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Abstract In this article, the authors establish the recurrence relations and g-difference equations for the
2-iterated g-Appell polynomials. The recurrence relations and the g-difference equations for the 2-iterated
g-Bernoulli polynomials, the g-Euler polynomials and the g-Genocchi polynomials are also derived. An
analogous study of certain mixed type g-special polynomials is also presented.
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1 Introduction and preliminaries

The subject of g-calculus started appearing in the nineteenth century due to its applications in various fields
of mathematics, physics and engineering. The development of quantum groups and their applications in math-
ematics and physics has led to renewed interest in the subject of g-series. The recent interest in the subject
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is due to the fact that g-series has popped in such diverse areas as statistical mechanics, quantum groups,
transcendental number theory, etc.

The definitions and notations of g-calculus reviewed here are taken from [3].

The g-analogue of the shifted factorial (a), is defined by

n—1
@qo=1, (@q.=[](1—¢"a), neN (1.

m=0
The g-analogues of a complex number a and of factorial function are defined by

a

[a]q=%, geC—{1}; aeC (1.2)
T B (@ Dn ' . ,
[n];! = n[m]q—[l]q[2]q-~~[n]q—m, g#1l; neN, [0j!=1, geC; 0<qg<]1.

m=1

(1.3)

The Gauss ¢-binomial coefficient [Z]q is defined by

H: ml @ o »
kly  TKlgln —klg! (4 Dk(g5 Dnt :

The g-exponential functions are defined as:

0 n

X
eq(x) = ZM—M 0<lg| <1. (1.5)

n=0

The g-derivative D, f of a function f ata point 0 # z € C is defined as:

_ flg2) = f(@)
Z

D, f(z) = - 0<l|ql <1. (1.6)

Also, for any two arbitrary functions f(z) and g(z), the following relation for the ¢g-derivative holds true:

Dy o (f(2)8(2) = f(2)Dy.:8(2) + g(q2) Dy - f (2). (1.7)

Al-Salaam [1] introduced the family of g-Appell polynomials {A;, ,(x)},>0 and studied some of its proper-
ties. The n-degree polynomials A, ,(x) are called g-Appell provided they satisfy the following g-differential
equation:

Dy x {Anqg(x)}=[nlg Anm1,4(x), n=0,1,2,...; qgeC; 0<qg<l. (1.8)

The g-Appell polynomials A, ,(x) are also defined by means of the following generating function [1]:

o0 tn
Ay (D)ey(xt) = HXZ(‘;A,,,q(x)W, 0<qg<l1, (1.9)
where
o0 tn
A1) = ZAMW, Aoy =1; Ag(t) #0. (1.10)
4!

n=0

It is to be noted that A, (7) is an analytic function at # = 0 and
Apg = Ang(0) (1.11)

are the g-Appell numbers.
Based on appropriate selection for the function A, (¢), different members belonging to the family of g-
Appell polynomials can be obtained. These members are mentioned in Table 1.
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Table 1 Certain members belonging to the g-Appell family

S. no. Name of the g-special Aq(t) Generating function Series definition
polynomials and related
number
o0 n
L g-Bernoulli polynomi- (ﬁ) (eq(;)_l)eq(xt) =3 By Bug =3 [1] Brgx"
als and number [2,8] n=0 k=0
o0
L - e
(eq(z)q) = ng() Bng Inlg!
Bn,q = Bn,q 0)
o0 n
II. g-Euler  polynomials (#> ( 2 )e (xt) = Z Epq(x) o Eng(x) =Y [" Ep x"7*
and number [8,19] e+ e+ A nlg! " k=0 [k]q !
<Lq(z)+1> Z Enq [n],,
En q = En q(O)
n
11, g-Genocchi polynomi- (ﬁ) )eq(xt) = Z Gyl Gug) = ¥ [1], Grgr" ™
als and number [11,19] k=0

eq([)+l> Z Gng [nl,,
Gnq :=Gn q(O)

The g-Appell polynomials are the generalizations of the Appell polynomials A, (x) [4] which are deter-
mined by the power series expansion of the product A(¢)e*!, that is

X - tn
Alx, 1) = A(t)e" = X(:) An(X)— (1.12)

The function A(t)e*’ is called generating function of the sequence of polynomials A, (x) and the function
A(t) is an analytic function at t = 0 and
Ay = A,(0) (1.13)

are the Appell numbers.

The set of all Appell sequences form an abelian group under the umbral composition of polynomial
sequences. The Appell polynomial sequences are well studied from different aspects [4—7,10,25] due to their
applications in various fields. One aspect of such study is to find recurrence relations and differential equations
for the Appell sequences. For example, He and Ricci [10] established the finite order recurrence relations and
differential equations for the Appell sequences using factorization method.

Recently, certain mixed special polynomial families related to the Appell sequences are studied in a
systematic way, see for example, [13,15,18,24,32]. These polynomials are studied thoroughly due to their
applications in various fields of mathematics, physics and engineering. The properties of these mixed special
families lie within the properties of the parent polynomials. To find the differential, integro-differential and
partial differential equations for a mixed special polynomial family [18] is a recent investigation [32]. The
recurrence relations, differential equations and other results of these mixed type special polynomials can be
used to solve the existing as well as new emerging problems in certain branches of science. Introducing a
determinant form for the mixed special polynomials via operational and algebraic techniques is a new study,
which has been taken into consideration and can be helpful for computation purposes. The technique of
combining two sequences by means of umbral composition [27] is a systematic way of constructing mixed
special sequences.

