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Abstract In the present paper, we prove the almost everywhere convergence and divergence of subsequences
of Cesaro means with zero tending parameters of Walsh—Fourier series.
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1 Introduction

We denote the set of non-negative integers by N. By a dyadic interval in I := [0, 1), we mean one of the form
I, k):= [zl—k, l;—kl> forsomek e N,0 <1 < 2k Given k € Nand x € [0, 1), let Ix(x) denote the dyadic
interval of length 2~k which contains the point x. Also, use the notation I, := I, (0) (n € N), I} (x) =
I\NZx (x). Let

o0
x = anzf(rhkl)
=0

be the dyadic expansion of x € I, where x, = 0 or 1, and if x is a dyadic rational number, we choose the
expansion which terminate in 0’s. We also use the following notation:

I (x) = I (x0, X1, .oy Xk—1) -

For any given n € N, it is possible to write n uniquely as

o0
n= Zsk (n) 2k,
k=0

where ¢ (n) = 0 or 1 for k € N. This expression will be called the binary expansion of n and the numbers
&k (n) will be called the binary coefficients of n. Denote for 1 <n € N, [n| := max{j € N:g; (n) # 0}, that

is 2l < g < 2lnl+1
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Set the definition of the nth (n € N) Walsh—Paley function at point x € I as

% sj(n)xj-
wy (x) = (=177 .

Denote by + the logical addition on I. That is, for any x, y € Tand k,n € N

[o.¢]

x+y:= Z |X, — ynl 2=t

n=0
Define the binary operator @ : NxN—N by
Oo .
ken=>le k) —e )2
i=0
It is well known (see, e.g., [13], p. 5) that
Wingn (X) = Wy, (X)) w, (x),x €[0,1),n,m e N.

The Walsh—-Dirichlet kernel is defined by

n—1
Dy (x) =) wi (x).
k=0

Set
Dy = w,D,.
Recall that [9,13]
Do (x) = 2"y, (x),

where x g is the characteristic function of the set E.

(1

2)

3)

Dyadic shift transformations of a function on the unit interval I will be denoted by 7, f and it will be

defined as

(o f) @ =ft+y «el.
The Fejér kernel of Walsh—Fourier series defined by

1n—l
Ky (x) = ;ZD,- (x).
j=0

The partial sums of the Walsh—Fourier series are defined as follows:

m—1
Su(fox) =Y F()w,(x),

j=0
where the number
7o = [ ru
I

is said to be the jth Walsh—Fourier coefficient of the function f.
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The space L (I) is defined by {f : I — R : || f|l1 < oo}, where
171 = [ 1f e,
I
The space weak-L1 (II) consists of all (Lebesgue) measurable functions f for which
I f lweak—r, @ = su%)»mes (fl > A1) < +4oo0.
A>

Let f € L1 (I). Then, the maximal function given by

1
E* , =
(2 = sup ]

/ fdul|, x el
n (X)

For each n € N, let A, represent the o -algebra generated by the collection of dyadic intervals
{I (k,n) :k=0,1,...,2" — 1}. Thus, every element of 4, is a finite union of intervals of the form
[k27", (k +1)27") or an empty set.

Let L (A,) represent the collection of .4, -measurable functions on I. By the Paley Lemma ( see [13], Ch.
1, p. 12), L (A,) coincides with the collection of Walsh polynomials of order less than 2".

A sequence of functions (f;, : n € N) is called a dyadic martingale if each f, belongs to L (.A,) and

/fn+1:/fn(E€An,n€N).
E E

It is clear that the 2" th partial sums of any Walsh series is a dyadic martingale. Conversely, it is easy to see that
every dyadic martingale can be obtained in this way. Thus investigation of 2"th partial sums of Walsh series
leads to the study of dyadic martingales. It is well known that ( f,, : n € N) is dyadic martingale if and only if
fa € L(A,) and

Son (fut1) = fu (n€N).

A martingale (f, : n € N) will be called regular if there is an integrable function f, such that f,, = S (f)
foralln € N.
Let A denote the collection of sequences g := {8, : n € N} which satisfy 8, € L (A,) forn € N and

Bl := sup |Bnll oo < 00.
neN

For a given € A and f € L (I), the martingale transform of f is defined by

TB) =) Balnf,

n=0

where A, f := Sout1 (f) — Son (f) for n € N. The maximal martingale transform is defined by

T* (B) f := sup

NeN

N
Zmnf‘.

n=0
In fact, we will use the following theorem (see [13], Ch. 3, Theorem 4; see more details in [16]).

