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Abstract In this paper, we first obtain a generalized integral identity for twice local fractional differentiable
mappings on fractal sets R* (0 < o < 1) of real line numbers. Then, using twice local fractional differentiable
mappings that are in absolute value at certain powers generalized strongly m-convex, we obtain some new
estimates on generalization of trapezium-like inequalities. We also discuss some new special cases which can
be deduced from our main results.
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1 Introduction
Throughout this paper, let R, R*,Q, Z, and N be the sets of real numbers, positive real numbers, rational
numbers, integers, and positive integers, respectively, and

[:=R\Q and Np:=NU{0}.

To describe the definition of the local fractional derivative and local fractional integral, recently, one has
introduced the following sets (see [7,21,24,27]). In this paper, we are also motivated by (see [3—5]). Recently,
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the theory of Yang’s fractional sets, see [24] and references therein, was introduced as follows. For0 < o < 1,
we have the following «-type set of element sets:

(1) The a-type set of integers Z“ is defined by
78 :={0"}u{£n®: neN}
(2) The a-type set of rational numbers Q“ is defined by
o
Q¥ == {q“: qu}:{q“:(z) : reZ,seN}.
s
(3) The a-type set of irrational numbers I* is defined by

o= i ieﬂ}={ia¢(§)a: reZ,seN}.

(4) The a-type set of real line numbers R* is defined by R* := Q% U I“.

Throughout this paper, whenever the «-type set R* of real line numbers is involved, the « is assumed to be
tacitly 0 < « < 1. One has also defined by two binary operations the addition + and the multiplication -
(which is conventionally omitted) on the a-type set R* of real line numbers as follows. For a%, b* € R%, two
binary operations the addition + and the multiplication - are defined as

a® +b* :=(a+b)* and a“-b* =a®b* := (ab)“.

Then, one finds that

e (R%, +) is a commutative group. For a%, b%, ¢® € R the following holds:

(1) a% +b* € RY.

2) a* + b* = b* + a“.

3) a* + (b* + ¢*) = (a“ + b*) + c“*.

(4) 0% is the identity for (R*, +) . For any a* € R%, a* + 0% = 0% + a* = a“.
(5) For each a* € R%, (—a)“ is the inverse element of a® for (R¥, +), so we have

a® + (—a)" = (a + (—a)* = 0",

o (R*\{0%}, -) is a commutative group. For a%, b%, ¢* € RY, the following holds:
(1) a“ - b* € R“.

) a% - b* = b* - a”.

3) a* - b* - c¥) = (a* - b*) - c“.

(4) 1¢ is the identity for (R, -) . For any a®* € R*, a% - 1 = 1% - a* = a“*.

1 o
(5) For each a* € R¥\{0%}, (—) is the inverse element of a“ for (R%, -) , so we have
a

1\* 1\
() = () =
a a
e Distributive law holds: a® - (b* + ¢*) = a“ - b* + a* - c*.
Furthermore, we observe some additional properties for (R*, 4, -) which are stated in the following proposition.

Proposition 1.1 [7] Each of the following statements holds true:

(a) Like the usual real number system (R, +, ), (RY, +, -) is a field.

(b) The additive identity 0% and the multiplicative identity 1% are unique.
o

a

(d) Foreach a® € RY, its inverse element (—a)® may be written as —a®. For each b* € R*\{0%}, its inverse
o o

element | — | may be written as — but not as —.
b b* b

(e) Ifthe order < isdefinedon (R%, +, -) as follows: a* < b* inR* ifand only ifa < binR, then (R*, +, -, <)
is an ordered field like (R, 4, -, <) .

1
(¢) The additive inverse element (—a)® and the multiplicative inverse element (—) of element a® are unique.
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To introduce the local fractional calculus on R¥, we begin with the concept of the local fractional continuity
as in Definition 1.2.

Definition 1.2 A non-differentiable function f: R — R*, x — f(x), is called to be local fractional
continuous at xg if, for any € € R™, there exists § € R, such that

[f() = fxo)| < €
holds for |x — xg| < §. If a function f is local continuous on the interval (a, b), we denote that f € Cy(a, b).

Among several attempts to have defined local fractional derivative and local fractional integral (see [23],
Section 2.1), we choose to recall the following definitions of local fractional calculus (see [8,23,24]).

