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Abstract In this paper, we study the existence and uniqueness of solutions for fractional differential equations
with nonlocal and fractional integral boundary conditions. New existence and uniqueness results are established
using the Banach contraction principle. Other existence results are obtained using O’Regan fixed point theorem
and Burton and Kirk fixed point. In addition, an example is given to demonstrate the application of our main
results.
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1 Introduction

Fractional differential equations have gained much importance and attention due to the fact that they have been
proved to be valuable tools in the modeling of many phenomena in engineering and sciences such as physics,
mechanics, economics, biology, etc. (see, for example, [16,19,23,24] and references therein). Actually, the
concepts of fractional derivatives are not the only generalization of the ordinary derivatives, but also it has
been found that they can efficiently and properly describe the behavior of many physical systems (real-life
phenomena) more accurately than integer-order derivatives.

Different kind of fixed point theorems are widely used as fundamental tools to prove the existence and
uniqueness of solutions for various classes of fractional differential equations; for example, we refer the
reader to [1-4,9,12,14,15,17,18,21,25,27] and the references cited therein. Moreover, some mathematicians
considered Caputo fractional differential equations with a nonlinear term depending on the Caputo derivative
(see Benchohra and Souid [5], Benchohra and Lazreg [6], Benchohra et al. [ 7], El-Sayed and Bin-Taher [10,11],
Guezane-Lakoud and Khaldi [12], Guezane-Lakoud and Bensebaa [13], Houas and Benbachir [14], Nieto et
al. [20], and Yan et al. [27]).

Motivated by the above papers, in this paper, we establish various existence and uniqueness results of
solutions for a boundary value problem of nonlinear fractional differential equations of order o € (2, 3] with
nonlocal and fractional integral boundary conditions given by:

DLu(t) = f(t,u(), Dhu).1 € J:=[0,1]

u(0) = g(u),

u'(0) = alfiu(n), O0<m<l
Dyu(l) = bIg2u(m), 0<m<l,
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where CDSJr is the Caputo fractional derivative of order k € {«, 8, B1},suchthat2 < o < 3,and0 < 8, f; < 1,
and f : [0, 1] x R2 —s Rand g : C([0, 1], R) —> R are continuous functions, Ig " is the Riemann—Liouville
fractional integral of order o; > 0,i = 1, 2, n1, 2, a, b are suitably chosen real constants, such that:

A _ an(]71+l B 1 bn;2+2 B l
I'(o1+2) I2+3) I'G—p1)
o2+1 o142
(rems ) (Fes) 0
I'(o2+2) I'C—=p1) ) \I'(o1+3)

The paper is organized as follows. In Sect. 2, we collect some background material and basic results about
fractional calculus that will be used later. In Sect. 3, we establish the existence of solutions for the boundary
value problem (1) using Banach contraction principle, O’Regan fixed point theorem, and Burton and Kirk fixed
point. In the fourth section, we give an example to demonstrate the application of our main results. Finally, we
add a conclusion to the paper in the last section.

2 Preliminaries

In this section, we will recall some notions and definition which we will need in the sequel (details can be
found, e.g., in [16,23,24]).

Definition 2.1 ([16]) The Riemann-Liouville fractional integral of order « > 0 of a function u € L'([0, 1)
is defined by:

t
I$ou(t) = ﬁ/o (t —)* u@s)ds, >0, a>0).

where I"(-) is the (Euler’s) Gamma function I" (@) = 0+°° e 't*"1dr, « > 0. Moreover, for « = 0, we set

I(())+u =u.

Definition 2.2 ([16,23]) The Caputo fractional derivative of order « of a function u € AC" ([0, 1]) is repre-
sented by:

) ﬁ fot (t — )" ly™W)ds, ifa¢N,
c
u™ (1), ifa €N,

d"u(t)

where u®™ (1) = T

o > 0,n = [a] + 1 and [«] denotes the integer part of the real number «.

