3kh(n3), |lognz|,0.16}.
On the other hand, the minimal polynomial of ¢, is

23x3 —23x% —6x — 1,

which has roots ¢y, cg and cg- Since ¢, < 1 and |c,3| = )cﬁ) < 1, then we get
log 23
h(cy) = g3 .

Using the properties of the logarithmic height and the estimate (2.12), for k > 3 we conclude that

log23
h(n) < h(ca) +h(gr(y)) < o8

+ 4klog ¢ + klog(k + 1) < 3.4k logk.

So, it follows that
Ay = 10.2k> log k > max{3kh(ny), |logni|, 0.16}.

Lastly, from (3.1), we can choose B > 3.5n > m = max{n, m}. Therefore, applying Theorem 2.1 on |A{]|
and using inequality (3.4), we obtain

mloga —log 1.4 < 1.07 x 1013k° log k(1 4 log 3k)(1 + log 3.5n).
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The above inequality and the facts 1 + log3k < 3logk and 1 + log3.5n < 2.4logn, fork > 3 andn > 5,
give

m < 2.74 x 10"k log? k log n.

Using inequalities (3.1), the last inequality turns into

L 115 x 105 log? k. (3.5)

logn

Since the function x — x/logx is increasing for x > e, it is easy to check that the inequality

I < A implies x < 2Alog A whenever A > 3. (3.6)
ogx

So,ifweput A := 1.15x 10"k log? k in (3.6), then (3.5) together with 32.4+5log k+2 loglog k < 34.7 logk,
which holds for k > 3, imply

n < 2(1.15 x 10"k log? k) log(1.15 x 10'*k> log® k)
< (2.3 x 10"k log? k) (32.4 + 5logk + 21og log k)
< 8 x 10k log’ k.

Therefore, we have finished the proof of Lemma 3.1. O

3.3 The case 3 < k < 350

In this subsection, we treat the case when k € [3, 350] using Lemma 2.2. We will prove the following result.
Lemma 3.2 The Diophantine equation (1.2) has no solution when k € [3,350] and n > k + 2.
Proof To apply Lemma 2.2, we define
'l :=nlogy —mloga + log(cojlgk(y)) =log(A; + 1). 3.7
Thus, inequality (3.4) can be rewritten as
e =1 <140, (3.8)

Note that I'y # 0 since A1 # 0. So, we distinguish the following cases. If I'1 > 0, then el —1>0.
Using the fact that x < ¢* — 1, for x € R, and from (3.8) we obtain

0<Ty<14.-a ™

Now, suppose that '] < 0. It is easy to see that 1.4 - = < 1/2, for m > 9. Thus, from (3.8), we have
]erl — 1] < 1/2 and therefore eM1l < 2. Since I'; < 0, we obtain

ITil 1 = Il |er‘ — 1\ <28-a™ ™.

0<T'i|<e
Therefore, in both cases we have
0< || <28 -a™™. 3.9

Inserting (3.7) in (3.9) and dividing across by log «, it results that

1 log(c, ! 2.8
n (1087 Lo gD 28wy o (3.10)
log o log o log o
To apply Lemma 2.2, we set
1 log(cy!
57 = ﬂ, = M wi=m, A= 10, and B := «.
log o log o
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We have ¥ ¢ Q. Indeed, if we assume there exist coprime integers a and b such that 7 = a/b, then we get
that o® = y?. Let o € Gal(K/Q) such that o (y) = y and o (y) = y;, forsome i € {2, ..., k}. Applying this
to the above relation and taking absolute values we get 1 < y¢ = |y;| < 1, which is a contradiction.

For each k € [3, 350], using Theorem 15 of [6], we find a good approximation of ¥ as a convergent
pe/qe of the continued fraction of 3 such that g; > 6Mj and ¢ = e(k) = ||uqel| — Mk||7qell > 0, where
M = |2.8 x 10'%& log? k|, which is an upper bound of n — 1 from Lemma 3.1. After doing this, we use
Lemma 2.2 on inequality (3.10). A computer program with Mathematica revealed that the maximum value of
log(Age/¢)

log B
m. Hence, we deduce that the possible solutions (m, n, k) of Eq. (1.2) for which k € [3, 350] have m < 292,
therefore n < 83.

