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Abstract In this paper, we consider a one-dimensional linear Bresse system in a bounded open interval with
one infinite memory acting only on the shear angle equation. First, we establish the well posedness using the
semigroup theory. Then, we prove two general (uniform and weak) decay estimates depending on the speeds
of wave propagations and the arbitrary growth at infinity of the relaxation function.
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1 Introduction

In this paper, we consider a Bresse system in one-dimensional open bounded interval subjected to homogeneous
Dirichlet-Neumann—Neumann boundary conditions and with the presence of one infinite memory acting on
the shear angle equation. Precisely, we are concerned with the following problem:

1@ — ki(@x + ¥ +1w)y — lkz(wy — l(ﬁ) =0,
00
P2V — koW + ki(ox + ¥ + [w) +/ g(S)Yix(x,t —5)ds =0,

0
p1Wws — k3(wy —lo)x + lki(px + ¥ +1w) =0,
®0,1) = ¥ (0,7) = wy(0,1) = (L, 1) = Y (L, 1) = wx(L, 1) =0,
@(x,0) = go(x), @i (x,0) = @1(x),
I)0(-)(:7 _t) - WO(xa t)? 1/’1()5, O) = lﬁl (-x)v

w(x,0) = wo(x), w(x,0) = w(x),

(1.1)

where (x, 1) €]0, L[xR,, g : Ry — Ry is a given function, and L, [, p;, i = 1,2, and k;, j =1,2,3, are
positive constants. The integral term in system (1.1) represents the infinite memory, and the state (unknown)
is

(¢, ¥, w) :10, L[x]0, +-00[— R>.
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Our objective is to establish the well posedness and the asymptotic stability of this problem in terms of the
growth of g at infinity and the speeds of wave propagations given by

[k [ k [k
s1 = —1, 5o = 2 and 53 = =y (1.2)
L1 P2 L1

The Bresse system is known as the circular arch problem and is given by the following equations:
p1¢n = Qx +IN + Fi, poyyy =My — Q+ F>, prwy =Ny —10 + F3,
with
N =ko(wx —1lp), O =k(px+Iw+) and M = by,

where p1, p2, [, k, ko and b are positive physical constants, N, Q and M denote, respectively, the axial force,
the shear force and the bending moment, and w, ¢ and ¥ represent, respectively, the longitudinal, vertical and
shear angle displacements. Here,

o1 =pA, pp=pl, ko=EA, k=kGA, b=EI and | =R,

such that p, E, G, k', A, I and R are positive constants and denote, respectively, the density, the modulus of
elasticity, the shear modulus, the shear factor, the cross-sectional area, the second moment of area of the cross-
section and the radius of curvature. Finally, F|, F> and F3 are the external forces defined in ]O, L[x]0, +ool.
For more reading about this matter, we refer to Lagnese et al. [18,19]. It is worth noting that the system
considered by Bresse [3] is obtained by taking

(F13F27F3)=(01_y1!fl’0)1 (13)

with y > 0.

To stabilize the Bresse system, various dampings have been employed and several decay results have been
established. Alabau-Boussouira et al. [1] considered the case (1.3) and proved that the exponential stability is
equivalent to

S| = 8§) = §3. (1.4)

When (1.4) is not satisfied, they showed that the norm of solutions decays polynomially to zero with rates
depending on the regularity of the initial data. These latter results were extended and improved in [22] by
considering a locally distributed dissipation (that is, y in (1.3) is replaced by a non-negative function a :
10, L[— R, which is positive only on a part of ]0, L[). In their work, the authors of [22] obtained a better
decay rate when (1.4) does not hold. The exponential stability result of [1] was also established by Soriano et
al. [29] for the case of indefinite damping. That is, when y = a(x), where a :]0, L[— R is a function with a
positive average on ]0, L[ and such that
L
a— / a(x)dx
0

is small enough. In such a situation, @ may change sign in ]0, L[. Also, some optimal polynomial decay rates
for Bresse systems for the case (1.3) were proved in [7] when (1.4) does not hold. Wehbe and Youcef [31]
treated the case

L2(10,LD

(Fl» FZ? F3) = (01 _al(x)‘(/ftv _aZ(-x)wt)s

where a; :]0, L[— R are non-negative functions which can vanish on some part of ]0, L[, and proved that
the exponential stability holds if and only if 51 = s2. When s1 # s7, a polynomial decay rate depending on the

. L . . . . . .1
regularity of the initial data was obtained. This rate, in the case of classical solutions, is ¢ 2 +e,
When only the first and second equations are controlled by means of linear frictional dampings; that is,

(Fla F27 F3) = (_Vl‘pt, _VZT/ft, 0)7
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with y; > 0, the equivalence between the exponential stability and the equality s; = s3 was established in
[2]. In addition, a polynomial stability was also shown when s; # s3, where the decay rate depends on the
regularity of the initial data. In the particular case of classical solutions, the polynomial decay of [2] is of the

rate 2 and it is optimal. Soufyane and Said-Houari [30] looked into the case of three frictional dampings in
the whole space R (instead of ]0, L[) and established some polynomial stability estimates. For stabilization
via nonlinear frictional dampings, we refer the readers to [4,28].

Concerning the stabilization via heat effect, one of the earliest results concerning the asymptotic behavior
of the Bresse system is due to Liu and Rao [20], where a Bresse system of the form

P19 — k(px + ¥ +lw)y — lko(wy —lp) +1yx =0,

:OZWII - wax + k((px + lﬂ + lw) + Vex = 0’

p1wy — ko(wy —lp)x + lk(px + ¥ +1w) +yx =0, (1.5)
P30 — Oxx + Y ¥y =0,

P3Xt — Xxx T y(wx - l(p)t = 01

in a bounded interval, together with initial and boundary conditions, has been considered. In that work, Liu
and Rao [20] proved that the norm of solutions decays exponentially if and only if (1.4) holds. Otherwise,
the solutions decay polynomially with rates depending on the regularity of the initial data. For the classical
solutions, with boundary conditions of Dirichlet—-Neumann—Neumann or Dirichlet-Dirichlet—Dirichlet type,

1 1 . . .
these rates are of the form ¢~ 3¢ or t “8 ¢, respectively, where € > 0 is an arbitrary “small” constant. Other
results similar to those of [20] were obtained in [8] for the Bresse system (1.5) without . The obtained decay

for classical solutions when (1.4) is not satisfied is, in general, of the rate t‘é+€; whereas the rate is t_%ﬁ
when s; # s2 and 51 = s3. Najdi and Wehbe [21] extended the results of [8] to the case where the thermal

dissipation is locally distributed, and improved the polynomial stability estimate to =2 when (1.4) is not
satisfied. Recently, Keddi et al. [16] studied a thermoelastic Bresse system with Cattaneo’s thermal dissipation
of the form