Khan and Raza [14] introduced and studied a composite family by combining two different sets of Appell
sequences namely the 2-iterated Appell polynomial sequences AL” (x), which are defined by means of the
following generating relation:

X o t”
AL(r) Ax(t) &' = Z()Agfl(x)ﬁ. (1.14)

The set of all 2-iterated Appell sequences A ,[12] (x) also form an abelian group under the operation of umbral
composition. With the help of determinant form of the 2-iterated Appell sequences ALZ] (x) considered in [17],
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it may be possible to compute the coefficients or the value in a chosen point, for particular sequences of the
2-iterated Appell polynomial family, through an efficient and stable Gaussian algorithm. It can also be useful
in finding the solution of general linear interpolation problem.

Khan and Riyasat [16] studied the differential and integral equations for the 2-iterated Appell polyno-

mial sequences AL,ZJ (x) and mentioned that the respective differential equations can be used to study the
d-orthogonality property for these sequences, thus making these 2-iterated sequences important from different
view point.

In 1985, Roman proposed an approach similar to the umbral approach under the area of nonclassical
umbral calculus which is called g-umbral calculus [26,28]. By using g-analysis and g-umbral calculus, the
g-polynomials are introduced and characterized by several authors, for this see [8,9,11,29-31].

The 2-iterated g-Appell polynomials (2Ig AP) are introduced and studied by combining two different sets
of g-Appell polynomials using the concept of g-umbral composition of polynomial sequences. The generating
function for the 2-iterated g-special polynomial families is introduced using a different approach based on
replacement techniques. The 21g AP are defined by means of the following generating function [17]:

[o.¢]

n
gl I _ 2] !
Gy(x.1) = AL (DAY (Deq (xt) = ;An,q(x)[n—]q!, 0<gq<1, (1.15)
where
Ag(0) : —ZA,“,[ o L= AL O Al =1 Al #0 (1.16)
and
o "
Ag(0) = ZA}}q[ 7 Al = Al 0 A, =1 Allp) #0, (1.17)
n=0

respectively. It is to be noted that A{I (t) and AIqI(t) are analytic functions at# = 0 and ALZL = A,[,z,]q (0) are the
2-iterated g-Appell numbers.

The series definition for the 2Ig AP Am (x) is given as:

n

n
AR () = Zu AL AL, (). (1.18)
k=0 q
where
n n
Al (0) = Z [k] Ak AN kg (1.19)
k=0 q

denotes the 2-iterated g-Appell numbers.

We recall that the set of all g-Appell sequences is closed under the operation of g-umbral composition of
polynomial sequences. Under this operation the set of all g-Appell sequences is an abelian group and it can
be seen by considering the fact that every ¢g-Appell sequence is of the form

Prg(x) = (Z C""’,D’;) X" (1.20)
k=0 Lklq!

and that umbral composition of g-Appell sequences corresponds to multiplication of these formal g-power

series in the operator D,;. In view of above fact, it is remarked that the 2-iterated g-Appell polynomials A E,Z]q (x)
satisfy the following relation:

o) AI
Ay ) = (Z ﬁ’)) Ay, .20

k=0
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Again, if p, 4 (x) and g,.4(X) = Y {0 kg xk are sequences of g-polynomials, then the g-umbral
composition of g, 4(x) with p, 4(x) is defined to be the sequence

ng(Pg(X) =D Gukg Phig(x), (122)
k=0

which is equivalent to condition (1.18).

Since the generating function of the 2IgAP is of the form A; (t)ey(xt), with A; (t) as the product of
two similar functions of ¢. Therefore, the set of all 2Ig AP sequences also form an abelian group under the
operation of g-umbral composition. The determinant form of the 2I¢ AP introduced in [17] can also be used
for computation purposes. That is by applying stable Gaussian algorithm, it may be possible to compute the
coefficients or the value in a chosen point, for particular sequences of the 2Ig AP family.

Since the generating function (1.15) of the 2Ig AP sequences is the product of two functions A}] (t) and

Ag (t), which shows that by making appropriate selection for the function AIq (t) and A{II (1), different members
belonging to the family of the 2-iterated g-Appell polynomials can be obtained. By making the combinations
of two same members of the g-Appell family in the 2-iterated g-Appell family, a new 2-iterated ¢g-polynomial
can be obtained. The generating function and series definition of these 2-iterated ¢-polynomials are given in
Table 2.

By taking the combination of any two different members of the g-Appell family in the 2-iterated g-Appell
family, a new mixed type g-special polynomial can be obtained. The generating function and series definition
of these mixed type g-special polynomials are given in Table 3.

