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Abstract In this paper, we first obtain a generalized integral identity for twice local fractional differentiable
mappings on fractal setsRα (0 < α ≤ 1) of real line numbers. Then, using twice local fractional differentiable
mappings that are in absolute value at certain powers generalized strongly m-convex, we obtain some new
estimates on generalization of trapezium-like inequalities. We also discuss some new special cases which can
be deduced from our main results.
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1 Introduction

Throughout this paper, let R,R+,Q,Z, and N be the sets of real numbers, positive real numbers, rational
numbers, integers, and positive integers, respectively, and

I := R\Q and N0 := N ∪ {0}.
To describe the definition of the local fractional derivative and local fractional integral, recently, one has
introduced the following sets (see [7,21,24,27]). In this paper, we are also motivated by (see [3–5]). Recently,
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the theory of Yang’s fractional sets, see [24] and references therein, was introduced as follows. For 0 < α ≤ 1,
we have the following α-type set of element sets:

(1) The α-type set of integers Zα is defined by
Z

α := {
0α

} ∪ { ± nα : n ∈ N
}
.

(2) The α-type set of rational numbers Qα is defined by

Q
α := {

qα : q ∈ Q
} =

{
qα =

(r
s

)α : r ∈ Z, s ∈ N

}
.

(3) The α-type set of irrational numbers Iα is defined by

I
α := {

iα : i ∈ I
} =

{
iα �=

(r
s

)α : r ∈ Z, s ∈ N

}
.

(4) The α-type set of real line numbers Rα is defined by Rα := Q
α ∪ I

α.

Throughout this paper, whenever the α-type set Rα of real line numbers is involved, the α is assumed to be
tacitly 0 < α ≤ 1. One has also defined by two binary operations the addition + and the multiplication ·
(which is conventionally omitted) on the α-type set Rα of real line numbers as follows. For aα, bα ∈ R

α, two
binary operations the addition + and the multiplication · are defined as

aα + bα := (a + b)α and aα · bα = aαbα := (ab)α.

Then, one finds that

• (Rα, +) is a commutative group. For aα, bα, cα ∈ R
α the following holds:

(1) aα + bα ∈ R
α.

(2) aα + bα = bα + aα.
(3) aα + (bα + cα) = (aα + bα) + cα.
(4) 0α is the identity for (Rα, +) . For any aα ∈ R

α, aα + 0α = 0α + aα = aα.
(5) For each aα ∈ R

α, (−a)α is the inverse element of aα for (Rα, +) , so we have

aα + (−a)α = (a + (−a))α = 0α.

• (Rα\{0α}, ·) is a commutative group. For aα, bα, cα ∈ R
α , the following holds:

(1) aα · bα ∈ R
α.

(2) aα · bα = bα · aα.
(3) aα · (bα · cα) = (aα · bα) · cα.
(4) 1α is the identity for (Rα, ·) . For any aα ∈ R

α, aα · 1α = 1α · aα = aα.

(5) For each aα ∈ R
α\{0α},

(
1

a

)α

is the inverse element of aα for (Rα, ·) , so we have

aα ·
(
1

a

)α

=
(
a ·

(
1

a

))α

= 1α.

• Distributive law holds: aα · (bα + cα) = aα · bα + aα · cα.

Furthermore,weobserve someadditional properties for (Rα,+, ·)which are stated in the followingproposition.
Proposition 1.1 [7] Each of the following statements holds true:

(a) Like the usual real number system (R, +, ·) , (Rα, +, ·) is a field.
(b) The additive identity 0α and the multiplicative identity 1α are unique.

(c) The additive inverse element (−a)α and the multiplicative inverse element

(
1

a

)α

of element aα are unique.

(d) For each aα ∈ R
α, its inverse element (−a)α may be written as −aα. For each bα ∈ R

α\{0α}, its inverse
element

(
1

b

)α

may be written as
1α

bα
but not as

1

bα
.

(e) If the order< is defined on (Rα, +, ·) as follows: aα < bα inRα if and only if a < b inR, then (Rα, +, ·,<)
is an ordered field like (R, +, ·, <) .
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To introduce the local fractional calculus on R
α , we begin with the concept of the local fractional continuity

as in Definition 1.2.

Definition 1.2 A non-differentiable function f : R −→ R
α, x −→ f (x), is called to be local fractional

continuous at x0 if, for any ε ∈ R
+, there exists δ ∈ R

+, such that
∣∣ f (x) − f (x0)

∣∣ < εα

holds for |x − x0| < δ. If a function f is local continuous on the interval (a, b), we denote that f ∈ Cα(a, b).

Among several attempts to have defined local fractional derivative and local fractional integral (see [23],
Section 2.1), we choose to recall the following definitions of local fractional calculus (see [8,23,24]).

