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Abstract Black holes represent outstanding astrophysical laboratories to test the strong gravity regime, since
alternative theories of gravity may predict black hole solutions whose properties may differ distinctly from
those of general relativity. When higher curvature terms are included in the gravitational action as, for instance,
in the form of the Gauss–Bonnet term coupled to a scalar field, scalarized black holes result. Here we discuss
several types of scalarized black holes and some of their properties.
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1 Introduction

The existence of black holes in the Universe, following gravitational collapse, is a genuine prediction of general
relativity (GR) [61]. However, in GR their properties are highly constrained, when one assumes the standard
model of particle physics for the allowed matter fields and considers astrophysically relevant black holes. The
expectation of astrophysical black holes being (basically) uncharged, then leads to the conclusion that they are
(in good approximation) all described by the Kerr family of rotating black holes, i.e., asymptotically flat black
hole solutions of the vacuum Einstein equations.

Kerr black holes are uniquely characterized by their mass and their angular momentum (see, e.g. [21]) and
thus they carry no hair. All their multipole moments are given in terms of these two quantities. Also, Kerr
black holes are subject to a bound on their angular momentum, which is reached in the extremal limit. Beyond
this bound only naked singularities reside. The no-hair hypothesis that astrophysical black holes are indeed
described by the family of Kerr black holes is tested in current and future observations [19].

So far all observations are in agreement with the Kerr hypothesis, be it the motion of stars around the
supermassive black hole at the center of the Milky Way (2020 Nobel Prize), the observation of gravitational
waves from black hole mergers (2017 Nobel Prize) or the observation of the shadow of the supermassive
black hole at the center of M87 (EHT collaboration). However, it is expected that GR will be superseded by
a new gravitational theory, that will include quantum mechanics, and that might as well explain (part of) the
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cosmological dark components, dark matter and dark energy. Overviews of alternative theories of gravity are
found, for instance, in [11,34,64,73].

A particularly attractive type of alternative theories of gravity are theories that contain higher curvature
terms in the form of the Gauss–Bonnet invariant, as they arise, for instance, in string theories [36,54,79]. Since
in four dimensions the Gauss–Bonnet term corresponds to a topological term, that does not contribute to the
field equations, this term has to be coupled to another field in order to make its presence count. In string theory
this field is a scalar field, a so-called dilaton, that arises with a specific exponential coupling function to the
Gauss–Bonnet term in the low energy limit of string theory. We will refer to these theoretically well motivated
theories in the following as Einstein–dilaton–Gauss–Bonnet (EdGB) theories. EdGB theories do not allow
for GR black hole solutions. Instead all EdGB black hole solutions carry dilatonic hair [4,5,14,15,23,37,43–
46,50,53,59,60,71,76,78].

In recent years, other interesting coupling functions for the scalar field have been suggested [1,2,27,66,
68,69]. In the following we will call such theories simply Einstein–scalar–Gauss–Bonnet (EsGB) theories.
Like the EdGB theories, the EsGB theories possess the attractive features that they give rise to second order
equations of motion, and do not possess Ostrogradsky instabilities and ghosts [20,42,47].

By allowing for more general coupling functions of the scalar field a new interesting phenomenon was
observed: curvature induced spontaneous scalarization of black holes [1–3,6–8,13,16–18,22,24,27,29,30,40,
52,55–57,66,67]. In that case an appropriate choice of coupling function allows the GR black holes to remain
solutions of the EsGB equations, while, at critical values of the coupling, GR black holes develop a tachyonic
instability where new branches of spontaneously scalarized black holes arise. Moreover, in the case of rotation,
there can exist two types of spontaneously scalarized black holes. Those, that arise simply from the static black
holes in the limit of slow rotation, and those that arise only for fast rotation and are termed spin induced
spontaneously scalarized black holes [12,26,31,32,39,41,77].

This paper is organized as follows: In Sect. 2 we briefly recall some properties of black holes in GR. We
discuss black holes in EdGB theories in Sect. 3 and black holes in EsGB theories in Sect. 4. In both cases we
will address first the static and then the rotating black holes, where in the EsGB case we then differentiate
between those, that emerge continuously from the static limit, and the spin induced ones. We end in Sect. 5
with our conclusions.

