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Abstract We give an a-priori estimate near the boundary for solutions of a class of higher order degenerate
elliptic problems in the general Besov-type spaces BZ’,Z. This paper extends the results found in Holder spaces

C*, Sobolev spaces H* and Besov spaces B), ., to the more general framework of Besov-type spaces.

Mathematics Subject Classification 35J30 - 35J40 - 35B45 - 35B65

1 Introduction, definitions, and results
1.1 Introduction

The aim of this article is to give an a-priori estimate for solutions of a class of linear degenerate elliptic
boundary-value problems in Besov-type spaces involving the differential operator:

min(k,m)

L= > ¢"P" " Dy, )
h=0

where k € N, m € N\{0}, the function ¢ is of class C* from R"*! to R and associates with each element
of £2 its distance from the boundary, with 2 = {x € R+ px) > 0},02 = {x € R+, ¢(x) = 0} and
dep #0on d82; pm—h (x, Dy) is a differential operator with smooth coefficients on Q2 and of order < m — h.

These operators were first introduced by Shimakura [16], who obtained a regularity result in Sobolev spaces
H? for solutions of the boundary-value problems associated with L. Similar results were found by Bolley and
Camus [3]. In addition, the same class was considered by C. Goulaouic and N. Shimakura [14] and also by
Bolley et al. [1] in Holder spaces C*. Later on, Rolland [15] gave an a-priori estimate of (1) in classical Besov
spaces B, , with p =gq.

In this paper, we generalize the previous works to the more general frame of Besov-type spaces B‘;,’,Z. They

contain all the spaces cited previously: Holder spaces C*, Sobolev spaces H*, and Besov spaces B;,, ¢> and

include Goldberg spaces bmo and local Morrey—Campanato spaces [>*, as a special case (see Remark 2). In
the same spaces, the first author has established a regularity result for solutions of a class of regular elliptic
boundary-value problems [12]. In [13], the authors investigated a particular case of operators (1) in Bf,’fi
spaces, while many researchers were interested in other degenerate operators; for example [4,7,10,20].
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The results of this paper can be useful in several applications, namely, the study of the Lake equation.
Indeed, a particular case of operators (1) models this phenomenon. For more details, we refer to [6] and [5,
Section 7.2]. In addition, just as in [10, Section 2, Theorem 2.5], these estimates can be employed to prove the
regularity of solutions of completely nonlinear boundary-value problems.

The sections of this paper will be tackled in this order, first, we will introduce the definition of Bf,’fq spaces,
as well as the summary of some important properties of these spaces given in [8,9,18,24], and we state our
main result. The second section of this paper will be a presentation of some helpful lemmas. The third section
is devoted to the trace characterization for elements of the considered weighted spaces. In the fourth section,
we present the proof of the main theorem, which is based on one Peetre’s method described in [1,2,12]. In
other words, it consists of doing a partial Fourier transformation with respect to the tangential direction on the
equation, which leads to an ordinary differential equation. Finally, by applying the isomorphism theorem, we
estimate the “almost tangential" derivatives of solutions, and using the interpolation inequalities, we estimate
the normal derivatives.

Notation
Throughout this paper, for J € Z, we denote by B; (resp., B')), the ball centered at xo € R (resp.,

x(, € R") and with radius 277.
We set By = {x € R""! : |x —xo| <277} (resp., B, = {x’ e R" : |x’ —xyl <277}).Fora > 0, @By
(resp., aB/J) denotes the ball centered at x¢ (resp., x(’)) and of radius @2~/ Likewise, for v € Z, F, (resp., F))

denotes the annulus centered at xo € R"™!, (resp., x{ € R"), such that F, = {x e R""1 : 2" <|x — x| <
2V (resp., F) = {x’ e R": 2V < |x/ — x| <2"F1)).

We set J©* = max(J,0) and we denote by |£2| the measure of 2 C R+, Co, C1, Cy,
Cy, Ck, C}(, €,¢, 80, €1, &2, ..., denote various real positive constants, not necessarily the same at each

of their occurrences, and the notation U < V means that there is a positive constant C, such that U < CV.
By S, we denote the Schwartz space of all rapidly decreasing and infinitely differentiable functions on
R™*1 by & its topological dual, i.e., the collection of all complex-valued tempered distributions on R*+!,
and by C3°, the set of all test functions, i.e, the set of all compactly supported and infinitely differentiable
functions.
Asin[1,12,13], toreach our main goal, we can reduce the problem through a partition of unity, to an a-priori
estimate for solutions of degenerate elliptic problems in the upper half space RTI = {x = (¢t,x"),t > 0}.

The operator L will be formulated as:

min(k,2m)
L= Y P Dy, @)
h=0
where x = (¢, x") = (¢, x1, x2, ..., x,) € Ry x R", with its dual variable: & = (z, &) =(z,&1,8,...,&);
PX=h(t, x'; D;, Dy) = 2o 14+ j<2am—h ag j(t,x D% D], o' = (a1,02,...,0,) € N*, j € Nand a =

(o', j). The coefficients a ;(t, x") belong to COO(RTI).
A model of operators (2) is givenby M = t(D,2 +D§) +AD;+uD,,where (t,x) € Ry xRand A, u € C.

1.2 Definitions

To define the spaces, we will use a Littlewood—Paley partition of unity. Let x = (7, x") € R x R", and let
¢ € Ci°(R) equals to 1 in [—1, 1] and with support in [-2, 2]. For j € N, we set:

Sj = @Q7IID.D); S; = 927Dy ); ST = (277 |Dy)),
S_1= S/—l = Sﬁl =0,
and
Aj = Sj — Sj_l; Alj = S} — S;fl; Alj{ = S;’ — ;-/71.

Note that: Sju = ¢(27/|Dy)u = F~ (i), where ¢;(§) = (277 |&|).
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Definition 1 (Inhomogeneous version of Besov-type spaces) Lets € R, t > 0andlet0 < p,q < +o00. The
space By, ; (R"T1) denotes the set of all tempered distributions u € S'(R"*1), such that:

1
S“p|3_£|1{ Z+2”q||4j'4||(ip(3”}q < +o00 forg < oo,

lull g gy = § B/ L .
supg e Supj= j+ 2°||AjullLr ;) < 400 forg =o0,
By

where the supremum is taken over all balls B; of R"*! forall J € Z.