Definition 1.3 The local fractional derivative of f (x) of order α at x = x0 is defined by

f (α)(x0) = x0D
α
x f (x) = dα f (x)

dxα

∣∣∣∣
x=x0

= lim
x−→x0

�α( f (x) − f (x0))

(x − x0)α
,

where �α( f (x)− f (x0)) ∼= �(1+α)( f (x)− f (x0)) and � is the familiar gamma function (see [20], Section
1.1).

Let f (α)(x) = Dα
x f (x). If there exists f (k+1)α(x) =

k+1 times
︷ ︸︸ ︷
Dα
x . . . Dα

x f (x) for any x ∈ I ⊆ R, then we denote
f ∈ D(k+1)α(I ), where k ∈ N0.

Remark 1.4 It is found that, see [24] and references therein, in this expression, α is precisely the Hölder
exponent of function defined Cantor’s set. That is to say,

[
d(x − x0)

]α , which is a fractal span, is a fractal
geometrical meaning.

Definition 1.5 Let f ∈ Cα[a, b]. In addition, let P = {t0, . . . , tN }, (N ∈ N) be a partition of the interval
[a, b] which satisfies a = t0 < t1 < · · · < tN−1 < tN = b. Furthermore, for this partition P, let �t :=
max 0≤ j≤N−1 �t j , where �t j := t j+1 − t j and j = 0, . . . , N − 1. Then, the local fractional integral of f on

the interval [a, b] of order α (denoted by a I
(α)
b f ) is defined by

a I
(α)
b f (t) = 1

�(1 + α)

∫ b

a
f (t)(dt)α := 1

�(1 + α)
lim

�t−→0

N−1∑

j=0

f (t j )(�t j )
α,

provided that the limit exists (in fact, this limit exists if f ∈ Cα[a, b]).
Here, it follows that a I

(α)
b f = 0 if a = b and a I

(α)
b f = −b I

(α)
a f if a < b. If a I

(α)
x g exists for any x ∈ [a, b]

and a function g : [a, b] −→ R
α, then we denote g ∈ I (α)

x [a, b].
We give some of the features related to the local fractional calculus that will be required for our main

results.

Lemma 1.6 [24] The following identities hold true:

(1) (Local fractional derivative of xkα):

dαxkα

dxα
= �(1 + kα)

�(1 + (k − 1)α)
x (k−1)α.

(2) (Local fractional integration is anti-differentiation). Suppose that f (x) = g(α)(x) ∈ Cα[a, b]. Then, we
have

a I
(α)
b f (x) = g(b) − g(a).

(3) (Local fractional integration by parts). Suppose that f (x), g(x) ∈ Dα[a, b] and f (α)(x),
g(α)(x) ∈ Cα[a, b]. Then, we have

a I
(α)
b f (x)g(α)(x) = f (x)g(x)

∣∣b
a − a I

(α)
b f (α)(x)g(x).
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(4) (Local fractional definite integrals of xkα):

1

�(1 + α)

∫ b

a
xkα(dx)α = �(1 + kα)

�(1 + (k + 1)α)

(
b(k+1)α − a(k+1)α

)
, k ∈ R.

For further details on local fractional calculus, one may refer to (see [22–26]).

Definition 1.7 [21] A function f : I ⊆ R −→ R is said to be convex on I, if

f (t x + (1 − t)y) ≤ t f (x) + (1 − t) f (y)

holds for every x, y ∈ I and t ∈ [0, 1].
Definition 1.8 [10] A function f : [0, b] −→ R is called m-convex with m ∈ [0, 1], if, for any x, y ∈ [0, b]
and t ∈ [0, 1], we have

f (t x + m(1 − t)y) ≤ t f (x) + m(1 − t) f (y).

Definition 1.9 [10] A function f : I ⊆ R −→ R is called strongly convex with modulus c ∈ R
+, if

f (t x + (1 − t)y) ≤ t f (x) + (1 − t) f (y) − ct (1 − t)(x − y)2

holds for every x, y ∈ I and t ∈ [0, 1].
Strongly convex functions have been introduced by Polyak (see [10] and references therein). Since strong
convexity is a strengthening of the notion of convexity, some properties of strongly convex functions are just
stronger versions of known properties of convex functions. Strongly convex functions have been used for
proving the convergence of a gradient-type algorithm for minimizing a function. They play an important role
in optimization theory and mathematical economics.