Finally, we use a Mathematica program to compare P,gk) and P, for5 <n <83 and 8 < m < 292, with
m < n/0.28 and see that Eq. (1.2) has no other solution. O

over all k € [3,350] is 292.327590 - - -, which according to Lemma 2.2 is an upper bound for

3.4 The case k > 350

In this subsection, we treat the case k > 350 by proving the following result.
Lemma 3.3 The Diophantine equation (1.2) has no solution when k > 350 and n > k + 2.
Proof For k > 350, we have

0.28m < n < 8 x 101k log® k < ¢*/2.

So, from (3.3) and (2.16), we obtain

9™ ¢ 4o

7
< + 1.
P+2  (p+2)pk?

0+2

‘ 2n

—cq@™| < |gr()Y" — ca™| +

Asn > k + 2, this and the fact 1/¢>" < 1/¢*/? yield

7.7
|Aa| < —, where Aj:=co(@p+2) -9 2 -a™ —1. (3.11)

PEN
But A is not zero. Indeed, if A, were zero, we would then get that <p2" /(@ 4+ 2) = cqa™. Using the Q-

automorphism () of the Galois extension Q(¢, «, 8) over Q we get 33 < ¥/ (p+2) = |c,3| 1BI" < 1,
which is impossible. Therefore, we can apply Theorem 2.1 with

s:=3, (n,b) :=(cal@+2),1), (n2,b) :=(p,—2n), and (n3,b3) := (a, m).

We have n1, n2, 13 € K := Q(¢, @) and dxg = 6. The fact that m < 3.5n, for n > 5, implies that we can
choose B := 3.5n. On the other hand, since

log ¢

log
h(n) = =55, hiny) = e

3 9
and
log23 lo

g I g¢

h(n1) < h(ce) +h(p) +h(2) +1og2 < >

+2log2 < 2.68,

using the original expressions of ¢, o, we can take

A1 :=16.08 > max{6h(n), logni|, 0.16},
Ay = 1.45 > max{6h(n7), [lognz|, 0.16},

and

Az = 0.58 > max{6h(n3), |log n3|, 0.16}.
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From Theorem 2.1, we get
|As| > exp (—4.6 x 10" logn), (3.12)

where we have used the fact that 1 + log(3.5n) < 2.4logn, for n > 5. Putting (3.11) and (3.12) together, we
obtain

k <1.92 x 10" logn.
By Lemma 3.1 and using the fact that 36.7 4+ Slogk + 3loglogk < 12.31logk for k > 350, we get

k < 1.92 x 101 log(8 x 101k log? k)
< 1.92 x 10'%(36.7 + Slogk + 3loglogk)
< 2.37 x 10'%log k.

Solving the above inequality gives
k <9.82 x 10",
and from Lemma 3.1 once again, we deduce that

n<8-10°9.82-10'7)5(10g(9.82 - 10'7))? < 5.2 x 1010

m <3.5n <3.5x52x 1010 =1.82 x 10", (3.13)
Define
[ :=mloga — 2nlog ¢ + log(cy (¢ + 2)) = log(As + 1).
By a similar method used to prove inequality (3.9), we see that
15.4
0< |y < W (3.14)
for k > 350. Replacing I'; in the above inequality and dividing across by log ¢, one gets
1 1 2
0 < ’m(ogo‘>—2n+M <3219 k2, (3.15)
log log ¢

With the goal to apply Lemma 2.2, we put

~ . loga _ log(ca(yp +2))
" Tloge T T Tloge

, A:=32.1 and B :=¢.
The bounds (3.13) enable us to take M := 1.82 x 10!, Using Maple, we find that ¢p3| satisfying the

hypotheses of Lemma 2.2, and we get

k
5 < 550. (3.16)

With this new upper bound for k, we obtain
n <443 x10¥ and m < 1.56 x 10°*.

We apply again Lemma 2.2 with M := 1.56 x 10> and ¢ = g¢es in this time, we get k < 356. Hence, we
deduce

n<93x10* and m <3.26 x 103!,

We apply Lemma 2.2 for the third time but with M := 3.26 x 103! and ¢ = gg. In this application, we get
k < 330, which contradicts our assumption that k > 350. Hence, we have shown that there are no solutions
(n, k, m) to Eq. (1.2) with k > 350. O

All these steps complete the proof of Theorem 1.1.

@ Springer



228 Arab. J. Math. (2023) 12:219-232

4 k-Pell numbers which are Perrin numbers

In this section, we will show Theorem 1.2. The proof of Theorem 1.2 is similar to that of Theorem 1.1 and
will be done also in four steps. For the sake of completeness, we will give most of the details.