Lemma 2.3 Let o, B > 0, n = [«a] + 1, and then, the following relation holds:

FHgeh if~a (BeNandBznorf¢Nandp >n— 1),
CDg+tﬁ ==

0, Belo,...,n—1}.

Lemma24 Leta > 8 >0, andu € L! ([0, 1]). Then, we have:

() 1818 u() = 157 Pu),

(2) D, [u(r) = u(®),

3) DY 18 u() = 187 u ().
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Lemma 2.5 Let o > 0. Then, the differential equation
(‘Dyru)(t) =0,
has solutions
n—I1 -
uty=y cjt!, c;eR, j=0...n—1,
j=0
wheren —1 <o <n
Lemma 2.6 Let o > 0. Then:
& DL u(t)) = ult) + cht/
j=0
forsomec; eR,j=0,1,2,...,m—1, wheren = [a] + 1.
Lemma 2.7 Leta > 0,u € Ll([O, 1], R). Then, forall t € [0, 1], we have:
1 ) < |Gull.
Proof Letu € L! ([0, 11, R), and from Lemma 2.4, we have:
t 1
Igflu(t) = Iol+18‘+u(t) =f0 Igu(s)ds < / |15y u(s)|ds = || Igull 1.
O

Lemma 2.8 The fractional integral IS‘+, o > 0is bounded in Ll([O, 11, R) with

il
IGeullpr <~
F+1)

Proof Letu € L'([0, 1], R), and then:

1

15 ull =f0 |18‘+u(t)|dtsmf /( t— )% u(s)|dsdr
1

%/ |u(s)|ds/ (t — )% lar

< F(a—i—l)/ (t —$)*[u(s)|ds

flaell 1
“Ta+1)

IA

O

Let us now introduce the space E = {u ue C(0,1],R) : "Dngu e C([0, 1], R)} equipped with the norm:

lull g = llloo + 1°DY el oo = Suplu(t)l +SUPICD u(®)].

Clearly, (E, || - ||g) is a Banach space [26].
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3 Main results

For the existence of solutions for the problem (1), we need the following lemma:

Lemma 3.1 For a given h € C(J, R), the unique solution of the linear fractional boundary value problem:

‘Dyiu(t) =h(t), 2 <a <3,
supplemented with boundary conditions
w(0) = g(u), u'(0) =alllu(n). Dhtu(l) =bIZu(m),
is given by:

u(t) = I h(0) + (et — vin 157 h(m) + (at — vt 15 h(n2)

+ (st — v 5 PR + (1= st — vrP)g(w),

a bng2+2 1 ab n{' 12
V] = — - ,vn=—|—"—m—],
'Y A\T o3 TG=-8)) * a\TwGi+3)

where

vy = e L= 2, v5=i(an[{l+l _1)’
© I'(op+1) I(ox+1) b 2A\I'(o1 +2)

2A\I'(02+2) TI'(2-p1) Fo,+1) I'(op+1)
U8—Z,

and A is defined by (2).

3)

“4)

(&)

(6)

Proof Applying the Riemann-Liouville fractional integral operator of order « to both sides of (3) and using

Lemma 2.6, we have:
u(t) = Igih(t) —co —cit — et®, co, 1,0 €R.

Applying the boundary conditions (4) in (7), we find that:

co = —gu).

Using the boundary conditions of (4) in (7), we find a system of equations:

ani™*! an'*? N anf!
——1 C +2 _— C Zala Ulh +(—> u).
' +2) 1 o1 +3) 2 o0+ (1) T+ 1) g( )

bngz+l 1 + 2 7732+2 1 bIOl-‘r(YZh( )
— C — CHr =
Fo,+2 r2-pn)° Mo +3) TG-pp) 2= v 102

(b w) — 1477 h(1)
ro+1n)% ot '

Solving the system of equations (8) and (9) together with notations (6), we find that:

c1 = v I RO — v 8T h(n) + vag () + val( TP (D),
c2 = oI5 R () — ve S () + vrg(u) — vs I T h(D).

