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Abstract In this paper, we study the partial differential equation

ou = k(t)Aqu — h(t)p(u),

u(0) = uop. M

Here A, = —(—A)“/z, 0 < a < 2, is the fractional Laplacian, k, 4 : [0, c0) — [0, co) are continuous
functions and ¢ : R — [0, c0) is a convex differentiable function. If 0 < ug € Cp (RY) N LY (RY) we prove
that (1) has a non-negative classical global solution. Imposing some restrictions on the parameters we prove
that the mass M (t) = fRd u(t,x)dx, t > 0, of the system u does not vanish in finite time, moreover we

see that lim;_, oo M (¢) > 0, under the restriction fooo h(s)ds < oco. A comparison result is also obtained for
non-negative solutions, and as an application we get a better condition when ¢ is a power function.

Mathematics Subject Classification 35K55 - 35K45 - 35B40 - 35K20
aildl

ity Lol Allaall 48 5l 038 8 pu s

Oy

1(0)

E(O) A u — h(D)o(u),
(1) A g — h(t)p(u) ”

1.

a
LB L A @i R - [0,00) 5 clibaie Ul k, h:[0,00) = [0,00) 5 cgomSl Ludd A: —(—A)2,0 < a > 2 &
Glo Glyanill (e gl e e SLls LSO Sa (1) Aabeal of @i <0 < uy € Cp(RE) N L (RY) <ils 13 Glias
limg_g, M() > 0 o U3 o ST ol Jy e iy (3 o235 Yy il M(2) = [Lqu(t, x)dx, t> 0 A8 o s collans gl

AU oS lasie Jumdl Loyl e dumni Glai€ s Al e Jolall L i dais Gle Jpnand) 8 [ h(s)ds < o0 Of ol iy

E. Ruvalcaba-Robles - J. Villa-Morales (<)
Departamento de Matematicas y Fisica Aguascalientes, Universidad Auténoma de Aguascalientes, Aguascalientes, Mexico
E-mail: jvilla@correo.uaa.mx

E. Ruvalcaba-Robles
E-mail: eric_ruvalcaba_robles@yahoo.com.mx

@ Springer


http://crossmark.crossref.org/dialog/?doi=10.1007/s40065-017-0167-3&domain=pdf

110 Arab. J. Math. (2017) 6:109-122

1 Introduction and statement of results

In this paper, we study the asymptotic behavior of the solutions to the nonlinear partial differential equation

oru(t,x) =k(@t)Aqu(t,x) —h(t)p (u(t, x)), (,x)e (0,00) x Rd,
u(0,x) = ugp(x), xe€ RY, 2)

where Ay = —(—A)*2,0 < a < 2, is the a-Laplacian (or fractional Laplacian).
The study of partial differential equations (PDE) with fractional diffusion begins with the work of Sugitani
[18]. He studied the explosive behavior of the solutions to the equation

alu = AO[M +(p(u)’
u(0, x) = up(x), x e R4, (3)

Since Sugitani’s work there have been many generalizations of (3). In fact, in some case, the reaction term
is multiplicative perturbed by a time-dependent function or furthermore if the parameter « is changed then
some systems of fractional PDE are considered, see for example [3,10, 12, 14] and the references therein.

On the other hand, the importance of modeling phenomena using fractional Laplacian is increasing. For
example, they arise in fields like mathematical finance, molecular biology, hydrodynamics, statistical physics
[17], also they arise in anomalous growth of certain fractal interfaces [13], overdriven detonations in gases [4]
or anomalous diffusion in semiconductors growth [19].

Therefore, our first concern is to demonstrate the existence of classical solutions of (2).

Theorem 1.1 Let us assume the following hypotheses:

(@) ¢ : R — [0, 00) is a convex differentiable function, (0) = 0 and ¢(x) > 0if x # 0.
(b) h:[0,00) = [0, 00) is a continuous function with h(x) > 0 if x # 0.
(¢) k:[0,00) — [0, 00) is a continuous function with k(x) > 0 if x # O.