2 Black holes in general relativity

Since our aim is to address deviations of the properties of black holes in certain alternative theories of gravity
from the properties of black holes in GR, we will start with a brief recap of some basic properties of black
holes that arise as solutions of the Einstein field equations in vacuum

Gμν = Rμν − 1

2
R gμν = 0, (1)

with Einstein tensor Gμν , Ricci tensor Rμν , curvature scalar R and metric tensor gμν .
The asymptotically flat, static, spherically symmetric black hole solutions of these vacuum field equations

are the Schwarzschild black holes. The corresponding set of rotating black holes is the family of Kerr black
holes. For these vacuum black holes there is the well-known no-hair theorem [21], stating that a Kerr black
hole is uniquely characterized in terms of only two global parameters: the mass M and the angular momentum
J . For the static Schwarzschild black hole the angular momentum vanishes, so the mass is the only parameter.

Moreover, all the multipole moments of Kerr black holes are given in terms of these two quantities, the
mass M and the angular momentum J [35,38,70]

Ml + i Sl = M

(
i
J

M

)l

, (2)

with mass M0 = M , and angular momentum S1 = J , and multipole number l. The quadrupole moment Q is
then given by M2 = Q = − J 2

M .
Kerr black holes are subject to a bound on their angular momentum,

j = J

M2 ≤ 1, (3)
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the so-called Kerr bound, reached in the extremal limit, when the two horizons of the Kerr black holes coincide.
Solutions beyond the Kerr bound represent naked singularities. The Kerr black holes have been analyzed in
many further respects. Their shadow, for instance, was obtained first by Bardeen [9] and recently revisited
numerous times, because of its significance for the EHT observations.

3 Black holes in Einstein–dilaton–Gauss–Bonnet theories

We now turn to black holes in EdGB theories, providing first the theoretical settings, and presenting then the
static and rotating solutions and some of their properties.

3.1 Theoretical settings

The effective action for EdGB and EsGB theories reads

S = 1

16π

∫
d4x

√−g

[
R − 1

2
∂μφ ∂μφ −U (φ) + F(φ)R2

GB

]
, (4)

where R is the curvature scalar, φ is the scalar field, F(φ) is the coupling function, and U (φ) is the potential,
and

R2
GB = Rμνρσ R

μνρσ − 4RμνR
μν + R2 (5)

is the Gauss–Bonnet term.
Variation of the action with respect to the metric and the scalar field leads to the Einstein equations and to

the scalar field equation, respectively,

Gμν = Tμν, (6)

∇μ∇μφ + Ḟ(φ)R2
GB − U̇ (φ) = 0, (7)

where the dot denotes the derivative with respect to the scalar field φ. The stress–energy tensor in the gravita-
tional field equation is an effective one, since it contains not only the usual contributions from the scalar field,
but also contributions from the Gauss–Bonnet term. It is given by the expression

Tμν = −1

4
gμν

(
∂ρφ∂ρφ + 2U (φ)

) + 1

2
∂μφ∂νφ − 1

2

(
gρμgλν + gλμgρν

)
ηκλαβ R̃ργ

αβ ∇γ ∂κF(φ), (8)

where R̃ργ
αβ = ηργστ Rσταβ and ηργστ = εργ στ /

√−g. As mentioned above, this resulting set of coupled field
equations is of second order. Also note, that in four spacetime dimensions the coupling of the Gauss–Bonnet
term to another field is really needed in order to allow for solutions that differ from those of GR.