Remark 2 In the sense of equivalence of norms, the following coincidence relations hold, see [11,18,21,24]:

1. Byy@®™) = By, ,(R"*1) the classical Besov spaces;
2. By, (R"T) = F,7 (R"*1) Triebel-Lizorkin-type spaces;
3. By LR = bmo?, (R"*1) Goldberg spaces;
0,2
4. Bz,zz(wl) Ry = 122 (R™*1) local Campanato spaces;
5. Bég,?oo(R”+1) = Fgg?oo(R”H) = C*(R"*!) Holder—Zygmund spaces, s > 0, s ¢ N;
’l_i_L
6. BISLS R = L’B;,q(R”“) Triebel’s hybrid spaces, for 0 < p < 00,0 < g < 00, s € R, and
—ntl <r <oo;

1_1
7. Bk (R = A

u,p’oo(]R”“) Besov—Morrey spaces, 0 < p <u < +00,s € R;

+o+D)(r—1)
8. Lets € R,0 < p < +oothen, ByL(R™1) = By o 7 (R"™1),for0 < g < t+ooand L < 1 < +o0,

0rq=+ooand% <71 < +00.
Also, we collect some elementary embeddings; see: [8,9,22,23]:

BT (R s B2 (R if 5y < 513

1.

2. B;’,E,O(]IR"TL)% By R if0 < go < q1 < +ocoand 0 < p < +00;
n+l__tn

3. By @) o cI@HDY,

4.

Let0 <t < p < 400 then, ny';a(R”"‘l) < By (R"1) if and only if & > % + ”til - "%l.

Definition 3 (Anisotropic Besov-type spaces) Let s € R, T > 0, and let 0 < p,q < +4o00. The space
LP(R; B‘;,’,Z (R™)) denotes the set of all tempered distributions u € S’(R"*1), such that:

1
sup%{ S 28 A ) }q < 400 forg < oo,
P &, FRUe )
el r; ByE Rey) = 77 izd ,
s SUP—— SUp ;= j+ 25| A ul| vy < 400 forg = oo
Pl JUHLP(By) ’
J

where the supremum is taken over all balls B/, of R” and for all J € Z.
Below, we introduce the weighted spaces that we will need in this work.
Definition 4 For s € R, t > 0, k, m integers, and 1 < p, g < 400, we define:

— Weighted Sobolev spaces We denote by sz "-P(R) the space of all u € L (R), suchthatt*="D/u € LP(R),
where 0 < h < min(k, 2m) and 0 < j < 2m — h. To this space, we associate the following norm:

min(k,2m) 2m—h P
— k—=hpyJ, P
lulyonrg=1 2o 2 17" Dlullpg,
h=0 =0

@ Springer



548 Arab. J. Math. (2020) 9:545-566

— Anisotropic weighted Besov-type spaces We define anisotropic weighted Besov-type spaces, where the
properties of differentiability in the directions x1, x3, . . ., X,, are different from those in the direction 7. We

set: WP (R; BYT (R")= {u € LP(R; BSI2" 5T (RM)) : b Dju e LP(R; By 0T (RM)) forall
0 < h < min(k, 2m) and O§j§2m—h}.

These spaces will allow us to estimate the “almost tangential derivatives" of solutions, which will be useful
to the proof of the main theorem. The convenient norm in these spaces is:

” u ” 2”’ I’(R BSI(R"))

min(k,2m) 2m—nh P

Z Z ” tk h ”17 s+2m h—j.t
iz LP(R; B, (R™))

— Weighted Besov-type spaces We introduce the spaces: B;E%’,:"T(R"“) = {u € B;sz_k’T(R”+l) :

tk=h D« ply e By IHEDTAT @Aty forall 0 < h < min(k,2m) and 0 < |o/|+j < 2m—h},
with the norm:

[l u ||B;:;2,2"vf(Rn+l)

min(k,2m)

k—h rye! 1yJ
Z Z ” t Dx/ Dt u ”B}V)sz*(\ﬂ/Hj)*h-f(Rn-H)

h=0 " |o/|+j<2m~h

and
VSEEMT(R) = {u € BSI"TRT(R) ¢ kD) u e BT TIT(R) where 0 < h < min(k, 2m) and 0 <
J S 2m — h}.

The space sz "P(Ry), [resp., VSI}Zm,r (R+)] denotes the set of restrictions of the elements of sz "P(R)
[resp., VHZ'"’T(R)] to R.. Similarly, the space B;Zzzl’r(R"H) [resp., sz "P(Ry; By g (R™)] is the set of
restrictions of the elements of BS+2m TR, [resp., sz "P(R; Byg(R")] to R’fl.

1.3 Assumptions and main theorem

Letk e Nym e N\{0},s e Rand 1 < p < +4o00.
Let L? be the “principal part” of the operator L defined by:

min(k,2m)
LG, x's Dy, Dyy = ) PR, s Dy, Dy, (3)
h=0
where Pzzrf__}fl(t,x’; D, D,) = Z|c\/|+j:2m—h aa/_,j(t,x’)Di‘,/Dtj, is the principal part of the operator

P2"=h(t x'; D;, D). We suppose that:

(A0) P>"(t,x'; D;, D) is a properly elliptic operator in R’fr].
(A1) For any x" € R" and £’ € R"\{0}, the polynomial in the complex variable z:

P@)= Y ay;0,x)E"7]

o |+j=2m

has exactly m roots with positive imaginary parts and m roots with negative imaginary parts.
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(A2) For any x” € R", the A-polynomial:
min(k,2m)
P, = Y (=D ag i 0, XA = 1) (A —k+h+ 1)
h=0
has no roots on the lines feA = s + % and Nel =1 + %.
Let r(x’) be the number of roots satisfying Red > max(s + %, 1+ %), we suppose that r(x’) = r is
independent of x’, and we set x =m — k +r.
(A3) For any x” € R" and ' € R"\{0}, || = 1, the problem:
LO(t, x'; Dy, o"u(t) =0
D!u(0) =0, O0<l<y-1,
has the only solution # = 0 in the space S (@Jr).
The main result of this paper is the following.

Theorem S Let s and T be two non-negative real numbers and let 1 < p,q < +o00. Assuming (A0)—(A3), for
s+2m,t
p.q.k

any compact set K in R’_frl, there exists a constant Ck, such that foranyu € B
K, we have:

(R’j_Jrl) with support in

x—1
u , <C Lu| ps. Z u
” ||B;-:2’1]:1 I(R)Jl:rl) > LK { ” ”BISLZ(R’-T—]) + ”yl ||Bs+2m7k7/7%_r(R”)
=0 P-4

+ ”I/l”B;Jqumkl.r(Rrr—l)},

where y; denotes the trace operator ont = 0.