Definition 1.10 (see [10,11]) A function f : I ⊆ R −→ R is called strongly m-convex with m ∈ [0, 1] and
modulus c ∈ R

+, if

f (t x + m(1 − t)y) ≤ t f (x) + m(1 − t) f (y) − cmt (1 − t)(x − y)2

holds for every x, y ∈ I and t ∈ [0, 1].
Remark 1.11 Any strongly m-convex function is, in particular, m-convex. However, there are m-convex func-
tions, which are not strongly m-convex with modulus c, for some c ∈ R

+ (see [10], Example 1.8).

The following inequality, named Hermite–Hadamard inequality, is one of the most famous inequalities in the
literature for convex functions.

Theorem 1.12 Let f : I ⊆ R −→ R be a convex function on I and a, b ∈ I with a < b. Then, the following
inequality holds:

f

(
a + b

2

)
≤ 1

b − a

∫ b

a
f (x)dx ≤ f (a) + f (b)

2
. (1.1)

Mo et al. (see [15]) introduced the following generalized convex function.

Definition 1.13 Let f : I ⊆ R −→ R
α be a function. For any x1, x2 ∈ I and λ ∈ [0, 1], if the following

inequality

f (λx1 + (1 − λ)x2) ≤ λα f (x1) + (1 − λ)α f (x2)

holds, then f is called a generalized convex function on I .

Here are two basic examples of generalized convex functions:

(1) f (x) = xαp, where x ≥ 0 and p > 1.

(2) g(x) = Eα(xα), x ∈ R, where Eα(xα) :=
∑∞

k=0

xαk

�(1 + kα)
is the Mittag–Leffler function.
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Recently, the fractal theory has received a significant attention (see [1–19,22–27]). Mo et al. (see [15]) proved
the following analog of the Hermite–Hadamard inequality (1.1) for generalized convex functions.

Theorem 1.14 Let f : [a, b] −→ R
α be a generalized convex function with a < b. Then, for all x ∈ [a, b],

the following inequality holds:

f

(
a + b

2

)
≤ �(1 + α)

(b − a)α
a I

(α)
b f (x) ≤ f (a) + f (b)

2α
. (1.2)

Remark 1.15 The double inequality (1.2) is known in the literature as generalized Hermite–Hadamard integral
inequality for generalized convex functions. Some of the classical inequalities for means can be derived from
(1.2) with appropriate selections of the mapping f . Both inequalities in (1.1) and (1.2) hold in the reverse
direction if f is concave and generalized concave, respectively. For some more results which generalize,
improve, and extend the inequality (1.2), onemay refer to the recent papers (see [6,12,14,16–18] and references
therein).

An analog in the fractal set Rα of the classical Hölder’s inequality has been established by Yang (see [24]),
which is asserted by the following lemma.

Lemma 1.16 Let f, g ∈ Cα[a, b] with p−1 + q−1 = 1, where p, q > 1. Then, we have

1

�(1 + α)

∫ b

a

∣∣ f (x)g(x)
∣∣(dx)α ≤

(
1

�(1 + α)

∫ b

a

∣∣ f (x)
∣∣p(dx)α

) 1
p
(

1

�(1 + α)

∫ b

a

∣∣g(x)
∣∣q(dx)α

) 1
q

.

Theorem 1.17 (Generalized Ostrowski inequality) Let I ⊆ R be an interval, f : I 0 ⊆ R −→ R
α (I 0 is the

interior of I ), such that f ∈ Dα

(
I 0

)
, and f (α) ∈ Cα[a, b] for a, b ∈ I 0 with a < b. Then, for all x ∈ [a, b],

the following inequality holds:

∣∣∣∣ f (x) − �(1 + α)

(b − a)α
a I

(α)
b f (t)

∣∣∣∣ ≤ 2α �(1 + α)

�(1 + 2α)

[
1

4α
+

(
x − a+b

2

b − a

)2α ]
(b − a)α‖ f (α)‖∞. (1.3)

Motivated by the above literatures, in the next section, we first introduce the notion of generalized strongly
m-convex mappings and after that we will obtain a generalized integral identity for twice local differentiable
mappings on fractal sets Rα (0 < α ≤ 1) of real line numbers. In addition, we use this identity to obtain
some new estimates on generalization of trapezium-like inequalities for twice local fractional differentiable
mappings that are in absolute value at certain powers generalized strongly m-convex. We will discuss some
new special cases which can be deduced from our main results.

2 Main results

The following definitions will be used in the sequel.

Definition 2.1 [9] For 0 < α ≤ 1 and x ∈ R
+, the local gamma function is defined by

�α(x) := 1

α!
∫ ∞

0
Eα(−tα)t (x−1)α(dt)α. (2.1)

For α = 1, (2.1) gives integral representation of classical Euler gamma function �(x). Therefore, in this case,
�α(x) = �(x).
In addition, the following relations holds for local gamma function:

(1) �α(x + 1) = (α!)x�α(x) for x ∈ R
+.