Since in this section we will discuss dilatonic black holes, we now specify the coupling function to the
dilatonic coupling function

F(φ) = α

4
e−γφ, (9)

where α is the Gauss–Bonnet coupling constant, and γ is the dilaton coupling constant with string theory value
γ = 1. For this coupling function Ḟ(φ) �= 0 unless φ → ∞. Therefore the dilaton field equation (7) does not
allow a constant value of φ as a solution, if the Gauss–Bonnet term is non-vanishing, as it would be the case
for a Schwarzschild black hole. Consequently, the Schwarzschild black hole cannot be a solution of EdGB
theory, and neither can the Kerr black hole: all EdGB black hole solutions necessarily carry dilaton hair.
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Fig. 1 Static spherically symmetric EdGB black holes (γ = 1): scaled horizon radius rH/
√

α vs scaled mass M/
√

α. For
comparison the Schwarzschild solutions are also shown

3.2 Dilatonic black holes

Static, spherically symmetric black hole solutions of EdGB theory were first obtained by Kanti et al. [43].
Because of symmetry one can choose the ansatz

ds2 = −e2�(r)dt2 + e2�(r)dr2 + r2(dθ2 + sin2 θdϕ2) (10)

for the metric, with two metric functions �(r) and �(r), that depend only on the radial coordinate, like the
dilaton function φ(r). While the EdGB black hole solutions have not been found in closed form, numerical
integration has yielded their domain of existence and their properties [43].

We show in Fig. 1 the scaled horizon radius versus the scaled mass and compare with the Schwarzschild
black hole.

Clearly, for large masses, the EdGB black holes approach the Schwarzschild black holes, whereas for small
masses the deviation from the Schwarzschild black holes becomes large. Surprisingly, one finds a minimal
value of the mass for these EdGB black holes. The reason can be found in the expansion of the functions at
the horizon. Here a square root appears

√
1 − 6

α2

r4
H

e2γφH , (11)

whose radicand vanishes at the minimal value of the mass. We will refer to such solutions as critical solutions.
Depending on the value of the dilaton coupling constant γ , a tiny second branch may exist, where the mass
increases again slightly until the horizon becomes singular [37,71].

The static EdGB black holes can be generalized to include rotation, either perturbatively or by non-
perturbative numerical calculations [4,5,44–46,53,59,60]. The non-perturbative solutions can for instance be
obtained with the stationary axially symmetric line element [44–46]

ds2 = − f dt2 + m

f

(
dr2 + r2dθ2) + l

f
r2 sin2 θ

(
dϕ − ω

r
dt

)2
, (12)

with quasi-isotropic radial coordinate r . The metric functions f , m, l and ω depend on r and θ only, and the
scalar field is also a function of r and θ only, φ = φ(r, θ).

We present the domain of existence of these rotating EdGB black holes in Fig. 2. In Fig. 2a the scaled
horizon area AH/16πr2

H is shown versus the scaled angular momentum J/M2. For a fixed value of the
coupling constant, black holes exist in the shaded region. The boundary of this region consists of the static
black holes (left vertical boundary), the Kerr black holes (mostly upper boundary) and the critical black holes
(mostly lower boundary). Very close to the Kerr bound J/M2 = 1 these two boundaries cross and interchange.
The last boundary is only seen in the inset in the figure, and shows the extremal black holes, which are not
regular, however, in the EdGB case. Clearly, in a small part of the domain of existence the Kerr bound is slightly
exceeded by almost extremal EdGB black holes. The curves inside the plot represent curves of constant horizon
angular velocity.

Figure 2b shows the entropy of these black holes. In GR black holes possess an entropy that is simply a
quarter of the event horizon area. However, in the presence of a Gauss–Bonnet term, coupled to a scalar field,
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Fig. 2 Rotating EdGB black holes (γ = 1): a scaled horizon area aH = AH/16πr2
H vs scaled angular momentum J/M2; b

scaled entropy s = S/16πr2
H vs scaled angular momentum J/M2

the entropy of the EdGB black holes acquires an extra contribution [72]. Then the total entropy can be written
in Wald’s form as an integral over the event horizon

S = 1

4

∫
�H

d2x
√
h

(
1 + 1

2
αe−γφ R̃

)
, (13)

where h is the determinant of the induced metric on a spatial cross section of the horizon and R̃ is the event
horizon curvature. The figure shows, that the dilatonic black holes have larger entropy than the Kerr black
holes, while they have smaller horizon area.