Theorem MT There exists an absolute constant ¢, such that

ames ({T*(B) f > 1)) < clBII S
forall f e Ly (I),A >0, and B € A.
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The (C, o;;) means of the Walsh—Fourier series of the function f is given by

1 n B 1 n—1 o
R (fox) =~ DAL = e DAY T wy ),
n—1 j=1 n—1 j=0
where
A I4+oy)...(n +ay)
no n!
forany n € N, o, # —1, =2, .... It is known that [20]
" o
AD =3 Ap T AT = 1 pm 4
! kZ(:) ¢ " oy +n " @

The (C, o;) kernel is defined by

1 n 1 n—1
a, ap,—1 L oy .
K=~ ZAn_j D; = Yo ZAn_j_lw.,.
n—1 j=1 n—1l j—0

The idea of Cesaro means with variable parameters of numerical sequences is due to Kaplan [11] and the
introduction of these (C, «;) means of Fourier series is due to Akhobadze ( [1], [2]) who investigated the
behavior of the L|-norm convergence of 0" (f) — f for the trigonometric system.

The first result with respect to the a.e. convergence of the Walsh—Fejér means o, (f) for all integrable
function f with constant sequence o, = o > 0 is due to Fine [4] (see also Weisz [17]). On the rate of
convergence of Cesa ro means in this constant case, see the paper of Yano [19], Fridli [5]. Approximation
properties of Cesaro means of negative order with constant sequence were investigated by the second author
[8].

Forn := Z?io g (n)2  (g; (n) =0, 1,i € N), set the two variable function
00 .
P(n,a):= Zi:()gi )2 neN),a:={a, :neN}.

The function P (n, o) was introduced by Abu Joudeh and Gét in [10]. Also, set for sequence o :=
{o, 1 n € N} and positive reals K the subset of natural numbers

P(n,a) - K}

no%n

Pk () := {neN:
Under some conditions on {«, : n € N}, Abu Joudeh and Gat in [10] proved the almost everywhere
convergence of the Cesaro (C, «;,;) means of integrable functions. In particular, the following is proved.

Theorem JG Suppose that o, € (0, 1). Let f € Ly (I). Then, we have the almost everywhere convergence
o." (f) — f provided that Pg (&) 3 n — oo.

The definition of the variation of an n € N with binary coefficients
(ex (n) : k e N)

was introduced in [13] by

Vi)=Y lei (n) — i1 ()]

i=0

In this paper, we define the weighted version of variation of an n € N with binary coefficients
(¢x (n) : k € N) by

Vi(na) =) lei (n) = eip1 (2 (0 €N).
i=0
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Set for sequence « := {«, : n € N} and positive reals K the subset of natural numbers

V(n, o)

no%n

VK(a)::{neN: §K<oo}.

It is easy to see that Pk (o) C Vak (@). On the other hand, if o, — 0, then there exists K, such that
2" — 1 € Vg (a) for all n, but there does not exist K, such that 2" — 1 € Pk («) for all n. In this paper,
we are going to improve Theorem JG and to replace the condition Px () > n — oo by the condition
Vk () 2 n — oo. In particular, the following will be proved.

Theorem 1.1 Suppose that o, € (0, 1). Let f € Ly (I). Then, we have the almost everywhere convergence
ox" (f) — f provided that Vg (a) > n — oc.

From the proof of Theorem 1.1, we can obtain pointwise growth of Ces aro means with varying parameters
of Walsh—Fourier series. The following is true.

