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Abstract Let C be a nonempty closed convex subset of a real Hilbert space H and T : C — CB(H) be
a multi-valued Lipschitz pseudocontractive nonself mapping. A Halpern—Ishikawa type iterative scheme is
constructed and a strong convergence result of this scheme to a fixed point of T is proved under appropriate
conditions. Moreover, an iterative method for approximating a fixed point of a k-strictly pseudocontractive
mapping T : C — Prox(H) is constructed and a strong convergence of the method is obtained without end
point condition. The results obtained in this paper improve and extend known results in the literature.

Mathematics Subject Classification 47H04 - 47H10 - 47J25

1 Introduction

Let C be a nonempty subset of a real Hilbert space H. The set C is called proximinal if for each x € H there
exists # € C such that

llx —ul| = inf{|lx — y[| : y € C} =d(x, C),

where d is the metric on H generated by the inner product. It is well known that any nonempty closed and
convex subset of a Hilbert space is proximinal. The family of nonempty proximinal bounded subsets of the set
C is denoted by Prox(C).

LetA, B € CB(H), where C B(H) is the set of nonempty, closed and bounded subsets of H. The Hausdorff
distance between A and B, denoted by D(A, B), is defined as

D(A, B) = max { supd(x, A), supd(x, B)}.

xeB xeA
A multi-valued mapping T : C — 2/ is said to be L-Lipschitz if there exists L > 0 such that

D(Tx,Ty) <L||x —yl||, forallx,y € C.
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If L = 1, then the mapping T is called nonexpansive mapping. It is immediate from the definition that every
nonexpansive mapping is Lipschitz mapping.
A mapping T : C — 2/ is said to be

(a) k-strictly pseudocontractive if there exists k € (0, 1) such that for each x, y € C,
D*(Tx, Ty) < |lx — y||> +kllx —y — (u—v)||>,Vu € Tx,v € Ty.
(b) pseudocontractive if foreach x, y € C,
D*(Tx, Ty) <||x — y||2 +llx—y—(u— VI|>, Yu e Tx,v e Ty.

We observe that the class of multi-valued pseudocontractive mappings includes the class of multi-valued
k-strictly pseudocontractive mappings and hence the class of multi-valued nonexpansive mappings.

Given a multi-valued mapping T : C — 2 a point x € C is called a fixed point of T if x € Tx. We
denote the set of all fixed points of the mapping T by F(T).

If F(T) #@and D(Tx,Tp) < ||x — p||,Vx € C,Vp € F(T), then T is said to be quasi-nonexpansive
mapping. Clearly, every nonexpansive mapping 7" with F(T) # () is quasi-nonexpansive mapping. But the
converse is not necessarily true (see, e.g., [23]).

Several physical problems in differential inclusions, economics, convex optimization, etc. can be trans-
formed into finding fixed points of multi-valued mappings. As a result, researchers have studied the exis-
tence of fixed points and their approximations for different types of multi-valued mappings (see, e.g., [1,3—
5,12,13,18,19] and the references therein). For approximating fixed points of single-valued mappings, basically
three iterative methods are in common use: Mann iteration method, Halpern iteration method and Ishikawa
iteration method.

Mann iteration method, initially studied by Mann [17], is given by

X1 = Xy + (1 — )T xp, (L.1)

where the initial guess xo € C is arbitrary, T is single-valued self mapping on C and {«,} < [0, 1] such

that lim o, = 0 and ), = oo. This iteration method has been extensively investigated for nonexpansive
n—-oo

mappings (see, e.g., [8,20]). However, the Mann iteration scheme provides only weak convergence in an
infinite-dimensional Hilbert space (see, e.g., [8]).
In 1967, Halpern [9] studied the following recursive formula:

Xpy1 = optt + (1 —0y)Txy,n >0, (1.2)

where T is single-valued self mapping on C and «, is a sequence of numbers in (0, 1) satisfying certain
conditions. He proved strong convergence of {x,} to a fixed point of 7', provided that T is single-valued
nonexpansive mapping. Halpern’s iterative method has been studied extensively by many authors (see, e.g.,
[14,21,26] and the references therein).

The Mann and Halpern methods were successful only for approximating fixed points of single-valued
nonexpansive mappings. For approximating fixed points of single-valued Lipschitz pseudocontractive self-
mapping 7', in [10] Ishikawa introduced the following iterative method.

onC,

Yn = Bnxn + (1 = B)Txp, (1.3)
Xp1 = pXy + (1 — )Ty, n >0,

where {a,}, {B,} are sequences of positive numbers satisfying the conditions:
00 <o, < By <1;3G) lim B, = 0; (iii) Y «,B, = oo. Then he showed that the sequence {x,}
n—oo

converges strongly to a fixed point of 7', provided that C is compact convex subset of H. Several authors
have extended the results of Ishikawa [10] to Banach spaces without compactness assumption on C (see, e.g.,
[15,30]).

