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Abstract We study the asymptotic properties of the spectral density estimator (a periodogram) of a linear
spatial process with alpha mixing innovations. A periodogram is a natural estimate of the spectral density.
Under some conditions, a relation between the periodograms of innovations and that of the linear process is
established in a spatial case. As the estimator of periodogram is inconsistent, a linear filter is introduced and
convergence properties of the obtained smoother periodogram estimator are studied.

1 Introduction

Spatial statistics includes any statistical techniques which study phenomena observed on spatial sets. Such
phenomena appear in a variety of fields, including soil science, geology, oceanography, econometrics, epi-
demiology, environmental science, forestry, image processing and many others.

Voluminous geographic data are being collected with modern acquisition techniques such as global posi-
tioning systems (GPS), high-resolution remote sensing, geographic information system (GIS), etc. Extracting
unknown and unexpected information from these spatial data sets requires efficient methods that take into
account the spatial dependencies [12]. Spatial data are characterized by their interdependence, which comes
from the following assumption: The more objects are close to each other, the higher is the correlation between
them [15]. Hence describing dependence is very important in spatial statistics. To do so, variogram and covari-
ogram are usually used. In recent years, some authors developed spectral methods to describe this dependance
[17] as spectral density. In time series, the periodogram is the non-parametric estimator of spectral density.

Spatial periodogram is a powerful tool for studying the properties of random fields observed on a lattice. It
can be used in signal extraction from noisy random fields, in obtaining more sparse decomposition of digital
image requiring less storage space, in detecting hidden periodicities, prediction or smoothing and so on. Spatial
spectral methods have been applied to astronomy (see [1]) and meteorology [4] among others.

The time series have been developed in the spatial context because of their interest in environmental science,
medical research, ecology among others. Some authors have been interested in developing methods and theory
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to deal with this type of problem, see for examples [2,3,8,13], and most recently, [11]. A discussion on several
models is done to deal with analysis of spatial data [16].

In this work, we are interested by the properties of spatial linear processes with alpha mixing innovations and
mainly on periodogram. The lack of spatial asymptotic results of the periodogram of spectral density of these
processes motivates this work. Hence, we study the asymptotic properties of this periodogram. A periodogram
is a natural estimate of the spectral density. Under some conditions, a relation between the periodogram
of innovations and the periodogram of linear process is established in a spatial case. As the estimator of
periodogram is inconsistent, a linear filter is introduced and convergence properties of the obtained smoother
periodogram estimator are studied.

The periodogram in the non-spatial case (N = 1) has been studied by [6], when the innovations are
independent while [5] has studied the case where innovations are strongly mixing. We extend this last work
to random fields (N > 1). Some recent papers deal with spatial periodogram smoothing but there is no work
concerning weak processes. Different filters are used in literature, see, for example, [19] which focuses on
kernel estimator of spectral density, with optimal smoothing number estimated from the data. The author
studied consistency and asymptotic distribution of this estimator, with an automatic estimate of this smoothing
number. In [9], the authors have studied asymptotic properties of smoothed non-parametric kernel spectral
density estimator in the case of continuous stationary spatial process under shrinking asymptotic framework.
This process is mixing but not necessarily derived from weak process as in the present work. They considered
the bias and variances terms for tapered and untapered estimators, and obtained optimal bandwidth which
minimizes the average mean squared error.

Let ZV, N > 1, denote the integer lattice points in the N-dimensional Euclidean space. Let the process
(X, t € ZN) be a stationary spatial linear process defined on a probability space (§2, .4, P), of unknown
spectral density fx: X¢ = ) (v asZi—s, t € ZN  where the (Z;) isa strictly stationary process with unknown
spectral density fz. Z; are real-valued o mixing, and identically distributed and uncorrelated random variables
with zero mean and finite second moment 2. The spectral density of (X¢) is given by

1

fx (@) = S

> v exp(—io'k), e [-m, 7]V, (1)
keZN

where T is the transpose operator and y (k) = Cov(Xk4u, Xu) is the auto-covariance of (X¢, t € ZN).

A point k in 7N will be referred to as a site and written as k = (ki,...,ky). Letn = (ny,...,nn),
we write 1 — oo if min{ny} — oo and 1 < j,k < N. Definem = ny ---ny as sample
size. All limits are taken as n — oo. (X¢,t € ZY) is observed over the rectangular domain I, =
fi={ir,....in} eZN: 1 <iy <ng, k= 1,...,N}. In what follows, let i < j denote 3k, i < ji, i =
ji. I =1,...,k — 1 (the lexicographic order). A simple natural estimator of fx(wj) appears to be 1‘('2’; ()a;f),
whf:re In, x (wj) is the spatial periodogram of (X¢, t € 7N) defined at frequency wj = (wj; = ZZIJ L wjy =
), wj e [-, 7] by

2
I x (@) = & 3 xee ! @)
n, 4] ﬁ t .

tely

If y (.) is an absolutely summable auto-covariance function of the process (X, t € Z), then fy is continuous
and the definition (2) is equivalent to