Table 2 Certain members belonging to the 2-iterated g-Appell family

S. no. A}I (1) = A}}(t) Notation and name of the resultant ~ Generating function Series definition
2IgAP
I L BE ()= 2terated g-Bemoulli (1)’ = B (x) =
. PO n.q (X):= 2-iterated g-Bernoulli PO eq(xt) = g (X) =
! polynomials (2IgBP) ‘ 2 n [ ] B
Z B[ ]()C) Zk:() kq n— kq(x)
[nlg!
11 ( 2 ) [2] ¢ (x):= 2-iterated g-Euler poly- <7>2 eq(xt) = E? x) =
. a1 nomlals (2IgEP) 0+ ! ol E. . E
2 n _
Yoo Er[lgz( )liijq! Lio [k]q g En—tq (%)
11 ( 2t ) G2 (x):= 2-iterated g-Genocchi <L>2e (xt) = G2 x) =
: PAGES! nl»q - s (LGP eq(N+1 q g
polynomials (2IgGP) 50 Gl (x)l - Sico [k]qu,an—k,q(x)
n
Table 3 Certain mixed type g-special polynomials
S. no. AI (1); AH(Z) Notation and name of Generating functions Series definitions
the mixed type g-special
polynomials
I. (eq(t[)71>; Bli:n qX) 1:_( Bf]E]IS))ernoulh Euler EGO-DEmFD 1)(eq(t)+1)eq(x’) = BEnq(x) =Y p_o [Z]qu’lIB”—kﬂ(x)
olynomials n
POty 4 Zn o BEn, q(x)[,f] 1
2
e (D+1
) - 2% — —
II. eq(,t),l 5 BGn q(x) = ) ) meq (x1) = BGuqy(x) = ZZ:O [Z]qu,q By —k,q(x)
g-Bernoulli-Genocchi polynomi- o
als (¢BGP) Y020 8Gng () gy
2t
(&)
2 . . 2172 2 n n
1L (cq(t)+l>’ EGnq(x) = . ' <7eq(z)+l> eq(xt) = EGnqg(x) =>4 [k]qu,qEnfk,q(x)
g-Euler—Genocchi polynomials 00 n
(¢EGP) 2one0 EGn.g (x) Tl
2t
(eq )+1 )
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Table 4 Certain generalized members belonging to g-Appell family

S. no. Name of the Ay () Generating function Series definition
g-special  poly-
nomial
. . m m o _ [m—1,a] _
v ot G N G ) M i
q [m—1,a] n n my - plm—=Lol, n—
order o [21] Yoso Big M) o 2i=0 (")fl kg *
m m o —
IL. Generalized g-Euler poly- (L ([HZT ] (t)> (m) eq(xt) = E ) =
nomials (GgEP) order o R P e S s (n) E[m Ll nk
[21] 2z0 Eng ) gy k=0
. . 2”1 tlﬂ 2’71 t’" o _ ["1 — 1 ‘a] _
W Geeniied gGeoeti  (citm)  (qmmam) aen= oS
[m—1,a] n n n -1, n—
order o [21] Yoo Gig () [nt]q! Y=o (k)qu’fl .
. o m o -1,
V. generallllged cII—Apoet(l)l <Aeq([) T ]q([)> (m) eq(xt) = %L’flq a](x;?») =1 ]
ernoulli  polynomials o afm—lal o (ny gglm—lal sy
(GgABP) of order « [22] Yolo By @ Mg Znio (1), By 0
x
. m « m o -1,
V. Se{lerahzed ?—Apoetcl)l (m) <m) eq(xt) = @L’flq Iy, [A.) :1 ]
uler polynomials [m—1,a] . o n n ¢ m—1,«a ) X
(GgAEP) of order «o Yoo g (i) T,! anio (k)q kg &)
[22]
VI Generalized ~ g-Apostol <72m’m )a (72,”[,” )ae (xt) = gty =
. Genocchi potl]yn(?mialq ReaO+Tn-140) M OFIn-1g @0 )4 a n [m Lal
5 [e9) [m—1,«] A) X
(GgAGP) of order « [22] Yo Ging s g L= (), 964 )

nk

—1 ¢k
Tm—l,q(t) = ZZL:O ﬁq‘

Hence, the generating function (1.15) in its product form gains special importance due to the fact by making
the combinations of some other generalized members belonging to the g-Appell family, certain other new 2-
iterated and mixed type g-special polynomials related to the 2Ig AP family can be obtained. These generalized
members are listed in Table 4.

The determinant forms related to the 2IgBP B (x), 2IEP EL) (x), 21gGP G (x), ¢BEP pE, 4 (x),
gBGP 3G, 4(x) and gEGP G, ,(x) are considered in [17]. The respective determinant forms can be useful
in finding the solution of various general linear interpolation problems.

Also, the shapes of the 2IgBP B} (x), 2IgEP E}) (x), 21gGP G2} (x), ¢BEP 3 E,, (x), gBGP 3G, 4 (x)
and gEGP g G, ,(x) are displayed and the real and complex zeros of these polynomials are computed for index
n=1,2,3,4andg = 1/2 (0 < g < 1) using Matlab in [17]. The distribution and structure of the zeros is also
displayed. By finding the real zeros of these polynomials, the approximate solutions and spectral properties of
these mixed g-special polynomials are also studied using “Matlab”. Thus, making these polynomials important
from another view point.