(2) �α(n + 1) = (α!)nn! for n ∈ N.

Definition 2.2 [9] For 0 < α ≤ 1 and x, y ∈ R
+, the local beta function with two parameters x and y is

defined as

Bα(x, y) :=
∫ 1

0
t (x−1)α(1 − t)(y−1)α(dt)α. (2.2)
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For α = 1, (2.2) gives integral representation of classical Euler beta function β(x, y). Therefore, in this case,
Bα(x, y) = β(x, y).

Remark 2.3 In (see [9]), Jumarie considered the formulations via fractional calculus, which is not called the
local fractional derivative. Thus, author has defined the local gamma and local beta function via local fractional
calculus.

Theorem 2.4 [9] Let x, y ∈ R
+. Then for local gamma and local beta function, the following equality holds:

Bα(x, y) = �α(x)�α(y)

�α(x + y)
. (2.3)

We are now in position to introduce a new class called generalized strongly m-convex.

Definition 2.5 A function f : I ⊆ R −→ R
α is called generalized strongly m-convex with m ∈ [0, 1] and

modulus c ∈ R
+, if

f (λx1 + m(1 − λ)x2) ≤ λα f (x1) + mα(1 − λ)α f (x2) − (cm)αλα(1 − λ)α(x1 − x2)
2α (2.4)

holds for any x1, x2 ∈ I and λ ∈ [0, 1].
Remark 2.6 InDefinition 2.5, ifwe chooseα = 1, thenwegetDefinition 1.10. Thesemean that any generalized
strongly m-convex mapping is, in particular, strongly m-convex. Moreover, if f is generalized strongly m-
convex with modulus c, then f is generalized stronglym-convex with modulus k, for any constant 0 < k < c.

For establishing our main results regarding some new estimates on generalization of trapezium-like integral
inequalities on fractal sets Rα (0 < α ≤ 1), we need the following lemma.

Lemma 2.7 Let I ⊆ R be an interval, m ∈ [0, 1], f : I 0 ⊆ R −→ R
α (I 0 is the interior of I ), such that

f (α) ∈ Dα(I 0) and f (2α) ∈ Cα[ma,mb] for ma,mb ∈ I 0 with a < b. Then, for all x ∈ [ma,mb], the
following identity holds:

1

(b − a)α
ma I

(α)
mb f (t) − 1

�2(1 + α)(b − a)α

[
(x − ma)α f (x) + (mb − x)α f (mb)

]

+ 1

�(1 + α)�(1 + 2α)(b − a)α

[
(x − ma)2α f (α)(x) + (mb − x)2α f (α)(mb)

]

= (x − ma)3α

�(1 + α)�(1 + 2α)(b − a)α

∫ 1

0
t2α f (2α)(t x + m(1 − t)a)(dt)α

+ (mb − x)3α

�(1 + α)�(1 + 2α)(b − a)α

∫ 1

0
t2α f (2α)(mtb + (1 − t)x)(dt)α. (2.5)

We denote

T (α)
f (x;m, a, b) := (x − ma)3α

�(1 + α)�(1 + 2α)(b − a)α

∫ 1

0
t2α f (2α)(t x + m(1 − t)a)(dt)α

+ (mb − x)3α

�(1 + α)�(1 + 2α)(b − a)α

∫ 1

0
t2α f (2α)(mtb + (1 − t)x)(dt)α. (2.6)

Proof Using twice the local fractional integration by parts and changing the variables, respectively, u =
t x + m(1 − t)a and v = mtb + (1 − t)x for all t ∈ [0, 1], we have

T (α)
f (x;m, a, b) = (x − ma)3α

�(1 + α)�(1 + 2α)(b − a)α

×
[

t2α

(x − ma)α
f (α)(t x + m(1 − t)a)

∣∣∣
1

0
− �(1 + 2α)

�(1 + α)(x − ma)α

∫ 1

0
tα f (α)(t x + m(1 − t)a)(dt)α

]

+ (mb − x)3α

�(1 + α)�(1 + 2α)(b − a)α
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×
[

t2α

(mb − x)α
f (α)(mtb + (1 − t)x)

∣∣∣
1

0
− �(1 + 2α)

�(1 + α)(mb − x)α

∫ 1

0
tα f (α)(mtb + (1 − t)x)(dt)α

]

= (x − ma)3α

�(1 + α)�(1 + 2α)(b − a)α
×

{
f (α)(x)

(x − ma)α
− �(1 + 2α)

�(1 + α)(x − ma)α

×
[

tα

(x − ma)α
f (t x + m(1 − t)a)

∣∣∣
1

0
− �(1 + α)