Substituting the values of ¢, ¢, ¢z in (7), we obtain the solution (5). This completes the proof.

(7

®)

€))
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For computational convenience, we introduce the notations:
o cnB 1 ! a—1 cnB
Lo+ f (s u(s), “Dyu(s)) (@) = —— | @ =) f(s,u(s), Dy,u(s))ds, Vi € J.
’ ° @) Jo ’
Define the integral operator 7 : E — E by:
Tu)(t) = I& f (s, u(s), DL, u(s) ()

+ (vt — 0N IS £ (s, u(s), DY u()(m)

+ (vat — vst) IS £ (5, u(s), DY u()(12)

+ (vsr? — w157 f (s, u(s), Df u(s)) (1)

+ (1 — v3t — v7t2)g(u). (10)
Next, we introduce two operators 172 : E — E as follows:

Ty () (1) = I8 f (s, u(s), ‘D u(s)) (1)

+ (ver® — v IS (s, u(s), Dl u(s)) (1)

+ (ot — o5t LT £ (s, u(s). D u(s)) ()

+ (vgt? — ) I577 f (5, u(s), D u(s)(1), (11)
and

Tou(t) = (1 — vat — vit)g(u). (12)
Clearly:
Tu(r) = Tyu(t) + Tou(t), t € J. (13)

Remark 3.2 In our work, we assume that the restriction A # 0 is satisfied, because in the case when A = 0,
the problem (1) will be under the resonant conditions, and hence, the previously mentioned theorems are not
applicable, and then, the problem can be managed using the method of Mawhin continuation theorem.

Lemma 3.3 Let f € C([0, 1] xR xR, R). Then, u € E is a solution of the fractional boundary value problem

(1) ifand only if Tu(t) = u(t), vVt € [0, 1].

Proof Let u be a solution of (1). Then, using the same method as used in Lemma 3.1, we can prove that:

u(t) = T)(@) = I, f (s, u(s), ‘D, u())(1)
+ (vt — v I £ (5. u(s). Dy u()(m)
+ (uat = vst) G £ (s, u(s), DY u(s) ()
+ (wgt? — vat) 5" £ (s, u(s), Dl () (1)
+ (1 — v3t — vt g (u).

Conversely, u satisfies:

w(t) = I8 £ (s, u(s), ‘DY u(s)) (1)
+ (vt® — ViDL £ (5, u(s), DY u(s) ()
+ (vat — vst) ISP £ (5. u(s), DYy u()(12)
+ (vst® = van) I f (s, u(s), DY u()) (1)
+ (1 — v3t — vt*)g(u),
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and denotes the right-hand side of the equation by v(¢). Then, by Lemma 2.4, we obtain:

Dy v(t) =Dy Iy f (s, u(s), CD§+u(s))(t)
+ Dy (vet? — v1t)18[fg1 (s, u(s), CDngu(s))(m)
+ DY, (ot — vst DI £ (s, us), Dfu(s)(m)
+° 8‘+(0812 - v4t)Ig+_ﬂ1f(s, u(s), cDngu(s))(])
+Df (1 — v3t — o) g (W)
= f(t.u(®). D u(r)).

Hence, v () is a solution of the fractional differential Eq. (1). Also, it is easy to verify by direct computation
that v satisfies conditions (4). This completes the proof. O

To simplify the computations in the main results, we set some notations:

R S R L U e U2 N L B 1
IN'a) T'a+o) T'a+o) T'a—pB)
! dusl + @ — Pluil  2lvs|+ 2 — B2l
F@—p) TG-pl@to) T'G-Aleto)
2fvg| + 2 — B)lual
FG-Al@—p)
Ni= (L4 sl + g, Ny = 22 2= Plvs], (14)

I'G—-p
In the sequel, we need the following assumptions.
(HI) The function f : J x R x R — R is continuous.
(H2)
|f(t ur,v) — [t uz, v2)| < g(@) (lur —uz] + Jvp — v2).

forall uy, us, vi, v, eR; g € Ll(J, Ry)andr € J.
(H3) There exist a positive constant @ < 1 and a continuous function ¢ : [0, c0) —> [0, 00), such that
Pp(v) <wv, w < g7 and [gw) — gW)| < (Jlu — v|), forall u, v € C(J, R).