Remark 6 1. If x = 0, the term ) ZX__OI vl o1, does not appear in the above estimate.
= ; L,
(R

2. Taking T = 0 and p = ¢, we obtain the regﬁlarity in classical Besov spaces [15]. If k = 0, we find the
results of [12]. Setting k = 1 and m = 1, we get the estimates proved in [13]. If s = 0, T = ﬁ, and
p = g = 2, the regularity in local Morrey—Campanato spaces [>* is proved.

Example 7 (1) As mentioned above, if k = 0, we get the theorem for regular elliptic boundary-value problems
described in [12]. If we set in addition 2m = 2, the following example holds.
If u is a solution of the problem:

S, 2
u € ByY(RY)

S, 2
—Au=f e By (R2)

s+2—%,r

s+2,7 2
thenu € Bp’q’loc(RJr).

(ii) Let M be the following operator given in R x R by:
M(t, x; Dy, Dy)u = t(D? + D*)u + AD;u + Dy,

where (t,x) € Ry x R,and A, u € C.
If w = £Q2p+ir), p € N\{0}, and Im (%) > max(l + % s+ %), and if u is a solution of the problem:

u € By (R%)
5,7 (o2
Mu = f € Byg(R%)
s+1—%,r
You =8 € Bp,q ®),

s+2,1 2N - s+1,1 2 2 2 s, T 2
then u € Bp’qyl’loc(RJr), ie.,u € Bp’q’IOC(RJr), such that t D;u and t Diu € Bp’q’loc(RJr).
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Let £2 be a C®°-bounded open set of R**!, such that 2 = {x € R*""l;p(x) > 0}, 92 = {x €
R"*1: p(x) = 0} and dg # 0 on 982 where the function ¢ is of class C* from R”*! to R and associates with
each element of £2 its distance from the boundary. We assume that:

(HO) P?"(x, D,) is a properly elliptic operator in £2.
(H1) Forany x € 382 and & € R"*1\{0} tangent to 352 at x, the polynomial in the complex variable z:
P@)= ) aa(x)(&+zv)"
|o|=2m

has exactly m roots with positive imaginary parts (and then exactly m roots lying in the lower half plane).
Here, v, is the inward unit normal vector to the boundary 92 at x.
(H2) For x € 92, we introduce the A—polynomial:

min(k,2m)
pa, i)=Y (=DM PI T (x, dp(e)A( = D) o=k + R+ 1),
h=0

where Pzzn’:’j: (x; Dy) is the principal part of the operator P?"~" (x; D). We suppose that the polynomial

p(x, A) has noroots on the lines ReA = s+ % and Ned = 1+ %. Let r (x) be the number of roots verifying

NRel > max(s+ %, 1+ %), we suppose that 7 (x) = r isindependentof x € £2,andweset x = m —k+r.
(H3) For any x € 852 and & € R"*! not colinear to dg(x), the problem:

min(k,2m)
Lo, &30, Dpu() = Y. * P x g + de(x) Dou(r) =0

h=0
y(x, & Dou(t)  =y(x,§ +de(x)Dut) =0, 0=<l=<y—1,
has the only solution u = 0 in the space u € S(R.).

The following result is a consequence of Theorem 5.

Theorem 8 Let s and t be two non-negative real numbers and let 1 < p, q < +00. Assuming (HO)—(H3):

x—1
laell gssame ) S WLl psr @y + M7l s 1e Al gosomoicre
B,k () p.q(§2) —~ B:;”’ p‘f(ag) Bpq (£2)

holds for any u € B;Z%Zz’r (£2).

2 Preliminary lemmas

In this section, we recall the most essential lemmas needed for the proof of Theorem 5.

Lemma9 [9] Let1 < p < +ooand let A < 0. If (ajy) . is a sequence of positive real numbers satisfying
(ajv)j € €? forany v > 1, then:

P
Z ZZ”Aajv < supZaj?v

j=1 \v=1 vzl

holds.

Lemma 10 [9] Let 1 < p < +o0. For any integer M > 0, there exists a constant Cy; > 0, such that for any
ball By, for anyl € 7Z, and for any u € Lp(RnH)‘.

Al ey < Cu {lullraey + Y 27 M ullLoer,)
v>—J+1

holds for A; = A, A}, A}, S, S), S
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Lemma 11 Let s and t be two real numbers, such that t > 0; let 1 < p,q < +oo. For any ¢ > 0, any
integers k,m € N and for any u € szm’p(R; B;“Z R™)):

k—h ryr
|| t Dt u ”LP(R; B;Emellfr,r(Rn))

k 2 —Lh &
,S c “ t Dtmu ”LP(R;B;;:Z(R}T)) +8 2m—r || t"u ”LP(R;B;)-ZZIH,I(R,[))
holds for 0 < h < min(k,2m) and 0 < r <2m — h, withr # 2m.
Proof Accordingto[17],itis well known that if t* th’"u and t*u belongto L?(R), thenforO < h < min(k, 2m)
and 0 <r <2m — h, withr # 2m, tkthru € LP(R), and:
I Dlu L@ SI*DF"u Loy + 1| 240 o) )
applying inequality (4) to u(At) with A > 0, we deduce:
Dl | Loy S A2 1 D u vy 27" R ey - (5)

Letu € szm’p(R; B, 5 (R™)); we apply inequality (5) to A/ju(t, x"),j €N,and x" € B:

I 47" Df A, %) vy

(6)
SN DP A, X)) ey AT AU X)) @)

1 .
replacing in (6) A with £ 2= 27/, integrating with respect to x" over a ball B’;, and multiplying each side of
. . . Jj(s+2m—h—r) .
the preceding inequality by ZITTP’ we obtain:
J
2J (s4+2m—h—r) _
T kA hD;A/ju e ®xB)

1B |7
Jjs " 2i(s+21n) (7)
S e I DM Al Nl o))+~ 707 ——— [ * A Lo @)
~ |B/ |~[ L (]RXB ) |B‘/I|T 7] L (]RXB])’
summing over j > J* in (7) and applying the /¢ —norm, we deduce Lemma 11. O