In the 21st century, the computing environment is making more and more rapid progress. Using computer, a
realistic study of these new mixed g-special numbers and polynomials seems very interesting. Further, by using
numerical investigations and computer experiments, we can observe an interesting phenomenon of “scattering”
of the zeros and the regular lattice behavior of almost all of the real and complex zeros of mixed type special
and g-special polynomials for higher values of n, i.e. n > 4 or for a fixed range of n i.e. n = 1 — 50 and for
different values of ¢ or for a range of ¢ such that 0 < ¢ < 1. However, to this point there have been no such
investigations for the mixed type special and g-special polynomials. Hence, this will gain extra importance to
these new classes of mixed special polynomials.

Since the raising operators are not available for g-polynomials, although lowering operators always exist.
Recently, Mahmudov [20] used the lowering operators to study the g-difference equations for the g-Appell
polynomials A, ;(x). This provides motivation to establish the g-difference equations for the 2-iterated g-
Appell and mixed type g-Appell polynomials.

The article is organized as follows. In Sect. 2, the recurrence relations and g-difference equations for the
2-iterated g-Appell polynomials are introduced. In Sect. 3, the recurrence relations and g-difference equations
for the 2-iterated g-Bernoulli, 2-iterated g-Euler and 2-iterated g-Genocchi polynomials and certain mixed
type g-special polynomials are also established.
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2 Recurrence relations and ¢-difference equations

In this section, the recurrence relations and g-difference equations for the 2-iterated g-Appell polynomials are
established. To derive the recurrence relation for the 2Ig AP AL%L (x), the following result is proved:

Theorem 2.1 For two different sets of q-Appell polynomials A}% q (x) and AE’ q (x) and with A}] (t) and Ag(t)
defined by Egs. (1.16) and (1.17), assume that

Al & "
qt
= 2.1
AI (g1) 2:: [n]q @1
Al &
Dy 1 _
A“(qt) _X:: [n]y! @2
and
Ay & om
q
Al(gn) ; [nlg!" *)
respectively.

Then, the following linear homogeneous recurrence relation for the 2-iterated q-Appell polynomials
[2] ¢ (x) holds true:

. n k
O A (g =Zm o q" kAf]kq(x)JrZ[ ] (Z H Br—s m) A @)

k=0 s=0
—i—x[n]qq"A,[1 ]q(x). (2.4)

s 1 [n Kk
(i) ALZ’L((]X) = m Z |:k:| qk (an—k + Z ( s ) ,Bn—k—s)/s) A][Czll(x) + anA’[f]l q(x)’ n>1.
q s=0 q

9 k=0
(2.5)
(i) Ay(gx) = F(Olo +Bov0)g" AL () + " (x +arg ™" + BT+ fo g HAY ()
q
1 n—2
it Z i g AL (). =1, (2.6)
[n]q
k=0
Proof (1) Differentiating generating function (1.15) k-times with respect to x and using the fact that
*Gy(x, 1)
;T =G, (x, 1), 2.7
it follows that
o
YAl Z AR ()} —— 2.8)
= [n ]
which on equating the coefficients of same powers of ¢ gives
ko 4021 [nlg! 2
Df AL () = T e A () 2.9)
Since the operator &, ; = ﬁDq,x satisfies the following operational relation:
@, A2 (x) = (x). (2.10)
n.q“*n,q n 1 q :
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Therefore, considering the lowering operator as:
1

®,,=—D, ., 2.11
0 g, (2.11)
it follows that
2] [n—klg! & 121
AR ) = @nkg @kt - Pu AR (1)} = ——L D8 (A2 ()}, 2.12)

[n]q,

which is the k-times derivative operator for the 2Ig AP AE,ZJZ (x).
Replacement of x by ¢gx in generating function (1.15) and then differentiation of the resultant equation
with respect to ¢ using formula (1.7), gives

Ay (g Ay (qt)eq (1gx)qx + Dy (Ay (DAY (1))eq (1gx) = Z Al q<qx>[nt—]q!. (2.13)

Further, use of formula (1.7) in Eq. (2.13) and then multiplication by ¢ yields
AL (gD A} (g1)eq(tgx)tqx + qu,,(A‘ (1) All(gt)eq (tqx) + 1Dy (AL (1) AL (1)

e ¢]

eq(tqx) =Y [nly A7) (gx ) (2.14)

n=0
which on simplifying and interchanging the sides becomes
Dy A1) | DysAJ(D) AL(D)
Al (q1) All(gt) Al(qD)

Z[nh Al <qx> —Al(qr)A“<qr>eq<rqx>[ +qu] (2.15)

In view of assumptions (2.1)—(2.3) and Eq. (1.15) (with 7 replaced by ¢1), the above equation gives

> Inlg AL (qx) —Zq" AR (x >—, Z +Z,3k Zys pRECA BIERD
= [n, [qu [k],!

which on rearranging the summations in the r.h.s. becomes

0o n k
z[ AR @0 ZZ[Z] wa" AP () +22H (z["] Brs ys)q"k
q q q

n=0 k=0 n=0 k=0 s=0
2] 412 "
XA, kq<x) +qu (g A, (5 2.17)

On equating the coefficients of same powers of ¢ in both sides of the above equation, assertion (2.4) is
proved.
(ii) Replacement of k£ by n — k in the first two terms of the r.h.s. of Eq. (2.4), yields assertion (2.5).
(iii) Solving the summation for k = n, n — 1 in the first term of the r.h.s. of Eq. (2.5) and then simplifying the
resultant equation, assertion (2.6) is proved. O