N1+Ny
(H4) g(0) =0.
(H5) There exist continuous nondecreasing function v : [0, co) —> (0, oo) and function p € L'([0, 1], R™),
such that:
[t u, v)| < p(OY(ul + [v]), (15)
for each (¢, u,v) € [0,1] x R x R.
(H16
r 1
sup > . (16)
re©,00) (M1 +M)Iplipy(r) 1 — (Nt + Mo
(H7) There exists non-negative function p € L'(J, R,), such that:
[f(# u, v)] < p()(1 + [ul + [v]), (17)
forallu,v e Randr € J.
Our first results is based on the Banach contraction principle.
Theorem 3.4 Assume (Hy), (H2), and (H3) hold. If
yi =M1+ M)llgllpr + (N1 + M)w) < 1. (18)

holds, then the problem (1) has a unique solution on J.
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Proof Transform the problem (1) into a fixed point problem. Clearly, the fixed points of the operator 7" defined
by (10) are solutions of the problem (1).
Letu,v € E and ¢t € J, and from the definition of T, we can write:

[(Tu)(6) — (To)(O)] = I8 | f (s, u(s), D u(s)) — f(s.v(s), Df v(s))](2)
+ [ver® — vt |15 £ (5. (), DY u(s) — f(s. v(s). Dl v(s)| (1)
+ [var — oS|I £ (5. u(s), Dl u(s) — f(s. v(s). Dl v(s))|(m2)
+ Jvgr? — vat | g7 P f (5, u(s), Dl u(s)) — £ (s, v(s), DY v()] (1)
+ 11— w3t — vrt?||g(w) — g(V)|.
By (H2), we can find that:
(T @) = T ©] = (I = vlioe + 1D, u = D viloo) [15 8
+(vel + iDL g()(m) + (Jva| + [vs DI g () (12)
+ (us! + a1 g (5) ()]
+ (1 + [v3| + [v7DIg () — g(W)1.
According to the Lemmas 2.7, 2.8, and (H3), we have:

lvel + lvil  [val + |vs|  vg| + |v4l
1Tu — Tvlleo < IIM—UIIE< gl

') TI'(a+o1) TI'(a+oz) I'(a—p1)
+ (A + vzl + [v7Dollu — V|-

Thus:
1Tu —Tvlloo < (M1ligllpr + N1w)[lu — vl|E. (19)

Observe that:
D Tu) = 177 f (s, u(s), Dl us)) (1)

2-8 _ 1-p
206t F + (2 — But 1a+01f(s,u(s),"Dg+u(S))(m)

ré-p) or

205127 P 4+ (2 — Byvpr! P
G5 1837 £ (s, u(s), “DE,u(s)) (1)

208t P + 2 — Byugt! =P ,_ ,
G5 1577 £ (s, us), D u(s)) (1)

207127 + (2 — Byvar! P w

u k]
rG-p ¢
using similar techniques as to get (19), it yields:
1D, Tu — DY, Tvlloo < (Mallgll 1 + Na2w)[lu — v]| . (20)

Combining (19) and (20), we get:
ITu —Tvllg = (M1 4+ M2)liglipr + (N1 + Na)w)llu — v E.
Therefore, we have:
ITu —Tvlg < yillu —vlE.