The next three lemmas are shown in [12] for p = ¢q. In the same way, we deduce them for p # ¢.
Lemma 12 [12] Let t be a positive real number, 1 < p,q < +00, m be an integer > 1, and let s be a real
number < m. Ifu € LP (R, Bp q(R”)) such that Di"u € LP (R; Bs T (R™MY), then u € Bp q(R”'H) and:

||u||Bf,*1;(R'l+‘) S 1Dy u”LP(R;B;:Im*T(Rn)) + ||u||Lp(R;3‘1§fq(Rn))
holds.
Lemma 13 [12] Let s € R, t > O and let 1 < p,q < +o00o. There exists Co > 0, such that for any
¢ € SR, there exists C1 > 0 satisfying for any u € Bp q(R”+1) [resp., LP(R; B‘;,’fq R™)H]:

loull pyr @e+1y < Coll@ll poomesny el pyr et1y + C1||u||BA LT @)
[resp., ol Lo By7 @y < Coll@llpoo ey il L r: BT @)

+C ”u”LP(R;B;:Il’I(R")):I’
Lemma 14 [12] Let s1 < 52 < §3 be three real numbers, T > 0, and let 1 < p,q < +o00. Forany ¢ > 0 and
u € By R [resp., LP(R; By (R™)], we ger:

_ %2751
”u”BA2 ’(Rnﬂ) ~ 8”’4”353 T(]RnJrl) +e BT ”u”BAI I(RnJrl)’

[reSp" leell Lo . 32 ey S €Nl Lo ;B3 ey

Q=581

+ 8_S3—52 ”u”LP(R;B;{,’;(R"))]'
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3 Trace of elements of BS+2'" ’(R"“) and WZ”’ P(Ry; By g (R™))

Theorem 15 Let s and t be two real numbers, such that Tt > 0 and let 1 < p,q < +oo. For
u € Wy IOP(R+, Byg(@®R") and | € {0,...,2m — 1} the series ijo DgA/ju((), -) converges in S'(R™)

s+2m—k—I—
and defines an element yju belonging to B, 4 (R”)

In addition the mapping u +> yju is continuous and surjective from sz’rlrgcp Ry BZ’,Z(R")) to
s+2m—k—Il——.t

By (R™).
+2m—k—1—-1 !
Also, there exists an extension operator R; from B,S, q (R") to ka PRy B;,’,E, (R™)), such that
VZORZ =1d s+2m—k—i—1 ¢
Bl’ 4 p’ (Rn)
+2m—k—l—.7
Inparticular, ifs > 0, the operator y; is bounded and surjective from B; *;]22" t(]Rn—i— 1 )to BS m— (R™),
Proof To prove the theorem, it suffices to show that for0 <[ <2m — 1
m,p s+2m—k— l—f T
(i) The operator y; is bounded from Wk 1oc (R4 B (R”)) to By 4 (R™).
s+2m—k—I1—1 ¢ ‘
(ii) There exists an extension operator R; whichis bounded from B, , " P (R™) to sz PRy B;,’,fl (R™)).
Let us show the first assertion (i).
From the Sobolev embeddings, we have:
Wl (Ry) C Wige "(Ry) = G~ (Ry).
Then:
min(k,2m) 2m—nh
| DO IS Y D 1 Dlev ) ®)
for any integer /, such that 0 </ <2m — 1,and any ¢ € C{°(R;) and v € szm’p(R+).
Changing in (8) v(¢) by v(Af) for any A > 0, we get:
min(k,2m) 2m—h
k-+h—
A DO 1S Y S AT D ou e, . )

h=0 r=0

Letu e szm’p(RJr; B,y (R™). For j € N, we set:
wj(t,x'y = Au(t, x'y € W, 100”(R+, C®(@R") N LP(R")).

Applying inequality (9) to u ;, choosing A = 27/, integrating over a ball B’,, and multiplying the both sides
Js+2m—k— L)
by fpr, we get:

: 1
2/ (s+2m—k—I1— E)

[
B, I Dy A%u(0, ) llLr(s))

min(k,2m) 2m—h ) (s+2m—r—h)

Y I * DAL Lo, B ) (10)

h=0 r=0 | B

Since ¢ and A/j commute and taking the [7-norm on each side of (10), we deduce the first assertion (i).
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+2m—k—1—-1,
Now, letu € B,y 7T(RM),0 <1< 2m — 1. Let g € C°(R) equals to 1 in a neighborhood of 0,

with ¢ (1) = %goo(t), and then, Bftpl(O) = 1land 8,"(,01(0) =0fork #1,0<k <2m—1.For0 <] <2m—1,
we set:

—+00
Ru(t,x') =Y 277,27 ) Au (0, x).
Jj=0

The second assertion (ii) follows from the inequality:

(R S (7 IS B (11)
k ( +5 p,q( ) B 4 P (R")
We have
+00
Ru(,x')y =Y 271271 Aju(0, x);
j=0
then
—+00
DR, x') = 27 % 277 x (D) (271 AL 0, x) (12)
j=0

applying the operator A’ to (12) and since A; A’j # 0 fori ~ j, we obtain:
A D R, x'y =) 27 x 207 x (D) (271 A A u 0, 1)
i~
integrating with respect to r € R, next with respect to x” over a ball B’,, we get:
_ i(r—l+h—k—1
Il A Dy R o, S 2 P3N A A )
i~j

Lemma 10 implies that:

k—h i(r—l+h—k—1
| A D R o,y S 27 DNl Aju )
i(r—l+h—k—1 —(v+i
2/ TR N oM AL gy (13)
v>—J+1

2i(.v+2m—h—r)

multiplying both sides of (13) by VAT summing over i > J 7, and taking the [9-norm, we get:
J

I Rua W yymr e, gy ey

1 i —k—]—1
q(s+2m—k—I ) / q
Sl 2 P Al op
| By | 7
i>Jt
1
A K]
1 i (s+2m—k—I—1 —(vti
VAR > e DS M Al ey
J i>Jt v>—J+1
<L+ b.
We bound the term [y with || w || 5, 1. -
pa D)
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For I, we set u = v + J. Since | F;:—J |~ 2nn=J).

1 .
q E § : nt(u—J) —(u—J+i)M
12 5 | B/j |74 2 x2

i>Jt \pn=1
2i(s+2m—k—l—%) / g
XW | Aju ||Lp(F"kj)

i(s+2mfkflf%)

q
y B 2
< Z 2 (J=i)Mg Z <2u(nf M) 7 I Afu I|L11<F;L_,>) ;
n—J

i>Jt u=1

for M sufficiently large, we apply Lemma 9, we deduce:

1 . 1 q
q i(s+2m—k—l—-)
B 5 2 (2 7l A o)
n= n—

i>J*t
< 1 2:'(s+2m—k—1—l) Al q
S SUP Z Pl A liLer_ )
MU ST T o (gt
Sl stam—k-1-1 ¢ .
By, (R")

Then, the estimate (11) is proved, and it is not hard to show that

yioR; = 1d 1

s+2m—k—I1— 7T :
Bp.q (R")

Accordingly, assertion (ii) is proved O

4 Proof of Theorem 5

An ordinary differential equation Let us consider the following class of ordinary differential operators, defined
on R by:

min(k,2m)
[ = L(l‘, Dt) — Z tk_th’"_h(D,)
h=0

where P?"~"(D,) = Z?’igh a?mfh D/ with a?mfh € C. We assume that:

(C1) For any z € R, the polynomial P?"(z) has exactly m roots with positive imaginary parts and m roots
with negative imaginary parts.

