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Abstract We prove the following: Let G and G’ be two graphs on the same set V of v vertices, and let k be
an integer, 4 < k < v — 4. If for all k-element subsets K of V, the induced subgraphs Gk and G/F x have
the same numbers of 3-homogeneous subsets, the same numbers of P4’s, and the same numbers of claws or
co-claws, then G’ is equal to G or to the complement G of G. We give also a similar result whenever the same
numbers are modulo a prime.

Mathematics Subject Classfication 05C50 - 05C60

1 Introduction and main results

Our notations and terminology follow [2]. A symmetric graph (or more simply graph) is an ordered pair
G = (V, &), where & is a subset of [V ]2, the set of pairs {x, y} of distinct elements of V. Elements of V are
the vertices of G and elements of £ its edges. If K is a subset of V, the restriction of G to K, also called the
induced graph on K is the graph G ¢ := (K, [K1?NE). The complement of G is the graph G := (V, [V]*\€).
We denote by V (G) the vertex set of a graph G, by E(G) its edge set and by e(G) := |E(G)| the number of
edges. Let G := (V, E) be a graph. A 3-element subset 7' of V such that all pairs belong to E(G) is a triangle
of G. A 3-element subset of V which is a triangle of G or of G is a 3-homogeneous subset of G. We denote by
K3 the complete graph on 3 vertices and by K 3 the graph made of a vertex linked to a K3. The graph K 1,318
called a claw, the graph K 3 a co-claw. For these graphs, see Fig. 1.
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Fig.1 K3, K13, K13, P4

Given two graphs G := (V, E) and G’ := (V’, E’). A bijection f from V onto V' is an isomorphism
from G onto G’ provided that for any x, y € V, {x, y} € E if and only if { f (x), f(y)} € E’. The graphs G
and G’ are isomorphic, which is denoted by G >~ G’, if there exists an isomorphism from one onto the other,
otherwise G % G'.

Let G, G’ be two graphs on the same vertex set V. We say that G and G’ are equal up to complementation if
G' = G or G’ = G.If G’ has the same number of edges as G or G, we say that G and G’ have the same number
of edges up to complementation. We say that G and G’ are isomorphic up to complementation if G’ is isomorphic
to G or to G. Let k be a non-negative integer, G and G’ are k-hypomorphic up to complementation if for every
k-element subset K of V, the induced subgraphs Gk and G/F x are isomorphic up to complementation.

Ulam’s Reconstruction Conjecture [3,12] asserts that two graphs G and G’ on the same finite set V of
v vertices, v > 3, are isomorphic provided that the restrictions G g and G/r K of G and G’ to the (v — 1)-
element subsets K of V are isomorphic. If this latter condition holds for the k-element subsets of V for some

k,2 <k < v —2,then G’ = G. This conclusion does not require the isomorphy of G 1k and G/F x> but only

requires that G g and G/r x have the same number of edges for all k-element subsets K of V. In [4], a work
has been done where the conditions are G’r x and G g are isomorphic up to complementation for all k-element
subsets K of V, or G/F x and Gk have the same number of edges up to complementation for all k-element
subsets K of V. Let v be a non negative integer and ¥ (v) := 4l if v € {4l + 2,41 + 3}, ¥ (v) := 4l — 3 if
v € {4l, 4] 4 1}. The following theorems was obtained in [4].

Theorem 1.1 [4] Let v, k be two integers with 4 < k < ©(v). Then, for every pair of graphs G and G’ on the

same set 'V of v vertices, if Gk and G/F x have the same number of edges, up to complementation, and the

same number of 3-homogeneous subsets, for all k-element subsets K of V, then G' = G or G' = G.

Theorem 1.2 [4] Lerk be an integer, 4 <k <v—2,k =0 (mod4). Let G and G’ be two graphs on the same
set V of v vertices.

We assume that e(G k) has the same parity as e(G/[K)for all k-element subsets K of V.

Then G' = G or G' = G.

Itis also shown in [4] that two graphs G and G’ on the same set of v vertices are equal up to complementation
whenever they are k-hypomorphic up to complementation and 4 < k < v — 4 (for the case k = v — 3, the
conclusion obtained is G’ >~ G or G’ ~ G [5]). Later, an extension of this result was obtained for uniform
hypergraphs [9].