On the other hand, in 2005, Sastry and Babu [22] introduced Mann and Ishikawa-type iterative methods
for multi-valued self mappings in a real Hilbert space H as follows.
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(i) Mann-type iterative method:
X0 € C, xpt1 = tpyn + (1 —on)xy,n >0,

where y, € Tx, such that ||y, — p|| =d(p, Tx,) and o, € [0, 1].
(ii) Ishikawa-type iterative method:

xo € C,

Yn = ,ann + (1 - ,Bn)xns (14)
Xng1 = ApZp, + (1 —ap)x,,n >0,

where C € H,T : C — Prox(C), p € F(T), zn € Tx,, 2,
d(pv Txn)7 ||Z:1 - p|| - d(pv Tyn) and ana .Bn € [O’ 1]

Then they obtained strong convergence of the schemes to points in F(7T) assuming that C is compact and
convex subset of H, T is nonexpansive mapping with F(T) # @ and oy, B, € [0, 1] satisfying certain
conditions.

In [25], Song and Wang extended the result of Sastry and Babu [22] to uniformly convex Banach spaces
assuming that F(T) # @ and Tp = {p},Vp € F(T).

In [23], Shahzad and Zegeye extended the above results to multi-valued quasi-nonexpansive mappings and
relaxed the compactness condition on C. In addition, they introduced the following new iterative scheme in
an attempt to remove the end point condition, Tp = {p}, Vp € F(T), in the result of Song and Wang [25].

Let C be a nonempty, closed and convex subset of a real Banach space E, T : C — Prox(C) be a
multi-valued mapping and Prx := {y € Tx : ||x — y|| = d(x, Tx)}. Let {x,,} be a sequence generated from
xg € C as follows.

€ Ty, such that ||z, — p|| =

{ Yo = (1= Bu)Xn + Bnzn, (1.5)

Xnt1 = (I —ap)xy +nz),n >0,

where z, € Prxy, z, € Pry, and {a,}, {B,} are sequences in [0, 1]. Then they proved that {x,} converges
strongly to a fixed point of 7" under some mild conditions.

In 2016, Tufa and Zegeye [27] pointed out that the above results hold for approximating fixed points of
self-mappings which are not always the cases in practical applications. Motivated by the result of Colao and
Marino obtained in [6], Tufa and Zegeye introduced and studied Mann-type iterative scheme for multi-valued
nonexpansive non-self mappings in a real Hilbert space. They obtained convergence results of the scheme to
fixed points of the mappings.

Recently, Zegeye and Tufa [28] constructed a Halpern—Ishikawa type iterative scheme for single-valued
Lipschitz pseudocontractive non-self mappings in Hilbert spaces and obtained strong convergence of the
scheme to fixed points of the mappings under some mild conditions. Their result mainly extends the result of
Colao et al. [7] from k-strictly pseudocontractive to pseudocontractive mapping.

Motivated by the above results, our purpose in this paper is to construct and study Halpern—Ishikawa
type iterative schemes for multi-valued Lipschitz pseudocontractive non-self mappings in real Hilbert spaces.
Strong convergence of the schemes to fixed points of the mappings are obtained under appropriate conditions.
Our results extend and generalize many of the results in the literature.

2 Preliminaries

In this section, we collect some definitions and known results that we may use in the subsequent section.
Let C be a nonempty subset of a real Hilbert space H. A mapping T : C — 2 is said to be inward if for
any x € C, we have

Tx CIc(x) :={x 4+ A(w — x) : forsome w € C and A > 1}.

The set I¢ (x) is called inward set of C at x. A mapping I — T, where [ is an identity mapping on C, is called
demiclosed at zero if for any sequence {x,} in C such that x, — x and d(x,, Tx,) — 0 asn — oo, then
x e Tx.

@ Springer



242 Arab. J. Math. (2021) 10:239-252

Lemma 2.1 For any x,y € H, the following inequality holds:

[l + Y117 < 11x12 4+ 20y, x + ).
Lemma 2.2 [2] Let C be a convex subset of a real Hilbert space H and let x € H. Then xo = Pcx if and
only if

(z —x0,x —x0) =0,Vz € C,
where Pc is the metric projection of H onto C defined by
Pex ={y e C:|lx —yll =inf||lx —z|[,z € C}.