Theorem 1.2 Let f € L1 (I) and

. Vn o
lim =00

n—oo  p%

Then, we have the almost everywhere convergence

) noc,lo_;l)‘n (f7 x)
lim ——~ =
n—oo  V(n,a)

Let lim o, = 0. We investigate two cases:
n—oo

a) lim (o, logn) > 0andb) lim («,logn) = 0. For case a), we have
n—o0 n—oo

|7
Vino c i
(n, @) < szn <CO[71
nn - 2\n|Ct,, - noo
i=0

and for case b), we obtain

n|

V(n,a) c : c|n|2IMlen

nn - 2|n“1n 2|n‘an = C|n|.
i=0
Hence, from Theorem 1.2, we get the following.
Corollary 1.3 Let f € L1 (I) and
lim o, =0.
n—oo

Then, we have the almost everywhere convergence:
(a) If liH;O (ap logn) > 0, then lin;o (anon™ (f,x)) =0;
n— n—

(b) If Tim (@ logn) =0, then lim 21U _ g
n— 00 n—o00 gn

lo
Theorem 1.4 Let f € Ly (I) and o, € (0, 1). Then, the operator o,," (f) is of weak type (L1, Ly).
Theorem 1.4 imply
Corollary 1.5 Let f € Ly (I) and a, € (0, 1). Then, o," (f) — f in measure as n — oo.

Theorem 1.6 Let f € Ly (I). Then, there exists a sequence i (f), such that for each subsequence of natural
numbers withn; > w; (f), we have the a. e. relation

o (f) = f.

For the subsequence of the partial sums, we are going to prove the following.

@ Springer



246 Arab. J. Math. (2022) 11:241-259

Theorem 1.7 For each sequence of natural numbers v; 1 oo, there exists a function f € Ly (I) and an
another sequence of natural numbers with Nj > v; for which we have the everywhere divergence of Sn; (f).

The a. e. divergence of Cesaro means with varying parameters of Walsh—Fourier series was investigated
by Tetunashvili [14]. In particular, the following is proved: Assume that {¢,,} is such that for a positive number
ng, we have

o, < ,0<c<1,n > ny. (®))

~ logyn

Then, there exists such a function f that the sequence o,;" (f) diverges everywhere unboundedly.

In this paper, we improve this theorem of Tetunashvili (5) in a way that we enlarge the set of sequences
(oty) for which we have divergence results of the Cesaro means with variable parameters. In particular, the
following is true.

Theorem 1.8 Assume that {«,} is such that for some positive integer ng, we have

a _._9 log, log, n

,0<co < =,n > ny.
logyn = "~ log, n =90=3 0

Then, there exists a integrable function f that the sequence on" ( f) diverges almost everywhere unboundedly.

The boundedness of maximal operators of subsequences of (C, ;) — means of partial sums of Walsh—
Fourier series from the Hardy space H), into the space L is studied in [7]. In particular, the following is
proved.

Theorem GG Let p > 0. Then, there exists a positive constant cp, such that

sup ‘f * )K;‘,{}’
NeN

H <cpIfly, (f€H,).
p

Weisz [18] generalized Theorem GG for both the Cesaro and Riesz means by taking the supremum over
all indices n € N,,.. Here, N,, denotes the set of all n = 2" 4 - . . 4 2" with a fixed parameter v. In particular,
the following is proved.

Theorem W (Weisz [18]) Let p > 0. Then, there exists a positive constant ¢, such that

sup | f* Kg"

ne Pk (a)

<cplifily, (Ifl€Hy).
P

2 Auxiliary results

We shall need the following.
Lemma 2.1 Letk,n € N. Then
c1 (14 o) 2+ ay) k" < AZ” <o (l4a,) Q4+ o)k, -2 <a, < —1;

cir(L+a) k™ < A" <o (1 +an) k%, =1 < a, <0;
c1 (d)k* < AZ” <o (d) k™, 0 < a, <d.

The proof can be found in the paper of Akhobadze [1].
Set

oo N
n) = Z&‘j (M2, iy =n—nttH = Zsj (n)2/.
j=s j=0
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Lemma 2.2 Leta, € (0,1),1 <n € N. Then, we have

In|
(o7 —
K" = “n ZEY () wye - IZ n(v 1)+J
n 1 5—0
In|
Z &s (M) Wy lAn( )_12YK23
n 15 =0

In|

Z gy (M) Wy An( - 1 D2s

n— ls =0
. 1 2 3
—TO 4T 4 T, ©)
Proof of Lemma 2.2 We can write
| n®) -1
n — [e77]
" Ky ZAn i- 1“’1—28?(") Do A
j—n(s+1)
|n| 251
_ng (”)Z n() Jj— 1WjtnG+D
|n| 25—1