Definition 1.3 The local fractional derivative of f(x) of order « at x = xq is defined by

F90 = oD fe) =TI gy A= J00)

— o
r=x0 X—>Xx0 (x — xp)

where A*(f(x) — f(x0)) ET(1+a)(f(x) — f(x0)) and I is the familiar gamma function (see [20], Section
1.1).

k+ 1 times

—N—
Let f@(x) = D¢ f(x). If there exists fEADe () = DY ...DY f(x) forany x € I C R, then we denote
f S D(k+1)0t(1)7 where k € No.

Remark 1.4 1t is found that, see [24] and references therein, in this expression, « is precisely the Holder
exponent of function defined Cantor’s set. That is to say, [d (x — xo)]a, which is a fractal span, is a fractal
geometrical meaning.

Definition 1.5 Let f € Cyla, b]. In addition, let P = {ty, ..., tn}, (N € N) be a partition of the interval
[a, b] which satisfiesa = 19 < 1] < --- < ty—1 < ty = b. Furthermore, for this partition P, let At :=
max o<j<ny—1 Atj, where Atj :=tj, 1 —tjand j =0,..., N — 1. Then, the local fractional integral of f on

the interval [a, b] of order « (denoted by 1 lf“) f) is defined by

" IO = 57 )f F@6)(@dD® Zf(r )(AL)*,

F(l + «) At

provided that the limit exists (in fact, this limit exists if f € Cy[a, b]).

Here, it follows that al,fa)f =0ifa = b and ul,ga)f = I fifa < b.If ,1* g exists for any x € [a, b]

and a function g : [a, b] —> R“, then we denote g € I)Ea)[a, b].
We give some of the features related to the local fractional calculus that will be required for our main
results.

Lemma 1.6 [24] The following identities hold true:
(1) (Local fractional derivative of xke):

dotxka B I'(l + k) x(k*l)a
dx* — T(1+ (k- D) '

(2) (Local fractional integration is anti-differentiation). Suppose that f(x) = g (x) € Cqla, b]. Then, we
have

I F ) = gb) — g(a).

(3) (Local fractional integration by parts). Suppose that f(x), g(x) € Dyla, bl and @ (x),
g9 (x) € Cqla, b]. Then, we have

alb(a)f(x)g(a)(x) — f(x)g(x)|z — a]b(a)f(a)(X)g(x).

@ Springer
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(4) (Local fractional definite integrals of x*¢):

1 /b o gy — '+ ka)
ra+a) ), © " TTU+ &+ Da)

For further details on local fractional calculus, one may refer to (see [22-26]).

(b(k+l)a _a(k-‘rl)a)’ k € R.

Definition 1.7 [21] A function f: I € R — R is said to be convex on [, if

fx+ A =ny) <tfx)+ A —1)f(y)
holds for every x, y € I and ¢ € [0, 1].

Definition 1.8 [10] A function f: [0, b] — R is called m-convex with m € [0, 1], if, for any x, y € [0, b]
and ¢t € [0, 1], we have

fax+md —0y) <tf(x)+m( —1)f(y).

Definition 1.9 [10] A function f : I € R — R is called strongly convex with modulus ¢ € RY, if

Fax+A=0y) <tf)+ A=) f) —ct(—1)(x —y)?
holds for every x,y € I and ¢ € [0, 1].

Strongly convex functions have been introduced by Polyak (see [10] and references therein). Since strong
convexity is a strengthening of the notion of convexity, some properties of strongly convex functions are just
stronger versions of known properties of convex functions. Strongly convex functions have been used for
proving the convergence of a gradient-type algorithm for minimizing a function. They play an important role
in optimization theory and mathematical economics.

Definition 1.10 (see [10,11]) A function f : I € R — R is called strongly m-convex with m € [0, 1] and
modulus ¢ € RT, if

flx+m(l—0y) <tf(x)+md —0)f(y) —cmt(1 —1)(x — y)?
holds for every x, y € I and ¢ € [0, 1].

Remark 1.11 Any strongly m-convex function is, in particular, m-convex. However, there are m-convex func-
tions, which are not strongly m-convex with modulus c, for some ¢ € RT (see [10], Example 1.8).