Next, the g-difference equation for the 2Ig AP A,[f,l] (x) is derived by proving the following result:

Theorem 2.2 The 2-iterated q-Appell polynomials AE,%]q (x) satisfy the following q-difference equation:

n 1 n—1 n— 1 .
([n]q ( oy + Z[ :| :Bn—sys)Dq,x + —[I’L — l]q' (an—l + ; |: s i|q/3n—1—s)/s>Dq’x + .-

+¢"(x + a1 + B vog " + Bovia Dy +q" (@0 + Bo yo)>AL%1] (x) — [n]g A7) (gx) = 0.
(2.18)
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Proof Using identity (2.12) in the r.h.s. of Eq. (2.4), it follows that

n k
k — k]!
[nly AL} (qx) = Z[Z] q"* (oszrZ[ } ﬂk—sl/s) u D} (A7) ()}
g —Lsly [n],!

k=0
[n—1],!
+x[nlyq" T"’Dq,x{AEZ]q )}, (2.19)
q!
which on simplifying yields assertion (2.18). O

In the next section, the recurrence relations and ¢-difference equations for the 2-iterated g-Appell polyno-
mials given in Table 2 and for the mixed type g-special polynomials given in Table 3 are established.

3 Examples

To derive the recurrence relations and g-difference equations for the 2-iterated g-Bernoulli, 2-iterated g-Euler
and 2-iterated ¢g-Genocchi polynomials, the following examples are considered:

Example 3.1 Taking A;(t) = AIqI(t) = (eq(rtﬁ) (that is when the 2IgAP ALZJI (x) reduce to the 2IgBP
B2} (x)) in Egs. (2.1)~(2.3), 5o that

D, fe; 00 n 00 n
Teg(—1 t . t
’T—Zan[n] ,—Zﬂnm G.D
eq(gt)—1 n=0 4 n=0 4
and
l(t) 1
eq _ Z y— [n] (3.2)
eq(qt) I n=0 £
respectively.

From the generating function of the g-Bernoulli numbers (Table 1, I) and result [12, p. 6(24), (25)], it
follows that

-1 1
an = By q n,gs Q0 Bo ar=p1 = [2],1 (3.3)
and .
q—1 n
Yn=— [J Big, n>1;, w=1, (3.4)
1 =otdq
respectively.

Substituting the values from Egs. (3.3) and (3.4) in recurrence relation (2.6), the following linear homoge-
neous recurrence relation for the 2IgBP B,[f]q (x) is obtained:

n—2 n—k s
pl2! (gx) = ( 2 ) pl2! (x) — — [n} (an_k + |:n N k} [s]
nq [2]qq n ha [n ]q k=0 k q N s=0 (=0 s q ! q

—1
quz By k—sq Bl,q> B @), n=1. (3.5)

Similarly, substitution of values from Egs. (3.3) and (3.4) in Eq. (2.18) gives the following g-difference
equation for the 2I¢gBP B[z] (x):

! a—1 no e 2
<[n]q< ’”’+Z[ L Z;H q’ B“"’B”")Dq”‘ 1 (x [2]qq)D ) Brig ()

—[nly BY) (gx) = 0. (3.6)
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Example 3.2 Taking A} (1) = A}(1) = ( (that is when the 2IgAP A,[f}] (x) reduce to the 2IgEP

EP (1)) in Egs. (2.1)~(2.3), so that

D,
4t e, (1)+1 eq (t)+l Z
an

_2
eq(t)+1

= Z Br—— 3.7)

eq(qt)-‘rl n=0 [n]q
and
(t)+1
A = Zyn : (3.8)
eq(q[)"!‘l n=0
respectively.

From the generating function of the g-Euler numbers (Table 1, IT) and result [12, p. 8(32), (33)], it follows

that
1 1

ap =B = EEn—l,q; ap=Po=0; ay=p= —3 (3.9)
and
-1 1
Yn = qT [Z} Ergy, n>21; yn= %, (3.10)
k=0 q
respectively.

Substituting the values from Eqs. (3.9) and (3.10) in Eq. (2.6), the following linear homogeneous recurrence
relation for the 2IgEP E ,[,z]q (x) is obtained:

1 C]+1 1 n—2 n 1 n—k s n
[2] _ - [2] - -
a4 =4" (x 24 4 ) n—ta ”[]q,;u ( ke 1‘”2%[ L[L
—1
qTEn o 1qEzq) “EPN 0. n= 1 G.11)

Similarly, on substituting the values from Eqs. (3.9) and (3.10) in Eq. (2.18), the following g-difference
equation for the 2IgEP E,[,ZE, (x) is obtained:

1 /1 n] [ ¢—1
(gl S [ 55 e
: q 1=0 q

s=0
1 q+1 9
n +qn<x “ % a0 qu>E,[l}](x)
—[nlgER) (gx) = 0. (3.12)
Example 3.3 Taking A}] (t) = Ag(t) = (eqéﬁ) (that is when the 2IgAP A,[ﬁ]q (x) reduce to the 2IgGP
G2 (x)) in Egs. (2.1)~(2.3), so that
Dyiginmr & X oyn
q _ —
=D i > B il (3.13)
eq(qt)+1 n=0 n=0
and
(%;-H > "
g _
th - Zy}’l [n] !’ (314)
eq(@n)+1 n=0 9q

respectively.
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From the generating function of the ¢g-Genocchi numbers (Table 1, III) and result [12, p. 9(37),(38)], it
follows that

1 1
== Gnqv ap=Pfo=—; ar=p=—— (3.15)
2q q q
and
qg—1 Xn: |:ni| 1
Vp = —— Grg, n>1, y=-, (3.16)
24 oLkl q
respectively.