Inx (@) =Y 7K exp(—iof k), o € [-x, 71",
keS

where S ={k;kj=1—-n;,...,n; —1,j=1,...,N}and

1
70 == > (Xe—X) (Xerk — X)), 3)

tel (k)
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with mean X = %Zte 1, Xt and where /(k) = {t € In,t+ Kk € Iy}. Hence the natural spectral density
estimator is given by

1
@m)N

Fx(@) = Y PR exp(—io'k), © € [, 7]V @)
keS

As in the non-spatial case (N = 1), this estimator is unbiased but not consistent. The consistent estimator
is obtained by applying a linear filter to smooth the periodogram. R

In this paper, we will deal with asymptotic properties of spectral density estimates fx of (X¢t € ZV)
using observations on I, and the following conditions:

Mixing conditions: Consider the a-mixing coefficient of the field (Z, t € Z"). The spatial dependence
of the process will be measured by this & mixing defined by

a(v) = sup (0 (Zu), 0(Zy)), v =0,

! ’
u,u eZN,Hu—u H:u

where, for B and C, two o-fields of A: a (B, C) = supgcp.cec |P(BNC) — P(B)P(C)|. In the following,
we suppose that the process is geometrically strongly mixing (GSM), that is, there exist 8 > 0 and a constant
C > 0 such that

oz(u)fCuiﬂ,u>0. )

This paper is organized as follows. In Sect. 2, we deal with asymptotic properties of the spatial periodograms
of (Z¢) and (X¢). In Theorem 1, we first give a result that concerns an asymptotic distribution of the periodogram
of innovations. Then in Theorem 2, we establish a relation between the periodogram of the innovations and
that of (X¢); hence, the convergence of the periodogram of (X¢) to exponential independent variables is given
in Theorem 3. In Sect. 3, we study the convergence of a smoothed periodogram of (X¢). Finally, Sect. 4 is
devoted to some numerical results of the proposed periodogram.

2 Convergence of the periodogram
To estimate fx at arbitrary non-zero frequencies in the interval [, 71V, we need to extend the domain of

I, x to the whole interval [—, 7]V. The periodogram is then defined as a piecewise constant function which
coincides with (2) in frequency wj. For any w € [, 71V, the periodogram is defined as follows (using (2)):

In x (w) = Inx (wj), if wj — ,j,T—k < wg < wj, + :7 and w € [0, 71N ,1 <k < N, ©
’ Inx(—w), if we[—m, 0" .
Let g(n,w) = (g (n1,w), ..., gny, ®)) be the multiple of (i—f, R ’%—Z) closest to w. And let g(n, w) =

g(n, —) for w € [—m, 0]V, Then In x (@) = In x(g(n, ®)). Set, for wj € [—7m, 7]V

1
7\ 2
Awj) = (,;\) Z Xt cosa)jTt,

tely

| (N
2\2 T
B(wy) = = ZXt sinwj t.
tely
2 ()4 B2 (e
Then Iy x (wj) = L L ALY (wJ)erB 0 Let A < -+ < Am € [0, 7]V be the ordered sequence of wyi, ..., wkn,
j j ‘ ' '

m > 1 with o; = (27;?’_._,.2:]’?)’ Vi = 1,...,m, ki = (k./“”’k[jv). Then, 3K/ such that
Aj= g1, AjN) = oy

To establish the Theorems 1 and 2 below, we need the following assumptions:
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1
Assumption 1 For y > % and all 2 < k < p such that p > 2, M, = maxq (E [|Z¢|*"])* < oo and

E [|Zt|k] < C uniformly in where t and 0 < C < oo are a constant.

Assumption 2 Assume that the mixing coefficient of (Zy) satisfies

2Np(yp—4)

00 -4
. N2_1 yp—=
lim, 00 1 YtV 27 a(t) v =0, for some constant k > 200 =0)

=n
These two assumptions hold in such problems and under our conditions on mixing process (geometric). They
are used to manipulate our spatial inequalities as in Gao [10].
Let I,z be the periodogram of (Z¢) obtained by replacing (X¢) by (Z;) in (6). We begin by a consistency
result of I, z for all ¢.

-2
Theorem 1 Assume that for y > 2 and m, > 0, E(Z(*) = my, t € ZN and Y iN_la(i)yT < Q.

(1) Under Assumptions 1 and 2, and if a(k) ~ kP for some > ;’—ivz then for Ay, ..., Ay € [0, 1V, the
random vector (In,z()» 1) s« ooy In.z(Am)) converges as m — oo to a vector of exponentially independent
2

distributed random variables, each with mean o~.
(i) If EZ} = 00* < oo, then Cov(In,z(%), In,z (M)

n 10 -3t +20* + 0@ Y if Aj = mand, Ajr =0o0r 7,Yk=1,..., N,
={n 'O -3 *+o*+o0@ ) if rj=mand0 < rjx <7m,Vk=1,...,N,
0l -3t + 0@ if rj # M

Proof For an arbitrary A € [0, 71V, define A(\) = A(g(n, 1)) and B(L) = B(g(n, 1)), with Z; replacing
X¢; since

A%2(0j) + B2(%)

Iz(Aj) = 5 ;

it suffices to show that

(A1), BOAD,s -y AGun), BGun)) (8)

converges in distribution to a centered Gaussian random vector with covariance matrix o2/s,,. Ip, is the
2m x 2m identity matrix.