Lemma 2.3 [32] Let H be a real Hilbert space. Then for all x, y € H and o € [0, 1] the following equality
holds:

2 __ 2 2 2

llex + (1 =)yl = allx]|” + A = )ly]* —al —a)llx — ylI*.
Lemma 2.4 [27] Let C be a nonempty, closed and convex subset of a real Hilbert space H and T : C —
CB(H) be a mapping and u € Tx. Define h,, : C — R by
hy(x) =inf{A > 0: Ax + (1 — A)u € C}.

Then for any x € C the following hold:
(1) hy(x) €0, 1] and h,(x) =0 ifand only ifu € C;
(2) if B € [hu(x), 1], then Bx + (1 — Blu € C;

) if T is inward, then h, (x) < 1;
4) ifu ¢ C, then hy,(x)x + (1 — h(x))u € 9C.

Lemma 2.5 [19] Let E be a real Banach space. If A, B € CB(E) and a € A, then for every y > 0 there
exists b € B such that ||la — b|| < D(A, B) + y.
Lemma 2.6 [11] Ler E be a real Banach space. If A, B € Prox(E) and a € A, then there exists b € B such
that |la — b|| < D(A, B).
Lemma 2.7 [29] Let C be a closed convex nonempty subset of a real Hilbert space H and T : C — CB(H)
be a Lipschitz pseudocontractive mapping. Then F(T) is closed convex subset of C.

From the method of the proof of Lemma 1 of [24], we obtain the following lemma.

Lemma 2.8 Let C be a closed and convex subset of a real Hilbert space H and T : C — Prox(H) be a
multi-valued mapping. Define Py : C — Prox(H) by Pr(x) ={y € Tx : ||x — y|| = d(x, Tx)}. Then the
following are equivalent:

(i) p e F(T);

(1) Pr(p) ={p}

(iii) p € F(Pr).

Furthermore, F(T) = F(Pr).

Lemma 2.9 Let H be a real Hilbert space. Then the following equation holds: if {x,} is a sequence in H such
that x,, — z € H, then

lim sup ||x, — y|[> = limsup ||x, — z||* + ||z — y|[*, Vy € H.

n—odo n—odo
Lemma 2.10 [31] Let {a,} be a sequence of nonnegative real numbers satisfying the following relation:
ant1 < (1 —ap)ay + aydy, n >0,

where {a,} C (0, 1) and {§,} C IR satisfying the conditions: ZZOZO a, = oo and limsup,,_, ., 8, < 0. Then
lim, 0 a, = 0.

Lemma 2.11 [16] Let {a,,} be sequences of real numbers such that there exists a subsequence {n;} of {n} such
that ay; < ap,+1 for alli € N. Then there exists a nondecreasing sequence {my} C N such that m; — 00
and the following properties are satisfied by all (sufficiently large) numbers k € N:

Ay < A1 and ag < Q1.

In fact, my = max{j <k:aj; <ajq1}.
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3 Main results and discussion

Let C be a nonempty, closed and convex subset of a real Hilbert space H. In this section, we introduce a new
iterative scheme for a multi-valued non-self mapping 7 : C — C B(H) and prove strong convergence results
of the scheme with end point condition, Tp = {p}, Vp € F(T). We also construct an iterative sequence which
strongly converges to a fixed point of a multi-valued mapping T : C — Prox(H) without the end point
condition.

3.1 Strong convergence results with end point condition

Let T : C — CB(H) be a multi-valued inward Lipschitz mapping with Lipschitz constant L and 8 €

(1 — wﬁ, 1). For a sequence {«,} in (0, 1), we define Halpern—Ishikawa type iterative scheme as
follows:

Given u, xg € C, letug € Txp and
huo(x0) :=1nf{A > 0 : Axo + (1 — Mug € C}.

Now if we choose A¢ € [max{p, hy,(xo)}, 1), then it follows from Lemma 2.4 that
Yo = Aoxo + (1 — Ag)ug € C.
By Lemma 2.5, we can choose vy € T yg such that

[luo — voll < D(T xo0, Tyo) + llxo — yoll-

Let gy, (yo) :=1inf{f > 0 : 6xp + (1 — O)vp € C}. If we choose 8y € [max{ro, gy, (y0)}, 1), then by Lemma
2.4, 0pxg + (1 — Bg)vg € C. Thus, it follows that

x1 :=aou + (1 — 0{0)(90)60 + (1 - Qo)vo) eC.
Hence, by the principle of mathematical induction, we have

An € [max{pB, hy, (xp)}, 1);

Yn = dnxp + (1 = Ap)ug;

Op € [max{i,, 8, )} s

Xnt1 = o + (1 — Oln)(gnxn + (1 - Qn)vn)s

(3.1)

where u, € Tx, and v, € Ty, such that |[u, — v,|| < D(Txn, Ty,) + ||xn — Yull, hu, (xp) :=inf{A >0 :
Axp, + (1 —MNu, € C}and

8v, (yn) :=inf{0 > 0:60x, + (1 —0O)v, € C},¥n > 0.