(x − ma)α

∫ 1

0
f (t x + m(1 − t)a)(dt)α

]}

+ (mb − x)3α

�(1 + α)�(1 + 2α)(b − a)α
×

{
f (α)(mb)

(mb − x)α
− �(1 + 2α)

�(1 + α)(mb − x)α

×
[

tα

(mb − x)α
f (mtb + (1 − t)x)

∣∣∣
1

0
− �(1 + α)

(mb − x)α

∫ 1

0
f (mtb + (1 − t)x)(dt)α

]}

= (x − ma)3α

�(1 + α)�(1 + 2α)(b − a)α
×

{
f (α)(x)

(x − ma)α
− �(1 + 2α)

�(1 + α)(x − ma)α

×
[

f (x)

(x − ma)α
− �2(1 + α)

(x − ma)2α
ma I

(α)
x f (t)

]}

+ (mb − x)3α

�(1 + α)�(1 + 2α)(b − a)α
×

{
f (α)(mb)

(mb − x)α
− �(1 + 2α)

�(1 + α)(mb − x)α

×
[

f (mb)

(mb − x)α
− �2(1 + α)

(mb − x)2α
x I

(α)
mb f (t)

]}

= 1

(b − a)α
ma I

(α)
mb f (t) − 1

�2(1 + α)(b − a)α

[
(x − ma)α f (x) + (mb − x)α f (mb)

]

+ 1

�(1 + α)�(1 + 2α)(b − a)α

[
(x − ma)2α f (α)(x) + (mb − x)2α f (α)(mb)

]
.

This completes the proof of the lemma. �
Using Lemma 2.7, we now state the following theorems for twice local fractional differentiable mappings that
are in absolute value at certain powers generalized strongly m-convex.

Theorem 2.8 Suppose that the assumptions of Lemma 2.7 are satisfied. If m ∈ (0, 1] and ∣∣ f (2α)
∣∣q is gener-

alized strongly m-convex, then, for p, q > 1, where p−1 + q−1 = 1 and c ∈ R
+, the following inequality

holds:

∣∣∣T (α)
f (x;m, a, b)

∣∣∣ ≤ (x − ma)3α

�(1 + 2α)(b − a)α

(
�(1 + 2pα)

�(1 + (2p + 1)α)

) 1
p

×
[

�(1 + α)

�(1 + 2α)

(∣∣ f (2α)(x)
∣∣q + mα

∣∣ f (2α)(a)
∣∣q

)
− (cm)α(x − a)2α

Bα(2, 2)

�(1 + α)

] 1
q

+ (mb − x)3α

�(1 + 2α)(b − a)α

(
�(1 + 2pα)

�(1 + (2p + 1)α)

) 1
p

×
[

�(1 + α)

�(1 + 2α)

(∣∣ f (2α)(mb)
∣∣q + mα

∣∣∣ f (2α)
( x

m

) ∣∣∣
q) − (cm)α

(
mb − x

m

)2α Bα(2, 2)

�(1 + α)

] 1
q

. (2.7)

Proof From Lemmas 1.6, 1.16, and 2.7, Definition 2.1, generalized strongly m-convexity of
∣∣ f (2α)

∣∣q , and
properties of the modulus, we have

∣∣∣T (α)
f (x;m, a, b)

∣∣∣ ≤ (x − ma)3α

�(1 + α)�(1 + 2α)(b − a)α

∫ 1

0
t2α

∣∣ f (2α)(t x + m(1 − t)a)
∣∣(dt)α
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+ (mb − x)3α

�(1 + α)�(1 + 2α)(b − a)α

∫ 1

0
t2α

∣∣ f (2α)(mtb + (1 − t)x)
∣∣(dt)α

≤ (x − ma)3α

�(1 + 2α)(b − a)α

(
1

�(1 + α)

∫ 1

0
t2pα(dt)α

) 1
p

×
(

1

�(1 + α)

∫ 1

0

∣∣ f (2α)(t x + m(1 − t)a)
∣∣q(dt)α

) 1
q

+ (mb − x)3α

�(1 + 2α)(b − a)α

(
1

�(1 + α)

∫ 1

0
t2pα(dt)α

) 1
p

×
(

1

�(1 + α)

∫ 1

0

∣∣ f (2α)(mtb + (1 − t)x)
∣∣q(dt)α

) 1
q

≤ (x − ma)3α

�(1 + 2α)(b − a)α

(
�(1 + 2pα)

�(1 + (2p + 1)α)

) 1
p

×
[

1

�(1 + α)