Theorem 1.3 [9] Let h be a non-negative integer. There are two non-negative integers k and t, k < t such that

two h-uniform hypergraphs H and H' on the same set V of vertices, |V | > t, are equal up to complementation
whenever H and H' are k-hypomorphic up to complementation.

In this paper, we look for similar results on graphs if the conditions on the restrictions G g and G/F x are
that they have the same numbers of 3-homogeneous subsets, the same numbers of P4’s, and the same numbers
of claws or co-claws, we obtain Theorem 1.4. Whenever the same numbers (cited above) are modulo a prime,
we obtain Theorem 1.7. This last theorem is a consequence of Theorem 1.4 and Proposition 4.3 which is
inspired by a result of Pouzet on monomorphic relations (Proposition 4.2).

Let G := (V, E) be a graph. We set:

H®(G) :={{a,b,¢} CV : Gape) =~ K3 08 Gliap.e) = K3)
PYG) :={{a,b,c,d}y CV : Gapeay = Pa)

SY(G) :=({a, b, c,d} CV : Gapeay = K130t Giapea =~ Ki3)
" (G) :=| HO(G) |, pP(G) :=| PD(G) |.sP(G) = P (G) |

Our first result is:
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Theorem 1.4 Let G, G’ be two graphs on the same finite set V of v > 4 vertices.

(1) IFH®(G) = H3(G)), PPD(G) = PD(G') and SP(G) = SP(G), then G' = G or G' = G.

(2) Let k be a integer, 4 <k < v — 4.
If 3G k) = h(3)(G/rK), p(4)(Gle= P<4)(G/[K) and sV (Gg) = s(4)(G/rK) for all k-element
subsets K of V, then G' = G or G’ = G.

The proof of Theorem 1.4 will be given in Sect. 3. The following propositions show that Theorem 1.4 is
optimal.

Proposition 1.5 For every integer v > 4 and every integer k, 4 < k < v, there are two graphs G and G’
on the same set of v vertices, nonisomorphic up to complementation, satisfying p(4)(G 1K) = p(4)(G/F k) and

sW(G 1K) = 5(4)(G/TK)for all k-element subsets K of V.

Proof Let V :={1,2,...,v} with v > 4. Let G and G’ be two graphs on the same vertex set V defined by
Gi2,3,...,v) and G/r{2‘3,...,v} are complete graphs, {1, x} € E(G) ifx #2;{1,x} € E(G') if x ¢ {2, 3}. Clearly
p(4)(GrK) = p(4)(G’rK) = 0and 5(4)(Gr1() = 5(4)(Glr1<) = 0 for all k-element subsets K of V. But G and
G’ are not isomorphic up to complementation. O

Proposition 1.6 For every integer n > 4, there are two graphs G and G’ on the same set of 2n vertices,
nonisomorphic up to complementation, satisfying h(G) = h®(G’) and p® (G) # p™(G").

Proof We set G := M, and G’ := M), (For the definition of the graphs M», and M, see Sect. 3,

Fig. 3). Clearly, G and G’ are not isomorphic up to complementation. We have 13 (G) = h®)(G’), but
PP(G) # pP(G') since p™(G) =n(n — 1)(n —2) and p@P(G') = (n — D)(n —2)*> + (n — 1), o

Let k, p be positive integers, the decomposition of k = Zfi’a) k;p' in the basis p is also denoted
[ko, k1, ..., kk(pylp wWhere ki(py # 0if and only if k # 0.

As an application of Theorem 1.4, our second result is:

Theorem 1.7 Let G, G’ be two graphs on the same set V of v vertices. Let p be a prime number, p > 5 and
k = lko, ki,..., kip)lp be aninteger; 4 <k <v —4; (ko =0o0rky > 4).

IFRO(Grx) = hP(G ) (mod p), pD(G k) = p<4>(_dm) (mod p) and (G k) = V(G ) (mod
p) for all k-element subsets K of V, then G' = G or G' = G.

The proof of Theorem 1.7 will be given in Sect. 4.