Considering further properties of the rotating EdGB black holes we note, that they can possess much larger
quadrupole moments than Kerr black holes, and their ISCOs and orbital frequencies can deviate appreciably
from the respective Kerr values, as well. Since their horizon area is smaller than for Kerr black holes, one might
also expect considerable deviations for their shadow as compared to the Kerr black hole shadow. However,
these deviations turn out to be rather small [23]. Also the X-ray reflection spectrum of accreting EdGB black
holes shows only small deviations from the Kerr case [76].

3.3 Linear mode analysis: quasi-normal modes

To investigate stability of black holes under small perturbations, a linear mode analysis can be performed.
Here we will directly address the formalism for quasi-normal modes. Since in gravity small perturbations
will typically lead to the emission of gravitational waves the frequencies that are found in perturbation theory
also contain an imaginary part, which explains the terminology. From an observational point of view, such
quasi-normal modes will appear in the ringdown spectra of black holes after merger. This makes their study
most relevant in connection with current and future gravitational wave observations.

While we refrain from a full derivation of these quasi-normal modes and refer to the literature [10,48,49,
58,62], we briefly recall some of the relevant aspects. To this end we consider lowest order perturbation theory
in the metric

gμν = g(0)
μν (r) + εhμν(t, r, θ, ϕ) (14)

and in the scalar field

φ = φ0(r) + εδφ(t, r, θ, ϕ), (15)

where g(0)
μν and φ0 are the metric and the scalar field of the background black hole, respectively, and hμν and

δφ are the perturbations. ε is the small perturbation parameter.
Symmetry allows for a decomposition of the perturbations into even-parity and odd-parity perturbations.

The scalar field has even parity, therefore it decouples in the case of odd-parity perturbations, which are
therefore pure spacetime modes. The even-parity modes are also called polar modes, while the odd-parity
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Fig. 3 Quasi-normal polar l = 2 modes of static EdGB black holes (γ = 1): a scaled frequency ωR/ωS
R vs scaled Gauss–Bonnet

coupling constant ζ = α/M2; b scaled inverse damping time ωI /ω
S
I vs scaled Gauss–Bonnet coupling constant ζ = α/M2

modes are also termed axial modes. Besides the decomposition with respect to parity, we can also make a
multipolar decomposition of the modes, characterized by the angular parameter l.

There are quasi-normal modes for all values of the angular parameter l. Because of the scalar field also
modes with angular parameter l = 0 and l = 1 arise, corresponding to radial modes (monopole modes) and
dipole modes. For l = 2 quadrupole modes arise, which are also present in GR. But because of the scalar field,
there will now be two types of such modes: l = 2 modes dominated by the scalar field, which in the limit
of vanishing Gauss–Bonnet coupling would correspond to modes of the scalar field in the background of a
Schwarzschild black hole, and l = 2 modes dominated by the gravitational field, which would correspond to
the lowest Schwarzschild quadrupolar modes. We will refer to the first set of modes as scalar-led modes, and
to the second set as grav-led modes in the following.

The time dependence of the modes is factored out by an exponential

exp (iωt) = exp (i(ωR + iωI )t) = exp (iωRt − ωI t), (16)

which shows that the real part ωR is the frequency and the imaginary part ωI is the inverse damping time if
ωI > 0, otherwise, for ωI < 0, it signals an instability. (Note, that the overall sign choice in the exponent is
only convention.) For a given parity and angular parameter l the complex frequency ω is obtained by solving
the respective resulting system of coupled differential equations, subject to proper boundary conditions. At
the black hole horizon the wave must be purely ingoing, and at infinity purely outgoing.

As an interesting example we show in Fig. 3 the quasi-normal polar l = 2 modes for the static EdGB
black holes, normalized to the respective Schwarzschild values for vanishing coupling constant. Figure 3a
shows the real part of ω, and Fig. 3b the imaginary part versus the scaled Gauss–Bonnet coupling constant
ζ = α/M2. We note a distinctly different behavior for the grav-led and the scalar-led modes. We also note,
that the presence of the scalar field in the polar modes breaks isospectrality of the modes, i.e., the degeneracy
of the axial and polar l = 2 gravitational modes in the Schwarzschild case.