P19 — k(px + ¥ +1w), — lko(wy —lp) =0,
P21 — by + k(ox + ¥ +1w) +y0, =0,
p1Wy — ko(wy —l@)y + lk(px + ¢ +1w) =0,
P30 +qx +y¥x =0,

9+ Bq + 06 =0,

in a bounded interval, where ¢ , ¥ and w are, respectively, the vertical, shear angle and longitudinal displace-
ments, 6 and g denote the temperature difference and the heat flux, and p1, 02, 03, k, ko, b, B, y and 7 are
positive constants. Under suitable relations between the constants, the authors of [16] showed exponential
and optimal polynomial decay rates. The same system was treated by Said-Houari and Hamadouche [25] in
the whole space R, where they showed that the coupling of the Bresse system with the heat conduction of
the Cattaneo theory leads to a loss of regularity of the solution and they proved that the decay rate of the
solution in the L?-norm is of the rate #~'/12. For more problems of thermoelastic Bresse systems, we refer the
reader to [24], where a global existence was proved using two heat equations, and to [26,27], where Cauchy
thermoelastic Bresse problems were treated.

Concerning the stability of Bresse systems via memories, there are only very few results. For instance,
Guesmia and Kafini [10] discussed, without restrictions on the speeds, the stability issue for the case when the
three equations are controlled via infinite memories of the form

+00 +oo
F =_/ 81()@xx(x,t —s)ds, FZZ_/ &)Y (x,t —5)ds,
0 0

+00
F3:_/ g3(s)wxx(x,t—s)ds,
0

where g; : R;. — R, are differentiable, non-increasing and integrable functions on R.. Their decay estimate
depends only on the growth of the relaxation functions g; at infinity, which are allowed to have a decay rate
at infinity arbitrary close to % The same stability estimate of [10] was later established in [11] when only two
infinite memories are considered, that is

+00

+o00
(F1, I, F3) = (0,—/0 gz(S)wxx(x,t—S)ds,—/O g3(S)wxx(x,t—S)dS>, (1.6)
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+00 +oo

(F1, F2, F3) = (—f 81(8)@xx(x,t —5)ds, 0, —/ 83($)wyx (x, 1 —S)dS> (1.7)

0 0

or

+00 +00

(F]7F27F3)= <_/ gl(s)¢xx(x»t_s)dsa_/ gZ(S)Wxx(X,t—S)dS,())a (18)
0 0

under the following conditions on the speeds of wave propagations:

s1 = sp in cases (1.6) and (1.7), s; = s3 in case (1.8). (1.9)

When (1.9) does not hold, a weak stability estimate was given in [11], where the decay rate depends also on
the smoothness of the initial data. Similar results were obtained in [15] when the memory term acts on the
longitudinal displacements. However, when the memory term acts on the vertical displacements, it was proved
in [14] that the system can not be exponentially stable even if the speeds of wave propagations are equal, but
it is still polynomially stable.

To the best of our knowledge, the only known stability results for Bresse systems with only one infinite
memory acting on the shear angle displacements are the ones obtained in [6] in case

+00
(F1, 2, F3) = (O,—f g(S)l/fxx(x,t—S)dS,O>, (1.10)
0

where g : Ry — R, is differentiable, non-increasing and integrable function on R . In [6], it was assumed
that g satisfies, for oy, ap > 0,

—apg(s) < g(s) < —a1g(s), Vs eRy, (1.11)

and was shown that the exponential stability holds if and only if (1.4) is satisfied. Otherwise, only the polynomial

stability with a decay rate of type =7 andits optimality were obtained. Notice that the condition (1.11) implies
that g converges exponentially to zero at infinity and satisfies

8(0)e " < g(s) < g(0)e ™", VseRy. (1.12)

Our goal in this work is to study the well posedness and asymptotic stability of system (1.1) in terms of
the arbitrary growth at infinity of the kernel g and the speeds of wave propagations (1.2). We prove that the
systems is well posed and its energy converges to zero when time goes to infinity and provide two general
decay estimates: a uniform stability estimate under (1.4), and another weak stability result in general. Our
results generalize those of [6] and allow a wider class of relaxation functions. See Remark 3.3 below.

The proof of the well posedness is based on the semigroup theory. For the stability estimates, we use the
energy method and an approach introduced by the present authors in [12,13].

The paper is organized as follows. In Sect. 2, we present our assumptions on the relaxation function g
and state and prove the well posedness of (1.1). In Sect. 3, we present our stability results. The proof of our
uniform and weak decay estimates are given, respectively, in Sects. 4 and 5.

2 Well posedness

In this section, we discuss the well posedness of (1.1) using the semigroup approach. Following the method
of [5], we consider the functional

n(x7t9s)=‘¢,(x’t)_1/f(x9t_s) in ]O,L[XR+XR+ (2])
This functional satisfies
ne+ns—v: =0 in ]0, L[ xR x Ry,
nx(0,2,8) =nx(L,t,5) =0 inRy xRy, (2.2)
n(x,t,0)=0 in JO, L[xR.

@ Springer
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Let n%(x, s) = n(x, 0, s),

T
U’ = (v0, Yo. wo, @1, V1, wi, rlo) , (2.3)
U= (g, ¥, w, 0, Y, w, )" (2.4)
and
—+00
g’ = /0 g(s)ds. 2.5)

Then, the system (1.1) takes the following abstract form:

Ut = AU,
{ Ut=0)=0U° 26)
where A is the linear operator defined by
(23
Vi
Wy
k1 f1¢xx — Pk3pro + ki p1yre + 101 (k1 + k3w,
AU = +00
—k1o2¢x + 102 (ka — 8°) Yrux — k12 — Lk1 pow + 1,52/0 gMxx ds
—1p1(k1 + k3)@x — lki p19 + ks prwyx — Phkiprw
Y — ng
Let
L +o00
Ly = {v : Ry — H!(0, L]), / / gvidsdx < +oo} .7)
0 0
and
2 2
H = Hy (10, L) x (H} (10, LD)” x L*(10, L[) x (L3(10, LD)" x Lo, (2.8)
where
L
L3(10, L) = {v e L2(10, L[), / vdx = o} (2.9)
0
and
L
H!(0,L]) = {v e H'(10, L]), / vdx = o} . (2.10)
0

The domain D(A) of A is defined by
D(A) = {V =, ...,o0)" €H, AV € H, v7(0) =0, 3,v2(0) = d,v3(0) =0, (2.11)
dxv2(L) = 9xv3(L) =0, 3,v7(-,0) = dyv7(-, L) = 0};
that is, according to the definition of { and A,
T T 1 1 2 1 1 2
D(A) = {(vl, vt €M, (vi,...,v6)" € Hy(10, L) x (H, (10, LD)" x Hy(10, LD x (H, (10, L))",
+0o0
vi, v3 € H*(10, L), (k2 — &°) daxv2 +/ gdvxv7ds € L3(10, L[), d5v7 € Lo,
0

v7(0) =0, 9xv2(0) = 8,v3(0) = 0y v2(L) = 0,v3(L) =0, 9,v7(-,0) = dv7(-, L) = 0}-

; = @ Springer
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More generally, for n € N,
H if n=0,
{v e DA™Y, AV € D(A"—l)} i n=23....