(C2) Lets e R, 1 < p < 400 and let ¢ (1) = 0 be the characteristic equation associated to the operator L in
t=0:

min(k,2m)
p0)= Y (=) a0 =) (A —k+h+ 1),
h=0

which is also the characteristic equation of the principal operator:
min(k,2m)
LG, D)= > am Dt
h=0
We assume that the equation ¢ (1) = 0 has no roots on the lines: Re(A) = 1+ % and fNe(L) = s + % and
let » denotes the number of the roots satisfying fe(r) > max(1 + %, s+ %).
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The following theorem holds.

Theorem 16 [1,15] Let s and t be two non-negative real numbers andlet 1 < p,q < +00. Under hypotheses

(C1) and (C2), the operator L from szm’p (Ry) to LP(R) and from Vl‘;'gzm’f Ry 10 B‘;,’,Tq (Ry) is a Fredholm
operator and its index is equal tom — k +r.

To establish Theorem 5, we will have to go through two steps: first, we will prove the following proposition
which will allow us to give an estimate of the “almost tangential” derivatives of solutions, and the second step
will be evaluating the normal derivatives using Lemma 18.

Proposition 17 Let s and t be two non-negative real numbers, and let 1 < p,q < +oo. Under hypothe-

ses (A0)—(A3), for any compact set K of Ri’“, there exists a constant Cx > 0, such that for any
we WP Ry BYL(R™)) with suppu C K-

x—1
”u”szm’I’(RJr;BZ:Z(Rn)) = CK { ”Lu”LP(Rﬁ,;B;’;(R")) + Z ”ylu”BSJrzmikili%‘r(Rn)
=0 P4

+ ”I/l ”LP(RJr;Bf,tIZ’"k”(R"))}

holds.

Proof The idea of the proof is the same as that in [1,10,12,13]. We decompose the operator L as follows:
L=1L1%+L!"+ L? where:

min(k,2m) )
Lot x'; Dy, Dy) = *DF" + > <N 4y ;0,0)D% DY
h=0 o |+j=2m—h
j#2m
min(k,2m) )
L't.x'sDiDyy= Y " S (4w j(t,5) — aw, ;0. 0)) DY D,
h=0 \o/\+j=2m—h
j#2m
and
min(k,2m) 2m—h—1 )
LXt.x':D. D)=y " SN ay 4.4 DY D).
h=0 lo'|4+j=0

Set ¥y = (¥1)o<i<x—1. As in [1] and by means of Theorem 16, under assumptions (A0)—(A3), for every &' €
R\ {0}, the operator (LO(t,0; D,, £, ) is invertible from szm’p(RJr) onto L?(Ry) x CX, and if K¢ denotes
its inverse, then the mapping " > K¢ is of class C* from R"\{0} to E(LP(RQ x CX; W,f’”’”(&)), and for
any multi-index ', there exists C,/ > 0, such that for any £” with % < |&’| <2andany (f, g) € LP(Ry)xCX:

1D Ker (f, BMly2mr g,y = Call(f: O)lILr@s)xcx (14)

holds.
First of all, we prove that for any N > 1 large enough and any ball B’, of R":

el w2 e e
x—1

_ 1—1
S Ul propyiirmay + D vt oasy + 1B)17 Y 272N F)|
=0 v>—J+1

S|=

x—1
< [ 1Ll ooy + Y vt Logey) (15)
=0
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holds for any u € S(R"; sz ""P(R,)) with tangential spectrum belonging to the annulus 3 < [&] < 2.
We apply the operator (LO(¢, 0; D;, &), y (£')) to the relation:

G, &) = / e—iy’-é’u(., ydy'
yleR)l

to get the system:

LO(1,0; Dy, €0, &) = Lou(-, €) = [ "¢ L0u(., y)dy 16)
(g = quE) = [ pu(dy,

forl € {0,1,..., x — 1}. Applying K¢ to this system, we obtain:
. £ = / e Ko (LOuC. y'). yu(y')) dy’
Letg (&) € C(‘)’O (R™) equals to 1 on % < |&’| <2 and its support belongs to an annulus. Then:
u(-, x")

— ix' & '5;:
/ PENRC ) G

i(x'—y)-& ’ ’ ’ ’ dg’
=ffe< Do Ke (LU ), yu ) |dy 2y

z(x ¢ N ’ 0 / ’ / d%‘/ .
// ey ) {o@ K (Lout 3 yut) Jay' o

applying the inequality (14), we deduce:

”u(’ -x/) ” W]f"lvl’(R+)

By PSPPI
T, N ug, , yu ;
=N y/eRn 14 |x/ — y/|2N Y yuly LP(R4)xCx Y
integrating in (17) with respect to x’ over B’,, we obtain:
”M”LP(B/' 21711)(]R )
1 0 Y
-c @], ) e
N{/; (/,V/GR" R (Lot 5D yu) Lo®oxCr
Now, we decompose R": R" =2B, U | J F]. Then:
v>—J+1
||M||L,,(B/ W2 (R, ))
L (] e e
~ T N X2B Y
B, \Jyern 14 x" — y'|2N By
P 1
P
LO . /7 4 ‘ dv' ) dx’
X || (LOu, y", yu(y")) L
R f—— ”8)
ALC ]
, P | /I _ /2N
B\ Ty Jen +[x" =y
P 1
P
LO . /7 ’ ‘ dv' ) dx’
(LG ) yuOD)| e @) A

S+ 1
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The first term I is an L”-norm of a convolution product between a function of LY(R") (for N large) and a
function of L?(R"). Then, Young’s inequality yields:

/

I < CN{||L0M||LP(2B_’,;LP(R+)) + ||)/M||Lp(2B’J)}- (19)

For I}, since x" € B, and y’ € F], we have |x" — y'| ~ 2". Then:

1
I <I|B.|» 272vN LO . /’ / ‘ d/
PSIBIlT Y I (SRS 0] P
v>—J+1 v
Holder’s inequality yields:
1
1 _1 p P
B<Byr Y 2 NE)! (f (Lou(-,y’wu(y/))\ dy’) . Q0
y/EF! LP(R4)xCx
v>—J+1
Inequalities (18), (19), and (20) yield:
lel o g wzmr .y
x! 1 1
1 _ -4
SULullpyr@ey + Y Ivullpoes,y + 18517 Y 272NF) e
=0 v>—J+1
1
p P
X Lou(-, v, ' dy' ) . 21
(fy/eF; (( u(-, y"), yu(y')) L@y y) (21)

Letu € Wk2 "P(Ry; By S (R™) with suppu C K, where K is a compact set of R
For j € N, we set u;(t,x") = A/J.u(Z_jt, 2-Jx"), and then, uj € SR szm’P(RJr)) for j > 1, with
tangential spectrum belonging to the annulus {% < |&’| < 2}. Since:

{ (LOu)j = 27Cm=P 10y,
(vw); = 2/yu;,

and by applying inequality (21) for each u; with j > 1, we obtain:

q
”u]” 7 y2m,p
LP (B W™ (R )

x—1 . i
< 0, 4 Z 4 5 Z —2uN |/ 1—+
~ ”L u]||Lp(2B/J;Lp(R+))+ ||J/l”]||Lp(2B/J)+|BJ|” 2 |Fv| 4

=0 v>—J+1

x—1 1
0
< | IL ujll oLy + Y Iviugllec)
=0

x—1
—ja@m=K) 10y 114 ! 17
S 2NN o Loy T 20 2 N0 o
: =0

q _ -1 _i _
+1By1r 3 > 2 NIFT [ 27 OOl Lo rpr )

v>—J+1
x—1 a
+ > 27 Gaw) Loy
=0
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Hence:

min(k,2m) 2m—nh
jqk—h—r) k—h yr At
Z ZZ It DA””LI’(R %21 B))

S 27040 AL L) ] +Zz 19D Al

=0

LP(Ry x27/+1B)) LP(2=/+1B))
/4 —2oN | 1= [ S jem—k 0
+1Byr 4 > 2N T [ 27O AL LUl o, o
v>—J+1
x—1 q

!
+Zz D Ny Nwiry | | (22)
=0

multiplying both sides of (22) by 2/76+2m=K) "we obtain:

min(k,2m) 2m—h
Jjq(s+2m—h—r) k—h A
>, 22 17D A e, o

< 2095 A Lo + 22"’“”’” D) Ay

LP(Ry x27/+1B) LP(2=/+1B))
(23)
4 —2N | =3 (5] 0
1By Y D 2 VIE T (2P0 Ll e 2
v>—J+1
x—1 X 1
j(s+2m—k—1—1
+ ST Ay iy |t ST+
=0
where
x—1
0 Jjq(s+2m—k—I— )
= 2N ALy rinrgy T Zz PNAG N oo
and
4 _ 1—L1 ;
B =1Byr { > 2 NET 2 AL L Ul o, <o
v>—J+1
x—1 q
+2m—k—I—
+Zz“s "D Ay i
=0
Weset K =J 4+ jand u =v — j. Then:
+2m—k—I1—
21113||A LO“”LP(]R x2B,) ZZJ‘I(S m— p)”A/ ylu||Lp(23’ ] (24)
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1
On the other hand, since |F/|' "7 ~ 213 and setting ' = u + K:

4 _1y_ _ 1y ;
12//E |B/J|,,2J¢](n(l »)—2N) Z Zﬂ(n(l »)—2N) 2Js||A/j'L0u||LP(R+xF‘i)
p=—K+1
q

x—1

j(s+2m—k—I—1
+ 2T Ayl oy
=0

: , js
< |Brj|%2</—K>q<n<1—;>—21v>2—z<mq S (n(1=1)+nr—2n) ( 2

o |Fl kI
X—1 o j(s+2m—k—i—1) 4
2 P ,
x| ALY ullr @, xr, VY ———— Ay,
-~z Wkl e
< 2(=K)q(n=2N)5—Kntq Z 2#’(”(1—%)4'"1—21\’) 278
= u/>1 |F/ K|T
x—1 2j(s+2m7k717%) 4
!/ .
X||A L M||LP(R+XF , K) ”Ajylu”L”(F}i,_K) s (25)

1=0 F k1"
considering inequalities (23)—(25), multiplying by | B, EL and summing over j > max(K, 1), we obtain:

min(k,2m) 2m—nh 2jq(s+2m—h—r)

Z Z Z |B K || ¢t k= hDrA/u ”LP(R B

h=0 r=0 j>max(K,1)
. 1
2]q(s+2m—k—l—;)

2745 0
S Z |B/ |Ta ”A L u||LP(R+><2B’ +Z Z |B}(|Tq

JEmax(E.D =0 j=max(K,1)
27Knrq . -
x 1A ylu”Ll’(ZB/ )+ Z T 2(i=K)(1=2N)q
j>max(K,1) K
"(n(1-1)4nt—2N) 2Js
Z S (1(1=3)+n <—|F/ |{||A 10 uI|LP(R+><F, )
w'=1 w—K
x=1 5 j(s+2m—k—I-1) q
+ Z /—T”Aljylu”LP(F’/ ) ;
=0 |FM—K| w-K

since K < max(K, 1), Lemma 9 gives:

min(k,2m) 2m—nh 2jq(s+2m—h—r)

k hyr A/
D B B il L T AL
h=0 r=0 j>max(K,1) K
x—1

1
< NLOu)? ot gy + ) Iyl L thsup——— (26)
Lo Re: Byq (R") Z By @y wz 1E g 1T
x—1
+2m—k—I1—
DI B LA NS DE kit P4 il |
IS - =0 -«
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we add the terms associated with j = 0 and we replace the condition on the right-hand side of (26) j > K
with j > (K — i/ + 1)*; we obtain:

u
” ” 2m p(RJr BZ;(Rn))

x—1

S Cx {IL%ull], g Bsr(Rn))‘i‘ZH)’lMHZ . + Ro, 27)
P.q

where
min(k,2m) 2m—h

k h yr
S o

Now, we will estimate the “remainder term" R(. First, we have:

min(k,2m)
k=h
Z Z |B/ |rq DrAO ”LP(R x B
h 0 r<2m-—h
riom (28)
k 2m
¥ g 1O A e
Applying Lemma 11 to the first term on the right-hand side of (28), we get:
min(k,2m)
k h yr
Z Z |B/ |rq D AO ”LP(R xBj)
R
1 om _ r+h k
5 8|B}{|Tq ” 1 D AOM ”LP(R ><B/ ) +& 2m—h |B§(|Tq ” t Ou ”LP(R % B’ )7
since suppu C K:
min(k,2m)
k—h yr
2. X |B, g 1 D A e ey
h 0 r<2m
r72é2mh
2m
§8|B;(|Tq ”t D Aou “LP(R ><B, +CK,SW ” “LP(]R ><B/)
< k 2m q
= 8|B;(|Tq || D AO ”LP(R XB, +CK,£ “ ”LP(RJr, ;)Jqumfkfl,r(]Rn)) . (29)
To estimate the last term of the right-hand side of (28), we write:
min(k,2m) )
tlezmu = L% — Z tk=h Z aq,j(0,0)DY, D] u;
h=0 o |+j=2m—h
J#2m
hence:
2
AR L
< 1 1
BT I AGL u lLr@®, xBy)
min(k,2m)
k=hpi .
+ B, Z D 1D AGu o, )
=0 Jj<2m—h
J#2m
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due to Lemma 11 and since suppu C K, we get:

k ny2m A7 q
17D Aot p g, 1

| Bl 79
<y L% 114 q
N” L u ||LP(R+;BZ,,;(R'£)) +CK,8 || u ”L],(R_F;B}x;timekfl,r(Rn)) . (30)

Inequalities (27)—(30) imply the proposition 17 for the operator L°.
Now, we estimate the terms of the operator L

1
ML u e e By e
min(k,2m)
k—h o' yJ .
S 2 Yo I (ae (. x) = aw,;(0,0) 7" DY Dlu ey ByT @)
h=0 \a/\J_rj=2mfh

J#2m

Lemma 13 yields:

1
WLl @, By5 @)
S (aar,j (2, x") = ag (0, 0)) oo gy I 7D Dl lLr®y;ByT @)

k—h o 1y
T CN Dy Diull g, 55w @y

k—h o' ryJ k=h o' ryJ
5 € || t Dx/ Dl‘ u ||L”(1R+;B;'_Z(R")) +C ” t Dx/ Dt u ||LP(R+;B;,;11’T(R"))

for 0 < h < min(k,2m), 0 < j < 2m — h with j # 2m and for u with support included in a half-
ball of center (0,0) and with a small enough radius €. Afterwards, since Df(‘// maps continuously from

LP(Ry; B[S,Tq‘a/l*l’r(R")) to LP(Ry; B‘;{ql’f(R”)) and with the aid of Lemma 11, we obtain:

s+2m—h—j,t

1 k—h yJ
| L u ||Lp(R+;B;-_;(Rn))5 €l " Diu ”Lp(RJr;B‘,,,q

(R™))
Jj+h
+C(eo || t*D¥"u || sty 480 0 | Fu | -
0 t LP(Ry;Byg(RY) T€0 LP(Ry; By T @) )

Thus, Lemma 14 implies that:

1 k—h ryJ
” L u ||LP(R+;B;’;(R"))S € || t Dl u || s+2m—h—j,t

LP(Ry:Bpg (&™)

+C (80 1 D" N oy 37 ey

+Cepet | U W,y some gy +Conerck 11 e, priom—ite gy ) 31)
Finally, we use Lemmas 11 and 14 to control L2; we deduce:

2 k 2
I L7u Ny s ey S Cre I D7 u Ml Lo @ By ey

k
+ Cre (81150 Wl prom gy +Cor 18 e, preom—iote gy ) - (32)

Inequalities (31) and (32) complete the proof for the operator L = L%+ L4 L?, and so, the proof of Proposition
17 for u with a small enough support around (0, 0) denoted € is done. In the same way, the estimate is proved
around the point (0, xo) of K. Otherwise, the assumption (AQ) yields the same estimation in the neighborhood
of the point (9, xo) with 7y # 0 of K. Finally, the general a-priori estimate is obtained by the use of a partition
of unity. O

To complete the proof of Theorem 5, we need the following lemma.
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Lemma 18 Ler s and t be two non-negative real numbers and let 1 < p,q < +o00. For any compact K of

;ZZZ’J(RTI) with suppu C K, we have:

RT‘], there exists a constant Cg > 0, such that for any u € B
[|ue ||B;z%2n-r(Ri+l)
< CK {”LMHBZY,E](R’«TFI) + ”u”szm’p(R+;B;,'_Z(Rn)) + ||u||B,[\')-'i;12m—k—l,r(Rr_;—+l)} .

Proof We restrict ourselves to the case where 0 < s < 1. The case s > 0 can be shown by induction on r
where s = r + o, such that r is a non-negative integer and o € [0, 1[.

The proof is essentially based on Lemma 12, which allows us to control the normal derivatives of solutions
by the “almost tangential" derivatives.

As previously, we write L = L% 4+ L' 4+ L2, and we first prove the lemma for L°. For this, we estimate

the different terms of the norm of « in B;t]z;(" t (R"H) We recall:
” u “B;ZZ,’/:LT(RiJrl)

min(k,2m)

k—=h o 1yJ
E E t" "D, Dlu _ - ;
” x' Mt ” B]s:;;m (|l [+j)—h,T (R:—+1)

h=0  |a|+j<2m—h

since D"‘ maps continuously from BHla l T(R”“) to By g (R'fl), we obtain:

min(k,2m)
tk=h J . .
|| u ||Bs+2m r(RnH)N Z Z Dt u ||Bls::12mfjfh,r(Rr_:_+l),
h=0 j<2m—h
then, we decompose:
min(k,2m)
k—h ryJ
u IS ST T
I ”BH'Z"' T(R"H) N I t ”B;J;zm j—=h T(Rlﬂ)
h=0 j<2m—h—1
min(k,2m)
k—h y2m—h
+ Y D e ety - (33)