4 Black holes in Einstein–scalar–Gauss–Bonnet theories

Whereas EdGB theories are already considerably constrained from observations, this is much less the case
for EsGB theories with more general coupling functions. We now turn to the black holes in these theories and
focus on coupling functions which allow for spontaneous scalarization.

4.1 Curvature induced spontaneous scalarization

The phenomenon of spontaneous scalarization was discovered for neutron stars in scalar-tensor theories [25],
where GR neutron stars can develop a scalar field when the solutions become sufficiently compact. Here the
trigger for the scalarization is the highly compact matter. Therefore the spontaneous scalarization is referred
to as matter induced spontaneous scalarization. The absence of matter for Schwarzschild and Kerr black holes
therefore precludes this phenomenon for these black holes.
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Only a few years ago it was realized that spontaneous scalarization can also be curvature induced and
therefore arise for black holes in EsGB theories [1,2,27,66]. In order to allow for such spontaneous scalarization
the coupling function should possess certain properties. First of all, the GR black hole solutions should remain
solutions of the theory. This is of course the case, when the Gauss–Bonnet term does not contribute in the field
equations. So if we choose a coupling function F(φ) such that

Ḟ(φ) = 0 for φ = 0, (17)

then the source term in the scalar field equation

∇μ∇μφ + Ḟ(φ)R2
GB = 0 (18)

vanishes for φ = 0, and φ = 0 is a solution. Note, that we have assumed a vanishing scalar field potential
U (φ) at the moment. The Einstein equations then also receive no contribution from the Gauss–Bonnet term,
and therefore the GR solutions remain solutions of such EsGB theories. However, the GR solutions are not the
only black hole solutions in certain parameter ranges, that depend on the coupling function. Here black holes
with scalar hair arise, and this hair is curvature induced.

To understand this mechanism, we consider the Gauss–Bonnet term for the metric of a Schwarzschild black
hole

R2
GB = 48M2

r6 , (19)

which is solely coming from the Kretschmann scalar. Clearly, this curvature term can become rather big. We
now choose the simple coupling function

F(φ) = η
φ2

2
, Ḟ = ηφ. (20)

When we insert this into the scalar field equation, we see, that we can identify an effective mass squared m2
eff

in this equation

m2
eff = −ηR2

GB < 0, if η > 0, (21)

and this effective mass squared is negative, i.e., tachyonic, for positive coupling constant η. Therefore the
Gauss–Bonnet curvature term triggers a tachyonic instability of the Schwarzschild solution, when its contri-
bution is strong enough, and a branch of scalarized black holes bifurcates from the Schwarzschild solution.

4.2 Static black holes

We now consider the coupling function [27]

F(φ) = λ2

12

(
1 − e−3φ2/2

)
, (22)

which for small φ becomes simply a quadratic coupling, F(φ) = (λ2/8)φ2. The tachyonic instability then
arises at M/λ = 0.587, where a branch of scalarized black holes emerges. Since this is the first bifurcation,
we refer to this branch as the fundamental or n = 0 branch. But this branch is not the only one, and at smaller
values of M/λ further branches arise. These are radially excited branches, where the scalar field function
possesses n nodes. Thus on the first excited branch (n = 1), which arises at M/λ = 0.226, the scalar field
has one node, on the second excited branch (n = 2: M/λ = 0.140) it has two nodes, etc. When one follows
these scalarized branches, as shown in Fig. 4a, one notes, that only the fundamental branch extends from the
bifurcation all the way to vanishing mass (M = 0). The excited branches all have finite extent, and they are the
shorter the higher n. Note, that in the figure the scaled scalar charge D/λ, which is read off from the asymptotic
behavior of the scalar field (φ ∼ D/r ) is shown versus the scaled mass M/λ. To highlight the bifurcations,
also the Schwarzschild black hole is shown, which of course carries no scalar charge.