Now, we prove our main results.

Lemma 3.1 Let C be a nonempty, closed and convex subset of a real Hilbert space H, T : C — CB(H) be
L-Lipschitz pseudocontractive inward mapping and let {x,} and {y,} be sequences defined by (3.1) such that

lingooz,, = 0and Y ay = 0o. Suppose that F(T) # W with Tp = {p},Vp € F(T). Then {x,} and {y,} are
n—

bounded.

Proof Let p € F(T). Then from (3.1) and Lemma 2.3 and the fact that T is pseudocontractive, we have

Xnt1 — PII = llotnu + (1 — @) (@pxy + (1 — 6,)v,) — pl|?
< apllu — plI* + (1 — a)||6n(xn — p) + (1 = 6,) (v — p)II?
= apllu — plI* + (1 — @) [Ballxn — PI* + (1 = Oullvn — plI?]

—(1—ozn)efa—en)nvn—xnn2 ) )
< anllu — plI* + (1 — @) [Ballxn — pII* + (1 = 6,) D*(Tyn, p)]

—(1—an)951<1—9n>||vn—xn||2 )
< aullu — plI* + (1 — )b llxn — plI> + (1 — ) (1 — 6,)

x[lyn = I+ 11w = vall?] = (1 = @) (1 = 6)[|vn — x|
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< apllu— pl* 4+ (1 —ayd —9n>(||yn — Pl +llyn — vn||2>
+(1 — a6, (uxn —pl? = (1 = 6)lvn — xn||2) (3.2)

and

lyn = PII* = [AnGen — ) + (1 = X))y — p)II?
= hnllxn — pII* + (1 = A lun — pl)?
—An(1 = X)) |1xp _”n”z
< Mllxn = pII* + (1 = k) D*(Txy, p)?
(1= A 1% — ]
< Mallxn = pII? A+ (L= 2)[1xn — pII* + [0 — unll?]
(1= A X — ]
=[]0 — pII* + (1 = 2) 21X — un 3.3)

On the other hand, since T is L-Lipschitz, it follows from (3.1) and Lemma 2.3 that

1n = Vall® = [Phn (i — va) + (1 = X)) (1t — )|
= JnllXn — valI* + (1 = X)) [ — val?
(1 = A |xn — ] ?

2
< Aullxn — Un”2 + - )Ln)<D(Txn, Tyn) + |lx, — )’n||>

— (1= 2| |xn — unlf?
< Mallxn = val 2 4+ (1 = 2 (L + D?||xn — yal
(L= A |xn — unl?
= Jnllxn — vall* + (1 = X)L + D?{|xy — ||
(1= Ap)l1xn — unl|?
= hnllxn — vall?
—(1 =) (ke = (L + DL = 2)?) X — ] (3.4)

Thus, from (3.2), (3.3) and (3.4), we obtain
xXnt1 — pII* < anllu — plI* + (1 — ) (1 — 0n>(||xn —plP?
(1= 2?13 — unnz) + (1 —ap)(1 — 9n>(xn||xn — u,l?

—(1 = &) O — (L 4+ D>(1 = 1)) [|xn — un||2)

+(1 = a)bnl1xn — PI* — (1 — )0 (1 — )| |vy — xn |
= ayllu — plI* + (1 — @)y — plI* — (1 — o) (1 — 6,) (1 — &)

x(l —(L+ D> —2a)* =21 —xn))nxn — uy|?
+(1 = ) (1 = 6,) Oon — 0) g — X112 (3.5)
Since foreachn > 0, 6, > A, and

1=2(1 =4 — (L+D*A=2,)? =1 =201 =) — (L + 1)*(1 = B)*> > 0, (3.6)
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inequality (3.5) implies that

xnt1 — plI* < anll — plI* + (1 — a)llx, — plI*. (3.7)

Hence, by induction,

|bas1 = plI> < max{|lu — pl, [lxo — plI*}, Vn = 0.
This implies that the sequence {x,} is bounded which in turn implies that {y,} is bounded. O

Theorem 3.2 Let C be a nonempty, closed and convex subset of a real Hilbert space H, T : C — CB(H) be

L-Lipschitz pseudocontractive inward mapping with F(T) # (. Let {x,} be a sequence defined by (3.1) such

that im o, = 0and Y_ «, = oco. Suppose that Tp = {p},Yp € F(T) and I — T is demiclosed at zero. If
n—oo

there exists € > 0 such that 0, < 1 —€,Vn > 0, then {x,} converges strongly to a fixed point x* of T nearest
to u in the sense that x* = Ppt)(u).