∫ 1

0

(
tα

∣∣ f (2α)(x)
∣∣q + mα(1 − t)α

∣∣ f (2α)(a)
∣∣q − (cm)αtα(1 − t)α(x − a)2α

)
(dt)α

] 1
q

+ (mb − x)3α

�(1 + 2α)(b − a)α

(
�(1 + 2pα)

�(1 + (2p + 1)α)

) 1
p

×
[

1

�(1 + α)

∫ 1

0

(
tα

∣∣ f (2α)(mb)
∣∣q + mα(1 − t)α

∣∣∣ f (2α)
( x

m

) ∣∣∣
q

−(cm)αtα(1 − t)α
(
mb − x

m

)2α )
(dt)α

] 1
q

= (x − ma)3α

�(1 + 2α)(b − a)α

(
�(1 + 2pα)

�(1 + (2p + 1)α)

) 1
p

×
[

�(1 + α)

�(1 + 2α)

(∣∣ f (2α)(x)
∣∣q + mα

∣∣ f (2α)(a)
∣∣q

)
− (cm)α(x − a)2α

Bα(2, 2)

�(1 + α)

] 1
q

+ (mb − x)3α

�(1 + 2α)(b − a)α

(
�(1 + 2pα)

�(1 + (2p + 1)α)

) 1
p

×
[

�(1 + α)

�(1 + 2α)

(∣∣ f (2α)(mb)
∣∣q + mα

∣∣∣ f (2α)
( x

m

) ∣∣∣
q) − (cm)α

(
mb − x

m

)2α Bα(2, 2)

�(1 + α)

] 1
q

.

Therefore, the proof of this theorem is completed. �
We point out some special cases of Theorem 2.8.

Corollary 2.9 Under assumptions of Theorem 2.8, if we choose p = q = 2, we get the following generalized
trapezium-like inequality:

∣∣∣T (α)
f (x;m, a, b)

∣∣∣ ≤ (x − ma)3α

�(1 + 2α)(b − a)α

√
�(1 + 4α)

�(1 + 5α)

×
√

�(1 + α)

�(1 + 2α)

(∣∣ f (2α)(x)
∣∣2 + mα

∣∣ f (2α)(a)
∣∣2

)
− (cm)α(x − a)2α

Bα(2, 2)

�(1 + α)

+ (mb − x)3α

�(1 + 2α)(b − a)α

√
�(1 + 4α)

�(1 + 5α)
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×
√

�(1 + α)

�(1 + 2α)

(∣∣ f (2α)(mb)
∣∣2 + mα

∣∣∣ f (2α)
( x

m

) ∣∣∣
2
)

− (cm)α
(
mb − x

m

)2α Bα(2, 2)

�(1 + α)
. (2.8)

Corollary 2.10 Under assumptions of Theorem 2.8, if we choose x = a + b

2
and m = 1, we get the following

generalized trapezium-like inequality:
∣∣∣∣

(b − a)α

4α�(1 + α)�(1 + 2α)

(
f (α)

(
a + b

2

)
+ f (α)(b)

)

− 1

2α�2(1 + α)

(
f

(
a + b

2

)
+ f (b)

)
+ 1

(b − a)α
a I

(α)
b f (t)

∣∣∣∣

≤ (b − a)2α

8α�(1 + 2α)

(
�(1 + 2pα)

�(1 + (2p + 1)α)

) 1
p

×
[{

�(1 + α)

�(1 + 2α)

(∣∣ f (2α)(a)
∣∣q +

∣∣∣ f (2α)

(
a + b

2

) ∣∣∣
q
)

− cα

(
b − a

2

)2α Bα(2, 2)

�(1 + α)

} 1
q

+
{

�(1 + α)

�(1 + 2α)

(∣∣∣ f (2α)

(
a + b

2

) ∣∣∣
q + ∣∣ f (2α)(b)

∣∣q
)

− cα

(
b − a

2

)2α Bα(2, 2)

�(1 + α)

} 1
q
]
. (2.9)

Corollary 2.11 Under assumptions of Theorem 2.8, by taking K := ∥∥ f (2α)(x)
∥∥∞, we get the following

generalized trapezium-like inequality:

∣∣∣T (α)
f (x;m, a, b)

∣∣∣ ≤ (x − ma)3α

�(1 + 2α)(b − a)α

(
�(1 + 2pα)

�(1 + (2p + 1)α)

) 1
p

×
[
Kq (

mα + 1
) �(1 + α)

�(1 + 2α)
− (cm)α(x − a)2α

Bα(2, 2)

�(1 + α)

] 1
q

+ (mb − x)3α

�(1 + 2α)(b − a)α

(
�(1 + 2pα)

�(1 + (2p + 1)α)

) 1
p

×
[
Kq (

mα + 1
) �(1 + α)