In view of the given condition y; = (M1 + M2)||gll;1 + (N1 4+ N2)w) < 1, it follows that the mapping T is a
contraction. Hence, by the Banach fixed point theorem, T has a unique fixed point which is a unique solution
of Problem (1). This completes the proof. O
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Our next result relies on a fixed point theorem of O’Regan [22]

Lemma 3.5 Denote by U an open set in a closed, convex set C of a Banach space E. Assume 0 € U. Also
assume that T(U) is bounded and that F : U —> C is given by T = T\ + T», in which T\ : U — E
is continuous and completely continuous and T, : U — E is a nonlinear contraction (i.e., there exists
a non-negative nondecreasing function ¢ : [0, 00) — [0, 00) satisfying ¢(z) < z for z > 0, such that
T (u) — Ta(W)|| < @(lu — vl) for all u, v € U). Then, either

(c1) T has a fixed point in U, or .
(c2) there exists u € 0U and ) € (0, 1), such that u = ATu, where U and 0U, respectively, represent the
closure and boundary of U.

Let
B ={uecE:|ulg<r},
and denote the maximum number by:

M, = max {|f(t,u,v)|: (t,u,v)eJ x[—rr]x[-rr]}.

Theorem 3.6 Suppose that (HI),(H3)—(H6) are satisfied. Then, the problem (1) has at least one solution on
J.

Proof From (H6), there exists a number ry > 0, such that:

ro 1
My + M) plivr(ro)  1— (N + N

We shall prove that 77 and 7> defined by (11) and (12), respectively, satisfy the conditions of Lemma 3.5. We
split the proof into several steps.

21

Step 1 : The operator 77 is completely continuous. It is clear that 77 is continuous, since f is continuous.
Next, we shall prove that the operator 71 maps bounded sets into bounded sets in E. For u € B, and for each
t € J, we have:

((T1u) ()] < 181 £ (s, u(s), Dl u(s)| ()
+ (w6l + oI DI £ (5. (), DY us)) )
+ (o2l + [osD IS £ (5. u(s), DY, u(s)) (o)
+ (sl + 1D IETP £ (s, u(s). DY u)I ().

In view of (15), we obtain:
(O] = ) {15 p6)@) + (o] + o1 DI ps) 1)
+ (vl + [osDIEE ps) ) + (sl + a1 ps)1)
By Lemmas (2.7), ( 2.8), we obtain:

|(T1u) ()| <= Myl pllL1¥1(ro).

Thus:
1Thulloo < Milipllpidbi(ro). (22)

With the same arguments as in (22), we get:

DS, Tiutlloo < MallpllL1¥1(ro). (23)
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Combining (22) with (23), we get:

ITiullg < (My 4+ M) IIplly (ro), (24)

which shows that 77 is uniform bounded. .
Now, we will prove that 77 (B,,) is equi-continuous. Let t1, 1, € [0, 1], 1 < 12, u € By,:

|(Thu)(12) — (T1u)(t1)]
1

=< F(1 ) [(lz - — (1 —S)a_1]|f(sv ”(S)vCDg+”(S))|dS

* T )/ (12 — )V f (s, u(s), DY u(s))|ds

+ (6l (13 — 1) + o162 — VI £ (s, us), DL us) ] (m)
+ (lval(t2 — 1) + [vs| (13 — (D) f (s, u(s), DL, u()|(n2)
+ (sl (3 — 1) + ol (62 — ISP F (s, us), CD§+u<s>>|<1).

Some computations give:

1 2|v6| + il gyo; 2l02l + (V5] oys
Tiu) () — (Tiu)(1)] < M + ! :
[(Thu)(r2) — (Tru)(t1)] r|:1-,(a) F(a+al+])ﬂ1 F(a+02+1)772
2|vg| + |v4]
- | (2 —1)
'o—-g1+1)

In a like manner:

B B t5 Py F
C C
"D+ (T1u)(12) — "Dy (Tru) (11)| < M, m
2—B
| 2lvslle; — P+ =Bl P -4 "lnwl
F(3—,B)F(oz+01 + 1) !
2-8
| 2lvslle; — P v =Bl -1 "‘|na+az
F(3—ﬂ)F(a+02+l) 2
. 2usllty P =17 P+ @ = B)lvally, P —17F|
rG—pre—p+1 '