2 Sketch of the proofs of Theorems 1.4 and 1.7

Let G, G’ be two graphs on the same vertex set V. The Boolean sum G+G’ of G and G’ is the graph U on \4
whose edges are pairs e of vertices such that e € E(G) if and only if e ¢ E(G’). Indeed, G' = G orG' =G

amounts to the fact that U is either the empty graph or the complete graph. The intersection graph of G and
G’ is the graph G N G’ := (V, E(G) N E(G")).

Observation 2.1 [5] Let G and G’ be two graphs on the same finite set V of v vertices, and let U := G+G'.
Then

(1) e(U) =e(G) +e(G") —2e(GNG).
(2) e(G) and e(G’) have the same parity if and only if e(U) is even.

To prove (1) of Theorem 1.4, we consider U := G+G’. From Theorem 1.2, it is sufficient to prove that
e(Gx) has the same parity as e(G’r ) for all 4-element subsets X of V that is, from Observation 2.1, e(Ux)
is even for all 4-element subsets X of V. For this we proceed by contradiction, assuming that e(U,x) is odd.
As H®(G) = H®(G'), Theorem 3.1 says that U\x is a path of length 1 or 3. If the length is one, we study
two cases. If the length is 3, we conclude using Theorem 3.2.

To prove item (2), and also Theorem 1.7, we will prove that item (1) of Theorem 1.4 holds. For this, we
will use linear algebra. The incidence matrix Wy ;. (v) used by Wilson [13], or more simply W, ;, is defined as
follows : Let V be a finite set, with v elements. Given non-negative integers ¢t < k < v, let W, be the (1;)
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by (Z) matrix of 0’s and 1’s, the rows of which are indexed by the 7-element subsets 7" of V, the columns are
indexed by the k-element subsets K of V, and where the entry W; (T, K) is 1 if T C K and is O otherwise.
The matrix transpose of W; ; is denoted ' W; x. We denote by rankg W; i, the rank of W; ; over the field Q.
Whenever p is a prime, we denote by rank, W; i, the rank of W; ; over the field IF,, and by Ker, (W, i) the
kernel of ‘W, in F),.

First, rankg W; i is given by Theorem 2.2 due to Gottlieb [7].

Theorem 2.2 [7] Fort < min(k, v — k), the rank of Wy i over the field Q of rational numbers is (1;) and thus
Ker('W; ) = {0}.

Let G := (V, E) be a graph with v vertices, v > 6. Let t € {3,4}, and k be an integer, k < v and
t <mink,v —k).

LetTy, Ty, ..., T(y) be an enumeration of the #-element subsets of V.
LetKi, K>, ..., K ) be an enumeration of the k-element subsets of V.
We set:

wg = (g{q, gé‘, R g@)) where gf‘ =1 if T; e H(3)(G), 0 otherwise .
wr = (g). g5, ..., ga)) where g’ =1 if T; € PY(G),0 otherwise .
wg; = (81,85 s ga)) where gi =1 if T; e S®(G),0 otherwise .

We have:

GWak = (P (Gik). 1P (Giky). ... 1P (G k)
wG 3k rK] ’ FKZ LRI rK(}é) )
wgWar = (P (Gix). PP (G k). - PP Gk ).
wgWark = PGk sYGxy). - sV Gy ).

Observation 2.3 Let G and G’ be two graphs on the same finite set V of v vertices.

() IFh®(Gk,) = h(3)(G’rKi) (resp. h®(Gk,) = h<3)(G’rKi) (mod p))foralli € {1,2,...,(})}, then

w’é — w’é, € Kerg("Ws ) (resp. w}('; - wg, € Ker,('W3y)).

Q) If pP(Gx,) = p(4)(G/[Ki) (resp. p (G k,) = p(4)(G/rKi) (mod p)) foralli € {1,2,...,(})}, then
w? —w?, € Kerg(*Wa ) (resp. wh. — w?, € Ker,(‘Way)).
G G Q p- Ws G p
3 IfsPGk) = s(4)(G’FKI_) (resp. sP(Gk,) = s(4)(G/FKl_) (mod p)) forall i € {1,2,...,(})}, then

wg — wg, € Kerg('Wa ) (resp. wi; — W, € Ker,('Wap)).