Remark 2.1 Asin[11], by integrating on ]0, L[ the second and third equations in (1.1), and using the boundary
conditions, we get

L ky [F Ik
a,,(/ wdx>+—1/ ydx + — * dx =0 (2.12)
0 P2 Jo P2 Jo
and
L 1%k
8,,<f wdx)—i—— dx—l——/ Yy dx =0. (2.13)
0 o1 Jo
Therefore, (2.12) implies that
L 0 L 1 L
wdx = ——09, Ydx ) — - ¥ dx. (2.14)
0 lky 0 l 0

Substituting (2.14) into (2.13), we get

L ki 1Pk L
011t </ de> + ( ! + —1) Ort (/ Ilfdx) =0. (2.15)
0 02 L1 0
Letly = /4 + K1 Then, solving (2.15), we find

L
/ Y dx = ¢ cos (lpt) + ¢5 sin (lpt) + C3t + ¢4, (2.16)
0
where ¢1, ..., ¢4 are real constants. By combining (2.14) and (2.16), we get
L 2 2 ~
- ,0210 1 - ,0210 1 C4

dx = _— == lot _— == lt——t—— 2.17
/(; wdx C'(lkl l)COS(o)+Cz<lkl ; sin (lo?) ] ] (2.17)

Let

(Po(x), Wo(x)) = (Yo(x, 0), wo(x)).

Using the initial data of ¥ and w in (1.1), we see that

dx + — Wo dx,
pzlo / 1/[0 * ,02 0 0t
Cy = / Yirdx + — f widx,

210 ,02 0
. J lky [ J
3 - W 1//1 X — pz_lé wi dx,
Cq = < p210> / WO dx — ,02 O wodx.

~ 1
v =y - 7 (¢1 cos (lpt) + ¢o sin (Ipt) + ¢3¢ + C4) (2.18)

Let
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and
- 1. (pli 1 _ (e} 1) . 3 (4
=w— — e ot e lot) — —t——]. 2.19
w=w L(Cl<lk1 7 cos (lpt) + ¢ I 7 sin (Ipt) ; 7 ( )
Then, from (2.16) and (2.17), one can check that
L _ L
/ de=/ wdx =0, (2.20)
0 0
and, hence,
L
/ ndx =0, (2.21)
0
where

i, t,8) =V (x, 1) —P(x,t —s) in]0, L[xR4 x Ry

Therefore, Poincaré’s inequality
L L
J¢p >0 / vidx < CO/ vidx, Yve H!(0, L) (2.22)
0 0

is applicable for 1/7, w and 7, provided that @Z, we H! (10, LT). In addition, (¢, 1/7, w) satisfies the boundary
conditions and the first three equations in (1.1) with initial data

1 1
Yo — z(Z’I +ca), Y1 — 2(1052 + ¢3),

V(. (i} 1\ & L. (mi} 1\ &
wo——\\¢ |\ ) — and wi——|ah|——-—-)——
L ey 1 ] L ey 1 !

instead of v, ¥, wo and wy, respectively. In the sequel, we work with lﬁ, w and 7 instead of v, w and 7,
but, for simplicity of notation, we use ¥, w and n instead of v, w and 7, respectively.

Now, to prove the well posedness of (2.6), we make the following hypothesis:
(H1) The function g : Ry — R, is differentiable, non-increasing and integrable on R such that there
exists a positive constant kg such that, for any

(¢, v, w)" € HL(10, LD x (H'(0, LD)®,

we have

L L
kO/ (92 + ¥+ w?) dx < f (k2 — €°) W2 + ki (@x + ¥ +1w)? + k3 (wy — 19)?) dx.  (2.23)
0 0

Moreover, there exists a positive constant 8 such that
— Bg(s) < g'(s), Vs Ry, (2.24)
Remark 2.2 1. It is evident that (2.23) implies that

L L
kof (92 + ¥+ w?) dx < / (kW2 + ki(px + ¥ +1w)? + ks(wy — lp)?) dx.  (2.25)
0 0

On the other hand, thanks to (2.22) applied for ¥ and w, and Poincaré’s inequality

L L
36> 0: f vV dx < Eo/ vidx, Yve HJ(0,L[) (2.26)
0 0

@ Springer
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applied for ¢, there exists a positive constant ko such that, for any
2
(¢, ¥, w)" € Hy(10, LD x (H, (10, LD)",
we have
L oL
/ (ka2 + ki (9x + ¥ + 1w)? + k3 (wy — 19)?) dx < ko/ (P2 +y2+wl) dx. (227)
0 0
Thus, from (2.25) and (2.27), we deduce that the right hand side of the inequality (2.25) defines a norm

on HO1 10, L) x (H*1 o, L[))2 equivalent to the natural norm of (H1 o0, L[))S.
2. Asin [11], we conclude from (2.23) that

ko+g° —ky <0. (2.28)

Indeed, for the choice ¢ = w = 0, (2.23) gives
L L
(ko + g° —kz)/ Y2dx < Iq/ Yw2dx, Yy e H'(0, L.
0 0
This inequality implies, for ¥ (x) = cos (Ax) — ﬁ sin (AL) and A €]0, +o0o[ (notice thatyy € H*1 (0, L)),
(ko+ 8" — ko) (L — isin(zu) ki L+isin(zu) - isin2(xL) VA >0
oTE TR 2. =32 2 W2L ’ '

By letting A go to +00, we deduce (2.28).

According to Remark 2.2, we notice that, under the hypothesis (H1), the sets L, and H are Hilbert spaces

equipped, respectively, with the inner products that generate the norms, forv € Lo and V = (vy, ..., v7)7 €
H9
) L p+oo 5
lvllz, = /O /0 guidsdx (2.29)
and
L
VI3, = /0 ((k2 = %) B2v2)® + k1 (3xv1 + v2 + 1v3)> + k3(3xv3 — [v1)?) dx (2.30)

L
+ / (p1v + p2v3 + p1vg) dx + v7l1Z,.
0
Now, a simple computation implies that, for any V = (vq, ..., v7)T € D(A),

1 L oo / 2
(AV, Vyy = 5/0 /(; g (0yv7)“ ds dx. (2.31)

Since g is non-increasing, we deduce from (2.31) that

(AV, V)y < 0. (2.32)

This implies that A is dissipative. Notice that, according to (2.24) and the fact that g is non-increasing, we see
that, for v € L»,

L p+o0
= f / g'vidsdx

0 JO
L p+oo
B f / gvi ds dx
0 0

2
< Blvi3,
< +00,

L p+oo
/ / g'vZds dx
0 Jo

IA
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so the integral in the right hand side of (2.31) is well defined.
Next, we follow the proof given in [11] to prove that /d — A is surjective, where /d is the identity operator.
Let F = (f1,..., f1)T € H. We seek the existence of V = (vy, ..., v7)7 € D(A), asolution of the equation

(Id — A)V = F. (2.33)

The first three equations in (2.33) take the form

vy =01 — f1,
Vs = vy — fa, (2.34)
v = V3 — f3.