Letuy,...,u, and vy, ..., v, € R, be fixed. Then set the random variables
m
Yin = Z V2 (ui cos AiTt + v; sin A?t) Zt, ®
i=1
and
Sn = Z Yt,n~ (10)
teZN

To use the Cramer—Wold Theorem, we need the linear combination of the coordinates of (8). Assume for some
integers 1, ..., ry, wehaveny =ri(p+q),....,ny =rny(p +q), g < p. The method of proof consists to
define following large and small blocks used in [18]. Let,

Jk(p+q)+p
Ulbmx,j)= Y Yo,

tk=jk(p+q)+1
k=1,..., N

Jk(p+q)+p Un+D(p+q)

U@2mx.j)= Y. Y Y,

lk:jk(I’";\‘]I)‘il‘l IN=JN(p+q)+p+1
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Jk(p+q)+p (n=1+D(p+q) JN(P+q)+p

U(3’n7-x’j) = Z Z Z Yt,n(x),

fk:jk(P-*;\f/])-‘tz-l IN—1=jN-1(p+q)+p+1in=jn(p+q)+]

.....

Jk(p+q)+p (Un=-1+D(p+q9) Un+D(p+q)

Udnx,j)= Y. > > Y,

tk:jk(P';;])‘gl IN—1=jN-1(p+q)+p+1ty=jn(p+q)+p+1

.....

And so on. Note that

Uk+D(p+q) JN(P+q)+p

UM n,x,j) = > > Y.

tk=jk(p+q)+p+1lin=jy(p+q)+1
k=1,...N—1

.....

Finally,
Uk+D(p+q)
ve¥onx. )= Y Y.
ik=jk(p+q)+p+1
k=1,..,N
Define
rk—1
T(n,x,i)= Z UG, x,j), for 1<i=<2N.
Jk=0
k=1,..,N
Clearly,
2N
Sn =ZT(n,x,i). (11)
i=1
T (n, x, 1) is the sum of random variables in large blocks and T (n, x, i) for2 <i < 2N the sum for random
variables in small blocks. If it is not the case that ny = ri(p + q), ..., ny = rn(p + ¢) for some integers
1,...,rn, the term T(n, x, 2" + 1) can be added. This term will not change the proof much (see [18]).
Consider T (n, x, 1), we enumerate in the arbitrary way the r = r; x --- x ry terms U(1,n, x, j) of
sum of 7T'(n, x, 1) which we denote Wy, ..., W,. Note that the U (1, n, x, j) is measurable with respect to the

o-field generated by Yi, with t such that jx(p +¢q) + 1 < tx < jr(p 4+ g) + p. Then distinct sets of sites
I(L,n,x,j)=1{t/ jx(p+q)+ 1<ty < jix(p+ q)+ p}arefarapart by distance of at least ¢ and it contains
p" sites. And note that r =n(p +¢) N <np~V

We have

1

m 2y
< 2EZY (Z(W + |v,~|>) =b

i=1

2y
Yin 2 _ E V2 ui cosw’ t + v; sinw’ t) Z¢
” , “2)/

m

1

such that b is a positive constant. Then

[Winlla, <bp", forall m=1,...,r
According to Lemma 4.4 in [7], there exist independent random variables Wl*, ..., W7 such that for all
m=1,...,r
E Wy — W] <2bp"Na(q). (12)
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We have
,
W)
i=1

,
€ €
P<|Z;Wi|>e)§P(. >§>+P<. >§). (13)
=
Therefore, according to Markov inequality, we have

> (Wi — W)
i=1
€
P(' >§>522f' (14)

> (W — W)
i=1

Hence from Eq. (12),

,
€ 2rPNa(q)
P ( > (W = Wi)| > 5) <—= (15)
i=1
Set g = o(7°), such that ¢ € [0, 1]. Then a(g) = 7~ #¢ where 8 > yy—ivz
Hence, we have
r o~
€ 2un—Pe pl-pe
P(Z(Wm—w,j;)>§>§ = (16)
i=1
If we consider now
r r
X Woo X W
m=1 m=1
AN = N - N . 17)
It follows that
r pN
P(|Ay| > €) < ZP |Wi — W] > €| —
m=1 r
_ r%p%ﬁl_ﬁc
- €
}"% ﬂcp%fﬁNc
- €

N-Y Sy+1 4y
0 p 4y+1r4y+la(q)4y+l .

=l
Now, we are going to prove the asymptotic normality of (rpN ) 2 > W;. First, we verify following
Lyapounouv conditions. That is, for some p > 2, we verify that

Yoot EqWE")
- -

IT = P
(rVar(W}))2

0. (18)

We have

Jk(p+q)+p
Var(W5) = Var Do i)

tr=jk(p+q)+1
k=1,..., N
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p m
= Var Z Z V2 (ui cos ATt + v; sin th) 7t

Set A =", /2 (uicos ATt + v;sinATt) and Bj = 31| V2 (u; cos ATj + v; sin A Tj).
We recall that ’Z;":l V2 (uj cos ot + v sin a)Tt)‘ <[>0, luil + |vil| = C. Then