4.1 Setup

In this step, we will study the Diophantine equation (1.3) for 1 < n < k + 1 and we will give an elementary
relation between n and m forn > k + 2.
It is known that for 1 <n < k + 1, we have

PP = Py

In [9], the authors showed that E N F' = {2, 3, 5}. Hence, we conclude that the solutions of (1.3) in this range
are P\¥) =2 = Ey = Eg,and P{¥ =5 = E5 = Eg, fork > 3.

From now on, we assume that n > k + 2. We will show that Diophantine equation (1.3) has no solution in
this range.

Combining inequalities (2.15) and (2.9) with Eq. (1.3), one obtains

1

n—2 §am+1 and am—3 < J/n— ,

v

1.€.

1 1
(n—2)<Og’/)—lgmg(n—l)(ﬂ)H.
logx logx

This and the fact that ¢*(1 — ¢ 3) < y < @2, fork > 2, give
24n—-59 <m < 3.5n — 0.4. 4.1)

4.2 An inequality for n in terms of m and k
In this step, we prove the following lemma.
Lemma 4.1 If (m, n, k) is a solution in integers of Eq. (1.3) with k > 3 and n > k + 2 then the inequalities
0.28m < n < 7.3 x 109k log’ k 4.2)
hold.
Proof Using identities (2.5) and (2.14), we express (1.3) into the form
g ()y" +exn) =" + " + B,
which gives
lgk()y" — ™| <2.3. 4.3)
We deduce that
[A3] <23-a™, where Az :=g(y)-y" -a”™ —1. (4.4)
To establish (4.2), we will apply Theorem 2.1 with the following parameters
s:=3, (n,by) = @), D, @2,b2):=(y,n), and (3, b3) := (o, —m).
The field K := Q(y, ) contains ny, 72, n3 and dg < 3k. Since
h(m) < 3.1klogk, h(n2) = (logy)/k < (2logg)/k h(n3) = (loga)/3,
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it follows that

max{3kh(n1), llog |, 0.16} < 9.3k2 logk := A1,
max{3kh(n), log 2], 0.16} < 6log g := A

and
max{3kh(n3), [logns|,0.16} < klogw := As.

In addition, we can take B := 3.5n (see (4.1)). Before applying Theorem 2.1, we need to show that A3 # 0.
Suppose the contrary, i.e. A3 = 0. This implies that

n

gk(y) =a"y™".

Hence, gi(y) is an algebraic integer, which is false. Thus, A3 # 0. Therefore, we apply Theorem 2.1 to get a
lower bound for |A3| and compare this with inequality (4.4). It follows that

mloga —log2.3 < 9.74 x 10"k log k(1 + log 3k)(1 + log 3.5n).

Taking into account the facts 1 + log3k < 3logk and 1 + log3.5n < 2.4logn, which hold for k > 3 and
n>35, we get

m < 2.5 x 10k log? k log .

The above inequality and (4.1) lead to

< 1.05 x 10" log? k. 4.5)
logn

So,ifweput A := 1.05x 10"k log? k in (3.6), then (4.5) together with 32.3+5log k+2loglog k < 34.6logk,
which holds for k > 3, imply

n < 2(1.05 x 10" log? k) log(1.05 x 10'*k> log? k)
< (2.1 x 10k 10g? k)(32.3 + Slogk + 2loglog k)
<73 x 10K log® k.

Therefore, we have finished the proof of the lemma. O

4.3 The case 3 < k < 380

In this step, we study the case when &k € [3, 380]. We prove the following lemma.
Lemma 4.2 The Diophantine equation (1.3) has no solution when k € [3,380] and n > k + 2.
Proof Let
I3 :=nlogy —mloga +log(gr(y)) = log(A3z + 1). (4.6)

Hence, (4.4) can be rewritten as

e — 1] <2307, 4.7)
Using the method employed to obtain (3.9), we get

0 < T3] <4.6a7™. (4.8)
Inserting (4.6) in (4.8) and dividing across by log v, we have

’ (logy> log(gr(y)) 4.6
n —m+ <

ca™m <164 -7, 4.9)
logx log o log o
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In order to apply Lemma 2.2 on I'3, we set

~ . logy . log(gk(y))

y = , : , A:=164, and B :=a.
log o logx

As seen before, we have 7 ¢ Q.