The following inequality, named Hermite—Hadamard inequality, is one of the most famous inequalities in the
literature for convex functions.

Theorem 1.12 Let f: I € R —> R be a convex function on I and a, b € I with a < b. Then, the following

inequality holds:
b
f(a—i—b) S%a/ f(x)dxiw- (1.1)

2
Mo et al. (see [15]) introduced the following generalized convex function.

Definition 1.13 Let f: I € R — R be a function. For any x, x> € [ and A € [0, 1], if the following
inequality

FOxi+ (1 =Mx2) < A% fx) + (1= 1) f(x2)
holds, then f is called a generalized convex function on /.
Here are two basic examples of generalized convex functions:
() f(x) =x%, wherex > 0and p > 1.

00 ak

2) gx) = E4(x%), x € R, where E, (x%) := Zk:o m is the Mittag—Leffler function.

@ Springer
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Recently, the fractal theory has received a significant attention (see [1-19,22-27]). Mo et al. (see [15]) proved
the following analog of the Hermite-Hadamard inequality (1.1) for generalized convex functions.

Theorem 1.14 Let [ : [a, b] —> R® be a generalized convex function with a < b. Then, for all x € [a, b],
the following inequality holds:

a+b Frl+a) (o fla)+ fb)
f( 5 >§(b—a)“”1b f(x)f—za .

(1.2)

Remark 1.15 The double inequality (1.2) is known in the literature as generalized Hermite—Hadamard integral
inequality for generalized convex functions. Some of the classical inequalities for means can be derived from
(1.2) with appropriate selections of the mapping f. Both inequalities in (1.1) and (1.2) hold in the reverse
direction if f is concave and generalized concave, respectively. For some more results which generalize,
improve, and extend the inequality (1.2), one may refer to the recent papers (see [6, 12, 14,16—18] and references
therein).

An analog in the fractal set R of the classical Holder’s inequality has been established by Yang (see [24]),
which is asserted by the following lemma.

Lemma 1.16 Let f, g € Cyla, bl with p~' + ¢~ = 1, where p, g > 1. Then, we have

! ’ o L b b NP b @
F(l—i—a)/; |f(x)g(X)|(dx) < (m/a |f(X)| (dx) ) (m/a |g(x)| (dx) ) .

Theorem 1.17 (Generalized Ostrowski inequality) Let I C R be an interval, f : 1 0CcR — R (1 0 is the
interior of 1), such that f € Dy (10) , and f("‘) € Cyla, bl fora,b € 19 witha < b. Then, forall x € [a, b],
the following inequality holds:

(1l +a)

malb(a)f(t)

JTA+a) 1 x — atb 2 wr @
52—[ + | — }(b—a) I/ oo (1.3)

‘f(x)_ T +20 |4\ b—a

Motivated by the above literatures, in the next section, we first introduce the notion of generalized strongly
m-convex mappings and after that we will obtain a generalized integral identity for twice local differentiable
mappings on fractal sets R* (0 < o < 1) of real line numbers. In addition, we use this identity to obtain
some new estimates on generalization of trapezium-like inequalities for twice local fractional differentiable
mappings that are in absolute value at certain powers generalized strongly m-convex. We will discuss some
new special cases which can be deduced from our main results.

2 Main results

The following definitions will be used in the sequel.

Definition 2.1 [9] For 0 < o < 1 and x € R™, the local gamma function is defined by

[y(x) := %fom Eq(—19) ¥ =D g2, .1

Fora = 1, (2.1) gives integral representation of classical Euler gamma function I" (x). Therefore, in this case,
y(x) =T x).

In addition, the following relations holds for local gamma function:

(1) Te(x +1) = (@)xTy(x) for x € RT.

2) Ty(n+1) = (a))'n! forn € N.

Definition 2.2 [9] For 0 < o < 1 and x, y € RT, the local beta function with two parameters x and y is
defined as

1
By(x,y) := / (e — =D gy (2.2)
0

@ Springer
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For o = 1, (2.2) gives integral representation of classical Euler beta function B(x, y). Therefore, in this case,
By (x,y) = B(x,y).

Remark 2.3 In (see [9]), Jumarie considered the formulations via fractional calculus, which is not called the
local fractional derivative. Thus, author has defined the local gamma and local beta function via local fractional
calculus.