_ 28“ (n) w,s+n Z Anm oW

Since
ng —Jj—l=ns_1)+2°—1—j, &) =1,
(otherwise nothing to be investigated here) and
X—1-j=2-1)aj
from (2), we obtain

|n| 28—1

o
LK Zss (n) w,,6+1 Z n(r H+j W -D®j

n]

= Zb‘s () wye -y Z n(r y+i Wi ™

Applying Abel’s transformation (twice), we get

251 21
oy _ oy —2 cpr . pan—1
> Ay W => A K = AT 2 Ko + A D,
Jj=0 j=1
Hence, from (7), we conclude (6). O

From (4), we can write

|n| 25—1

ZSS (n) Z j;;ll)ﬂ. |K;|:=TO.

nlxo

Tn“)‘ <

@ Springer
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Lemma 2.3 Let o, € (0,1),n € Nand f € L (), such that supp (f) C Iy (u/), [ f =0 for some
Iy’
dyadic interval Iy (u/ ) Then, we have

[ sulsE0] <.
_ neN
In@)

Proof of Lemma 2.3 Letn < 2N From the condition of the lemma, it is easy to see that f fn(l) = (. Hence,
we can suppose that n > 2V Without lost of generality, we may assume that ' = 0. It is easy to see that

T(l) [n| 25—1 X
n n—
(%) -+ (g T T el

1

|n| 25—1
/f(u) —— st(n)ZA“”_II)+j|Kj(x4—u)|du
” 1 5=0
25—1
/f(u) - Zss(n)ZAZ:’Sill)+j|Kj(x—Fu)|du
n 1 =0

|n

N_1
/f(u) > e Z Ag =l K | du
l’l 1 le

s=N+1
1 | 251 |
+ff(u) i Yo oam) Yy At i | ()| du
n=l s=N+1 j=2N
25—1
Zes (n) Z Ayl Ik (x)|/f<u>du
n ls =0 iy

|n|

2N
1 -1
tom D e Y AN K ) / f (w)du
Jj=1 Iy

n—1 s=N+1
|n| 251
n_l i
/f(u) Y e Yy, A K )| du
At j=2
In| 291
n_l I
/f(u) Z & (n) Z A,j‘(H)ﬂ\Kj (x +w)| du.
AnZ L g=N+1 j=2N
It is easy to see from (4) and Lemma 2.1 that
|n| 291
oz,,—l
Zf?s (n) Z n—1)+Jj
n 15 1
In| ne)—l |
o SCITCND S
n 1S 1 j= I’L(Xfl)+1

1 oy n
T Ao Z & (n) (A"(s)_l N Aﬁ(s_l))

@ Springer
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1 |n
Op  _ AQp
- Aa” Z(A”(s) A"(s—l))
n—1 g—1
An(n _
. 8
Aan — ( )

Set

v = sup |Ky]|.
n>2N

It is proved in [6] that

/K;N§c<oo,NeN.

In
Then, from (8), we have

n|  2°—1
/\ns>uzI;V A Z Z :Z:ly 1)-&-/ }K (M)|du

n—1 1 N
Ty s=N+ j= =2
|n|  25-—1
ot,,—l *
< sup Aan Z Z n<x71)+j/ 2N
L S V| J=2N 7
N
In|  25-—1
cosp - Y YAl oo
n>2N

n— ls N+1 j=oN
Consequently

/sup ‘f * Tn(l)}
J neN

Iy

In| 21
=/ sugv /f(u) Z &g () Z AZ‘Z;I])JFJ- |Kj (x +u)|du

” 1s N+1 j=2N

|n| 25—1
a,,fl . i
/ /|f(u)|ns>uz;;VAnl oy Apt” L | K e Fw]du | dx

s§= N-‘rl] 2N
In

[n]  25—1
=/If(u)| /SuP > Z Apl K e Fwdx | du
In

n>2N An 1 g= =N+1j

N

=clfly-
This completes the proof of Lemma 2.3.

Lemma 2.4 The operator sup

|7 T80 s of type (Lo, Loo)
neN

Proof of Lemma 2.4 Since (see [13]) sup || K, ||; < 2 from (8) (oreven see [15] sup || K,||; < 17/15), we have
n

25—
sup HT( )H < sup A Zss (n) Z A ¢ < 00,
neN

n(s— 1)+/ -
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which implies the boundedness of operator sup ‘ f T,,(l)‘ from the space L to the space L. O
neN

Combine Lemmas 2.3 and 2.4 to have the following.