Using (2.34), the last equation in (2.33) is equivalent to
v +vy =v+ fr1— fo. (2.35)
By integrating (2.35) and using the fact that v7(0) = 0 (from (2.11)), we get

v7(s) = (1 —e ") (12 — f2) + e_‘Y/O e’ f1(v)dr, (2.36)

We see that, from (2.34), if (vi, v2,v3) € HJ(10, L[) x (H] (]O,L[))z, then (v4, vs,v6) € H| (10, L[) x
(Hi (o, L[))Z. On the other hand, using Fubini theorem, Holder’s inequality and noting that f7 € L, we get

2

L +o00 K
/ / g(s) (e_“‘/ e’Bxf7(1')d1') ds dx
0 0 0
+o00 K s
gf e 2 g(s) (f e’ dt)/ e’ (0, f7(1))* dr ds dx
0 0 0

L +o00 s
/ / e (1 —e)g(s) / e” (3 f7(1))* dr ds dx
0 0 0

L +o00 K
/ / e *g(s) / e’ (0, f7(1))* dr ds dx
o Jo 0

L “+00 400
< / / " (0x f7(1))? / e "g(s)dsdrdx
0 0

T

L ptoo 400
< / / g ()0 (1)) / e dsdr dx
0 0 T

L +o00
< / / ¢()(0 f7(1))* de dx
0 0

2
<I£13,

< 400,

L p+oo s 2 L p+o0 s s
/ / g(s) (e,s/ efaxf7(r)dr> dsdxf/ / e X g(s) (/ e’ dr)/ e’ (9, f7(1))* dr ds dx
0 0 0 OL 0 0 0

—+00 K
5/ / e_s(l—e_s)g(S)/ e" (3 f7(1))* dr ds dx
OL 0 0

+oo K
< f e ¥ g(s) / e (3, f7(1))* dr ds dx
0 0 0

L +00 +00
< f / &% (35 f1(1))? / e~ g(s) ds dr dx
OL 0-Q—oo t +0o0
< / / €4 (1) (B, f1(0))? / e~ ds dr dx
0 0 T

L +00
< / f g(T)(3y fr(1))? dr dx
0 0

< 11£13,
< +o00,

IA

IA
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then
)
s efs/ e’ f7(r)dt € Lo,
0

and therefore, (2.36) implies that v; € L,. Moreover, dsv7 € Ly by (2.35). Therefore, to prove that (2.33)
admits a solution V € D(A), it is enough to show that

3,v7(-, 0) = dyv7(-, L) = 0 (2.37)

and (vy, va, v3) exists and satisfies the required regularity and boundary conditions in D(.A4), that is

(1, v2,v3) € (H>(10, LD N HY (10, LD) x HL (10, LD x (H*(10, LD N H}(10, LD)?,  (2.38)

+00
(kZ - gO) dxxv2 + / goxxv7ds € Li(]o’ L) (2.39)
0
and
0xv2(0) = 9,v3(0) = dxv2(L) = dxv3(L) = 0. (2.40)

Let us assume that (2.37)—(2.40) hold. Multiplying the fourth, fifth and sixth equations in (2.33) by p; 71,
20 and p1 U3, respectively, integrating their sum over ]0, L[, using the boundary conditions (2.37) and (2.40),
and inserting (2.34) and (2.36), we get that (v1, v2, v3) solves the variational problem

ar (@ vz, 097, @1, 52,397 ) = (1, 02, 59)7) (241)
for any (31, B2, 53)7 € HL (10, L) x (H1(10, LD)’, where

a ((Ul, v, v3)7, (0, Do, 53)T> (2.42)
L
= / (k1(0xv1 + v2 +1v3) (0,01 + V2 + [03) + k3(0,v3 — [v1) (0,03 — (V1)) dx
0

L
+/ (p1v1d1 + p2v2i2 + prv3ds + (ky — §°)cv20,02) dx,
0
+0o0
30 = / e Sg(s)ds and
0

L
ap ((01, 02, 03)7) = /0 (p1(f1 + fDv1 + p2(f2 + [5)02 + p1(f3 + f6)U3) dx
L
+(g" — 8% / 3 f20x 02 dx (2.43)

L +oc9 s
—/ (/ e_sg(s)/ e’y fr(7)dt ds) 0,0y dx.
0 0 0




Arab. J. Math. (2022) 11:155-178 165

We note that, as before, using again Fubini theorem, Holder’s inequality and the fact that f7 € L,,

L 400 s 2
/ (/ e_sg(s)/ efaxf7(t)drds> dx
0 0 0
L —+00 K 2
5/ (/ e*ﬁg(s)/ e’|axf7(r)|drds) dx
0 0 0
L +00 +o0 2
< [ ( / 713y f1(0)] / g(s)e‘fdsdr) dx
0 0 T

2

L +o00 +00
5/ (/ e’g(r)laxﬁ(r)l/ e_sdsdt> dx
0 0 T
L +o00 2
5/ (/ 8(T)|3xf7(f)|df> dx
0 0
L +oo +o0
5/ (/ 8(T)df> (/ g(0)(3x f7(0))? df) dx
0 0 0

0 2
< 113,

< 400,
2

L +o0 S 2 L +00 s
/ (/ C_Sg(S)/ e’Bxf7(t)drds> dx 5/ (/ e_sg(s)/ e’|8xf7(r)|drds> dx
0 \JO 0 o \Jo 0
L —+00 +00 2
/ ( / 7 [0, f5(0)] / g(s)e_sdsdr) ax
0 0+oo . . )
/ (/ etg(f)|3xf7(f)|/ e_sdsdr> dx
oL oo ©
5/0 (/0 g(f)|3xf7(f)|df> dx

L +00 +00
=< / ( / g(r)dr) ( / g(r)(am(r))zdr) dx
0 0 0

< &’ fll,
< 400,

IA

IA

which implies that
+o0 K}
x > / e_sg(s)/ eTdy fr(z)dtrds € L*(10, L[).
0 0

On the other hand, go < gO < ka (by (2.28)). Then, by virtue of (2.23) and (2.27), we have a; is a bilinear,
continuous and coercive form on

(Hg (0. LD x (H!(0, LD)") x (Hg (0, LD x (K} (0, LD)").

and a; is a linear and continuous form on HO1 (0, L) x (H*1 (o, L[))z. Consequently, using the Lax—Milgram
theorem, we deduce that (2.41) has a unique solution

(1, va, v3) € HL(10, LD) x (H1(10, LD)”.