Theorem 2.4 [9] Let x, y € R*. Then for local gamma and local beta function, the following equality holds:

_ Lo ()T e (y)

By(x,y) = . 2.3
(X, y) ot 1) (2.3)
We are now in position to introduce a new class called generalized strongly m-convex.

Definition 2.5 A function f : I € R — R is called generalized strongly m-convex with m € [0, 1] and
modulus ¢ € Rt if

FOx; +m(1 = )x2) < A% f(xp) +m®(1 = 2% f () — (em)* 2% (1 — M) (x) — x2)* 2.4
holds for any x, x, € I and A € [0, 1].

Remark 2.6 InDefinition 2.5, if we choose « = 1, then we get Definition 1.10. These mean that any generalized
strongly m-convex mapping is, in particular, strongly m-convex. Moreover, if f is generalized strongly m-
convex with modulus ¢, then f is generalized strongly m-convex with modulus k, for any constant 0 < k < c.

For establishing our main results regarding some new estimates on generalization of trapezium-like integral
inequalities on fractal sets R* (0 < « < 1), we need the following lemma.

Lemma 2.7 Let I C R be an interval, m € [0, 1], f : I"CR — R (I0 is the interior of I), such that
@ e D,(I° and f(z"‘) € Cylma, mb] for ma, mb € 1% with a < b. Then, for all x € [ma, mb), the
following identity holds:

() 1 o o
malyis FO = oy —aye [& ~ ma F@) + mb =) fmb) |
1

+F(l +a)I'(1 +20)(b — a)*

o
b—a)

[ = may £ @) + omb — ) £ )|

_ (x — ma)30! /l tZaf(Za)(tx +m(l — t)a)(dt)“
T+l +2a) (b —a) Jo
(mb — x)3 b e 20 o
+F(1+a)r‘(1+2oz)(b—a)°‘ /0 = Y (meb + (1 —t)x)(d)”. (2.5)
We denote
(x — ma)’®

1
T;“)(x; m,a,b) = / 12 FCO(tx + m(1 — 1)a)(dr)®
0

T'(1+a)(1+2a) b —a)

_ )3 1
(mb — x) fo 129 £CD (uih 4+ (1 — 1x)(dr)°. (2.6)

+F(1 +a)T(1 +2a)(b —a)®

Proof Using twice the local fractional integration by parts and changing the variables, respectively, u =
tx +m(1l —t)a and v = mtb + (1 — t)x for all r € [0, 1], we have

(x — ma)3®
rd+o)d+2a)d —a)

2a
x|:t—f(°‘)(tx+m(l “ ' rd +2a)

T (x;m, a, b) =

(x —ma)¥ 0o ' +a)(x —ma)*
(mb — x)3
+F(1 +a)I'( +2a)(b — a)®

|
/ 1 FO%x +m(l — t)a)(dt)“]
0
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20 I
: [ﬁf Dt +1 =)~ e [+ - t)x)(dt)“}
(x — ma)3® F@(x) (1 + 2a)
TTO ol +200B-a® { G —mar  TA TG —ma)®
F(l ta)

o 1
X|:t—f(tx—|—m(1 —ta )) / fx +m( —t)a)(dt)“:“
(x —ma)“ —ma)® Jy

(mb — x)3 f("‘)(mb) (14 2)
Totord+2006-a7 {(mb—x)a T T+ a)(mb — 1)

¢ 1 I'd+ow
x[—f(mtb—i—(l—t)x)‘ —/ f(mtb + (1 — )x)(dr)* :H
(mb — x)¥ 0

B (x — ma)’® £ (x) 'l +2a)
TTA+ ol + 200 —a)@ {(x —ma)®  T(l +a)(x —ma)®
2
x[ fo Tt maI;“>f<r)]}

(x —ma)* (x —ma)?®
(mb — x)3 £ (mb) (14 2)
Tl tord 20006 -0 ~ { mb—x)* _ T( +a)mb —x)°

2
X[ fomb) T+ I(o,)f(t)]}
(mb —x)*  (mb—x)%

1 «
z(b—a) ma rilb)f()_
1

_ 20 p() _ 20 p(a)
+F(1+a)F(1+2a)(b—a)°‘[(x ma)~ f*(x) + (mb — x)*“ f (mb)].