Lemma 2.5 The operator sup ‘f * T,,(l)’ is of weak type (L1, L1).
neN

Since
TP < 11 T,
from Lemma 2.5, we obtain

Lemma 2.6 The operator sup ‘f * Tn(l)‘ is of weak type (L1, L1).
neN

Analogously, we can prove
Lemma 2.7 The operator sup ‘ f o Tn(z)‘ is of weak type (L1, L1).
neN
3 Proofs of main results

Proof of Theorem 1.1 'We have

In|

T 28 (M waww_ A Do
n—1 g—0

wnT(3) _

From (2), we get (¢5; (n) = 1; otherwise, there is nothing to be discussed here)

Wys)—1 = wnwn(s+1)+2s_l = Wp W, (s+1) W2s —]

= W@+ W25 —1 = Wy, Wos—1

W2s Wn sy W2s—1 = W25 Wn (o5 _p) -
Since n¢—1n@s—1) < 2° from (3), we have
Dzswn(x—l)e;(?—l) = Dos.

Consequently

Inl

w, TS = ZSS (n) An() (was Dos
n 15 =0

Inl

= a’n ZS‘S (n) An() 1 (D25+1 - Dzs)
n 1 =0

Inl

1
= @ 2 1) —e M) AT Dy

n=l g—]

Inl

Z & (1) ( I i 1) Do

”lsl

1
+A 18|"| (n) A"(\ )=

n—

1D2|n|+1

@ Springer
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1 an
_Aozn 1 &g (n) An(o)—lDl
n—

= TP + 782 + 7089 4 703, 9)

From the condition of Theorem 1.1, we can write

sup (171%| 7))

neN

= sup (11 [wn7,))
neN

< sup (11 [unT,00|) + sup (11 [wn 7,02
neN neN

wa T9|) + sup (1715 |wa 7,09
neN

+sup (11

neN

Inl

1
< CET (1S e D lesot () — g (m)] 27
s=1

|

1
* oy ap
B (D) e D (AT = AT )

n—1 s=1

+cE* (x, | f1)
<ckE* (x,|f]). (10)
Since the operator E* (x, | f]) is of weak type (L, L), we obtain that
sup (If1+|7,2]) < Iflh- (an
nevVi (a) weak—L1

Combining Lemmas 2.6, 2.7, estimation (11) from (6) we conclude that

<ckllfll. (12)

weak—L1

sup |a,;""f|

neVg (a)

Using the standard argument of Marcinkiewicz and Zygmund [12] from the estimation (12), we obtain the
validity of Theorem 1.1. O

Proof of Theorem 1.2 From (6), we have
nn (f * K;Z‘n) nn (f * Tn(l)> nn (f * Tn(2)> nn (f * Tn(3)>

Ve — Voo T vae T vaw (13)

Lemmas 2.6 and 2.7 imply that

sup‘f*Tn(’) <oo a.e.for feli(D,l=12.
n

Hence

o (1)

=0ael=1,2. (14)
n— 00 V(n,a)
Using estimation (10), we have
o (1 1)
— % < cE*(x, .
sup Vo S cE™ (x, 1 f1)
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Since the operator E* (x, | f]) is of weak type (L1, L1), we obtain that the maximal operator
ner (f+ 1)
sup———=—
n Vin, a)
is of weak type (L1, L1). It is clear that
#“(W*If»

V(n, o)

—0 asn— o©

for every Walsh polynomial W. By the well-known density argument, we conclude that

n%n ( f * T,,(3>)

im =0 a.e. (15)
n— 00 V(n, o)
Combining (13)—(15), we conclude the proof of Theorem 1.2. O
Proof of Theorem 1.4 From (6), we have
o (f)=fx K = fx T+ TP + f+TO. (16)

Applying Lemmas 2.6 and 2.7, we conclude that the operators f T,,(l), [ =1, 2 are of weak type (L, Ly).
Now, we consider the operator f * Tn(3). From (9), we have

f*T®
:WQﬁM*wmﬂ

oo
= AL;)_:l Z Es (n) Ag’é)71 ((fwn) * (D2s+l - Dzs))
n—1 s=0

>\ &5 (n) App,
=Wy Z %As (fwn)

s=0 n—1

=T () (fwn). an

where

Aa” 9 soey Aa”

n—1 n—1

5o (80 () Ayl e () AR o ) |

Since ||B]| < 1 from Theorem MT, we get that the operator ‘(fw,,) * Wy, T,,(3)‘ is of weak type (L1, Ly).