Now for the end of the proof of item (2), from Observation 2.3, w}(’; — w’é, € Kerg('W3 ). From Theorem
2.2, Kerg("W3) = {0}, then wg = w’é,. Thus, H® (G) = H®(G’). For the other parameters, we do the
same. Thus, we get the hypotheses of item (1).

For Theorem 1.7, there are two cases according to the value of k. If kp > 4, we proceed as above. If
ko = 0, we use Theorem 4.1 which gives the dimension and a basis of Ker), (W, ).

3 Proof of Theorem 1.4

A description of the Boolean sum G+G’, of graphs G and G’ having the same 3-element homogeneous subsets,
is given by Theorem 3.1 below.

__ We denote by Po the Paley graph on 9 vertices (cf. Fig. 2). Note that Py is isomorphic to its complement
Po.

Theorem 3.1 [10] Let U be a graph. The following properties are equivalent:

(1) There are two graphs G and G’ having the same 3-element homogeneous subsets such that U := G+G';
(2) Either (i) U is an induced subgraph of Py, or (ii) the connected components of U, or of its complement
U, are cycles of even length or paths.
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(0,0) (1,0) (2,0)
Fig.2 Py
Yo Va 9 v % Va Y Va Y Va
VlI—‘ V17 WI:I‘% WZV3 %X‘%
M, M M, M, M,

Y Va Y Va
Y I—I V3 Y X V3
Dy D,
Vo \2
A Vs
M’

Fig.3 M,, M, M/, Dy, D),

For graphs G and G’ having the same 3-element homogeneous subsets, Theorem 3.2 below gives the form
of their restrictions on a connected component of G+G’.

Theorem 3.2 [5] Let G and G’ be two graphs on the same vertex set V and U := G+G'. We assume
H®(G) = H®(G’) and U not connected. If C is a connected component of U of cardinality n, then the pair
{Gvic), G/rV(C)} is one of the following:

(1) {My,, M.}, {M,, M}, if C is a path.
() (M, M/}, (M, W}, {Dy4, D}}, {Dy, D)}, if C is a cycle.

The graphs mentioned in the conclusion of Theorem 3.2 are defined as follows (see Fig. 3).

Let n > 2. Let X, be an n-element set, vg, - -- , v,—; be an enumeration of X,, XS = {v; € X, :
i =0 (mod 2)} and X} := X, \ X'. Set R, = [XO12 U [X!1?, S, := {{vai,v2is1} : 20 + 1 < n},
S,/q = {{voit1, v2i+2}  2i +2 < n}. Let M, and M,/z be the graphs with vertex set X, and edge sets
E(My) := R, US, and E(M,) := R, U S, respectively. Let M, := (X,;, R, U S}, U {{vo, vy—1}}) for n even,
n > 4. Finally, let D4 := (X4, {{vo, v1}, {vo, v2}, {v2, v3}}) and D} := (X4, {{vo, v2}, {vo, v3}, {v1, v2}}).

Let G = (V, E)be agraph. Forx 2y € V, x ~g y means {x, y} € E, x g y means {x, y} ¢ E. For
X,Y CV, X ~¢ Y signifies that for every x € X and y € Y, x ~¢ y. Similarly, X ~¢ Y signifies that
foreveryx € Xandy € Y, x g y. Whenever X = {x}, X ~g Y and X ~¢ Y are, respectively, denoted
x~gYandx =g Y.