Substituting the values from Egs. (3.15) and (3.16) in Eq. (2.6), the following linear homogeneous recur-
rence relation for the 21gGP GE}I (x) is obtained:

1 1 11 @-D2—9)\ .
G[Z](X)=—(—+—> "Gl (x) + "(x————+— G (x)
n,qq [n]q q q2 q n,q q q2 q3 2q3(q+1) n—1,q
=g R S =k Ts q—
il ZM ( Grokat [ ] M L) A
M o L g s=0i=0 b % dqlflg %4

(3.17)

Similarly, in view of Egs. (3.15), (3.16) and (2.18), the following ¢g-difference equation for the 2IgGP
G£,2q (x) is obtained:

1 /1 ] 1] g—1 I 1 (@—D2—q)
—(5-Gng+ ——5 Gn-s,4G )D” + - ”(x————+—)
([n]q!<2q i ;LL P LL 4q2 nmsaPha) P q 2 P 2534q+D

Dy.1 ) G2, (x) = 11, G2} (g) = 0. (3.18)

Further, the recurrence relations and g-difference equations for certain mixed type g-special polynomials
are derived by considering the following examples:

Example 3.4 Taking AL (1) = (W) and AU(r) = (#) (that is when the 2IgAP AP (x) reduce to

the gBEP g E, ,(x)) in Egs. (2.1)~(2.3), respectively, so that

Dg i1
f—eg @71 e"(’) ! —Z (3.19)
eq(qt) 1
D‘I Le, (D+1 (t)+1
q
IR B (3.20)
T Z n[n]q
q(qt)+1
d
o —f 00 e
eq(t)—1 i
e Zyn—[n]q!, (3.21)
eq(gt)—1 n=0
respectively.

In view of generating functions (Table 1, I, II), the above equations give

-1 1

ap=—"By4 =0 oy =——r, (3.22)
g 2],
1 1

Bn = EEnfl,qQ Po=0; B = _E (3.23)

and
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n
ya=21"- m Big. n=1; y=1 (3.24)
q

respectively.
Substitution of values from Egs. (3.22)—(3.24) in Eq. (2.6) yields the following linear homogeneous recur-

rence relation for the gBEP g E;, ;4 (x):
i
0 q ! q
qg—1

1 1 1 n—2 n n—k s
BE,(qX)=qn<x— )BE 1g(X) — — [}( K
e Rlgg  2¢)7"T T Il e
?En —k—s—1,q Bl q>q BEk q(x) n>1. (3.25)

s=0 [=

Similarly, substituting the values from Eqs. (3.22)—(3.24) in Eq. (2.18), the following g-difference equation
for the ¢gBEP g E;, ;(x) is obtained:

(i < 20< ), Z<>—>
(e

1
mq g 2q>Dq”‘>BE”’q(x)
_[n]qBEn,q(qx) =0. (3.26)

D}’l

Example 3.5 Taking AL (1) = (ﬁ) and Al() = ( x +1) (that is when the 2IgAP A (x) reduce to
the gBGP 3G, 4(x)) in Egs. (2.1)—(2.3), respectively, so that

Doigiit &
4 —
- = oy =Nl (3.27)
cq(qt) 1 n=0 qa
D‘I e
(t)+1
Y 52)
PRCIES] [n]q
q(qt)+1
and
1
e"(’) o (3.29)
anT  azo e
respectively.

In view of generating functions (Table 1, I, III), the above equations give

—1 1
ap=—2~8u4 =0, aj=——-, (3.30)
n q n,q [2]q
1 1 1
Bn = Z_Gn,q; Bo=—; Bi=-—- (3.31)
q q q
and
g—1[n
Yn=—" i Big, n=1; p=1 (3.32)
7 =0 de
respectively.

Substituting the values from Eqgs. (3.30)—(3.32) in Eq. (2.6), the following linear homogeneous recurrence
relation for the gBGP G, 4(x) is obtained:
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n—1

n—2
q 1 g-1 q—1 ) ! ["]
Gn = Gn + + N an Iy
BOnq(@¥) = [ 1-8Gnq(¥) +4 ( ph T TP n) e [MQZ; k

k s

n—
Ky —1
<nkq [ H}q Gnkquzq>qBqu(x) n>1. (333
2qg2
5=0 1=0 gLtdg <4

M

Similarly, using Egs. (3.30)-(3.32) in Eq. (2.18), the following g-difference equation for the ¢BGP
BGy,q(x) is obtained:

1 /1 o n\ = (I\ g—1 1 1 qg-1
—B,g — ———G_,BL>D’—-~—¢<x— - =+
([n]q!<q " g(Jq ,Z(;(S>q 2g2 TN 2l ¢ &

qg—1
3@ +1)

)Dq,x>BGn,q(x) —[nlyBGuyq (gx) = 0. (3.34)

Example 3.6 Taking A; (t) = (#) and A}II (t) = (#) (that is when the 2Ig AP A,[fq (x) reduce to

the gEGP G, 4(x)) in Egs. (2.1)-(2.3), respectively, so that

Dg.: ; T > t"
O N, (3.35)
2 [n],!
cq(qz)+1 n=0 q
D‘I Lo, (D+]1 (t)+1
_ el
T 2qt Z Pni— [n] (3.36)
eq(qt)Jrl g
and
TS, 337
eq(thl n=0 [n]q
respectively.