‘ ; —1/a
(d) supsero.71 Ji ( I k(r)dr) ds < 00, VT > 0.
() ug € Cp(RY) N LY RY).

Under these conditions there exists a unique solution u € Cg’z ((0, T*) x Rd) of (2), for some T* > 0.
Moreover, if ug > 0 then u € C;’2 ((O, 00) X ]Rd) and u > 0.

The following example includes some of the results reported in the literature.

Example 1.2 Suppose that

k(t) = a1t +bie”, a1 >0, 01>0, y1 €R,
h(t) = apt®™ + bye™', ap >0, 02>0, y» €R,
o(x) = a3|x|e”*, a3 >0, o3>1, y3eR.

In this case we have

t t —1/a t t —1/a
sup / (/ k(r)dr) ds < sup / (/ (alr”'-l—b]e”’)dr) ds
te[0,T]1J0 K te[0,T]1J0 K

t t —1/a
< sup / (/ au’"‘dr) ds
tef0,71J0 \Js

= cB( ! L1 — l) sup ¢!-UFon/e,
1+O’1 o [0,T]

where B is the beta function. If « > o1 + 1 then the Eq. (2) has a unique solution.
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Since the fractional Laplacian A is an integral operator (see Sect. 2) most of the solutions of (2) are
interpreted in a weak sense (the solution is not necessarily differentiable). Thanks to an integral representation
of Ay, given in [5], it is possible to extend the domain of A,. Using such extension it is proved in [5] that
certain Hamilton-Jacobi equation, perturbed by A, has solutions in Cg ((0, 00) X Rd), when o € (1,2) and
in viscosity sense when « € (0, 1]. In our context the regularity of the solutions is mainly attributed to the
above conditions (a) and (d). In particular, when 2 = 1 and k = 1 we obtain the same condition as in [5].

Using the corresponding Duhamel equation associated with (2) we prove the existence of local solutions
to (2), through the Banach contraction principle (see step one in the proof of Theorem 1.1). Then we show that
such local solution can be extended (this is a usual way to get a global solution, see [1]).

Otherwise, we are interested in the asymptotic behavior of solutions of (2) when the initial datum is non-
negative. Here the main ingredient in the proof of the positivity of the solutions is a reverse maximum principle
obtained in [5]. The difficulty in the application of such principle is that the extremes have to be global, non
local as in the classical case. To deal with this problem is proved first that for fixed times the solution vanish
at infinity (see (29)).

Theorem 1.3 Let us assume the hypotheses of Theorem 1.1. Let u be the solution of (2) with ug > 0 and
[lugll1 > 0. For each t > 0 we set

M(t):/ u(t, x)dx.
RrRd

Then

(luolly) [
M) > [luolly exp {—‘”—”
||u0||u 0

Moreover, the limit lim;_, oo M (t) = M (00) exists and M (c0) > 0 iffoOo h(s)ds < oc.

h(s)ds} , Vt>0. 4)

We interpret M (¢) as the total mass of the system « at time ¢t > 0. If fooo h(s)ds < oo, then h vanishes
at infinity (lim;_, o, 2(#) = 0). This means that the contribution of the reaction term in (2) is very small for
large time, in such a way that the solution # does not vanish, almost everywhere, at finite time. In fact, this is
because the solution is positive and the contribution of the negative term is small. Moreover the system persists
at infinity. As we will see the proof of Theorem 1.3 uses strongly the convexity of ¢.

By K(t), t > 0, we mean the integral fé k(s)ds. Imposing an additional condition on the multiplicative
noise of the fractional diffusion term of (2), we have the rate of convergence in L” norm of the system u(z),
ast — oo:

Theorem 1.4 Assume the hypotheses of Theorem 1.3 are satisfied. If |, loo k(s)ds = oo, then

. 4(1-1)
lim K@)\ 7/ u(t) = M) p(K )l =0,

for each p > 1.