Now we prove Theorem 1.4.
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(1) Let U := G+G’. Using Theorem 1.2, it is sufficient to prove that e(G 1x) has the same parity as e(G/rX)
for all 4-element subsets X of V that is, from Observation 2.1, e(U}x) is even for all 4-element subsets X
of V.
Let X := {vg, v1, v2, v3} be a subset of V. By contradiction, we assume that e(U,x) is odd, then e(U;x) €
{1,3,5}. As H¥(G) = H®(G') then, by Theorem 3.1, E(U;x) = {{vo, vi}, {v1, v2}, {v2, v3}} or
{{vo, v1}}.
o If E(Uix) = {{vo, v1}, {v1, v2}, {va, v3}}, we apply (1) of Theorem 3.2. So {Gx, G/rx} = {My, M}}

or {My, M}. We get a contradiction with P¥(G) = PW(G’) since My ¢ PW(G) U PP (G’) and
M} € PP (G)N PYDG).

o If E(Ujx) = {{vo, v1}}, we can suppose vp ~c vi and vy ~g vi. Without loss of generality, we
assume vg ~g v2. AS vy =y V2, Vg ~¢g V2. We have vg ~g {v1, v2}, vg *¢’ v1 and vy ~¢g V2. As
H3(G) = H3(G), va »¢ vy. Since vy ~y v; then vy g vg.

Case 1. vg ~¢g v3. Since vg ~y v3 then vy ~¢g v3. Consider {vg, v1, v3}, as H(3)(G) = H(3)(G’) we

have vy »g v3, thus v| g v3.

If vy »G v3,thenvy g v3.S0{vy, v1, v2, 13} € S®(G)and {vy, v, va, v3} ¢ S@(G’). That contradicts

SW(G) = SH(G"). If vy ~¢ v3, then va ~g v3. S0 {vg, V1, V2, 13} € SW(G’) and {vg, v1, va, v3} ¢

S@(G). That contradicts S@(G) = SW(G").

Case 2. vy ~¢g v3. Since vg ~y v3 then vy ~¢ v3. Consider {vg, vi, v3}, as H3(G) = H®(G') we

have v ~¢ v3, thus v; ~g v3.

If vo %G v3, then vy =g v3. Then {vg, v1, V2, V3} € P(4)(G) and {vg, vy, v2, V3} ¢ P(4)(G’). That

contradicts P@(G) = PW(G'). If vy ~¢ v3, then va ~¢g v3. Then {vg, v1, v, v3} ¢ PP (G) and

{vo, v1, v2, 13} € P@(G’). That contradicts PP (G) = PW(G).

(2) We will prove H® (G) = H®(G"), PPD(G) = PD(G"), S (G) = SW(G’) and conclude using (1).

From Observation 2.3, w}c’; — w}(”;, € Kerg('Ws ). From Theorem 2.2, Kerg(‘ W3 ;) = {0}, then w}(’; =

wit,. Thus H®(G) = H®(G).
From Observation 2.3, wg - wg, € Kerg("Way) and wg — W € Kerg('Ws ). From Theorem 2.2,
Kerg("Wy i) = {0}, then wl, = wl, and w; = w,,. Thus P#(G) = PW(G’) and SV (G) = SW(G").

O

4 Proof of Theorem 1.7

The following result is one of the keys to our proof.
Theorem 4.1 [1] Let p be a prime number. Let v,t and k be non-negative integers, k < v, k =
ko, k1, ... kipylp, t =Tt0. 11, ..., ty(py]p, t < min (k, v — k). We have:
(1) kj =tj forall j <t(p)andk;(py > t;(p) if and only ifKerp(tW,k) = {0}.
(2) t =t;pyp' P and k = Zf.‘;’;)(pm ki p' if and only if dim Ker,('W; ) = Land {(1, 1, ..., 1)} is a basis
of Kerp(" Wy ).
Let k > 1 be an integer and G be a graph. We say that G is k-monomorphic (resp. k-monomorphic up to
complementation) if G;x >~ Gy (resp. Gx >~ Gy or Gx = G,y) for all k-element subsets X and ¥ of V.
The notion of monomorphy was introduced by Fraissé [6].

The following result on monomorphy, due to Pouzet, is very useful since it is the origin of Proposition 4.3,
which is a key in the proof of Theorem 1.7.

Proposition 4.2 [8] Let v, t, k be integers, t < min(k, v — k) and G be a graph on a set V of v vertices. If G
is k-monomorphic then G is t-monomorphic.

We give a similar result (Proposition 4.3) in the case of the monomorphy up to complementation.

Proposition 4.3 Let v, t, k be integers, t < min(k, v — k) and G be a graph on a set V of v vertices. If G is
k-monomorphic up to complementation then G is t-monomorphic up to complementation.