P m 2 p P
Var(Wp) = VarZ, Y (Zﬁ(uicosﬂwvismﬂt)) + > ) ABiCov(Z. Zj)

n=1 i=l1 =1 Jrk=1
k=1,...N k=1,...N k=1,...,.N
p m
<202 Z ( V2 (u,- cos ATt + v; sin ATt)> +C Z Z |Cov(Zy, Zj)|
=1 i=1 fe=1 Jk=1
k=1,..N k=1,...N k=1,...N
ik # jk

14 14
r=2
<2Co’pV+C YT Y alt—jih7

=1 Jik=1
k=1,...,N k=1,...,.N
k7 Jk

y=2
<2Ca?pN +cpV Z a(lil) 7
ir=1
k=1,....N

Hence

rVar(wy) < 2Co2rp™ + crp¥ 37 liN_la(i)VT.
1=

2
Supposing that Y2, iN_la(i)VT < 00, then
rVar(W) ~2Co?rp". (19)

We will now focus our attention on the numerator of I7, that is, > E (| wy |p ). We have by Theorem 2.1
of [10] with 0 < D < p" and under Assumptions 1 and 2,

P
Je(prg)+p o NPT T _
E(Wal")=E| 2. Y| =p¥az ) Ml 43 pM DG
= Jk(p+q)+1 1=D j=1

.....

oo
v=2
<p"D*D*M3, Y Vilany T + Y pN D)
t=D

Y-
14

< pVD D" M3, Zt’v“la(t) +DP—1pN§.
t=D

Hence from Assumption 2

Dpfl Ng
H=0<(rpN)l_§D_K)+O =P,
(rpM)2
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Since p > 2 and k¥ > 0, hence
m=o0@'""7p),
. 7’072
which tends to zero for D = o(r2(-D).
Now we have
2N

Sa=Tm,x, 1)+ Z T(n,x,i).
i=2

T(n,x,1) has been treated and without loss of generality, consider 7(n,x,2). Enumerate the ran-

dom variables U(2,n, x, j) in the arbitrary manner and refer to them as Wi, ...,

Var ((rpN)21 > vT/m> -0

ar <i Wl> Z VarW, + ZZCov(Wl, W)
i=1

i=1j=1
i#j

= A + As.

Since Z; is stationary, we have

14
VarWi = Var [ )" Yia(x)

W,. Now show that

14 q 4 9
=pN lgVary n(x) + Z Z Z Z EYtn(x)Yjn(x).

=1 1y=1 Jk=1 Jn=1
N—-1

N—
tx #Jk, for some 1<k<N.

However,

2
m
VarYy n(x) = 202 (Z V2 (u,- cosw! t + v sin a)Tt>> .
i=1

Note that as before

m
Z V2 (u,- cosw’ t + v; sin a)Tt>

i=1

las| =

Hence,

r=2
E|Yin()Yjn()| < Caft —jl 7 .

We have

m
< D (uil + lvih)| =
i=1

4 m 2
VarVT/i <207 Z Z (Z V2 (u,- cosw!t + v; sin th)>
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14 q
y=2
<cpNlg o+ D D edithV

=1 1ty=1
N

Let I2,n,x,j) =fitjx(p+@)+1=ix < ji(p+@)+p, 1 <k=N-1jv(p+q)+p+1=iy =
(v + D(p + ¢g)}; hence U(2, n, x, j) is sum of Y; in the sites / (2, n, x, j). If j and j/ are in two distinct sites,

then ji # j,; forsome 1 <k < N and HJ —j/H > ¢, since p > q.

We obtain
It—jll >q
tel, jeln
y=2 .
<cn) a(lilh 7 lill > g
iel,
oo
o~ N—1 22
< CnZt a(i) v .
i=q
Hence

oo 00 . o .
Var ( W ) =Crplq ("2 + ZiNla(i)yV) +en) iV a7
n

arpN)~ 1Var< vam) <cplyg (oz+2i’v—1a(i)y?2>+c<rp )~ lﬁz Ny 7,

i=1 i=1 i=q

(’pN)_IVaf< VT’m) <Cplq (a +Z A la(l)yy> +C Y iV
1

m i=1 i=q

y=2
Suppose that 3% iVl (i) 7 < co. Then

(rp™) ™! Var (Z vT/m) = 0(q/p)

m=1

converges in probability to zero since ¢ < p, hence the result.
(ii) In the following, we prove the result with A instead of Aj and we make the substitution at the end of
the proof. By the definition of I, z (), we have

Iz =R N Zizge 0D,

i€l jeln

Hence

’ — T s s 't _
E(lnz(WInz0)) =02 Y "3 N E(ZiZjZsZy)e ™ TV 75w,

iel, jel, sel, uel,

v=2
S 00 N-1

—2
Suppose that E(Z4) = 0o* and Zleln a(|lilh =D i oz(i)yT < 00. We will examine many cases:

ll—J—S—ll

T, =02 ZE(Z4) =10 60"

iely
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2.i=j#s=u

T =12 Z Z E(Z372).
icl, sel,
i#s
Applying Davydov inequality, we have

2y ) r=2
(Con(Zi, 20| < =5 1221, 1231, 20l = s>+

Hence
—2
|E(Z2Z2 | — ot < 2CO£(||l—s||)T
Then
n — . =2
A2Y Y E@Z)[ =Ry ) 2adli-sh T+ ) ot
iel, sely iel, sel, icl, sel,
7 is is
Hence

ni ir—1
— 1
neci? 3 Y 2edi-sh + (1 _ﬁ) ot

ng ir—1 , 1
ca? )y Za(||v||)v+(1—ﬁ>a4.
=2 =1
k=1,..., N

taking into account the convergence of the series of mixing coefficient, we have
1Y 4 1
Lh=|l—-=)o"+0m").
n
3-i=zu#s=j
=i 2) Y E@}z2)el 0" (20)

icl, sel,

i#s

l‘()\.—)x,)T(i—S) . (21)