Let us now consider the stability of these solutions, in particular, we would like to know, whether the funda-
mental scalarized solution is stable, when it emerges from the Schwarzschild solution, since the Schwarzschild
solution has to become unstable to develop scalar hair (tachyonic instability). A first indication of stability
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Fig. 4 Static EsGB black holes: a scaled scalar charge D/λ vs scaled mass M/λ for the fundamental (n = 0) and radially excited
(n > 0) solutions; b scaled imaginary frequency ωI M2/λ of the unstable radial modes vs scaled mass M/λ for the fundamental
(n = 0) and radially excited (n > 0) solutions. The Schwarzschild solution and its unstable modes are also shown for comparison

is easily obtained by evaluating the entropy of the fundamental scalarized solution and comparing it to the
entropy of the Schwarzschild solution [27]. This shows, that the n = 0 solution has higher entropy, and should
therefore be (thermodynamically) preferred.

The next step is to consider radial (l = 0) perturbations [16], which are polar perturbations involving the
scalar field. When the Schrödinger-like master equation for the eigenvalue ω is solved for the Schwarzschild
background, a zero mode is found precisely at the first bifurcation point. As M/λ is further decreased, this
zero modes turns into a negative mode, as seen in Fig. 4b. In fact, at each bifurcation, where a new branch of
radially excited scalarized black holes arises, another zero mode of the Schwarzschild solution appears, that
turns into another unstable mode for smaller values of M/λ.

When we solve the Schrödinger-like master equation for the radial perturbations in the background of the
fundamental scalarized black hole solutions, however, no radially unstable modes are found in the region from
the bifurcation up to a critical value of M/λ, that is marked by the vertical dashed line in Fig. 4b. Here the
perturbation equation loses hyperbolicity and the employed formalism breaks down. Let us denote this point
by S1 for later reference and turn to the radially excited branches.

Figure 4b also shows the radially unstable modes for the excited branches. Since these branches emerge from
the Schwarzschild black hole at their respective bifurcation point, continuity at this bifurcation point demands,
that the unstable modes of the radially excited black holes also bifurcate there from the Schwarzschild zero
and unstable mode(s). So for the n = 1 solution we observe two unstable modes, one starting at the bifurcation
point at the zero mode and one starting at the first unstable Schwarzschild mode. For the n = 2 solution we
then have three unstable modes, etc.

While it is expected that radially excited solution are unstable, it would be nice, if the fundamental branch
really were stable. So far we have only considered the l = 0 modes. Therefore we now turn to modes with
higher l. These were analyzed in [13,17]. Since axial modes do not involve perturbations of the scalar field,
they start with the quadrupolar case l = 2. The analysis shows, that no further instability arises here, however,
hyperbolicity of the equations is lost slightly earlier than in the radial case. Denoting this second point of
loss of hyperbolicity by S2, we note, that there is no axial mode instability between the bifurcation point and
S2 for the fundamental branch. Similarly, when the polar modes with l = 1 (dipole) and l = 2 quadrupole
are considered, no further instability is encountered. Thus we conclude, that the fundamental branch is mode
stable in the region between its bifurcation point and the point S2.

While there are no new unstable modes, there are of course numerous stable modes, where the imaginary
part of the eigenvalue is positive and corresponds to an inverse damping time. As an example we exhibit
the lowest such axial and polar grav-led l = 2 (quadrupole) modes in Fig. 5. The figure nicely shows the
degeneracy of these modes for the Schwarzschild case, i.e., the isospectrality of the Schwarzschild modes.
In contrast, for the fundamental scalarized black holes isospectrality is broken and the axial and polar modes
generically differ.
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A similar analysis can, in principle, also be performed for other coupling functions. The simplest coupling
function is of course the quadratic one, Eq. (20). Here already the entropy indicates instability of the fundamental
branch of scalarized black holes, and a radial mode analysis shows, that the scalarized static spherically
symmetric black holes are indeed all unstable including the fundamental branch [16]. Moreover, this branch
is rather short, and oriented toward larger values of M/λ unlike the fundamental branch for the exponential
coupling function, Eq. (22). Obviously, stability and length depend significantly on the coupling function.
Including higher order terms in the coupling function with an appropriate sign can stabilize the solutions, as
demonstrated in [67]. Another way to stabilize the solutions is to allow for an appropriate self-interaction
potential U (φ) of the scalar field, as shown in [52] for a quartic self-interaction.