As we already mentioned most of the works in the literature deal with weak solutions of (2). For example,
[8] deals with the decay of mass of Eq. (2) inthecase k = 1,2 =1 and ¢(x) = xP, B > 1. More generally,
in [11] is studied the decay of mass when k() = t°, 0 > 0, h : [0,00) — [0, 00) is continuous and
¢(x) = xP, B > 1. In both works the existence, in the mild sense, of the respective solutions is assumed. A
basic ingredient in their proof of mass decay is the positivity of the solutions, as we could not find a specific
reference for such result we include a proof in Theorem 1.1. The positivity property of the solutions of (2),
when the initial datum is non-negative, is closely related to the maximum principle, and such principle is
commonly applied for classical solutions (see for example [1] or [15]). This is one of the reasons we need
classical solutions of (2) instead of mild solutions to ensure the positivity of such solutions.

If u and v are the solutions of (2) with initial conditions u#¢ and vg, respectively, then vy > ug implies
v > u (see Theorem 3.1 below). As a consequence of this comparison result, and assuming that ¢ is a power
function, we can weaken the condition fooo h(s)ds < oo in Theorem 1.3. The precise condition is given in:

Theorem 1.5 Let us assume the hypotheses of Theorem 1.1. Let u be the solution of (2) with ug > 0 and
lully > 0. If p(x) = |x|, B > 1, and

o0 d
/ h(s)K (s)" P Dds < o0,
1

then there exists M (00) € (0, 00) such that lim;_, oo M(t) = M(c0).
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The previous result is a generalization of Theorem 3.1 in [11], since the continuity of / : [0, co) — [0, c0)
implies fol h(s)ds < oo, an hypothesis required in [11].
Notice that K increasing implies

/Ooh(s)K(s)Z(ﬂl)ds < K(1)~#B-D /ooh(S)ds.
1 1

On the other hand, if we take 2 = 1 and
k(t) =e', Vt>D0,
then [;° h(t)dt = 00, and

o0 d o0 d
/ h(s)K (s)"aB~Dds = / ' — 1"« Dds < 0.
1 1

This means that in the particular case ¢(x) = |x|#, B > 1, we have a better condition for the convergence of
lim;—, oo M(t) = M(00).

The paper is organized as follows. In Sect. 2 we introduce the fractional Laplacian, A, and the fundamental
solution p(¢, x) of d;u = Ayu, some of their properties are also stated. In Sect. 3 we give the proof of the
theorems.

2 Preliminary results

Some important estimates depend on the properties of the fundamental solution { p(#, x) : t > O}of d;u = Aqu,
which is the transition density of a symmetric -stable process. Another analytical way of defining the functions
p(t, x) is through their Fourier transform

/Rd eHp(r, x)dx = e % v >0, zeR?, (5)

where - and || - || are the inner product and Euclidean norm in R?, respectively.
Moreover p(t, x) has the following helpful properties.

Proposition 2.1 Let p(t, x) be defined by (5).
(a) Foreacht > 0,

/ pt,x)dx = 1. (6)
R4

(b) Foreacht, >0, }
p@t+1) = p@)* p(). (7

(c) Foreach u > 1 there exists a constant ¢ = c(o, ) > 0 such that
_4(1_L)
NpOllp <ct «\ */, vVt >0. (8)

(d) The function (0,00) >t +— p(t,-) € Ly (R?) is continuous.
(e) The function (t,x) + p(t, x) is in C* ((0, 00) x RY).
(f) For eacht > O there exists a constant ¢ = c(a) > 0 such that

8 p(D)|]1 < ¢tV )

and
182p(0)|l1 < c 72, (10)

(g) Forevery f € L'(RY), we have
lim [[p(r) * f — Mp(®)[l1 =0,
11— 00

where M = [pq f (x)dx.
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Proof For the proof of (a), (b), (e) and (f) see [6]. The statement (d) is in [5], (c) and (g) are proved in [2,11],
respectively. O

The stochastic process X induces a strongly continuous semigroup {7; : t > 0} whose infinitesimal
generator is the closed operator A, (see [7]).