. ’ . -2
123 S B2 22 0 09 <520 Y S Qadli—si) T+t e

iel, sel, iel, sel,
i#s i#s
2
Wi 2 4 AT 14
T3 =10 > 2Ca(||1—s||) a + 0204 |3 e 1A o
ir=2 si=1 iely
k=1,....N
2
o ng ixr—1 . T |
T; =Cn?2 Y Y 2a(||v||) v +n_204 3 e A ot
=2 =1 icl,
=I,..., N
hence
~ — LAY 1
T;=0@ ") +n %" Zel()‘ ARA (22)
n
iel,
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4-i=s#j=u

2
. N 1
T4 —n ~—2 ZZE(22Z2)61(}L+A) (l—J)) <ﬁ—2 chza(”l _ S”) y +n U Zel()u—F)n )Tl _ 20,4’

n
iel, jel, iel, jel, iel,
i#j iZj
ng ir—1 , 2 1
o~ o~ . T.
no=en? Y Y 2u(v) T 40t | S, (23)
=2 =1 icl, n
k=1,..., N
hence
o P . I\Ts 1
Ty=0@ ") +n2%0? § AR (24)
n
iel,

5-i=j,j#s,s#u

ny ny
— —iA'T (s—u) 2
D YD VD S X AL D S S T A DS
=1 sp=ip+1 up= vk—i-l k=1 sg=ix+1 up=sk+1
k=1,...,.N k=1,...,N k=1,. k=1,...,N k=1,...,.N k=1,....N
31 ng ng ny ir—1
< o s — 13 ~7
== >, ) ali-sh=30Ca2 3 3 2e(vi;
ir=1  sg=ir+1 k=2 =1
k=1,..., N k=1,..., N k=1,..., N
it follows, using the assumption on the mixing coefficient, that
Ts=0@". (25)

Thecases,i=s#jAui=u#s#jj=s#iFut=u#iz#*sands=u#1i#j, are treated in the
same manner as 75.

-i£j#s#u

T
Tl = Az Z Z Z Z E(Z.ZJZsZu)e’)‘ (- p—ir " (s—w (26)
iel, jel, sl uel,
4 ng ng Nk ng
[T11] < 2 Z Z Cov | Z;, ZJ Z Z ZsZy ||,
ir=1 jr=ix+1 Sk=Jk+1 ur= sk+l
k=1,...,N k=1,...,N k=1,...,N k=1,...,N
A1 ny ny . . A1 ny ir—1
T <% X2 > oali—-jh=z X Z 2a(([vID- (27)
k=1 jr=ir+1 =2 =1
k=1,....N k=1,...,N k=1,...,.N
Hence
Ti=0@"). (28)
7T-i#j=s=u

To=[[2) Y EZz)e ' 0D

iel, jel,

i#j
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ng
<fa? > > Covi Z)

=1 jr=ip+1

k=1,..N " i#j
ny ng ir—1
2y Z afli-sh <202 > > 2a(|v]).
ir=1 jr=ix+1 =2 =l
k=1,..N k=l1,...N
It follows that
Tin=0@ ). (29)

We obtain the same results for the following cases j #s=i=u,sZu=i=ju#s=j=1.
Taking into account all 7;, we have

Cov(ln 2(®), Inz (@) = E(Inz(WInz(X)) = Eln 70 Eln z(\)

:ZTi—GA'.

Since
Ehz) =0"1Y Y EZizpe ' D
i€l jeln
ny ir—1
A CEEH+a Y Y el
icl, =2 =l
k=1,....N
ng .
=o?+n !t D alipT
ir=2
k=1,..., N
=c’+0@")
Hence
2
1 - !
Cov(Inz(A), Inz (¥')) =0 '60* +(1—;>0 +10 20t Ze'@—“rs
sel,

2 —
_—U +n o_ Zel()rF)L) S 04+ 0(n—1)

sel,

=010 -3)c*

20t | Y 0HS] 30| | o@,

sely sely
Hence for Aj = (Aj1, ..., Ajn)

Cov(In,z(Xj), In,z (M)
0l -3 +20* +0o@") ifyy;=nmandrj =0orm,¥i=1...,N
=100 -3)0*+20* + 0@ ) ifyj=nand0 < Ay <7, Vi=1,...,N
nl@ -3t +om") ifr#
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In the following theorem, we establish the relation between the periodograms of {X¢} and {Z¢}.
Leta(e™) =} ;czn ajexp (—iw’j), where w = (w1, ..., N).