T2(1 +a)(b — a)® [(x —ma) f(x) + (mb — x)“f(mb)]

This completes the proof of the lemma. O

Using Lemma 2.7, we now state the following theorems for twice local fractional differentiable mappings that
are in absolute value at certain powers generalized strongly m-convex.

Theorem 2.8 Suppose that the assumptions of Lemma 2.7 are satisfied. If m € (0, 1] and | £ |q is gener-

alized strongly m-convex, then, for p,q > 1, where p~' + q~' = 1 and ¢ € R*, the following inequality
holds:

(@), .

(x — ma)3 ( 'l +2pa) ):7
+20)(b—a)* \T'(1 + 2p + D)

|: rad+a)
“| T + 200

(mb — x)3* ( 'l +2pa) )II’
T+ 200G —a)@ \T(+ 2p + Da)

X[ I'(l+a) a) (%) ’q> (cm)® (mb _ m)za Il‘g(l(—iZ))] )

rd+2w)
Proof From Lemmas 1.6, 1.16, and 2.7, Definition 2.1, generalized strongly m-convexity of | f <20‘)|q, and
properties of the modulus, we have

By(2,2) :I‘;

(170 @I +m* £20@)]7) = em)*(x - a K +a)

(‘f(z"‘)(mb)]q +m®

(x — ma)’®
+ o) (1 +2a)(b — a)¥

1
79 im.a,b)| < [ 1w ma = nalane
ra 0
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(mb — x)3
+F(1 +a)I'(1 4+ 20)(b — a)¥

1

_ 3 1 7

< (x ma) ( 1 / t2p0{ (dt)a> !
T +200B—a)@ \T(+a) J

1

1 ! Qa) q o g
X<F(1+Ol)/(; | FP (tx + m(1 — va)|? (dr) )

_ )3« 1 %
+ (mb X) ( 1 / thOl (dt)t)l>
(1 +200 —a)@ \Td +a) Jy

1
1 1
_ (200) ol dne
x<m a)/o | Fe mtb + (1 — 1)x)| (dt))

q
_ a—may ( (1 + 2pa) )é
= TA+20)® —a)® \T(1+ 2p+ Da)

1
/ 12| £ (mib + (1 — H)x)|(dD)*
0

1

q

1 1 o o o o o a.o o o o

(mb — x)3 ( (1 +2pa) )i
T+ 20 —a) \T( + 2p + Da)

1 1
o| Q) q a4\
X|:F(1+a)/0 <z | fEOmb)|T +m* (1 —1)

ol

oo o e 2a o é
—(em)* (1 — 1) <mb— m) )(dt) ]

- ma)™ ( I(1 +2pa) )é
T 420)(b—a)@ \I'(1 + 2p + Da)

I'(l+a)
[m ¥ 2a)

(|f(2(¥)(x)|q + ma|f(2a)(a)|q) . (cm)a(x _ a)za B(x(z, 2) :|CI

Il +a)

(mb — x) ( r(l + 2pa) )é
I+ 20)(b—a)@ \T( + 2p + Da)

I'(l+a)
[m ¥ 2a)

£ (%> ‘q) _ (om® (mb - %)th By(2,2) T,.

2a) q o
(17 mb)|* +m F(ta)

Therefore, the proof of this theorem is completed. O
We point out some special cases of Theorem 2.8.

Corollary 2.9 Under assumptions of Theorem 2.8, if we choose p = q = 2, we get the following generalized
trapezium-like inequality:

_ 3a
‘T}a)(x; m.a. b)‘ - (x — ma) 'l +4a)
'd+2a)(b—a)™ v '+ Sa)

I'(l+a)
x\/m (’f(Za)()Q’z +md‘f(2a)(a)’2> — (em)®(x — a)?