In view of generating functions (Table 1, II, III), the above equations give

1 1
Op = EEn—l,q; ap=0; a; = _Ev (3.38)
1 1 1
Bn = _Gn,q; Bo=—; Bi=—— (3.39)
2q q q
and
—1[n +1
Yo = Ei— Ergq, n>1; y= q—, (3.40)
2 k 2
k=0 q
respectively.

Using Egs. (3.38)—(3.40) in Eq. (2.6), the following linear homogeneous recurrence relation for the gEGP
EGy,4(x) is obtained:

2
(g + DHg"! . 1 g+1 ¢g-—1 1 = [n
G =—————— (G - — = G —
EGn.q(qx) i, 7 EGng@ +q" (v = 5= T T ) EGueng )+ ]qlg L
1 n—k s g
( nk1q+22[ }H 4ankquzq)qEqu(x> n>1. (341)
s=0 =0

Similarly, substituting the values from Egs. (3.38)—(3.40) in Eq. (2.18), the following g-difference equation
for the gEGP g G, 4(x) is obtained:
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L (L +Xn: " i NG B D4t a L e ]
- — _ oo X — j—
g\ 27" s s), aq MR )T I 29 247 " 4g?

q 1=0

n(4+]
+q <7>Dq,x>EGn,q(x) - [n]qEGn,q(qx) =0. (3.42)

In the next section, further applications and importance of the 2-iterated and mixed type g-special polyno-
mials are discussed.

4 Further applications

The orthogonal polynomials in general and the classical orthogonal polynomials in particular have been the
object of extensive works. They are connected with numerous problems of applied mathematics, theoretical
physics, chemistry, approximation theory and several other mathematical branches.

During the last 20 years, there has been a growing interest in multiple orthogonal polynomials. However, it is
only recently that the examples of multiple orthogonal polynomials have appeared in the literature. A convenient
framework to discuss such examples consists in considering a subclass of multiple orthogonal polynomials
known as d-orthogonal polynomials [5,7]. The notion of d-dimensional orthogonality for polynomials [23] is
the generalization of ordinary orthogonality for polynomials. The problem of finding all polynomial sequences,
which are at the same time g-Appell polynomials and d-orthogonal is considered in[33].

The new investigations and important results related to the 2-iterated g-Appell and mixed type g-special
polynomials are derived in [17] and are briefly discussed in Sect. 1, which make these polynomials important
from different view points. The results which are derived in Sects. 2 and 3 also acquire special importance.

This paper is a first attempt to establish the recurrence relations and g-difference equations for the mixed
type g-special polynomials and can also be taken to solve various problems arising in different areas of science
and engineering. These g-recurrence relations and g-difference equations of the 2-iterated g-Appell and mixed
type g-special polynomials can be used to study the d-orthogonality property of these polynomials. This is
obvious that when these polynomials become orthogonal, these can be useful to other fields such as in wavelet
analysis. The series expansions and continuous wavelet transforms can be derived in terms of 2-iterated Appell,
2-iterated g-Appell and mixed type g-Appell polynomials and their particular members. This aspect may be
considered in further investigation.

Acknowledgements This work has been done under Post-Doctoral Fellowship (Office Memo No.2/40(38)/2016/R&D-11/1063)
awarded to Dr. Mumtaz Riyasat by the National Board of Higher Mathematics, Department of Atomic Energy, Government of
India, Mumbai. The authors are thankful to the reviewer(s) for several useful comments and suggestions towards the improvement
of this paper.

Open Access This article is distributed under the terms of the Creative Commons Attribution 4.0 International License (http://
creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, provided
you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and indicate
if changes were made.

References

Al-Salam, W.A.: g-Appell polynomials. Ann. Mat. Pura Appl. 4(77), 31-45 (1967)
Al-Salam, W.A.: g-Bernoulli numbers and polynomials. Math. Nachr. 17, 239-260 (1959)
Andrews, G.E.; Askey, R.; Roy, R.: Special Functions of Encyclopedia. Mathematics and its Applications. Cambridge
University Press, Cambridge (1999)
4. Appell, P.: Sur une classe de polynomes. Ann. Sci. Ecole Norm. Sup. 9(2), 119-144 (1880)
5. Cheikh, Y.B.; Douak, K.: On the classical d-orthogonal polynomials defined by certain generating functions, I. Bull. Belg.
Math. Soc. Simon Stevin 7, 107-124 (2000)
6. Costabile, F.A.; Longo, E.: A determinantal approach to Appell polynomials. J. Comput. Appl. Math. 234(5), 1528-1542
(2010)
7. Douak, K.: The relation of the d-orthogonal polynomials to the Appell polynomials. J. Comput. Appl. Math. 70(2), 279-295
(1996)
8. Ernst, T.: g-Bernoulli and g-Euler polynomials, an umbral approach. Int. J. Differ. Equ. 1(1), 31-80 (2006). (0973-6069)
9. Ernst, T.: A Comprehensive Treatment of g-Calculus, p. xvi + 491. Birkhéduser/Springer Basel AG, Basel (2012)
10. He, M.X.; Ricci, P.E.: Differential equation of Appell polynomials via the factorization method. J. Comput. Appl. Math.
139, 231-237 (2002)