Therefore, using classical elliptic regularity arguments, we conclude that the forth, fifth and sixth equations
in (2.33) are satisfied with (v, v, v3)7 satisfying (2.38) and (2.40), and, using (2.34) and (2.36), vy satisfies
(2.37) and (2.39). Thus, we deduce that (2.33) admits a unique solution V € D(A), and then Id — A is
surjective.

The operator —.A is then linear maximal monotone, and D(A) is dense in H. Finally, thanks to the Hille—
Yosida theorem (see [23]), we deduce from (2.32) and (2.33) that .4 generates a Cy-semigroup of contractions
in H. This gives the following well-posedness results of (2.6) (see [17,23]).
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Theorem 2.3 Assume that (H1) holds. For any n € N and U° € D(A"), (2.6) has a unique solution

Ue ﬁ crk (R+; D (A")) . (2.44)
k=0

3 Stability

In this section, we study the stability of (2.6), where the obtained two (uniform and weak) decay rates of
solution depend on the speeds of wave propagations (1.2) and the growth of g at infinity characterized by the
following additional hypothesis:

(H2) Assume that g(0) > 0 and there exists a non-increasing differentiable function & : Ry — R such
that

g'(s) < —£(s)g(s), Vs € Ry 3.1)
We start by considering the case where the speeds of wave propagations (1.2) satisfy (1.4).

Theorem 3.1 Assume that (H1), (H2) and (1.4) are satisfied such that

[ is small enough. (3.2)
Let U° € H be such that
L 2
& = constant or sup / (ng(x, s)) dx < +o0. (3.3)
S€R+ 0

Then, there exist constants o €10, 1] and oy > 0 such that, for all ag €]0, Bol, the solution of (2.6) satisfies

t
t —aO/ E(s)ds +o0
U @13 < e (1 +/ (g(s))' ™ dS) e 0 +a1/ g(s)ds, VieRy. (3.4)
0 t

When (1.4) does not hold, we prove the following weaker stability result for (2.6).
Theorem 3.2 Assume that (H1), (H2) and (3.2) are satisfied. Let U° € D(A) be such that

L 2
& = constant or sup max/ (8!.‘172(x,s)> dx < +o0 3.5
seR, k=0.1Jo
and
S1 = 3. 3.6)

Then, there exists a positive constant oy such that

t +00
o] (l—l-/ E(s)/ g(r)dtds)
0 s
/té(s) ds
0

Remark 3.3 1. If (3.1) holds with & = constant, then (3.4) and (3.7) give, respectively, for some positive
constants dy and d»,

U3, <

., Vt>0. 3.7)

U@ 5, < die™, VieRy (3.8)
and
dy
T
Therefore, this particular case includes the results of [6]. The estimates (3.8) and (3.9) give the best decay
rates which can be obtained from (3.4) and (3.7), respectively.

U3, < —, Vvt >0. (3.9)
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2. When & = constant, condition (3.1) implies that g converges exponentially to zero at infinity. However,
when £ # constant, condition (3.1) allows s — g(s) to have a decay rate arbitrarily close to % at infinity,
which represents the critical limit, since g is integrable on R ;. To illustrate our general stability estimates,
we give here some particular examples of g satisfying (3.1), and show the specific corresponding decay
rates given by (3.4) and (3.7).

(i) Let g(r) = de= 1" with 0 < ¢ < 1 and d > 0 (g converges to zero at infinity faster than any
polynomial). Then, (3.1) holds with £(t) = ¢(1 + 1)?~!, and consequently, (3.4) and (3.7) give,
respectively, for two positive constants ¢ and ¢,

E(t) <cie U v e R,
and
E@) <c(1+1)79, VteRy.

(i) Letg(t) =d(1+¢t)~9 withqg > 1 andd > 0 (g has at most a polynomial decay at infinity). Assumption
(3.1)holds with £(r) = g(1+1)~!, and consequently, (3.4) and (3.7) give, respectively, for two positive
constants ¢; and ¢p,

Et) <ci(1+1)7?, VieRy
and
E@) <ci(In(1+1)~", Vi>0.

To prove (3.4) and (3.7), we will consider suitable multipliers and construct appropriate Lyapunov func-
tionals satisfying some differential inequalities, for any U? € D(A) and t € R, ; so all the calculations are
justified. By integrating these differential inequalities, we get (3.4) and (3.7), for any U° € D(A). By simple
density arguments (D(.A) is dense in H), (3.4) remains valid, for any U OcH.

We will use ¢, throughout the rest of this paper, to denote a generic positive constant which depends
continuously on the initial data U° and the fixed parameters in (1.1), (2.22) and (2.26), and can be different
from step to step. When ¢ depends on some new constants yg, yz, .. ., introduced in the proof, the constant ¢
is noted cy,, Cy;,yys - - -

Let us consider the energy functional E associated to (2.6) defined by

1
E(t) = EIIU(t)II%- (3.10)
From (2.6) and (2.31), we see that
1 L “+o00
E;(r)z—/ / ¢'n? ds dx. (3.11)
2Jo Jo

Recalling that g is non-increasing, (3.11) implies that E is non-increasing, and consequently, (2.6) is dissipative.

4 Proof of uniform decay (3.4)

First, we consider the following functional:

L +o00
(1) = —Pz/ 1/;,/ g(s)ndsdx. 4.1)
0 0
Lemma 4.1 For any 6y > 0, there exists cs, > 0 such that
L L
'ty < —p2 (° — d) / i dx + 8 / (V7 + (ox + ¥ +1w)?) dx
0 0

L ol “4.2)
+cs, /0 /0 (8(s) — g'(9) n?ds dx.
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Proof First, we note that

+0o0 t
8:/0 g(s)nds = 3:/ gt =s)(Y(t) —¥(s)ds
= / gt =)W —Y(s)ds + (/ gt — S)dS> Vi

that is

+o0 +00
3:/0 g(s)nds =/O g ()nds + gy (4.3)

Second, using Young’s and Holder’s inequalities, we get the following inequality: for all A > 0, there exists
¢, > 0 such that, for any v € L?()0, L[) and 7 € {n, dcn},

+00 L +o00
v g(s)ndsdx| < xf v2 dx —i—q/ f g(s)7* ds dx. (4.4)
0 0 0 0

Similarly,

+00 L +00
v g (Hfdsdx| <A / v2dx — ¢y, / / ¢ ($)7% ds dx. 4.5)
0 0 0 0

Now, direct computations, using the first equation in (1.1), integrating by parts and using the boundary condi-
tions and (4.3), yield

2

L +o0
I'(t) = —p;g / W; dx +f (/ g(s)nx ds) dx
+ (kg — g° / %/ g(s)ny ds dx

+o00
" / (@x + ¥ + Iw) / g(s)ndsdx
OL “+00 0
—pz/O llfz/O g'(s)ndsdx.