In consequence, we obtain:

sup |(Thu)(r2) — (Thu)(t1)| + sup ICDO+(T1M)(12) CDg+(T1M)(t1)| -0,

MGBrO ueB,o

as t; — tp independent of u € Bj,. Therefore, the operator Tj is equi-continuous and uniformly bounded.
Hence, by the Arzeld—Ascoli theorem, it follows that T (B,,) is relatively compact in E.
Step 2 : The operator 77 : B,0 — E is contractive. Let u, v € and ¢t € J by (H3), we can show that:

1T2(u) — LW)llg < (N + N |u — vk,

which, in view of (Hé), implies that 7> is a corltraction.
Step 3: The set T>(B,,) is bounded. For u € B, and for each ¢t € J, and by (H3) and (H4), we obtain:

1T2ullg < (N1 + N2)wry.
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Hence, T, (Ero) is bounded.
Step 4 : Finally, we show that the case (c2) in Lemma 3.5 does not occur. To this end, we suppose that (c2)

holds. Let u € 9By, and then, u = AT u, for some 0 < A < 1. Therefore, we have |u| g = ro, and:

u(®) = 1[I (5, u(), DY u(s)®)
+(er® — v I f (s, u(s), Dy u(s)) ()
+(at — vt I (5. u(s), DY u(s)) ()
+(st” — v 157" f (s, us), DY us)H(D)
+(1 — v3t —v7tH)g(w)} .
With hypotheses (H3)—(H6), we can write:
ro < (M + M)l pll 1 (ro) + (N1 + N2)awro, (25)

which implies that:
70 1

< 9
My + Mp)llplii¥(ro) — 1 — (N1 + Ny
which contradicts (16). Consequently, we have proved that the operators 77 and 73 satisfy all the conditions in

Lemma 3.5. Hence, the operator T has at least one fixed point u € E,O, which is the solution of the boundary
value problem (1). O

(26)

Our next result relies on the following fixed point theorem due to Burton and Kirk [8]

Theorem 3.7 Let E be a Banach space, and A, B : E —> E be two operators, such that A is a contraction
and B is completely continuous. Then, either

— the operator equation u = A(u) + B(u) has a solution, or
— the set 2 = {u eE: )»A(%) + AB(u) = u} is unbounded for X € (0, 1).

Then, there exists z € U, such that z = Az + Bz.
Theorem 3.8 Assume that (H1), (H3), (H4), and (H7) hold. In addition, we suppose that:
My + M) plipr + (N1 + N)w < 1.
Then, the fractional boundary value problem (1) has at least one solution on J.
Proof We define the map T : E — E by:
Tu(t) = Tiu(t) + Trou(t), t € J,

where T and 7> are defined by (11) and (12), respectively. Notice that Problem (1) is equivalent to the fixed
point problem 7 (1) = u. We shall prove that 77 and 7> satisfy the conditions of Theorem 3.7. For clarity, we
will divide the remain of the proof into several steps.

Step 1: T is continuous. The continuity of f implies that the operator 77 is continuous.

Step 2: The operator 77 maps bounded sets into bounded sets in E. In a similar manner as previous proof of
Theorem 3.6, we can find that:

Tiulle = My + M)Iplip(1+ llullg).

Step 3: The operator 771 maps bounded sets into equi-continuous sets. By a discussion similar to that of Theorem
3.6, we can get:

[(T1u)(r2) — (T1u)(r)| — 0.

And

D, Tiy (1) — ‘DY Ty ()] — 0,
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as o — t1. This implies that:

[(Tu)(2) — (Tw)(t)|[g — 0, as 12— 11.

Step 4: The operator 73 is a contraction. This was established in Step 2 of Theorem 3.6.