�(1 + 2α)
− (cm)α

(
mb − x

m

)2α Bα(2, 2)

�(1 + α)

] 1
q

. (2.10)

Corollary 2.12 Under assumptions of Corollary 2.11, if we choose x = a + b

2
and m = 1, we get the

following generalized trapezium-like inequality:

∣∣∣∣
(b − a)α

4α�(1 + α)�(1 + 2α)

(
f (α)

(
a + b

2

)
+ f (α)(b)

)

− 1

2α�2(1 + α)

(
f

(
a + b

2

)
+ f (b)

)
+ 1

(b − a)α
a I

(α)
b f (t)

∣∣∣∣

≤ 2(b − a)2α

8α�(1 + 2α)

(
�(1 + 2pα)

�(1 + (2p + 1)α)

) 1
p
[
2Kq �(1 + α)

�(1 + 2α)
− cα

(
b − a

2

)2α Bα(2, 2)

�(1 + α)

] 1
q

. (2.11)

Theorem 2.13 Suppose that the assumptions of Lemma 2.7 are satisfied. If m ∈ (0, 1] and ∣∣ f (2α)
∣∣q is gener-

alized strongly m-convex, then, for q ≥ 1 and c ∈ R
+, the following inequality holds:

∣∣∣T (α)
f (x;m, a, b)

∣∣∣ ≤ (x − ma)3α

�(1 + 2α)(b − a)α

(
�(1 + 2α)

�(1 + 3α)

)1− 1
q
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×
[∣∣ f (2α)(x)

∣∣qC(α) + mα
∣∣ f (2α)(a)

∣∣q D(α) − (cm)α(x − a)2α
Bα(4, 2)

�(1 + α)

] 1
q

+ (mb − x)3α

�(1 + 2α)(b − a)α

(
�(1 + 2α)

�(1 + 3α)

)1− 1
q

×
[∣∣ f (2α)(mb)

∣∣qC(α) + mα
∣∣∣ f (2α)

( x

m

) ∣∣∣
q
D(α) − (cm)α

(
mb − x

m

)2α Bα(4, 2)

�(1 + α)

] 1
q

, (2.12)

where

C(α) = �(1 + 3α)

�(1 + 4α)
, D(α) = �(1 + α)

�(1 + 2α)
− 2α �(1 + 2α)

�(1 + 3α)
+ C(α).

Proof From Lemmas 1.6 and 2.7 , Definition 2.1, generalized power mean inequality, generalized strongly
m-convexity of

∣∣ f (2α)
∣∣q , and properties of the modulus, we have

∣∣∣T (α)
f (x;m, a, b)

∣∣∣ ≤ (x − ma)3α

�(1 + α)�(1 + 2α)(b − a)α

∫ 1

0
t2α

∣∣ f (2α)(t x + m(1 − t)a)
∣∣(dt)α

+ (mb − x)3α

�(1 + α)�(1 + 2α)(b − a)α

∫ 1

0
t2α

∣∣ f (2α)(mtb + (1 − t)x)
∣∣(dt)α

≤ (x − ma)3α

�(1 + 2α)(b − a)α

(
1

�(1 + α)

∫ 1

0
t2α(dt)α

)1− 1
q

×
(

1

�(1 + α)

∫ 1

0
t2α

∣∣ f (2α)(t x + m(1 − t)a)
∣∣q(dt)α

) 1
q

+ (mb − x)3α

�(1 + 2α)(b − a)α

(
1

�(1 + α)

∫ 1

0
t2α(dt)α

)1− 1
q

×
(

1

�(1 + α)

∫ 1

0
t2α

∣∣ f (2α)(mtb + (1 − t)x)
∣∣q(dt)α

) 1
q

≤ (x − ma)3α

�(1 + 2α)(b − a)α

(
�(1 + 2α)

�(1 + 3α)

)1− 1
q

×
[

1

�(1 + α)

∫ 1

0
t2α

(
tα

∣∣ f (2α)(x)
∣∣q + mα(1 − t)α

∣∣ f (2α)(a)
∣∣q − (cm)αtα(1 − t)α(x − a)2α

)
(dt)α

] 1
q

+ (mb − x)3α

�(1 + 2α)(b − a)α

(
�(1 + 2α)

�(1 + 3α)

)1− 1
q

×
[

1

�(1 + α)

∫ 1

0
t2α

(
tα

∣∣ f (2α)(mb)
∣∣q + mα(1 − t)α

∣∣∣ f (2α)
( x

m

) ∣∣∣
q

−(cm)αtα(1 − t)α
(
mb − x

m

)2α )
(dt)α

] 1
q

= (x − ma)3α

�(1 + 2α)(b − a)α

(
�(1 + 2α)

�(1 + 3α)

)1− 1
q

×
[∣∣ f (2α)(x)

∣∣qC(α) + mα
∣∣ f (2α)(a)

∣∣q D(α) − (cm)α(x − a)2α
Bα(4, 2)

�(1 + α)

] 1
q

+ (mb − x)3α

�(1 + 2α)(b − a)α

(
�(1 + 2α)

�(1 + 3α)

)1− 1
q
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×
[∣∣ f (2α)(mb)

∣∣qC(α) + mα
∣∣∣ f (2α)

( x

m

) ∣∣∣
q
D(α) − (cm)α

(
mb − x

m

)2α Bα(4, 2)

�(1 + α)

] 1
q

.