In what follows we denote by B, the ball of R? centered at the origin and of radius » > 0 and by S(R%)
the Schwartz space on R?.

An integral representation for Ay, 0 < o < 2, is given in [5]: Forall f € S(R?),allx € R? and all r > 0,

Ag f(x) = —c (fBr f(X+z)—Hg(|§3r;Vf(x)~de + funs, Nﬁ%@ , (11

where ¢ = c¢(«, d) > 0 1is a constant.
The expression (11) for A, allows to define Ay f € Cp, (R9) for each f e Cg (R4), moreover this extension
is continuous, see [5].

Proposition 2.2 Let Ay, 0 < « < 2, be the a-Laplacian with domain Cf, (RY).
(@) If f € Cg(Rd) and X is a global minimum of f, then
Ag f(x) 0. (12)

(b) If f € C}(RY), then
0 (p() x f(x)) = Ag (p(1) * f) (x), Vi>0. (13)

Proof The statement (a) is a trivial consequence of Theorem 2 in [5]. The formula (13) is proved in [6] when
d = 1. When f € S(RY) the expression (11) implies (13), the general case is proved using a density argument
(as in the proof of Proposition 1 in [5]). O

3 Proof of the results

In this section, we will give the proof of the main results stated in Sect. 1.
By B([0, T] x RY) we denote the space of all real-valued bounded measurable functions defined on
[0, T] x R4 1t is a Banach space with the norm

] = sup{|u(t,x)| (1, x) € [0, T] x Rd}.

The subspace of continuous bounded functions will be denoted by C;, ([0, T']x R?). In particular, if u € C(R%)
we denote, the uniform norm, by ||u]|,.

In what follows we denote by ¢ a positive constant whose specific value is unimportant and it may change
from place to place. Given the continuous functions £, k : [0, co) — [0, 00), for each t > 0 we set

H(t) = /0, h(rydr, K(t) = /Ot k(r)dr.
The Duhamel equation associated to (2) is
u(t, x) = p(K (1)) * uo(x) — /Ot h(s)p(K (s, 1)) * @(u(s))(x)ds, (14)
where
K(s,t) = /tk(r)dr, O0<s<t.

Proof of Theorem 1.1 The proof will be given in several steps.
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Step one (existence of a local mild solution): Let us define the function F : B([0, T] x R?) — B([0, T] x R?),
as

t
(Fu)(t, x) = p(K(1)) * uo(x) — /0 h(s)p(K (s, 1)) * @(u(s))(x)ds.

Ifu € {veB([0,T]1xRY): [|lv]]] <R}, R > 0, then (6) implies
t
[(Fu)(t, x)] 5/ p(K(t),y—x)lluolluder/ h(s)/ p(K(s, 1),y —x)@(l|lul|[)dyds
R4 0 R4

t
< lluollu + ¢(R) /0 h(s)ds.

Therefore
I Fulll < lluollu + @(R)H(T). (15)
On the other hand, if u, & € {v € B ([0, T] x RY) : |||v]|| < R}, then

t
|(Fu)(, x) — (Fu)(t, x)| 5/0 h(s)p(K (s, 1)) * |@(u(s)) — @(u(s))[(x)ds.

The convexity of ¢ implies (see Theorem 14.5 in [20])

@(b) — ¢(a)
b—a
where Dj is the left hand side derivative of ¢. Using this and u(s, x), u(s, x) < R, we get

lpu(s, x)) — (s, x)| = (D) (R)|u(s, x) —u(s, x)|.

= (Dp)(b), ifa <D,

Hence
|/Fu— Fulll < (Dip)(R)H(T)|||lu — ulll. (16)

If we take R* = ||ug]|, + 1 and

T < H! ( ! ) , (17)
14 @(R*) + (D1p)(R*)

we see that (15) and (16) verify the hypotheses of the Banach contraction principle. Therefore there exists a
unique solution # € B([0, T'] x R?) of (14).