Step 5: A priori bounds on solutions. Now, it remains to show that the set £2 = {u e E:\T» (%) +AT1(n) = u}

is unbounded for A € (0, 1). Let A € (0, 1), and u € E be a solution of the integral equation:

u(®) =1 [Ig (5, 1), DY uts) @)

+(er® — v [T f (s, u(s), Dy u(s)) ()
+(uat — vt IS (5. u(s), DYy u(s)) ()
+(st” — v 157" f (s, us), DY u(s)H(D)

+(1 — vat — v7t?)g (X)} :
A
This implies by (H3), (H4), and (H7) that, for each t € J , we have:

()] < 181 £ (5. 1(s), D u()] ()
+ (vsl + 01 DIETT (5. u(s), DY ue(s)) (1)
+ (vl + [osD IS | f (5. u(s), Dl u(s))] (72)
+ (lvsl + [vaD Igs P11 f (5, u(s). Dl u(s)) (1)

u(t)
+ (1 + los] + v Dg (T)

= (L +lullg) (1§+p(S)(t) + (sl + [vi DI pls)(m)

(vl + [osD I ps)(n2) + (vl + lwaD Ig " p(s)(1)

+ (1 + [vs] + [v7Do|lull.
According to the Lemmas 2.7 and 2.8, we have:
lulloo < Milipllp (1 + llullg) + Niollull,

for all + € J. In a similar manner, we obtain:

1Dl ulloo < Mallpllpr(1+ llulle) + Nao|lul).

Combining (27) with (28), we get:

(M + Mo)|Iplp

lullg <

T 1= (M1 + M) plig + (N1 4 N)w)

27)

(28)

This shows that the set £2 is bounded, since (M + M) | pll;1 + (N1 + N2)w < 1. Hence, T has a fixed point

by Theorem 3.7, and consequently, the problem (1) has a solution. This completes the proof.

O
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4 An example

Example 4.1 Let us consider Problem (1) with specific data:

5,3 1/3 1
(x:—, = -, = —,
2 2P Ty
5
a:l,b:2,01=§, (29)
_7 _1 _1
02—2,7}1—4,772—2-

Using the given values of the parameters in (6) and (14), by the Matlab program, we find that:

v = —1.0062, vy = 0.0027, vz = —0.0535,

vg = 0.0014, vs = —1.6060, vs = —0.8803,

v7 = 0.0457, vg = —0.8030, M; = 1.5542, (30)
My =2.1903, M| + M, = 3.7445, N; = 1.0993,

N» =0.1292, Ny + Ny =1.2285, A =0.6179,.

To illustrate Theorem 3.4, we take:

. 1—02/1
f(t,u(t),‘D(;lu(t)):( 2 (5 (x(t)-i—\/xz(t)—i-l)

10

1
Dy u(t)

+ )+ef, (31)

1
1+ D, u(t)

1
= — ] —
g(u) 10( cosu), ,

in (1) and note that:

_ 2
P ) — Fur, o] = L0 (‘1 <u PN +u%>

10 2

' ol vl )
T+l 14]v]
1—-02 (|1
<UL gy [
10 2 Vi+u2+ /1 +ud
[v— 1] )
_l’_
4+ Jvhd 4+ Jvi])
Ul P S
u—u v—1)),
= 10 1 1

for each (¢, u,v) € [0,1] x R x R and

lgw) —g)| < %Iu -,

for each (1, v) € R x R.

Here, v = 5. 8(1) = “1‘5)2 with ||gll1 = 5. Using the values of M| + M, and Ny + N, given by (30),

we find that y; = (M1 + Ma)l|gll1 + (N1 4+ N2)w = 0.2477 < 1. As all the conditions of Theorem 3.4 are
satisfied, therefore, there exists a unique solution of Problem (1) with the data (29) and (31) on J.




Arab. J. Math. (2020) 9:531-544 543

Conclusion

We have established the existence and uniqueness of solutions for fractional boundary value problem under
more general assumptions. Using the techniques of fixed point theorems such as Banach contraction principle,
O’Regan fixed point theorem, and Burton and Kirk fixed point theorem, we establish the main results of the
paper. Finally, we conclude the paper with an example to make our results clear.
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