Consequently

[ o7

< . 18
e iy €A1 (18)

From (16), we complete the proof of Theorem 1.4. O

Proof of Theorem 1.7 Basically, we use the method of Schipp (see [13], Ch. 4, Theorem 12) with some
necessary modifications. For natural numbers 7, k, set

[n/2]
in = Z p2k=1 _ on gn :=sgn D,
k=1
P
R™ = ronxtijongn, Qn = 1_[ (1 + R,(C")>.
k=0
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Then, in the sequel, we prove
Sy, (Qny X) — Syzrsk (O, X) = rnsg (x)gn(x + k/2"). (19)

Since Q) is the sum of the product of terms R ™) then we have to check R := R(I") R(") forl; <--- <l
and let the empty product be 1. If the case is the latter, i.e., R = 1, then the left-hand 51de of (19) is zero.
Therefore, suppose that we are checking not the empty product. Then

R = RI(I") .. Rl(:l) = ryngty - Ty (Ton8n - - T2-n8n) =t rangqy - . rnyrh,
where function £ is A,, measurable. Therefore, in the case of k < g, we have
Sy (R) = 0.
Besides, in the case of k > [, we have
522"+k (R) =
That is, in both cases, the left-hand side of (19) is
Syrrsiyy (R, x) — Sponu (R, x) = ronyk () Siy, (Rron gk, X)), (20)
which can be different from zero only in the case when s = 1 and /; = k. In this situation, it is exactly
ran kS (R a0 1) = ron 1Sy, (T 80) = FansaThangn = RY". 2

Just add a few details to equality (21): Let a = 2|n/2] — 1. Then, i,, = 2! + 23 +...2% It is easy to have
that

L, ifx el
Fa(x), ifx e I, o\1,,
Fa(X)rqg—2(x), ifx € I,_4\1,—»,

gn(x) =

ra(X)rg—2(x)---ra(x), ifx € [H\I3,
0, if x e I\I.

Let e; = 1/21+1 1t gives that g, is the sum of functions 8n.e
1 1
8n,e(x) 1= 2_aD2“ (x) + 2_aD2“ (x +€q2eq-2+€-1€4-1)ra(x)

1
+ 55 Dpa2(x + €q—s€q—4 + €4-34-3)ra(X)ra—2(x)

2
1
+- 4+ 2—3D23 (x +erer +exer)ra(xX)rga—2(x) -+ -r3(x),
where each ¢; is either O or 1, but €, + €41, €4—4 + €43, ..., €1 + €2 # 0 and we do the summing with

respect to €. That is, g, = ). gn,e. Then, for any of the addends of type g, , we have
Sy (ra -+ ra—2i Dya—2i (- + €q—2i—2€a—2i—2 + €a—2i—1€a4—2i—1))
=71qTq2iDpa-2i (- + €4-2i2€4-2i—2 + €a2i-1€a-2i—1),

and consequently, S; g, = g,. In other words, (19) is proved. Let n,, € N, x € I be arbitrary and suppose that
n,, is a cube and n,, > vy, 41. Then, there exists one k € {0, 1, ..., 2" — 1}, such that

x+k27" e I, . (22)
Set

. 2mm 4k . 2mm 4k .
Ny =2 s Nop1 :=2 + in,,m = 1,2, ....
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It is easy to see that

n
Nom = 22" > ny > vamg1 > vom

and
nm
Nom1 = 22" > 1y > vapt1.-
Hence
Nj > Vi, ] = 1,2, ....
Let

Z Qnm (X)

m=1

Since || O, ]l1 = 1 (see [13, ch. 4, Theorem 12]), then f € L, (]1). From the definition of function Q,,, it follows
for its spectrum:
2nj-f—l
sp(Qn;) C [O, 2 ) :
and since
nm ni+1
Naw = 22" =227 (j < m),

we obtain

SNami1 (Qnjr X) = Sy, (Qnjrx) =0, j < m. (23)
(ﬂ,) (nj)