(mb — x)3 (1 + 4a)
+r(1 +2a)(b —a)*\ T'(1 + 5a)

 Ba(2,2)
rd+aw)
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X\/M <|f(2a)(mb){2 + m«

F(1+20) 700 () ) = eme (o= 2)" B2 )

F(l+a)

Corollary 2.10 Under assumptions of Theorem 2.8, if we choose x = at

andm = 1, we get the following
generalized trapezium-like inequality:

(b —a) <a)<a+b) @ )
4ar(1+a)r(1+2a)<f ;) TIT®

_ 1 a+b 1 ()
27T2(1 + ) <f< 2 >+f(b))+(b—a)“alb F

- (b —a)*™ < 'l +2pa) )é
8T (1 +2a) \I'(1 +2p+ Da)

1
PA+a) (| m, gy | rem (CFPY[4) o (b—a) Bu(2.2) "
XHF(HM) ('f @[ +|1 )< (57) rire

1
Ta+o) (1 om(atb) 7 e q) ~ a<b—a)2" By(2.2) }q
+{F(1+2a) (‘f ( > )‘ +lro") -(=57) rarel | @2

Corollary 2.11 Under assumptions of Theorem 2.8, by taking K = H f (2"‘)(x)Hoo, we get the following
generalized trapezium-like inequality:

(x — ma)™ ( (1 + 2pa) ),‘,

‘T}a)(x; m,a,b)‘ <
'd+2a)(b—a)* \I'l+ 2p + DHa)

1
I+ a) 20 Ba(2,2) 4
Kq o 1 S o _ o "N
X[ (m*+1) Mt 20 0 =a7 g +a)]
n (mb — x)3 '+ 2pa) P
'ad+4+2a)b—a)* \I'l+ 2p + Ha)
1
I(l+ ) x\2¢ By(2,2) 17
K9 (m*+1) ——— — “Umb—-—) ———=| . 2.10
X[ (m + )F(1+2a) (cm) <m m> F(l—i-oe)] (2.10)
. . a+b
Corollary 2.12 Under assumptions of Corollary 2.11, if we choose x = > and m = 1, we get the
following generalized trapezium-like inequality:
b —a)® @ (ath @
o o b
49T+l +2a) (f 2 NEARC
1 a—+ b 1 (@)
— b 1
zar2(1+a)<f< 2 )+f( ))+ (b—ay " J
— )2 % _ 20 1
- 2(b —a) rd+2pa) [ K1 'a+aw) _ b—a By, (2,2) ‘1' 2.11)
(1 4+ 2a) \I'1 + 2p + H) 'l +2«) 2 'l + o

Theorem 2.13 Suppose that the assumptions of Lemma 2.7 are satisfied. I[f m € (0, 1] and | fFGo |q is gener-
alized strongly m-convex, then, for g > 1 and ¢ € R, the following inequality holds:

7@ ). (x — ma)>®
f ('x7 m,a, b) S _ o
T+ 22)(b — a)

r(1 +2a)>13,
I'(1+3a)
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x [|f<2“)(x) 7C () + m| £ (@) D(@) — (cm)*(x — a)** —f("’l(i i)) ] ’

L (mb—x)™ (r(1+2a)>1—$
I'(1+2a)(b —a)® \T'(1 + 3a)

x [|f<2“>(mb)|‘10(a) +m®

e (%) )qD(a) — (cm)® (mb — ﬁ)2‘1 lf?(al(‘—ll: i))];, (2.12)

where

Clay = DL+30) F+a) o0 +20)

T 5 ((X) = -
(14 4a) '+ 2a) I'(l+3a)

Proof From Lemmas 1.6 and 2.7 , Definition 2.1, generalized power mean inequality, generalized strongly
m-convexity of | FGo |q, and properties of the modulus, we have

+ C(a).

(@ . (x — ma)* /1 20| £(2a) _ a
I (x,m,a,b)‘fF(1+a)r(1+2a)(b_a)a 2 £ e m1 = D))

(mb — x)3* b o) 0 «
F(l-l—oz)F(l—i-ZOt)(b—a)"‘/ot | Fe (meb + (1 — 1)x)|(d1)

_ 3a 1
([ )
I'(1+20)b—a)@ \I'(+a) Jy
1 ! 20| Q) q o g
X<F(1+a)/o | feax +m1 = a)| (dt))
1
(mb — x)3 1 Lo A\
+F(l+2a)(b—a)°‘ <F(1+a)/0 ) )
1

1 D oe Qa) a0 )
X<F(1+oe)/o 2] fCO (mtb + (1 — 1)x)| (a’t))

- (x — ma)’® 'l +2a) -7
T TA+20)0b —a) (F(l + 301))