Using (4.4) and (4.5) for the last three terms of this equality, Poincaré’s inequality (2.22) for 1, and Holder’s
inequality to estimate

2

+00
(/ 8(s)dxn dS) ;
0

we get (4.2). O

Lemma 4.2 Let

L
J(t)=pz/ (ox + ¥ +lw)y, dx + 2p1/ Yy dx
0

L ptoo (4.6)
i_ll/ ‘/’t/ g(s)Yy(t —s)ds dx.
0 0
Then, for any d¢, €o, €1, €2 > 0, there exist cs,, ce, > 0 such that
k lkokser  lksgPe
J’(t)s—Iq/ (pr + ¥ + 1w dx + (8o + =t + 3862 / (wy — lg)? dx
0 o f 2k
k lkoks  lkag
+50/0 g7 dx + <2k161 + 2k1€2>/ yidx +/ (ca¥f + €ow?) dx (4.7)
+<k2m _ / Y@ dx+ca0/ / (g(s) — (S))”x ds dux.




Arab. J. Math. (2022) 11:155-178 169

Proof First, notice that

400 t
Sz/O 8@ Yx(r —s)ds = 3:/ gt —s)Yu(s)ds
—c0 .

=80y« (n) +/ g'(t —5)Yx(s)ds

+00 B 400
= —/0 g ()Y (t)ds +/0 g ()Yt — s)ds;
that is
+00 +00
31/0 gy (t —s)ds = —/O g (s)ny ds. (4.8)

Now, by exploiting the first two equations in (1.1), integrating by parts, using (4.8) and the boundary conditions,
we get

L k2
J'(6) = —ki / (0r + ¥ + lw)? dx + (k—p‘ - pz) / Vg dx + p2 / ¥ dx
0

L lks
+pzl/ Yrw, dx + . (ko — g’ / (wy —lp)Px dx
AR, / : ks [L oo
+£_;/ (pt/ g (s)nydsdx + _/ (wy — l‘ﬂ)/ g(s)ny dsdx.
0 0 ki Jo 0

By applying (4.4), (4.5) and Young’s inequality for the last four terms of the above equality, we deduce (4.7).

O
Lemma 4.3 Let
L
0
K@) =—pi / (@ + ¥ + lw)w, dx — 2 f (wy — lp)g, dx. (4.9)
0
Then, for any €y > 0, there exists c¢, > 0 such that
L 2 L L
K'(t) < Ik / (ox + ¥ + lw)?dx — —= f (wy — lg)? dx —i—cé()/ W2 dx

ki 0 (4.10)

! lpiks o2 k3 g
+ 2+ (=lp1 + eo)w? ) dx + py -1 Wy @xr dx.
o \ ki ky 0

Proof Using the first and third equations in (1.1), integrating by parts, recalling (4.8) and using the boundary
conditions, we find

k L
K(t)—lklf (g0x+1//+lw) dx— f (wx—lgo) dx + p1 (k2 1)/ Oyt wy dx
1 0

L lk L
—1,01/ wt dx + 301 / go,zdx —,olf Yrwy dx.
0 ki Jo 0

1

By applying Young’s inequality for the last four term of the above equality, we obtain (4.10). O
Lemma 4.4 Let

L x
P(t) = —mk3/ (wy —lw)/ w (y, 1) dydx
OL N 0 “4.11)
_plklfo %/0 (ox + ¥ +1lw)(y, t)dy dx.

Then, for any €y, 61 > 0, there exists c¢, > 0 such that
L L L
P'(t) < k%/ (9r + ¥ +lw)? dx — k%/ (wy — lp)*dx + cq,/ W2 dx
0 0 0

L ~ L
B Gollks — k
+<—p1k1+eo+w)/ o2 dx + py <k3+%>/ w? dx.
0 1 0
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Proof By exploiting the first and third equations in (1.1), integrating by parts and using (2.20) and the boundary
conditions, we get

L L L
P/(t)z—plkg/ w%dx+p1k1f <p3dx—k%/ (px + ¥ + lw)* dx
40 o LYo (4.13)
+k§/ (wy —lqo)zdx+p1/ @t/ (k1 (v, 1) + 1(ky — k3)w, (y, 1)) dy dx.
0 0 0

Noting that the functions

X X
x'—>f Y (y,t)dy and xr—>f w(y, t)dy
0 0

vanish at 0 and L (because of (2.20)), then, applying (2.26), we have

L X 2 L
/ (/ Vi (v, 1) dy) dx < 50/ W2 dx (4.14)
0 0 0
L X 2 L
/ (/ wi(y, 1) dy> dx < 50/ w,2 dx. 4.15)
0 0 0

By applying Young’s inequality for the last term in (4.13), and recalling (4.14) and (4.15), we con-
clude (4.12). |

and

Lemma 4.5 Let

L
R(t) = —/O (p199: + P2 + prww;) dx. (4.16)

Then, for any 8o > 0, there exists c5, > 0 such that
L
R'(t) < / (k2 + 80 — &%) V2 + ki gy + ¥ +[w)* + kz(wy — [9)?) dx
0

; . 4.17)
— / (P17 + P2 + prw;) dx + cs, / / g(s)n; ds dx.
0 0 0

Proof By exploiting the first three equations in (1.1), integrating by parts and using the boundary conditions,
we find

L
R'(t) = / ((k2 — &%) W2 + ki (ox + ¥ + [w)* + k3(wy — [9)?) dx
0

L L +o00
—/ (mw? + oY + p1w,2) dx + / Yx / g(s)ny dsdx.
0 0 0

By applying (4.4) for the last term in this equality, we arrive at (4.17). O

Lemma 4.6 Let

L X
D(1) = —pzfo Wx/(; Vi (y, 1) dydx. (4.18)

Then, for any 8y, 6 > 0, there exists cs, > 0 such that

L k L
D'(1) < pzf 7 dx + <§+g°+ao—kz)/ Yy dx
o 2 Jo (4.19)
+C°T”/ (cpx-l-w—i-lw)zdx—i-c,sof / g(s)n? ds dx.
0 0o Jo
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Proof By exploiting the second equation in (1.1), integrating by parts and using the boundary conditions, we
find

400
D(t)—pzf yrdx + (8% — ko / U dx—/ wx/ g(s)ny dsdx
(4.20)
+k1/ 1//x/ (ox(y, ) + ¥ (v, 1) +lw(y, 1)) dydx.

Noting that the function

x'—>/0 (ox (., ) + ¥y, 1) +1lw(y, 1)) dy

vanishes at 0 and L (because of (2.20)), then, applying (2.26), we have

L x 2 L
/ (/ (<Px(y,f)+¢f(y,f)+lw(y,f))d)’) dx 550/ (ox + ¥ + lw)? dx. (4.21)
0 0 0

Then, application of Young’s inequality and (4.4) for the last two terms in (4.20), and use of (4.21) yield (4.19).
O