Proof Let x* = Pgry(u). Then by (3.1), Lemma 2.1, Lemma 2.3 and pseudocontractivity of 7', we have
(T) y p y

Xns1 — X7 = lante + (1 — ) (Onxn + (1 = O)vy) — x|
= ot (u — x*) + (1 — o) [Onxn + (1 = 6)v, — x*]| 12
< (1 — ap)|6nxn + (1 = 6,) v, — x|
+2a (U — x*, Xpp1 — x*)
= (1 — a)Opllxn — x*[1* + (1 — ) (1 — 6,)|[v, — x*[|
—(1 = a)0p (1 — O)[|vn — xa |1 + 206 (u — X*, X1 — x¥)
< (1 — ap)ul|xn — x| + (1 — at)(1 — 6,) D*(Tyy, x¥)
—(1 = &) (1 — O)[|vy — xa > + 206 (u — X*, X1 — x¥)
< (1 = a)Blxn — x*| I
+(1 = ) (X = 0)[1lyn — x* 17+ [lyn — valI*]
—(1 = a)On (1 — O)[|vn — X l1* + 200 (u — x*, Xy — x¥).
Moreover, since x* € F(T), from (3.3) and (3.4) it follows that
yn — X2 < 11xn — X% + (1= A)? |20 — unll?

and
1y = all? < Anllxn — vall* = (1 = m(xn —(L+1*(1 - mz)nxn — unl*.

Hence, by substitution, we obtain

X1 — X2 < (1= ap)Bpxn — x*[1* + (1 — ) (1 — 6y)
x[11xn = x| 4+ (1 = 2)?[lxn — unl P + (1 — an) (1 — 6,)
X [Mnllxn = vall* = (1 = Ap) Qo — (L + D1 = 1) D) Ixn — unll?]
—(1 = )0 (1 = O [vn — X |I* + 200 (1 — x*, Xy — %)
= (1 —ap)llxn — x*[> = (1 =) (1 — 6,) (1 — Ay)
x[1 = (L4 1?1 = x)* = 2(1 = 2)]l|xn — unll®
+(1 = a) (1 = 6,) (A — Op) 130 — vall?

+2a, (u —x7, Xn+1 —x%) (3.8)
< (1 —a)lxn — x*[1? + 200 (4 — x*, x, — x¥)
+20 [t — x| Xn41 — Xnll- (3.9)

Next, we consider two possible cases.
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Case 1. Suppose that there exists ng € N such that {||x, — x*||} is decreasing for all n > ng. Then it
follows that {||x, — x*||)} is convergent. Thus, (3.8), (3.6) and the fact that 6, > A, and lim «, = 0 imply

that A
Xp —uy — 0asn — oo. (3.10)
Combining this with (3.1) yields
[1yn = Xnll = (L = Xp)[lxn — un|l = Oasn — oo, (G.1D)
and so from Lipschitz continuity of 7', we have

[vn — xull < [vp — unll + [lun — xpl|
< D(Tyn, Txp) + 1xn — yull + llun — xal
< (L + Dllyn = xnll + [lun — x4|| = O asn — oo. (3.12)

Thus, from (3.1), it follows that
[1Xn+1 = xnl| < anllu — xpll + (1 = ) (1 = O) [l — xul| = 0. (3.13)

On the other hand, since {x,} is bounded and H is reflexive, we can choose a subsequence {x,,} of {x,} such
that

X, = wand limsup(u — x*, x, — x*) = lim (u — x™, x,, — x™).
n—o00 i—00

Also from (3.1) and (3.10), we have d(x,, Tx,) < ||x, — un|| = 0. Then since I — T is demiclosed at 0, it
follows that w € F(T'). Therefore, by Lemmas 2.7 and 2.2, we obtain

limsup(u — x*, x, —x*) = lim (u — x*, x,, — x™¥)
n—0o0 1—>00

={u—x"w-—x" <0. (3.14)

Then it follows from (3.9), (3.14) and Lemma 2.10 that ||x, — x*|| — 0 as n — oo. Consequently, x, —

x* = Prry(u).
Case 2. Suppose that there exists a subsequence {r;} of {n} such that