Theorem 2 Under Assumptions 1 and 2, and if € [0, n’]N , we can write

. 2
Inx(@) = ()a(e-’g“'»w))\ >1n,z(w) + Ra(g(n, ), (30)
148
where sup,, |Rn(w)| — 0. If in addition ) |aj| m 2 < o0, then
jezN
sup E |Rn(w)|* = 0@-"). 31

Proof Let Jx(w) and Jz(w) the discrete Fourier transform of {X¢} and {Z}, respectively. Then

—1 , —1 LT . .
Jx(w) =07 Z Xte—ta)Tt -t Z aje—th,] Z Zt_je—th(t—J)

tel, jezN tely,
. , ng—jk ,
=nz Z aje” ' Z Zie 't
jezN tr=1—ji
k=1,....N
1 T T nk_jk T T
—hz Zajefla),] Zzteﬂa)t_i_ Z Ztefla)t_zzteftwt
jezN tel, te=1—jx tel,
k=1,....N
Note by
ni—Jjk , ng ,
Smj= Y. Zie = Yz, (32)
tr=1—jk =1
k=1,...,.N k=1,...,.N
and
P —iwj
Yn(w) =m>2 Z aje Sn.j- (33)
jezN
Then
=1 —iwj
Ix(@)= |07 ) aje J7(®) + Ya(®). (34)
jezN

Note that we have two cases:
In the first case, that is, | jx| < ng, we have, by Theorem 2.1 of [10] and under Assumptions 1 and 2 with
p=2

oo
2 -~ - r=2 2
E|Sy|” < 2VNjim3, Y N ey T +2NjiPC
t=P

o
-2
<2Np [ Pm3, Y V)T 2V [ PCo.
=P

o0
y=2
<oV PP P M3, Y N a7 + Gl
t=P
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Since 0 < P <m, P — oo and under Assumption 2, we have P* Z?ip tN_la(t) v — 0, then
2 >
E|S,]" < C i P.
In the second case, there is m* terms, in the same manner as before, we have

E S| = o@*P),

such that P = O @*%). Hence
E|Sy]’ = 0@ 1+).
Since n* < 2V [ﬂ, then

E |SnJ|2 _ 0(m1+5)’

then
1 2
EvRon = (87 Y lyle e (Bes2))* |
jezN
and
2
EV}) <20> (52 Y |gj (Co m)%
jezN
Since
i
j{: Vﬁ| ’
jezN
Then,

E(Ylf(a))) — 0, as n— oo.
Therefore, since we have

Rn(®) = a(e™"*)Jz(@) Yn(—w) + a(e ') Jz(—w)Y, (@) + |Yn(w)]*,

(35)

(36)

(37)

(38)

and recalling that In x(wr) = Jx(wk)JJx(—wk), application of the Cauchy—Shwartz inequality gives in the

same way as in [6] page 347, max ]NE |Rn(w)] — 0,as n — oo.

wel0,7

In the first case, that is, | jx| < ng, by Assumptions 1 and 2 with p = 4 and applying Theorem 2.1 in [10]

again, we have

o0
E|swl* < 2V [P M2, 3 2V lan)'T 428 [f] P3c, + 22V i P3C3
=P

<2V p~ [P M3, (P" S 2Vl ) +2V PP o+ 22V PP 2
t=P

00 ) B
< 22V [j* PP |:P_" M3, (P" > 2N a(t)yy> +2 VG o+ cg] :

t=P
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- . & r=2
Since 0 < P <M, P — oo and under Assumption 2, we have P* > 2N=lg(t) 7 — 0, hence
t=P

E |Saj|" <2V [i] PACo + 22V [i° P3c2. (39)
The second case is treated in the same manner, that is, there is n* terms, as in the first case we have
E|sy|' <0*PPCy + @2 P3C). (40)

Since n* < 2V Eﬂ, then we find again the same result as in the first case.

E|Syi|* <2V [ PPCo + 22V i) PP, 1)
Then in both cases, we have
A
Oy <@ 3 Jal (24P ([ + 22V GF 63))" ) - 42)
jezN
Set P = (3 ),
N
E(Yq(0) < Cn? Z ’aj} <m2(8+1))4
jezN
4
~7 - %
<ci (> falfil 7] w
jezN

148
Since Y ;v |a i 2 < oo, hence

E(Y} () = 0@2). (44)

Asin [6] page 347, by applying Cauchy—Shwartz inequality and results on the covariance of the periodogram
of innovations in Theorem 1, we obtain

max E|Rp(w))> = 0@ ") (45)

wel0, 71V
O
The following theorem provides the asymptotic properties of the periodogram of (X¢).
Theorem 3 Let ZjeZN !aj‘ < o0. Assume that for y > 2, and m, > 0, E(1Z?) = my, Vt € ZN and
> i’"—'a(i)%2 < o0.
i) Let Ay < --- < Ay € [0, 1V be the ordered sequence of w1, ..., wkn defined above. If o (u) =~ ub for

some 3 > ;’—i\’z , then for A1, ..., Ay € [0, 71N, the random vector (In,x()q) s ooy Inx (X)) converges

asn — oo to a vector of independent and exponentially distributed random variables, where the i'"
element is of mean equal to 2 fx(X;), i = 1,...,m.
ii) IfEZ} = 60 < oo, then