4.3 Rotating black holes

With applications to astrophysics in mind, one has to include rotation of the black holes, and thus consider the
phenomenon of curvature induced scalarization in the presence of rotation. Here the GR solution is of course
the Kerr black hole. Therefore we have to inspect the source term in the scalar field equation, Eq. (18), i.e.,
the Gauss–Bonnet term for a Kerr black hole

R2
GB = 48M2

(r2 + χ2)6

(
r6 − 15r4χ2 + 15r2χ4 − χ6) , χ = a cos θ, (23)

where a is the usual Kerr specific angular momentum. Recalling Eq. (21) for the effective mass (with positive
coupling constant η) and inserting the above expression for the Gauss–Bonnet term, we conjecture that the
presence of the new terms that depend on the angular momentum suppresses the scalarization for large rotation,
since the source term becomes weaker in (part of) the region with large curvature.

We begin the discussion of the rotating black hole solutions and their properties by considering the quadratic
coupling function, Eq. (20), constructed in [22]. We exhibit the domain of existence of the fundamental
scalarized branch in Fig. 6a, where the scaled angular momentum J/λ2 is shown versus the scaled mass M/λ,
and we have introduced the coupling constant η = λ2/8, while keeping a vanishing self-interaction potential
U (φ) = 0. The figure contains three curves showing the extremal Kerr solutions, the existence line for the
scalarized black holes and the critical line for the scalarized black holes (from left to right). The existence
line marks the onset of spontaneous scalarization, while the critical line shows where the scalarized black
holes cease to exist. Whereas the domain of Kerr black holes is the whole area below the extremal curve,
the domain of scalarized black holes is only the small band between the existence line and the critical line.
As conjectured, the band becomes thinner when the angular momentum is increased, i.e., angular momentum
indeed suppresses the scalarization.

In Fig. 6b we show the scaled area aH = AH/16πr2
H versus the scaled angular momentum j = J/M2 for

the fundamental solution and for the n = 1 radial excitation. The scaled entropy s = S/4πM2 is also shown.
In this representation the Kerr black holes form the upper limiting curve, for which area and entropy agree. As
in the static case with quadratic coupling the entropy of the rotating fundamental black holes is smaller than
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Fig. 6 Rotating EsGB black holes (η > 0): a scaled angular momentum J/λ2 vs scaled mass M/λ for the existence line and the
critical line, and also for the extremal Kerr black holes, b scaled area aH = AH/16πr2

H and scaled entropy s = S/4πM2 vs
scaled angular momentum j = J/M2 for the fundamental and first radially excited black holes

the entropy of the Kerr black holes. Thus the instability persists for the fundamental scalarized black holes
with a quadratic coupling function and no self-interaction when rotation is included.

In [24] the rotating fundamental scalarized black holes were obtained for the exponential coupling function,
Eq. (22). Here the static fundamental branch is much larger and (at least to a large extent) also stable. Starting
from this large interval of static solutions, the domain of existence is therefore much larger for the rotating
solutions for this coupling function. However, for fast rotation, the domain narrows again strongly, leaving
only a small band of rapidly rotating scalarized black holes. We note, that an interesting consequence of the
broad range of slowly rotating black holes is the possibility to obtain a limit on the Gauss–Bonnet coupling
constant, by comparing the EsGB black hole shadow with observations [24].

Let us now consider a final twist concerning curvature induced rotating scalarized black holes. To that end
we return to the Gauss–Bonnet term evaluated for a Kerr black hole, Eq. (23). Above we have noticed the
strong suppressive effect of fast rotation for spontaneous scalarization. Now we would like to make use of this
effect in a new constructive way. As noticed in [26] and further elaborated on in [31,32,41,77], a new way of
inducing the tachyonic instability in the scalar field equation is obtained for sufficiently fast rotation, when a
negative coupling constant η < 0 is chosen in the coupling function F(φ). Therefore this type of spontaneous
scalarization is termed spin induced spontaneous scalarization. Its onset happens at a Kerr rotation parameter
of j = 0.5.