Step two (continuity of u#): Now we will see that ug € Cp (RY) implies u € Cp((0, T*] x R?). The first thing
we are going to do is proving that u is continuous uniformly in x. To this end we use the integral representation
(14) of u. The continuity in ¢ uniformly in x of the first term in the right hand side of equality (14) is an
immediate consequence of (d) in Proposition 2.1. Now let us study the function

t
(I,X)f—>/0 h(s)p(K (s, 1)) * @(u(s))(x)ds. (18)

Choose an arbitrary and fixed point 7 € [0, T*]. Let n € R be such that 0 <7 +n < T*,

i+n f
|/0 h(s)p(K (s, + 1) * (u(s))(x)ds —/O h(s)p(K (s, 1)) * ¢(u(s)) (x)ds

i+n

i+n
/0 h(s)p(K (s, 7+ 1)) * (u(s))(x)ds — /0 h(s)p(K (s, 1)) * ¢(u(s))(x)ds

=

t

i+n
+/O h(S)p(K(s,f))*w(u(S))(x)ds—/O h(s)p(K (s, 1) * (u(s))(x)ds

—Inl

i+n| T*
< ol {/ h(s)ds +/0 h)lp(K (s, T+ 1) — p(K(s,f»mds}. (19)
t

; = @ Springer
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Using (d) of Proposition 2.1 we deduce
1 p(t,) € L'RY

is uniformly continuous on [0, K (T*)]. This implies the right hand side of (19) goes to 0, when n — 0. Hence
we have the continuity of # uniformly in x.
Fix an arbitrary point (7, ¥) € (0, T*] x R?. The properties of the convolution operator implies

x > p(K(©) * ug(x),

is a continuous function, and from the dominated convergence theorem we deduce that the function

x'—>/0 h(s)p(K (s, 1)) * ¢ (u(s))(x)ds

is continuous. From (14) we get

lu(t, x) — u(t, )|
< |p(K () * ug(x) — p(K(£)) * uo(x)]

t

t
+ fo h(S)p(K(S,t))*(p(M(S))(X)dS—/0 h(s)p(K (s, 1)) * o (u(s))(x)ds

+p(K (D) * ug(x) — p(K (1)) * uo(¥)|

t

t
+ /0 h(S)p(K(s,f))*(p(u(S))(X)ds—/O h(s)p(K (s, 1)) * @(u(s))(X)ds| .

The previous observation and the continuity of « in ¢ uniformly in x implies that the right hand side of the
above inequality goes to 0, when (¢, x) — (7, X).

Step three (spatial regularity of u): If ug € CZ(Rd) we will see that u(t) € Cl%(]Rd), t > 0. If u were
differentiable we would have, by (14),

t

Oxu(t, x) = 0y p(K (1)) * uo(x) — x /O h(s)p(K (s, 1)) * @(u(s))(x)ds.
We are going to see that each term, in the above expression, is in fact differentiable. The differentiability of

p(K (1)) * ug(-) follows from (e) of Proposition 2.1 and Lemma 2 in [5]. To prove the differentiability of the
second term we consider the function

=6
X > /0 h(s)p(K (s, 1)) * @(u(s))(x)ds,
where 6 > 0. The convolution operator properties and (9) yields

19 (P(K (5, 1)) % 9(u(s))) ()] < @(lullDK (¢ — 8, 1)~ /.
Therefore, see Theorem 2.27 in [9],
t—48