Cov(In,x (Aj), In,x (A1)
202m) 2 f2(hj) + O 2)if Aj= M and Ajx =0or 7. ¥k =1,...,N
=1 @m2f20) + 0@ 2)if Aj = hand0 < i <7, ¥k=1,..., N
O@™2)if Aj # M.
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Proof We have from Theorem 2

. 2
Inx () = |ae™ @D\ 1o 76 + Ra(g(m, 1),

—i —inTi
where a(e™*) =Y ;cpv aje™ 4, 1 € [0, 7]V, sulen(g(n M) — O0and fz(1) = (ZH)N

It is well known that the spectral density of {X t} is related to the spectral density of {Z} by

12
fx G = a1z, x € (-, 71"

Hence
A
’ (,,A)‘ fx( )’
(A)
Then
fx(g(n, 1))
Inx(A) = ——F—"—F""—Ihz(M) + Ry ,A)),
x(A) () z(A) (g(n, 1))
(27T)N

= fx(gm, 2)In,z(X) + Rn(g(m, 1)).

Since fx(g(n, X)) = fx(}) and Ry(g(n, 1)) — 0 in probability, the result of the first part of the theorem is
obtained from Theorem 1.
(i1) The proof is similar to the proof of Theorem 2.2 in [5], then omitted. It suffices to see that

eoN

Var(In;x () = ( ) fx00Vark, z(u) + Var (R, ()

Q)N
+( ) )fx()»k)COU(lnz()»k) Ry (Mp)).

We have Var(Ry(Ak)) < E(Rn(Ak))? and Var(In,z(Ax)) is bounded uniformly in Ag. Using Cauchy—
Schwartz inequality and since from Theorems 2 and 1, respectively, we have sup E | Ry ()»)|2 = 0om-") and
w

Var(Iy.z(Ak)) = O@-1), and we have
1
Cov(In,z(Ak), Ra(Ar)) = O(m2).
Similar arguments give
’ 1 ’
Cov(Iy,x (Ak), In,x (A)) = O™ 2), for Ax # Ay.

Then from Theorem 1, we have

Var(In,x)(A)
20V 200 + 0@ ) ifaj=nand Ay =0orm,Vi=1...,N
Q)N f2() + Om?) if A\j=Arand 0 < Aj; <7,Vi=1toN and Y wjisg #km |

@ Springer



Arab. J. Math. (2020) 9:101-121 117

3 Convergence of the smoothed periodogram

Since the periodogram estimator is not consistent, we introduce a linear filter and obtain a smoother peri-
odogram. In this section, we study the convergence properties of this smoother periodogram estimator. Let
(X¢, t € ZN) be the linear process defined above, consider the following class of estimators

f(wj) = (27T)7N Z Wa(K) Iy, x (0j1x), (46)
krylkr‘fln,- r=1,..,N

27 27 jN
e Ty
N¥) is a sequence of symmetric weight functions such that Wy, (k) are obtained as product of one-dimensional
windows: Wy(k) = W, (k1)Wy,(k2) ... W, (ky), with Wy(k) > 0, VK, Zkr,lkr|<l,r=1,-..N Wa(k) = 1,
]N

such that wj = (

) and where /,, — oo, n, — oo and/,, < cn, for some c € [0, 1]. (Wp,n €

Dk | <l r=1...N W2(k) — 0 asn — oco. If wjrk ¢ [, 7]V, we evaluate In x (wj+k) by defining I x to

have period 27, as in the definition of f(w), w ¢ [, 7]V,
Theorem 4 Let ZjeZN ‘aj| |j|% < 00 and EZ;1 < 00. Then
(i) limp oo E f (@) = fx(w) and

—1
(ii) limp_ oo ( ) Wﬁ(k)) Cov(f(w), f(@))

ky,|kr|<lp,,r=1,..,N
2f§(w) if o=wandwr=00r 7,Yk=1,...,N,
={ fi(w) if o=w and 0 <wy <m,Vk=1,..., N,
0 ifa);éa)/,

Proof We have

|E fx (@) — fx(o)]

= 2 Wal0 (@)™ I x (g, ) + 010 = fx (g, @) + @) + fx(gm, @) + i) — fx(@)|.
|k|<ln

. I}
Since [, — oo, n, — 0o and f — 0, then
r

y 18 @) + o — ol — 0,

|kr|§lnr o=l,...,

Since f is continuous,

Ve > 0, max | fx(g(n, ) + o) — fx(@)| <

and for n large enough (see Proposition 10.3.1 in [6]),

@)™ I x (8, @) + 00 = fx(gM, @) +wp)

IA

N M

Since )k, |<1,, Wn(k) = 1, we have
r=1,..N

Efx@) - fx@] < Y Wake=e¢
ki k| <ln,

r=1,..N

hence the result.
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(i) We have

Cov(fx(@). fx@) =@2m) > > Wa()Wa®)Cov((Inx (s, @) + wj) .

|jr|<lnr |kr‘<lnr
r=1,..Nr=I1,..N

Inx(gm, @) + wK)).