Following this interesting observation the associated rotating scalarized black holes were constructed in
[39] for the exponential coupling function and in [12] for the quadratic one. Whereas the exponential coupling
function did not yield any surprises, the quadratic one did. Namely for the spin induced rotating scalarized
black holes the entropy is larger than the Kerr entropy also for the simple quadratic coupling. Therefore these
solutions could be stable, as well. We illustrate the domain of existence of the spin induced rotating scalarized
black holes with quadratic coupling in Fig. 7.

Already for the onset of the scalarization several different modes were studied [26], where besides even
parity modes also odd parity modes were included (which do not exist in the spherically symmetric case, of
course). In the two parity sectors the scalar field transforms as ϕ(π − θ) = +ϕ(θ) and ϕ(π − θ) = −ϕ(θ),
respectively. The fundamental rotating scalarized black holes have even parity and a monopolar scalar field at
infinity, whereas the odd parity black holes represent excited solutions whose lowest term at infinity is a dipole
term. Therefore one can associate a monopole or scalar charge D to the even parity solutions, and a dipole
charge P to the odd parity solutions.

In Fig. 7a we show the scaled scalar charge D/M and the scaled dipole charge P/M versus the scaled
coupling constant −η/4M2 for the quadratic coupling function and no self-interaction [12]. Both types of
solutions represent the lowest solutions in their respective parity sector. At vanishing scalar and dipole charge,
the bifurcation from the Kerr solutions takes place. The critical line then marks the upper boundary of the
domain of existence of even (D/M) and odd (P/M) rotating scalarized black holes. The various curves
threading the domain of existence correspond to fixed values of the horizon angular velocity of the black holes.

Figure 7b demonstrates that the parity is indeed larger for these rotating scalarized black holes than for
the Kerr black holes. Here the scaled entropy S/2πM2 is shown versus the scaled angular momentum j ,
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again for the lowest solutions in both parity sectors. Clearly, the Kerr bound j ≤ 1 can be violated for such
rapidly rotating scalarized black holes. The inset of the figure shows the scaled horizon area AH/16πr2

H , for
comparison, for both parity sectors.

5 Conclusions

Among the numerous alternative theories of gravity EdGB and EsGB theories are theoretically very attractive,
since they are motivated from quantum gravity theories, possess second order field equations, and avoid
Ostrogradsky instabilities and ghosts. Here a dilaton or a general scalar field is coupled to the Gauss–Bonnet
term, which is quadratic in curvature. While there are already significant constraints on EdGB theories, EsGB
theories are much less constrained.

Black holes in EdGB theories have been studied since the nineties, first the static black holes and later the
rotating black holes. Because of the specific dilatonic coupling of the scalar field to the Gauss–Bonnet term,
all black hole solutions in EdGB theories carry dilatonic hair, while the GR black holes do not solve the set of
EdGB field equations.

This is different for EsGB theories, when the coupling function satisfies appropriate conditions. Then the
GR black holes remain solutions of the EsGB field equations. However, they undergo tachyonic instabilities,
where branches of curvature induced scalarized black holes arise. In the rotating case even two types of
scalarized black holes are present, those with a static limit, and those, that exist only for rapid rotation, which
are called spin induced EsGB black holes.

Since these EsGB theories have so far survived the constraints that have emerged in the GW emission
during binary mergers, when the scalar coupling function allows for a vanishing scalar field in the cosmological
context, and thus leads to the same cosmological solutions as the standard cosmological �CDM model [63],
this makes them attractive also for dynamical numerical relativity studies. Recently several groups have already
done work in this direction, studying, e.g., dynamical scalarization and descalarization in binary BH mergers,
dynamics of rotating BH scalarization, or dynamical formation of scalarized BHs through stellar core collapse
[28,33,51,65,74,75].
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