Let N, Ny, N, N3, N4, Ns > 0 and
F:=NE+ NI+ NP+ N3K 4+ NysR+ NsD + J. 4.22)
Then, by combining (4.2), (4.7), (4.10), (4.12), (4.17) and (4.19), we obtain

L
F'(r) < / (1o} + Ly} + Bw} + Lyl +Is(wy — 1p)* + l(x + ¥ + [w)?) dx

0 —+00

+NE'(1) +CN|,N4,N5,80/0 /0 (g(s) — g'(s)) ny ds dx
L
+80CN,, No, N5 f (Vi + (or + ¥ +1w)* + (wy —lp)* + ¢f + ¥7) dx (4.23)
k k L
+ (i—fl - / Vxr@r dx + N3py (H - 1) / Wi @xr dx
0
+€0CN,, N / (‘pz + wt) dx + cny N, 60/ wt dx,
0

where

lp1lks — k1|81 N2 n lp1k3 N3

I} = —p1k1N» — p1N. )
1 P1kiN2 — p1 N4 + ) I

L = —p28° N1 — p2Na + p2Ns,

lcolks — kil
I3 = —lp1N3 — p1 N4+ p1 <k3 + BT N>,

I P N+kN+lkk3+°N Ny 4 ke
4= 2= 55, ) Vs HkeNa+ 2 g 5 e

lk2N3 lk2k361 lk3g062
32 4 k3Ng + %

Cok182 N5

Is = —k3

le = —k +k%N2 4+ lky N3 + k1 Ng +

Using (2.23), (2.30), (3.10) and (3.11), we get from (4.23) that

L
F'(t) < f (h@? + Ly} + Bw? + a2 +Is(wy — 19)* + lo(px + ¥ + [w)?) dx (4.24)
0
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+00
+806N1,N4 NSE(t)+(N_CN1 N4, Ns, So)E/(t)+CN1,N4,N5,50/ / g(S)ﬁ)zgdex
0 JO

k k ‘
+ (i—f‘ - / Yy dx + N3pg <k1 1)/ Wy @y dx
0

+ eoch,N3/ (got + w,) dx + ey, N, 60/ Y2 dx.
0

At this point, we choose carefully the constants N, N;, §; and ¢; to get suitable values of /;.
First, let us take

k k k
N3 =6 =1, 81:—3 &y = 3 by = !

9 N 0 T > N:kN, N=4kN;
P 240 g0 M=kl N 3N2

thus, the /;’s take the forms

= —pi (ks + k)N +lpy (B350, + ),
Iy = —p2(g° Ny — 3k3N2),

Iy = —lpy (1 - 2l

ls = —(k2 — gDk N2 + = (% + (g0)2> :
Is=—15 <,

le = —ki (1 - (kl + ks + %) Nz) + Iky.

Now, we choose N, > 0 so small that

2¢ok1k3
ky — g°

1 —colky — k3|N> > 0, 1—<k1—|—k3+ >N2>0

then, take g9 = mlm, so that we have
2:1¥3

Ih =11+ gocny Ny = —pi (ki + k) N2 + Ipy (% + Wkl + 1,2—?) :

1:2 =l + ¢Ny N3 g0
I3 =13+ eocnyny = =B (1 = Golkt — k3| N2) < 0.

Next, we recall (3.2) to select / > 0 small enough such that
[} <0, 14 <0, Is<O0.
After that, we pick N1 > 0 very large so that I < 0. Then, we find that

[:=2 { A A A 11} 0
= 2max { —I/1, —Ip, 3, 74, 7—ls, Tl <
oL P et ke k3T kg

and, using (2.30) and (3.10),

L

/ (11<p3 + h? + Bw? + L2 + Is(wy — 19)* + lo(px + ¥ + lw)z) dx + Socn, Na.ns E(1)

’ i (" 2 2 2 2 2 2

< %/ (197 + p2W7 + prw; + katry + ka(wx — l9)” + ki (ox + ¥ + [w)”) dx + Socny, Ny N5 E (1)
0 4.25)

IA

+o0
(d+ S0y, Ny, Ns)E (1) + lg / Iﬁ dx — —/ / g(s)nx ds dx

+o0o
< (I + 8ocn, Ng.Ns) E (1) — / / g(s)n% ds dx.
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Finally, we take 8o > O small enough so that

[+ 80CN1,N2,N5 < 0.

Consequently, we obtain from (4.24) and (4.25), for some positive constants c, ¢y,

L +o00
F'(t) < —C1E(t) + (N — o) E' (1) +c/ f g(s)n% ds dx

. L 0 Jo ks L (4.26)
+ (?{_lpl - :02)/ Yxr@r dx + N3p) (k_ - 1) / Wy Pxr dx.
0 1 0
Now, we estimate the integral of gn)zc in (4.26).
Case £ = constant. From (3.1), we have
L +o00 L 400
£() f / g(s)my ds dx = / f Eg(s)ny ds dx
o Jo o Jo
L +o00
< —/ / g'(s)n; ds dx,
0 0
then, using (3.11), we find
L +o00
£(1) / / g(s)n?dsdx < —2E'(1). (4.27)
0o Jo

Case £ # constant. Following the arguments of [12] and [13], and using (3.1) and the fact that & is

non-increasing, we get
L t 5 L t 5
£(1) / / g($)n? ds dx < / / E()g(s)? ds dx
0 0 0 0 ;

T
< —/ [ g’(s)r])%dsdx,
0 0

then, recalling (3.11), we obtain

L t
£(1) / / g(s)n?dsdx < —2E'(1). (4.28)
0 0

On the other hand, the definition of E, (2.23) and the fact that E is non-increasing imply that

L
/ Y2 (x, 1) dx < cE(0).
0
Therefore,
L ) L )
/ ’7de=/ (ng(x’s_t)‘i‘lﬂx(x,t)_wx(xso)) dx
0 0 L . )
<c <E(0) + SUp;eg, / (ny(x.5)) dx) .
0
Then, using the boundedness condition on n° in (3.3), we deduce that

L ptoo +o0
S(f)/ / g(s); ds dx < CE(l)/ g(s)ds. (4.29)
0 Jr t

Hence, by combining (4.28) and (4.29), we find

L +o00 +00
E(t) / / g(s)ntdsdx < —2E'(t) + c&(1) / g(s)ds. (4.30)
0 0 t
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Finally, multiplying (4.26) by &£ (¢) and combining with (4.27) and (4.30), we get for the two previous cases,
for some ¢; > 0,

+o00
EWVF'(1) < —C1EME(1) + cé(t)/ g(s)ds + (N — )61 E (1) — &E' (1)

14 k L
+ (l?c_fl - Pz) é(t)/o Vet dx + N3pg (i - 1) E(t)/o Wi pxr dx.