olf # w, by Theorem 3,

. a1

eoN 3T Wal)Wak)O@E )
|jr|<lnr ‘kr|<lnr
r=1,..Nr=I1,..N

Cov(Fx(@), Fx (@)

A
a
.
D=

> Walk)

|kr|<ln,
r=1,..N

<cai | Y wiwo|ek+.
|kr|<ln,
r=1,..N

Since l"l’—* — 0; hence the result.

elnthecase w = w € 10, = [V,

Var(fx(@) = @n)~N > Wr(i)Var(lnx (g, ) + o))
e
=@ Y Wi (@0 P e) o)+ 0GaT))
|jrl<ln,
r=l1,...
+m7 Y Wa(@WakOm ).

|jr|<lnr ‘kr|<lnr
r=I1,..N r=I1,...N

i#k
Same as (ii), the first term is equal to
Yo wii | Aw+o| D wie |- (47)
|jr|<lilr |jr|<l/1r
r=1,..N r=1,..N
The second term is bounded by
caten V| Y w2y | @k+ D). (48)
Ikr|<lnr
r=l1,...

The rest of the proof is similar to Theorem 10.4.1 in [6]. O
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Fig. 1 Image on the right corresponds to 71 = 100 and 6 = 0.5 while on the left we have ny = 100 and 6 = 0.9

4 Numerical experiments

In this section, we propose some numerical results of the proposed periodogram towards some simulations.
We consider a two-dimensional space (N = 2) with the process {X; ;, (i, j) € 72} simulated on a rectangular
domain I = {(i, j), 1 <i <ny,1 < j <ns}ofn; x ns sites, we take without loss of generality n| = n for
different values of n; € {30, 50, 100, 120}. The process is defined by

- X =02W; ; +(Z;; — 9Z,11)
- Z, j = Vi ;jVij—1, where the Vi, j are independent N (0, 1) distributed random variables
— Wiy =W +15W2, +2W7,

- Wl.],j = s1n(27rf1 (i cos(n/6) + j sin(w/6)) + n1Ui1,j
- ij = sin(2x f> (i cos(mr/4) + jsin(w/4)) + n1U2
- Wl.3j = sin(2x f> (i cos(mr/3) + jsin(w/3)) + n1U3 with frequencies f1 = 2, f = 0.08 and f3 = 0.05,

U k ,k =1, .., 3, and are independently uniformly dlstrlbuted on [0, 1].

A11 of the following numerical analyses were carried out using the R software (version 3.5.1). Examples of

simulated spatial process are given in Fig. 1 for ny = 100 and & = 0.5, 0.9. This figure shows a higher spatial
correlation for the process with higher parameter & = 0.9.
To investigate the finite sample properties of the periodogram and a smooth version, we take different values
of the parameter 6 € {0.2,0.5,0.9} and two different sample sizes. Taking 300 spatial points s = (s1, 52) €
[0, 1] we compute the periodogram and a smooth version at 300 frequencies at points 2s7 including f;,
i = 1,...,3. The results are given in Fig. 2. It clearly shows the higher frequency estimates of f; = 2,
= 0.08 and f3 = 0.05 defined in the model, particularly for large sample sizes, n% = 104andn% = 144%102.
Note that in order to have the smooth spectral density, we use a weight function obtained by two successive
applications of a Kolmogorov—Zurbenko filtering (package ‘kzfs’, see [14] for more details).

To assess the performance of the smooth periodogram estimation, particularly at the frequencies f;, i =
1,...,3, we consider 100 replications of the simulated model and provide mean estimates. More precisely,

we compute ? i= 100 ZIOO f;’, where the f]q are the high frequency estimates of f; = 2, f> = 0.08 and

f3 = 0.05, from the smooth periodogram computed with the ¢g—th replicated sample. The obtained results
are summarized in Table 1 that shows the results of Fig. 2, the good performance of the smooth periodogram
estimation for large sample sizes.
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Fig. 2 Image on the top from left to right corresponds to n; = 30 and n; = 50 while on the bottom we have from left to right
np = 100 and n; = 120; in all situations 6 = 0.9

Table 1 Means of the frequency estimates of fl, fz and f'3, from the smooth periodogram, over 100 replications

Sample size, 0 f1=02 f>=0.08 /3 =0.05
ny =ny =100,0 =0.2 0.1961 0.0818 0.0511
ny =ny = 100,60 =0.5 0.1961 0.0836 0.0497
ny =nz =100,6 =0.9 0.1961 0.0843 0.0491
ny =ny =120,0 =0.2 0.2015 0.0825 0.0486
ny =ny=120,0 =0.5 0.2016 0.0825 0.0486
ny=ny=120,0 =09 0.2016 0.0825 0.0486

5 Conclusion

In this paper, we have focused on the asymptotic properties of the periodogram of a linear spatial process
with o mixing innovations. A relation between periodogram of innovations and the periodogram of the linear
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process is established in spatial case. As the estimator of the spectral density is inconsistent, a linear filter
was introduced and the convergence of the smoothed estimate was studied. These studies have shown that the
obtained results are similar to those obtained by [5,6] but in a spatial context.

Open Access This article is distributed under the terms of the Creative Commons Attribution 4.0 International License (http:/
creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, provided
you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and indicate
if changes were made.
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