1, — ¥ < [Pn,1 — x¥]1. ¥i € N
Then by Lemma 2.11, there exists a nondecreasing sequence {my} C N such that m; — oo and
2tme — X1 < Hotmy+1 — x*[] and [Jxx — x*|] < [[Xm+1 — x¥[|, Vk € N. (3.15)
Thus, by (3.8) and (3.6), we have ||x;,, — up,||] — 0 as k — oo, which implies that
d(xXmy, Txp,) = 0ask — oo.
Then using the methods we used in Case 1, we obtain

lim sup(u — x*, x, —x*) <0. (3.16)
k— 00

Now, from (3.9), we have
Xt — X511 < (1= atm)1Xmy, — X124 20 (= x*, X, — x*)
20 e = X Xmg 1 = Xy 11, (3.17)
and hence (3.15) and (3.17) imply that
g | Xy, — X112 < |y, — X1 = gt — 3|17 4 200, (4 — X%, Xy, — x)

20, | — X Xmg 41 — X ||
< 20 (U — X*, Xy — XF) A 200, N — X[ X1 — Xy |-
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Then since «,,, > 0, we have

xm, — X*11% < 200 — x*, Xy — X*) + 201t — X* || X1 — Xomg 1]
Thus, using (3.13) and (3.16), we obtain

lim sup |[x,,, — x*||* < 0 and hence ||x,,, — x*|| — 0 as k — oo.
k— 00

This together with (3.17) imply that ||x,,,+1 — x*|| = 0 as k — oo. But, since ||x;y — x*|| < ||xp,+1 — x|,
for all k € N, it follows that xy — x* = Pp(r)(u). Therefore, the above two cases imply that {x,} converges
strongly to the fixed point of T nearest to u. O

If T is assumed to be k-strictly pseudocontractive, then T is pseudocontractive and so, we have the following
corollary.

Corollary 3.3 Let C be a nonempty, closed and convex subset of a real Hilbert space H and T : C — CB(H)

be L-Lipschitz k-strictly pseudocontractive inward mapping with F(T) # (. Let {x,} be a sequence defined

by (3.1) such that lin;o an =0and )" ay = 0o. Suppose that Tp = {p},Vp € F(T) and I — T is demiclosed
n—

at zero. If there exists € > 0 such that 6, < 1 — e Vn > 0, then {x,} converges strongly to a fixed point of T
nearest to u.

Definition 3.4 A point x € F(T) is said to be a minimum norm point of F(T) if ||x|| < ||y||,Vy € F(T).

If C contains the zero element, then we have the following theorem for finding a point with minimum-norm
in the set of fixed points of a Lipschitz pseudocontractive mapping.

Theorem 3.5 Let C be a nonempty, closed and convex subset of a real Hilbert space H containing 0, T :
C — CB(H) be L-Lipschitz pseudocontractive inward mapping and let {x,} be a sequence defined by (3.1)
with u = 0. Suppose that F(T) # W, Tp = {p},Vp € F(T) and I — T is demiclosed at zero. If there exists
€ > 0 suchthat 6, <1 —e€Vn >0, then {x,} converges strongly to the minimum-norm point in F(T).

Proof By Theorem 3.2, x,, converges to a fixed point x* of T nearest to 0. Thus, ||x*|] = [|x* — 0]] <
[lx —0]| = ||x]|, Vx € C and hence the proof. O

3.2 Strong convergence results without end point condition

Before introducing our algorithm, we prove the following lemmas.

Lemma 3.6 Let C be a nonempty, closed convex subset of a real Hilbert space H and T : C — Prox(H) be
a k-strictly pseudocontractive multi-valued mapping. Then T is Lipschitz mapping.

Proof Letx,y € C and u € Tx. Then by Lemma 2.6, there is v € Ty such that
[lu —v|| < D(Tx, Ty).

Then since T is k-strictly pseudocontractive, we have

D*(Tx,Ty) < |lx — y|I> + kllx —y — (u — v)||? )
< (||x — v+ VE(lIx = Yl + [u —v||)>
2
< <||x — ¥l + Vk(llx = Il + D*(T'x, Ty>))

which implies that

1+ vk

D(Tx,Ty) = llx — yll.
1-Vk
Therefore, T is Lipschitzian with Lipschitz constant L = % O
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Lemma 3.7 Let T : C — Prox(H) be a multi-valued mapping such that Pr is k-strictly pseudocontractive.
Then I — Pr is demiclosed at zero.

Proof Let {x,} be a sequence in C such that x, — p and d(x,, Prx,) — 0. Let y € Prp. By Lemma 2.6,
for each n € N, there exists y, € Prx, such that

llyn = yIl = D(Pryn, Prp).
Also, since y, € Prx,, it follows that
[1Xn — ynll = d(xn, Prxs) — 0.
Now, for each x € H, define f : H — [0, oo] by

f(x) = limsup ||x, — x]|. (3.18)

n—oo

Then from Lemma 2.9, we obtain

f(x) =limsup||x, — plI* +1lp — x||*, ¥x € H,

n—oo

which implies that

f) = f(p)+1lp —x|I*, ¥x € H.