For the first term of the right-hand side of inequality (33), we fix j = 2m — h — 1 and we estimate the term:
me(k 2m) | gh=h D=1y, gi+le e+ There are two cases to investigate.
-4 +
We consider at first the case min(k, 2m) = k, then:

k
k—h n2m—h—1
N a2 st s

h=0
k—1
2m—k—1 k—h y2m—h—1
=1 D" e + > DIy I g st - (34)
h=0
To bound the first term of (34), we write:
2m—k—1 _ 2m—k—1
” Dl u ”BIS,:ZI'T(R1+1) :” DX/Dt u ||B;;"Z(R1+l)
2m—k—1 .
+ || D: Dy u ||B;‘,2(R1“)’
Lemma 12 provides:
2m—k—1
” Dt u ”Bisl-,t[LZ(R’rrl)
2m—k 2m—k—1
S D,/ Dy u ||Lp(R+;B;;:11’T(Rn)) + || Dy D; u ”LP(RJF;B;’,Z(R"))
2m—k
+ | Dy u ”B’Y’_r (R"+l)
2m—k
Sllu Il 0 (R B RY)) + 1 D u ”B’;’Z(RTI) . (35)
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For the second term of (34), we use again Lemma 12, and hence:

k—1
k—h n2m—h—1
N Ry 2> | geti asty
h=0
k—1
— k—h y2m—h—1 k—h n2m—h—1
:Z{n Dyt* D7’ gy ey + | D" D; Y ”BZ:Z(RT')}
h=0
k—1
k—h ry2m—h—1 k—h—1 p2m—h—1
52{” Dyt D; e ety + I #5711 D; gy ety
h=0
k—h ry2m—h
DI e ) |
k
< k—h ry2m—h
Sty zmp e, e gy + 2 17" DF M N e o) (36)
Inequalities (34)—(36) yield:
k
k—h ry2m—h—1
N Ry st s
h=0
k
< k—h 1y2m—h
Sl lyamr g, g gy + 2 17 DF ™ g o (37)

Now, we suppose that min(k, 2m) = 2m, using Lemma 12, we obtain:

2m

k—h r2m—h—1
N 2> |l siie s
h=0

2m—1
— k—h n2m—h—1
= hX(:) {” Dt Dt u ”B;‘}I(R'}rﬂ)

k—h n2m—h—1
1 D DR e ) |
2m—1
k—h n2m—h—1 k—h—1 n2m—h—1
<> { | Dyt*=" D g sty + 112 D: u s i
h=0

k—h n2m—h
+ || 77 D7 u||3;,‘fq(mﬂ)}

2m

< k—h ry2m—h
Sl lyonr g, poe +h;) IR DP e s, (38)

Gathering estimates (33), (37), and (38), we deduce:

<
|| u ||B;:;2.2n,r(Rri+l) Slhu ||Wk2m’p(R+?B;’,Z(R"))
min(k,2m)
k—h n2m—h
+ ) DT e (39
h=0

holds for j = 2m — h — 1. We can proceed similarly for all other terms of (33).

. . . in(k,2m) k—h n2m—nh
It remains now to estimate the term: 3 ¢ t*=hD U || psr oty Of (33).
Zh:O l t ”B;;(RJj ) (33)

@ Springer



564 Arab. J. Math. (2020) 9:545-566

We use the remark that if the support of v is included in a compact set K, we have: v € By, 5, (R’fl), if and
only if v € LP(Ry; By 3 (R")) and v € LP(R"; B, 5 (IR4.)). Therefore:

v lgse ey =10 ey mys @y + 10 ler@e: sys ey -

‘We have:
min(k,2m)

k—h n2m—nh
Do DR e,y oy S Ny 2mr s - (40)
h=0

By returning to the ordinary differential equation as well as using Theorem 16, we deduce that the operator
(LO(O, t;e1, Dy), y) is invertible from ng}zm’r(]RJr) to By g(R4) x CX, withe; = (1,0, ...,0) € R". Then,

forany v € V;:sz’T(RJr), we have:
x—1
< 0 . . l
10llysiame gy S ILO(E 0: Dy, envll gy e,y + > 1D (O)). 1)
1=0
We write:
min(k,2m) )
LO(t,0: Dyeyu=Lou+ Y " N a4y, ;(0,0)D]/u
h=0 ay+j=2m—h
j<2m—h—1
min(k,2m)
- > 3" 4y ;0,0)D% D u
h=0 o/ |+j=2m—h
Jj<2m—h—1
according to (41), we deduce:
min(k,2m)
k—h ;y2m—h
Y DI s g )
h=0
min(k,2m)
0 k—h ryJ
SIL w N pr e 57 Ry + Z Z I Dl L e By R4
h=0 j<2m—h—1
k—h na' nJ
+ Z || t Dg; Dt u ”LP(R";B;’.Z(RJr))
lo |+ j=2m—h
j<2m—h—1
min(k,2m)
<70 k—h ryJ
SIL ull g oty + D 2. D g g
=0 | j<2m—h—1
k—h ya' ryJ
+ ) DY Dl e
\a/\+j=2m—h
j<2m—h—1
< 0
~ ”L u'lB;,;(Rﬁr*l) + ”u||Wk2mvP(R+;BIS;;I(Rn))' (42)
Both (40) and (42) give:
min(k,2m)
k—h y2m—h < 0
hX(j) I D e iy S MLl e ey + el 2 e - (43)
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Considering estimates (39) and (43), we deduce the Lemma 18 for the operator L9 and for s € [0, 1.
Now, for L = L% + L', we estimate the terms of the operator L'in B‘;,’,Tq (R’f’l) by assuming again that

supp u is included in a half-ball with center (0, 0) and radius € small enough. Lemma 13 yields:

1
| L u ”B;’,Z(RT])
min(k,2m)
k—h o' nJ
Se Y > DY Dl g ey

h=0 |/ |+j=2m—h

J#2m
min(k,2m)
k—h o' pyJ
+C Z I's Dx/Dlu”B;:II’T(R’fI)
h=0 |/ |+j=2m—h
J#2m

k—h o' i
<e E E | 7" DS Diu ”B‘,YIZZ(RTI) +C || u ”B;-:qumfk—l,r(]Ri+l) .
h=0 " |o/|4j=2m—h
Jj#2m

Therefore, the Lemma 18 is shown for the operator L = L0+ L1, Finally, in the same way as before, we
evaluate the terms of L?u in B) (R’fl), we get:

min(k,2m)
2 ) I\ k—h o' 1y
I L2 e ety S > > I aaj (. X DY D | s
h=0 || +j<2m—h—1
min(k,2m)
k—h e 1y
S Ck Z Z It Dx/Dt“”B;;;,(RT')

h=0  |&/|4j<2m—h—1
< C s m—Kk—1,7 n .
~ “K ” u ”Bp‘,tf k-1, (R++l)
The Lemma 18 is proved for u with a small enough support around the origin (0,0). As previously, the general

a-priori estimate holds true by the use of a partition of unity.
Finally, Proposition 17 with Lemma 18 leads to Theorem 5. O
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