W=

@ Springer



http://creativecommons.org/licenses/by/4.0/
http://creativecommons.org/licenses/by/4.0/

Arab. J. Math. (2019) 8:63-77 77

11.
. Keleshteri, M.E.; Mahmudov, N.L.: On the class of 2D g-Appell polynomials. arXiv:1512.03255v1
13.

14.
15.

16.
17.
18.
19.
21. Mahmudov, N.L: Difference equations of g-Appell polynomials. Appl. Math. Comput. 245, 539-543 (2014)
22.
23.

24.

32.

33.

Keleshteri, M.E.; Mahmudov, N.I.: A g-umbral approach to g-Appell polynomials. arXiv:1505.05067

Khan, S.; Al-Saad, M.W.M.; Khan, R.: Laguerre-based Appell polynomials: properties and applications. Math. Comput.
Model. 52(1-2), 247-259 (2010)

Khan, S.; Raza, N.: 2-Iterated Appell polynomials and related numbers. Appl. Math. Comput. 219(17), 9469-9483 (2013)
Khan, S.; Raza, N.: General-Appell polynomials within the context of monomiality principle. Int. J. Anal. 2013 (2013).
https://doi.org/10.1155/2013/328032

Khan, S.; Riyasat, M.: Differential and integral equations for the 2-iterated Appell polynomials. J. Comput. Appl. Math. 306,
116-132 (2016)

Khan, S.; Riyasat, M.: Determinant approach to the 2-Iterated g-Appell and mixed type g-Appell polynomials.
arXiv:1606.04265

Khan, S.; Yasmin, G.; Khan, R.; Hassan, N.A.M.: Hermite-based Appell polynomials: properties and applications. J. Math.
Anal. Appl. 351(2), 756764 (2009)

Mahmudov, N.I.: On a class of g-Bernoulli and g-Euler polynomials. Adv. Differ. Equ. 108, 11 (2013)

Mahmudov, N.I.; Keleshteri, M.E.: On a class of generalized g-Bernoulli and g-Euler polynomials. Adv. Differ. Equ. 115,
1-10 (2013)

Mahmudov, N.I.; Keleshteri, M.E.: g-Extensions for the Apostol type polynomials. J. Appl. Math. 2014 (2014). https://doi.
org/10.1155/2014/868167

Maroni, P.: L’orthogonalité et les récurrences de polyndmes d’ordre supérieur & deux. Ann. Fac. Sci. Toulouse 10, 105-139
(1989)

Ozarslan, M.A.: Hermite-based unified Apostol-Bernoulli, Euler and Genocchi polynomials. Adv. Differ. Equ. 116, 1-13
(2013)

. Ozarslan, M.A.; Yilmaz, B.: A set of finite order differential equations for the Appell polynomials. J. Comput. Appl. Math.

259, 108-116 (2014)

. Roman, S.: The theory of the umbral calculus I. J. Math. Anal. Appl. 87, 58-115 (1982)

. Roman, S.: The Umbral Calculus. Academic Press, New York (1984)

. Roman, S.: More on the umbral calculus, with emphasis on the g-umbral calculus. J. Math. Anal. Appl. 107, 222-254 (1985)
. Srivastava, H.M.: Some characterizations of Appell and g-Appell polynomials. Ann. Mat. Pura Appl. 4(130), 321-329 (1982)
. Srivastava, H.M.: Some generalizations and basic (or g-) extensions of the Bernoulli, Euler and Genocchi polynomials. Appl.

Math. Inform. Sci. 5, 390-444 (2011)

. Srivastava, H.M.; Choi, J.: Zeta and g-Zeta Functions and Associated Series and Integrals. Elsevier Science Publishers,

Amsterdam (2012)

Srivastava, H.M.; Ozarslan, M.A.; Yilmaz, B.: Some families of differential equations associated with the Hermite-based
Appell polynomials and other classes of Hermite-based polynomials. Filomat 28(4), 695-708 (2014)

Zaghouani, A.: On some basic d-orthogonal polynomial sets. Georgian Math. J. 12, 583-593 (2005)

Publisher’s Note Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional
affiliations.



http://arxiv.org/abs/1505.05067
http://arxiv.org/abs/1512.03255v1
https://doi.org/10.1155/2013/328032
http://arxiv.org/abs/1606.04265
https://doi.org/10.1155/2014/868167
https://doi.org/10.1155/2014/868167

	q-Difference equations for the 2-iterated q-Appell and mixed type q-Appell polynomials
	Abstract
	1 Introduction and preliminaries
	2 Recurrence relations and q-difference equations
	3 Examples
	4 Further applications
	Acknowledgements
	References