L

On the other hand, check the same difference of partial sums for Q,; (j > m). Let again R := R .R

be different from the empty product. Then
|SN2m+] (an, x) — SNy (an,x)|
Sinm (R . r2”m+k)|
= Sinm <V2r1j+ll .. -}"zﬂj+1s w4k - h)‘ — 0’ (24)

because the function 4 is A, j measurable.
From (20), (21), (22), (23), and (24), we obtain

|SN2m+1 (fs %) = Sny, (f,X)|

1
- \S/TT }SszH (Qnm’x) — SNy, (Q"m’x)|

1
_ \3/77 }Sinm (Tr2—1m &nyp » x)|

m

* Di"m (X)‘

1
= \3/—7 }(Tkzﬂzm gnm)
\/7 ig”m (-Ckz nm D inm (x))|
m

Dinm (O) i

= \3/—»2 \gnm *
F | Di,,,

It means that for every x € I, we have

sup |SN2,,,+| (f,x) - SNz,n (fa X)} =0
m

1
cnm/3.

provided that N,, > v,,. This completes the proof of Theorem 1.7. O
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Proof of Theorem 1.8 During the proof, we apply some idea of Bochkarev [3]. Consider the function Wy (¢)
defined by

Wi (t)
v 3N 1 1
Ao 2 wmi@re U U Tan 00, YIN-1 V2N o0 YIN-1)
T J=2N »0=0  y3n-1=0 :
0, otherwise
Set
3IN—1 4AN—1
n(N.x)= > & @)2 + Y g nx)2, (25)
J=2N j=3N

where ¢; (x) = 0, 1 which will be defined below. We suppose that

x € Iayy1 (x0, ..., X381, 1 — Xx2N) .

Denote

1 1
/
Ey = U U g1 (xo, .y Xx3Nv—1, 1 = x2N)

x0=0 x3n—1=0
o o
E' = m U E}.
k=1 N=k
It is easy to see that
mes (E') = 1.
and

Bn41 (X0, oo X3Nn—1, T = X2N8) OV Ian (YO, -y YIN=15 V2N ooy Y3IN—1) = V.
Let {N,} be a subsequence for which x € E/, V= 1,2,... Without lost of generality, we can suppose that
N| = N. Since
(x + 1)y + (x F )3y = 1,1 € supp (Wy), x € E',
Ap(N,x)

then from (3) and (9), we have (for the sake of brevity A (N.)—1 will be denoted as Az?N, -1 which will not
cause misunderstand)

3N

op
= a— D & A v

n(N.x)—1 j=ON

X/WN (1) Wy (N,x) (x—i—t) D;j (x—i—t)dt.
I

Set

4N—-1

q(N.x):= Y &j_yx)2.

j=3N
Then, we can write

Wy(N,x) () = Wp(N,x)—g(Nx) () Wev,x) ) = 1,1 € supp (Wy).
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Consequently

(3)
WN * Tn(N x)

_ Wn(N,x) (x) 2N

= A Z €j (X)An(/)(Nx) 1«/_

n(N,x)—1 j:2N

3N—1
x U U / ( > wy (z)) D (x +1)dt

YIN-1 014N(}0 ’’’’ VIN—1:Y2Nss YIN—1) i=2N

3N
Wn(N,x) (x)

= na D E AT (v

n(N,x)—1 j=2N

3N—1
x U U / ( > wy (t)) D}, (x + 1) dt

0=0 ¥3N-1=0p,0 (3o, yayop) V2N

W (N )(x) 3N—1 3N—-1
:J_]\;’A+ DoAY 1/(2 Wy (z)) S b nydr

n(N,x)—1 j=2N i=2N
3N—1

Wn(N,x) (x) Z ay
= T UNAY ej () A7 (v o—1W2i (X) -
An(N x)—1 j=2N v

Two cases are possible:

(@)
3N—-1
Z X < —;
k=2N 3
(b)
3N-1
Z Xk Z y
k=2N 3

First, we consider the case a) and let us define digits e (x) by & (x) = 1 — xg. Then, we can write