Proof Let Ty, To, ..., T(y) be the 7-element subsets of V, and K, K>, ..., K ) be the k-element subsets of

V.Let H := Gpy. Set Isc(H,G) :=={LCV :G;p~HorG), >~ H} and wy, G the row vector indexed
by the ¢-element subsets 77, T2, ..., T(v;) of V whose coefficient of T; is 1 if T; € Isc(H, G) and 0 otherwise.
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o; :=‘{T,»: T,CK; 1<i< <1;> T; € Isc(H, G)}|.

Since G is k-monomorphic up to complementation, o] = ap = - -+ = a(z).Thus wacWik=a1(1,1,---, 1).
Now (I, L., DW= ((*), ("), .... ¢ = ®)a,1,..., D. 1t follows that (wucWix = a1(1,1,

t 1
...» W, ¢. From Theorem 2.2, Kerg('W; ) = {0}. Thus (lt‘)wH’G =ai(1,1,...,1). Since H = G,
then wg. g # (0,0,...,0), this implies oy # 0. Then from wy ¢ = z;—l)(l, 1,...,1), we deduce that
t
wipeg = (I,1,...,1). S0 T; € Isc(H,G) foralli € {1,2,...,(})}. Thus G is -monomorphic up to
complementation. O

Now we prove Theorem 1.7.

‘We have u)}(l;W3k = w}é,W3 ks ng4k = wZ/W4k and wAéW4k = wSG,W4k.

By Theorem 1.4, it is sufficient to prove that H®(G) = H®(G'), PP (G) = PW(G') and SW(G) =
SW(G"). Lett € {3, 4). According to the value of ky, we have two cases.

Case 1. kg > 4. Ast € {3,4} and p > Sthent(p) = 0,t = 9 < 4 < ko. From (1) of Theorem 4.1,
Ker, (W3 ) = {0} and Ker, (W4 ) = {0}. Then from Observation 2.3, we obtain H®(G) = H® (G,
PH(G) = PP (G') and SV (G) = SW(G").

Case 2. ko = 0. As t = tg # 0 then, from (2) of Theorem 4.1, dim Ker,(W; ) = l and (1,1,...,1)
is a basis of Kerp(tW,k). By Observation 2.3, there are Ap, Ap, Ay € {0, 1, —1} such that w}c’; — w}é, =
(L1 D wl —wg =1L 1 D w —wE, = Ag(1L 1L D,

If A, = 1, then wg =(1,1,...,1) and wg, = (0,0, ...,0). Then in G’ there is no 3-homogeneous set,
that is impossible according to Ramsey’s theorem [11] which ensures that Ramsey’s number (3, 3) is equal
to6.If 1), = —1, w}(’; = (0,0, ...,0) and we conclude as above. Then A;, = 0 and thus H®(G) = H®(G).

If A, = 1, then wg = (1,1,..., ). So for all 4-element subsets X of V, G x >~ Py, thus G is 4-
monomorphic. Then by Proposition 4.2, G is 2-monomorphic, that implies G is the empty graph or the
complete graph, so G does not contain a subgraph isomorphic to P4, a contradiction. If A, = —1, then
w?, = (1,1,...,1) and we conclude as above. Then 4, = 0 and thus P¥(G) = P (G").

If Ay = 1, then w; = (1,1,...,1). So for all 4-element subsets X of V, G;x =~ Kj3 or
Gix =~ K13, thus G is 4-monomorphic up to complementation. Then by Proposition 4.3, G is 3-
monomorphic up to complementation. Let vo, vi, v2, v3 € V such that G{yy,v;,v,,v5) OF Er{vo,vl,vz,va} is
the claw ({vo, v1, v2, v3}, {{vo, vi}, {vo, v2}, {vo, v3}}). We have G iugvy.v0) 2 G Hupvpvs) a0 Gy, vp,00) 2
G |{v;,v,v3)» this contradicts the fact that G is 3-monomorphic up to complementation. If A; = —1, then
wg, =(1,1,..., 1), we conclude as above. Then A; = 0 and thus S¥(G) = SW(G"). O
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