Therefore, the proof of this theorem is completed. �
We point out some special cases of Theorem 2.13.

Corollary 2.14 Under assumptions of Theorem 2.13, if we choose q = 1, we get the following generalized
trapezium-like inequality:

∣∣∣T (α)
f (x;m, a, b)

∣∣∣ ≤ (x − ma)3α

�(1 + 2α)(b − a)α

×
[∣∣ f (2α)(x)

∣∣C(α) + mα
∣∣ f (2α)(a)

∣∣D(α) − (cm)α(x − a)2α
Bα(4, 2)

�(1 + α)

]

+ (mb − x)3α

�(1 + 2α)(b − a)α

×
[∣∣ f (2α)(mb)

∣∣C(α) + mα
∣∣∣ f (2α)

( x

m

) ∣∣∣D(α) − (cm)α
(
mb − x

m

)2α Bα(4, 2)

�(1 + α)

]
. (2.13)

Corollary 2.15 Under assumptions of Theorem 2.13, if we choose x = a + b

2
andm = 1,we get the following

generalized trapezium-like inequality:

∣∣∣∣
(b − a)α

4α�(1 + α)�(1 + 2α)

(
f (α)

(
a + b

2

)
+ f (α)(b)

)

− 1

2α�2(1 + α)

(
f

(
a + b

2

)
+ f (b)

)
+ 1

(b − a)α
a I

(α)
b f (t)

∣∣∣∣

≤ (b − a)2α

8α�(1 + 2α)

(
�(1 + 2α)

�(1 + 3α)

)1− 1
q

×
[{∣∣ f (2α)(a)

∣∣q D(α) +
∣∣∣ f (2α)

(
a + b

2

) ∣∣∣
q
C(α) − cα

(
b − a

2

)2α Bα(4, 2)

�(1 + α)

} 1
q

+
{∣∣∣ f (2α)

(
a + b

2

) ∣∣∣
q
D(α) + ∣∣ f (2α)(b)

∣∣qC(α) − cα

(
b − a

2

)2α Bα(4, 2)

�(1 + α)

} 1
q
]
. (2.14)

Corollary 2.16 Under assumptions of Theorem 2.13, by taking K := ∥∥ f (2α)(x)
∥∥∞, we get the following

generalized trapezium-like inequality:

∣∣∣T (α)
f (x;m, a, b)

∣∣∣ ≤ (x − ma)3α

�(1 + 2α)(b − a)α

(
�(1 + 2α)

�(1 + 3α)

)1− 1
q

×
[
Kq (

C(α) + mαD(α)
) − (cm)α(x − a)2α

Bα(4, 2)

�(1 + α)

] 1
q

+ (mb − x)3α

�(1 + 2α)(b − a)α

(
�(1 + 2α)

�(1 + 3α)

)1− 1
q

×
[
Kq (

C(α) + mαD(α)
) − (cm)α

(
mb − x

m

)2α Bα(4, 2)

�(1 + α)

] 1
q

. (2.15)
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Corollary 2.17 Under assumptions of Corollary 2.16, if we choose x = a + b

2
and m = 1, we get the

following generalized trapezium-like inequality:

∣∣∣∣
(b − a)α

4α�(1 + α)�(1 + 2α)

(
f (α)

(
a + b

2

)
+ f (α)(b)

)

− 1

2α�2(1 + α)

(
f

(
a + b

2

)
+ f (b)

)
+ 1

(b − a)α
a I

(α)
b f (t)

∣∣∣∣

≤ 2(b − a)2α

8α�(1 + 2α)

(
�(1 + 2α)

�(1 + 3α)

)1− 1
q

[
Kq(C(α) + D(α)) − cα

(
b − a

2

)2α Bα(4, 2)

�(1 + α)

] 1
q

. (2.16)

Remark 2.18 For α = 1, by our Theorems 2.8 and 2.13, we can obtain some new estimates on generalization
of trapezium-like inequalities for twice differentiable mappings that are in absolute value at certain powers
strongly m-convex.
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