For each k € [3, 380], we find a good approximation of 7 and a convergent p;/q of the continued fraction
of 7 suchthatg, > 6M; ande = e(k) = ||iugel|— Mi||7gel| > 0, where My = |7.3x 109k log? k |, which is
an upper bound of n — 1 from Lemma 4.1. After doing this, we use Lemma 2.2 on inequality (4.9). A computer
 log(Age/e) .

W overall k € [3, 380]is277.974 - - -,
which according to Lemma 2.2 is an upper bound on m. Hence, we deduce that the possible solutions (m, n, k)
of Eq. (1.3) for which k € [3, 380] have m < 278, therefore n < 119, since n < (m + 6)/2.4.

Finally, we used Mathematica to compare P,fk) and E,, fortherange5 <n < 119and 7 < m < 278, with
m < n/0.28 and checked that Eq. (1.3) has no solution. O

search with Mathematica revealed that the maximum value o

4.4 The case k > 380

In this final step, we analyze the case k > 380 and prove the following result.
Lemma 4.3 The Diophantine equation (1.3) has no solution when k > 380 andn > k + 2.
Proof For k > 380, we have

0.28m <n < 7.3 x 109k 10g3k < <pk/2.

So, from (4.3) and (2.16), one gets

2n 2n 2n
¢ m o oom, 978l 4¢
—a"| < "+ —= <234+ ———
‘¢+2 gty —a + 0 (¢ +2)¢F
which gives
12.4
1= (p+2) 97" a"| < —. (4.10)

pk/2

where we have used the fact that 1/2"~! < 1/2%/2 as n > k + 2. We use Theorem 2.1 to obtain a lower bound
to the left-hand side of inequality (4.10). We consider

s:=3, (m,b):=(+21, (2 b):=(p,—2n) and (n3,b3) := (a, m).

One can see that n1, 72, 13 € K := Q(a, «/5) so dg = 6. The left-hand side of (4.10) is not zero. Indeed, if
2n

this were zero, then we would get o™ = <p+ 7 € Q(+/5). But Q() N Q(+/5) = Q and so m = 0, which is
1

impossible.
The fact that m < 3.5n implies that we can choose B := 3.5n. On the other hand, since

log ¢ log ¢ log o

h(n) < h(p) +h(2) +log2 < — +2log2, h(np) = — h(n3) = ,

it follows that

max{6Ai(n1), [logni|,0.16} < 9.8 := Ay,
max{6h(n1), llogni], 0.16} < 1.45 := Ay,

and

max{6h(n2), |lognz|,0.16} < 0.57 := As.
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So, Theorem 2.1 tells us that
1= (¢p+2) ¢ a™| > exp(—1.51 x 10" logn), (4.11)
where we have used the fact that 1 +1log(3.51n) < 2.4logn, forn > 5. Comparing (4.10) and (4.11), we obtain
k < 6.28 x 10" 1logn.
By Lemma 4.1 and using the fact that 36.6 + 5logk + 3loglogk < 12.21logk for k > 380, we get

k < 6.28 x 10'%210g(7.3 x 1019&3 log? k)
< 6.28 x 10'2(36.6 + Slogk + 3loglogk)
< 7.67 x 1013 logk.

Hence, we obtain
k <273 x 101,
Lemma 4.1 implies that

07 and m < 1.8 x 10%. (4.12)

n<5xl
Put
'y :=mloga —2nlogg + log(p + 2).

Using a method similar to the one used to prove the inequality (3.9), we show that

24.8
0 < |T4| < W (4.13)
for k > 380. Replacing I'4 in the above inequality and dividing across by log ¢, one gets
1 1 2
0 < |m(198%) _o, 4 02@OFD) g6 k2 (4.14)
log ¢ log ¢
In order to apply Lemma 2.2, we put
1 1 2
y = ng, W= M, A:=51.6 and, B := .
log ¢ log ¢

The bounds (3.13) enable us to take M := 1.8 x 10°%. Using Maple, we find that g5 satisfies the hypotheses
of Lemma 2.2, and we get

g < 491, (4.15)

With this new upper bound on k we get
n <219 x 10 and m < 7.83 x 10%,

We apply again Lemma 2.2 with Xy := 7.83 x 10°3 and ¢ = geg in this time, we get k < 366, which
contradicts our assumption that k > 380. Hence, we have shown that there are no solutions (n, k, m) to Eq.
(1.3) with k£ > 380. O

Therefore, Theorem 1.2 is proved.
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