Wy TSy | = e 3 pY I
n(N,x ANay, - 2Nang
VN2 IN<j<2N+(2N)/3 VN2Neng,
Since
log 1 N, log (4N
o, < co loglogn (N, x) - colog (4N) (n > no) .
log (N, x) 2N
we obtain
N1/2—co
Wy % TC) ¢ (26)

>
"NV Jog (4N)

Now, we consider the case b). The digits e; (x) define by & (x) = x;. Analogously, we can prove the
validity of estimation (26).
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Set
N1/27Co
YN = .
log (4N)

Let {N, : v > 1} be a subsequence for which

xe€Ey,v=12, ..

NU+1 Z 2st

4
YN, =V,

Sszﬁ Nz
<

VN; v

j=1
Let
>, W, (1)

f(t):=2 T

It is easy to show that

3N—1

1
Wl _T U Sy / > wyi (1)) dt

x3N*1:014N(x0 ,,,,, X3N—1:X2N s+ X3N—1) j=2N
3N—1

U LIJ / D wy () dt

x3N_1:013N(x0 ,,,,, xiy_1) =N

1/2
3N-1 3N-1

2
1 1
:«/_ﬁ/ sz_f(t)dzgﬁ / szj(l‘) dt = 1.
I

Jj=2N T Jj=2N

Then, from (28), we conclude that f € L (I).
It is easy to see that

<
|
—

3 _ 1 3) 1 3)
T = (ww, <13, x))+—\/_ (Wh, T3 0) -

~.
I
-

We can write (see (6) and (25))
3)
WNj * Tn(N x)
| 3N,—1
=@ > @A o (W (Wato, -1 D2r))
n(Ny,x)=1 k=2N,
| 4Ny—1

g D ek-n, DAY oy (W ¥ (Waw v, -1 D)) -

n(Ny,x)—1 k=3N,
Let
n® (N, x) —1=2F—1+n* D (N, x).
Suppose that n®+tD (N, x) # 0. Then, it is easy to see that

Wy, * (wn(k)(Nv,x)_lDzk) =0,j <v,2N, <k <3N,.

27)
(28)

(29)

(30)

(3D
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Hence, we can suppose that there exists kg € {2Ny, ..., 3N, — 1}, such thatn %o+ (N, x) = Oand ey, (x) = 1.
Since n*o) (Ny, x) # 0, we conclude that

WN]- * (wn(k)(Nv,x)leZk) =0
when k < kg. Consequently, we have (w_; = 0)

1 3Ny—1

R Z &k (%) An(k)(Nv x)-1 (WN./' * (wn(“(Nv,X)—lDZk))
n(Ny,x)—1 k=2N,

A(rzlzko)(NU,x)—l
= W)l (Wn; * (wako_ Daro )
n(Ny,x)—

A%
1) (N, x)—1
= —A(a?') (WN} % Dzko)
n(Ny,x)—1

A%
n(k )(Nv,x)—l
=—a S (Wy))
n(Ny,x)—1
A%
() (N, x)—1
/;Oj’j—WNj. (32)
n(Ny,x)—1

Analogously, we can prove that

4N, —1
Z Ek—N, (x) An(k)(N X)— 1(WN/ ( n(k)(NU,x)—1D2k))
n(N 2X) k=3N,
Ay
n (Ny,x)—1
— ((/;(’)1) WNj- (33)
An(NU,x)—l

Combining (31)—(33) from (29), we get

1

v—1 1

2

wT®
«/VT J n(Ny,x)

W 1
Z \/_ Z ’;N” . (34)

From (26), (30), and (34), we conclude that (x € E’)

‘f*TG) > ¢\ /YN, = 00 asv — o0. (35)

(Ny.x)

From (6), we can write
1 2 3
fRKo = AT o+ AT o+ TN - (36)
Lemmas 2.6 and 2.7 imply that

sup’f*Tn(l)’<ooa.e.forfeL1(]I),l=1,2. (37)
n

Let Ey be the set for which (37) does not hold. Denote E := E’\ Ey. Then, it is evident that mes(E) = 1. Let
x € E. Then, (35)—(37) imply that

sup|a,‘l"” (f,x)| = (x€E).

Theorem 1.8 is proved. O
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