+

1-1

1

1 120{ o| Q) q o o| Q) q oo o 2a o 1
X|:F(1+a)/0 , (r £ +m(1 =% £2 (@)]? = (em)®t* (1 = )* (x — a) )(dt):|

(mb — x)3 (F(l + 2a))13,
T+ 20)(b —a)® \T( + 3a)

1 120( o| Q) q o o
x[r(1+a)/oz (r | mb)|T +m*(1—1)

—(em)®% (1 — 1)* (mb _ f)m )(dt)“} ’
m

+

)l

- may Tl +2a)\ "7
T Tl +2)(b—a) (F(l +3a)>

1
x [|f(2a)(x)|qc(01) + ma|f(2a)(a)|qD(oz) — (em)*(x — a)z"%] !

(mb — x)3 T +2a))\ "7
T+ 220 —a) (F(l T 3a))
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X[If(z“)(mb)IC’C(OO |12 (2) D@y — (em) (mb Z)z‘” B4, 2) 2>]

'+

Therefore, the proof of this theorem is completed. O
We point out some special cases of Theorem 2.13.

Corollary 2.14 Under assumptions of Theorem 2.13, if we choose g = 1, we get the following generalized

trapezium-like inequality:

(x — ma)>®
+20)(b — a)*

(@) .
im0 < 5

By(4,2)
20) ol Q) _ o N2« ol )
X[|f @)[Cle) +m®| 2 (@)|D(@) = (cm)” (x — a) F(1+oz)]
(mb — x)3*

r'ad+2a)b—a)

x [|f(2“)(mb)|C(a) +m* (2.13)

f(Za) ( ) ‘D(a) (cm)® (mb _ Z)Za M]

Frl+a)]

a-+
Corollary 2.15 Under assumptions of Theorem 2.13, if we choose x =

andm = 1, we get the following

generalized trapezium-like inequality:

(b —a)® <a><a+b> @ )
4"F(1+ot)I‘(1+205)<f 2 /0

_ 1 Cl+b 1 (@)
2°‘F2(1+a)(f< 2 >+f(b)>+(b—a)a“lb F

_ b—a™ (r(1+2a)>1—é
= 82T(1 + 2a)

rd+3w)
1
Qa) (|4 Qu) (4B _ a(b—a\* Bs(4,2) |7
X[{|f (@)] D(a)+)f ( 5 )\cm) c( . ) it e
Qa) (¢ +D\ |4 Qa) (4 o« b—a>za Ba(4’2)};i|
+“f ( ) )\ D@ +| % ®)|"C) c( ) 2 e

Corollary 2.16 Under assumptions of Theorem 2.13, by taking K := H £ (x) HOO, we get the following
generalized trapezium-like inequality:

(x — ma)3® (F(l + 2a))1q

‘T(a)(x,m,a b)) <
'a+20)(b—a)* \I'(1 + 3a)

By(4,2) i|‘;

q o _ o _ N\2a
X[K (C(@) + m*D()) — (cm)*(x — a) Tate

(mb — x)3 rd+2a)\'"7
(14 2a)(b — a)® (F(l + 3a)>

x [Kq (C@) +m™D(@) = (em)* (mb — =) (2.15)
m

% By(4,2) 77
m}

; = @ Springer
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b
Corollary 2.17 Under assumptions of Corollary 2.16, if we choose x = 4 —; and m = 1, we get the

following generalized trapezium-like inequality:

b —a) @ (atb @ )
4“F(1+a)F(1+2a)(f (2) )

_ 1 a-l-b 1 (@)
2"‘F2(1+oz)<f< 2 )+f(b))+(b—a)“alb F

- 2(b —a)™@ (F(1+2a)
8T (1 4+ 2a) \I'(1 + 3x)

b— a)Z“ By (4,2)

1
q
2 F(1+a)i| - (219

1—L
) ! [K"(C(a) + D(@)) — (

Remark 2.18 For o = 1, by our Theorems 2.8 and 2.13, we can obtain some new estimates on generalization
of trapezium-like inequalities for twice differentiable mappings that are in absolute value at certain powers
strongly m-convex.
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