Hence, we obtain that

f) = fp)+1lp -yl (3.19)

In addition, by the definition of k-strictly pseudocontractive mapping, we have

f () = limsup [|x, — yl|?

n—oo

= limsup||x, — yn + ¥ —Y||2

n—oo

= limsup ||y, — yII*

n—oo

< limsup D2(PTx,,, Prp)

n—oo

n—oo

< lim sup (||xn — pIP +kllxn — yu — (p —y>||2)

. 2
< lim sup (IIxn — pII> + k(I1xn = yall + 11p = ¥1) )

n—o0

= limsup ||x, — plI* + kllp — vI|?

n—oo
= f(p) +kllp—ylIP. (3.20)
Then it follows from (3.19) and (3.20) that (1 —k)||p — y| |2 = 0 and hence, p =y € Prp. Therefore, I — Pr
is demiclosed at zero. O

Now, we present our algorithm as follows. Let 7 : C — Prox(H) be a multi-valued mapping such that Pr

is inward Lipschitz mapping with Lipschitz constant L and 8 € (1 — 1 ). For a sequence {«,} in

N
1+VL2+1’
(0, 1), we define Halpern—Ishikawa type iterative scheme as follows:

Given u, xg € C, let ug € Prxg and

huo(x0) :=1nf{A > 0 : Axo + (1 — Mug € C}.
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Now, if we choose A¢ € [max{, h,,(x0)}, 1), then it follows from Lemma 2.4 that
Yo = Aoxo + (1 — Ag)ug € C.

By Lemma 2.6, we can choose vy € Pryg such that
lluo — vol| < D(Prxo, Pryo).

Let gy (yo) :=1inf{f > 0 : 6xp + (1 — O)vp € C}. If we choose 8y € [max{ro, gy, (y0)}, 1), then by Lemma
2.4, 0px9 + (1 — Bg)vg € C. Thus, it follows that

x1 = agu + (1 — ao) (Boxo + (1 — 6o)vo) € C.
Inductively, {x,} is defined as

An € [max{B, hy, (x,}, 1);

Yn = AnXp + (1 — Ap)up;

O, € [max{A,, 8v, )}, 1)

Xp+1 = opu + (1 — an)(enxn +d- en)vn)a n >0,

(3.21)

where u, € Prx, and y, € Pry, such that ||u, — v,|| < D(Prx,, Pry,),
hy, (x,) :=inf{A > 0:Ax, + (1 —A)u, € C} and
8v, (yp) :=Inf{6 > 0:6x, + (1 —0O)v, € C}.

Theorem 3.8 Let C be a nonempty, closed and convex subset of a real Hilbert space H, T : C — Prox(H)

be a multi-valued mapping such that Pr is k-strictly pseudocontractive inward mapping and F(T) # (. Let

{x,} be a sequence defined by (3.21) such that lim o, = 0 and Y o, = oo. If there exists € > 0 with
n—-oo

0, <1 —eVn >0, then {x,} converges strongly to a fixed point of T nearest to u.

Proof By Lemma 3.6, Pr is Lipschitz with Lipschitz constant L = iJ“/f and / — Pr is demiclosed at zero

by Lemma 3.7. Moreover, by Lemma 2.8, F(T) = F(Pr) and Prp — {p} for all p € F(T). The rest of the
proof is very similar to the proof of Theorem 3.2. O

In Theorem 3.8, if Pr is assumed to be nonexpansive mapping, then Pr is k-strictly pseudocontractive and
hence we have the following corollary.

Corollary 3.9 Let C be anonempty, closed and convex subset of a real Hilbert space H, T : C — Prox(H) be

a multi-valued mapping such that Pr is nonexpansive inward mapping and F(T) # (. Let {x,} be a sequence

defined by (3.21) such that lim o, = 0 and Y_ o, = oo. If there exists € > O with 6, < 1 —eVn > 0, then
n—o0

{x,,} converges strongly to a fixed point of T nearest to u.
The method of the proof of Theorem 3.2 also provides the following result.

Theorem 3.10 Let C be a nonempty, closed and convex subset of a real Hilbert space H and T : C —
Prox(H) be a multi-valued mapping such that Pr is an inward Lipschitz pseudocontractive mapping. Suppose
that F(T) # @, I — Pr is demiclosed at 0 and {x,} be a sequence defined by (3.21). If there exists € > 0 such
that 0, <1 —e€Vn > 0, then {x,} converges strongly to a fixed point of T nearest to u.

Remark 3.11 Note that, in Algorithms (3.1) and (3.21), the coefficients A, and 6, can be chosen simply as
follows: A, = max{pB, hy, (x,)} and 6,, = max{A,, g,, (Y»)}.