On the other hand, from (2.23), (2.30) and (3.10), we deduce that there exists a positive constant y
(independent of N) satisfying

(4.31)

IN1I 4+ NP+ N3K + NsR+ NsD+ J| <vyE,
which, combined with (4.22), implies that
(N—-YP)E<F<(N+ypZE. (4.32)
Choosing N so that
N>c and N >y,
noting that E” < 0 and using (4.31) and (4.32), we deduce that F ~ E and

F'(t) < —E1EM)E(t) 4 ch(t) + & (1) F (1)

L k L (4.33)
+ (k%{_f] - :02) é(t)/ Yxr@r dx + N3p1 (ﬁ - 1) ‘5(1)/ Wy Pxr dox,
0 0
where
- +00
F=¢F+cE and h(t) = é(t)/ g(s)ds.
1
From (4.32) and the relation 0 < £(t) F () < £(0) F (¢), we see that
&HE < F < (& +&0)(N +y)E. (4.34)
Therefore, (4.33) implies that, for any «g €]0, Bo[, where Sy = min {1, m],
F'(t) < —aof () F (1) + ch(t)
L k3 L (4.35)
(52 - ) €0 [ g x4 N (E - 1) £0) [ wigwar,
0 0
Since the last two terms in (4.35) vanish (thanks to (1.4)), then (4.35) implies that
t t
/ £(s)ds _ / £(s) ds
o le JO Fi)| <ce JO h(t).
Therefore, by integrating over [0, T] with T > 0, we get
T '
) *ao/ £(s)ds [ r ao/ (s) ds
F(T)<e 0 F(O)+c/ e JO h(t)de |,
0
which implies, according to (4.34), that
T !
—ao/ E(s)ds T a()/ E(s)ds
E(T) < ce 0 1—1—/ e Jo h(t)dr | . (4.36)
0

; = @ Springer
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Since

! t
ozo/ E(s)ds 1 ot()/ E(s)ds +o0
e JO h(t) = a—at e JO / g(s)ds,
0

t

then, by integration by parts, we obtain

t
T ao/ E(s)ds
/e 0 h(t)dt
0

T !
1 oz()/ E(s)ds p+o0 +o0 T oz()/ E(s)ds
=—1]e JO / g(s)ds—/ g(s)ds+/ e JO g(r)dt
T 0 0

(&00]

Consequently, combining with (4.36), we arrive at

T
—ao/ E(s)ds +o0
E(T)<c|e 0 +/ g(s)ds

T
4.37)
T t
o [ €08 (1w [ s6)ds
+ce 0 / e JO g(t)dr.
0
On the other hand, (3.1) implies that
t t
ao/ E(s)ds | ) aO/ E(s)ds
o e YO (@)™ | = ao(g@)™  (E()g) +g'(t))e JO <0,
and, hence,
t
a()/ E(s)ds
e J0 (g(1))™ < (g(0)*.
Therefore,
t
T ao/ E(s)ds T
/ e V0 g(t)dti(g(o))“‘)/ (g())! ™ dt. (4.38)
0 0

Finally, (3.10) and (4.38) give (3.4).

5 Proof of weak decay (3.7)

In this section, we treat the case when (1.4) does not hold but (3.6) holds. In this case, the last term in (4.35)
vanishes. Therefore, we need to estimate

k L
(i—p‘ - pz) £(1) / Vergr dx
1 0

; = @ Springer
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using the following system resulting from differentiating (1.1) with respect to time ¢:

P11t — k1(@xr + Y +1w)x — lkz(wy, — o) =0,

+00

02V — koWrexr + ki(@x + ¥ +1wy) + / 8(S) Yyt (x,t —s5)ds =0, (5.1

0
P1Wer — k3(Wxr — l@p)x + Lk (@xr + Y +1wy) =0,
©(0,1) = Yy (0, 1) = wyr (0,8) = @ (L, 1) = Yar (L, 1) = wye (L, 1) = 0.

System (5.1) is well posed for initial data U° € D(A) thanks to Theorem 2.3, where U; € C(R,; H). Let
U® € D(A) and E be the energy of (5.1) defined by

. 1
E(t) = 5||Ut<t>||%. (5.2)
Similarly to (3.11), we have
5 1 L —+00
E'(t)= = / / g2 dsdx <0; (5.3)
2Jo Jo

so E is non-increasing. We use an idea introduced in [9] to get the following lemma.

Lemma 5.1 For any € > 0, there exists cc > 0 such that

k
'(i_p] - ,02)/ Yrr@r dx

Proof We have, by the definition of n,

+00
< ce / / g(s)nxt dsdx + €E(t) — ccE'(1). 5.4

k L kap +00
(i_lpl - ,02) Vxpr dx = Lo k_ / ‘Pt/ g(s)ny; ds dx
0 (5.5)
(8 -n) [ wt/ 8 (t — 5)ds dx.
0
Using (4.4) and (3.10), we get, for all € > 0,
& +00
gl ( 2= / w:/ g(s)ny dsdx| < SE(1)
L ptoo (5.6)
ce/ / g(s)n)zc[ dsdx.
o Jo
On the other hand, by integrating with respect to s and using the definition of 7, we obtain
L “+0o0 +o0
/ w:/ 8Py (t —s)dsdx = / w:/ 8(s)0s(Yx(r —s5)) ds dx
0 0 oo
=/ (g(O)dfx(t) +f g ()Y t—S)dS> dx
+00
= / %f g'(s)ny ds dx.
Therefore, using (4.5) and (3.11),
1 k2p1 L +0o0 €
) <—— - pz)/ wz/ )Yy (t —s)dsdx| < ZE(t) — ccE'(1). (5.7
g ki 0 0 2

Inserting (5.6) and (5.7) into (5.5), we obtain (5.4). O
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Now, using (3.6), combining (4.35) and (5.4), and choosing € small enough, we find

F'(t) < —cE(t)E(t) 4 ch(t) — cE()E' (1)
L p+oo 5 (5.8)
+c§(t)/ / 8(5)’7x; ds dx.
0 0

On the other hand, using the boundedness condition on 170 in (3.5), we have (as for (4.27) and (4.30))

L +00 ~
£(1) / / g(s)n?, dsdx < —cE'(t) + ch(t). (5.9)
0 0
Hence, combining (5.8) and (5.9), we have

(F(r) +cE@) + cé’(t)E(t))l < —cE)E(1) + ch(1), (5.10)

since & is non-increasing. Therefore, by integrating on [0, 7'] and using the fact E is non-increasing, we get

T T
cE(T)/ E(t)dr < ﬁ(0)+cE(0)+cg(0)E(0)+c/ h(r)dt,
0 0

which gives (3.7), since (3.10).
Comments.

1. This work generalizes the results of [6] and allows a wider class of relaxation functions.
2. Note that when w = [ = 0, we obtain the Timoshenko system and our results reduce to those of [12].
3. It would be very interesting to obtain these general decay results without conditions (3.2) and (3.3).
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