4 Numerical example

Now, we give an example of a nonlinear mapping which satisfies the conditions of Theorem 3.2.
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Example 4.1 Let H = IRR with Euclidean norm. Let C = [—1, %] and T : C — IR be defined by

Ty < {{—x,O}, x e[—1,0),

x, x€]0, %]. .1

Then we observe that T satisfies the inward condition and F (T) = [0, %]. We first show that T is Lipschitz
pseudocontractive mapping. We consider the following cases.
Case I: Letx,y € [—1,0). Then Tx = {—x, 0} and Ty = {—y, 0}. Thus, we have

D(Tx, Ty) = max { sup d(a, Tx), sup d(b, Ty)}
aeTy beTx

= max{minf|x — yl[, [y[}, min{]x — y|, |x[}

_ ) max{min{|x — y|, [y[}, |x — y|}, ifx <y,
) max{|x — y|, min{|x — y|, |x|}, ify <x,

=lx =yl
Case 2: Let x, y € [0, %]. Then Tx = {x} and Ty = {y}. Thus, we have

D(Tx, Ty) = max { sup d(a, Tx), sup d(b, Ty)}
aeTy beTx

=|x =yl
Case 3: Letx € [—1,0) and y € [0, %]. Then Tx = {—x,0} and Ty = {y}. Thus, we have

D(Tx, Ty) = max { sup d(a, Tx), sup d(b, Ty)}
a.eTy beTx
= max{min{|x + y[, y}, max{|x + y|, y}}

<lx—yl

From the above cases, it follows that 7" is L-Lipschitz pseudocontractive mapping with Lipschitz constant
L=1"Thenl—- ——L—— —0.691. Thus, we can choose 8 = % and o, = % Now, let xo = —1 and

1A/ (L+1)2 41

u = 0.5. Then Txy = {0, 1}. Take ug = 0. Then we have

hyo(x0) = inf{A > 0: Axp + (1 — AM)ug € C}
=inf{A>0:-1 € C}
=0.
Let g = max{p, h,(x0)} = 2. Then yo = Aoxo + (1 — Ao)up = —3 and
Ty = {0, %}. If we take vy = 0, then we get
8vo(yo) =1inf{ > 0:0x0+ (1 —6)vp € C} =0.

If we choose 6p = max{Ag, gy, (¥0)} = %, then we have

3
x1 = aopu + (1 — ag)[Boxo + (1 — Bp)vg] = — —0.3.

E =
Then Tx; = {0, %}. If we choose u; = 0, the we obtain A, (x1) = 0. Now, we can choose A1 = g, which

yields

1 1
yi=Ax1+ (1 —Apu; = ~1 and Ty| = {0, Z} .

=3
=2,
and hence Ay, (x2) = 0. Thus, we can choose 1, = % which yields y; = 0 and x3 = 0.14 for 6, = %. In

Again, we can choose v; = 0 and 6, which yields x» = 0. Then Tx, = {0}. In this case up = Tx, =0
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Fig. 1 Convergence of x, for different values of the initial point xo and the constant u

general, we observe that for xp = —1,u = 0.5 and ¢, = %, we can choose A, = 6, = %. Thus, all the
conditions of Theorem 3.2 are satisfied and x,, converges to 0.5 = Pp(ryu (see Fig. 1).

Similarly, for xo = 0.5 and u = 0, the sequence {x,} converges to 0 = Pp)u. Moreover, for xg =
—0.5 and u = —1, x, converges to 0 = Pp(ryu (see Fig. 1 which is obtained using MATLAB version
8.5.0.197613(R2015a)).

5 Conclusion

In this paper, we have constructed Halpern—Ishikawa type iterative methods for approximating fixed points of
multi-valued pseudocontractive non-self mappings in the setting of real Hilbert spaces. Strong convergence
results of the scheme to a fixed points of multi-valued Lipschitz pseudocontractive mappings are obtained
under appropriate conditions on the iterative parameter and an end point condition on the mappings under
consideration. In addition, a Halpern—Ishikawa type iterative method for approximating fixed points of multi-
valued k-strictly pseudocontractive mappings is introduced and strong convergence results of the scheme are
obtained without the end point condition. Our results extend and generalize many of the results in the literature
(see, e.g., [6,7,22,23,25,27-29]). More particularly, Theorem 3.2 extends Theorem 3.2 of Zegeye and Tufa
[28] from single-valued mapping to multi-valued mapping. Thus, if we assume that 7" is single-valued mapping
in Theorem 3.2, then we get Theorem 3.2 of Zegeye and Tufa [28]. Theorem 3.8 extends Theorem 8 of Colao
et al. [7] from single-valued mapping to multi-valued mapping.
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