18
Sx/() h(S)p(K(S,t))*(p(u(S))(X)ds=/0 h(s)(0x p(K(s,1))) * ¢ (u(s))(x)ds. (20)

Using a classical result on uniform convergence (see Theorem 7.17 in [16]) we have the right hand side of
(20) converges uniformly on R to the function

t
X / h(s)(0x (p(K (s,1)))) * @(u(s))(x)ds.
0
The property (9) of p implies that such function is well defined because our hypotheses implies

t
/ h(s)K (s, 1)~ /%ds < 00, > 0.
0

@ Springer



116 Arab. J. Math. (2017) 6:109-122

Inasmuch as

t t—§
3x/0 h(s)p(K (s, 1)) * @(u(s))(x)ds =giﬁ)18x/0 h(s)p(K (s, 1)) * (u(s))(x)ds

=8
= lim h(s)(0x p(K (s,1))) * p(u(s))(x)ds
840 Jo

t
= /0 h(s)(9x p(K (s, 1)) * @(u(s))(x)ds.

In this way we get, for0 <t < T*,

t
deu(t, x) = By p(K (1)) * uo(x) — /0 h(s) (3 p(K (s, 1)) * 9(u(s))(x)ds, 1)
with
t
8, u()]l] 5c||uo||u1<(r>—1/“+c<o<|||u|||)/0 h(s)K (s, 1)""/%ds.

To see that u(t) € C7(R?) we take af > 0. Using (14) and (7) we have, for t > 7,

t

u(t,x) = p(K(, 1) * u(®)(x) —ﬁ h(s)p(K (s, 1)) * (u(s))(x)ds. (22)
t

Proceeding as in the deduction of (21) we obtain

t
ou(t, x) = (0 p(K (7, 1)) * (d,u(D)) (x) —/~ h(s)(3x p(K (5, 1)) * ¢ (u(s))u(s)(x)ds.  (23)
13

The second term on the right hand side is well defined because it is bounded by

t S
c/ h(s)K (s, 1)V (| ull]) (K(s)“/“+/ h(r)K(r,s)—‘/“dr)ds
i 0

t€[0,7*]J0 te[0,7T*]

2
t 1
<c{K®O* sup /h(s)K(s,t)_l/“ds+< sup /h(s)K(s,t)—l/“ds)
0

2
!

§c(1+K(f)_1/°‘)2 14+ sup h(s) sup /K(s,t)_l/“ds )
te[0,7T*] t€l0,T*]1J0

Due to f > 0 is arbitrary we get u(t) € Cbz(Rd), t > 0.
It is worth mentioning that using (10) we can see from (23) that the differentiability of ¢ can be replaced
by the hypothesis

t
sup / K(s,1)"?/%ds < 0o, Vi>0.
1e[0,7*1J0

Step four (temporal regularity of #): We just indicate the main steps, in Section 5.2.2 of [6] a detailed proof for
a similar case is given. The temporal differentiability of u follows from the temporal differentiability of each
term in the right hand side of the equality in (14). Using (13) the differentiability of the first term is given by

9 p(K (1)) * uo(x) = k(1) Ag (p(K (1)) * o) (x).

To see the differentiability of the second term we proceed as in the spatial case. Applying the Leibniz rule,
for § > 0, we obtain

t—8 1=4
at/o h(s)p(K (s, 1)) * @(u(s))(x)ds = /0 h(s)0: (p(K (s, 1)) * @(u(s))) (x)ds
+h(t —8)p(K(E —46,1)) xpu(t —38))(x). (24)

; = @ Springer
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Since A, is a closed operator (it is the infinitesimal generator of a Cy semigroup)

=8 t—8
/0 h(s)9;(p(K (s, 1)) * @(u(s)))(x)ds = Ay (k(f)/(; h(s)p(K (s, 1)) * <P(M(S))ds) ().

What we have done in the spatial regularity allow us to apply Proposition 1 in [5], therefore

18
/O h(s)3; (p(K (s, 1)) * ¢(u(s)))(x)ds

converges, as § — 0, to

t
Agy (k(t)/0 h(s)p(K (s, 1)) * </>(M(S))d8> (x).

The convergence of the second term in the right hand side of (24) follows from the following estimation

|p(K(t —36,1)) % ot —8))(x) — u())(x)]
< @' (UlulDlu(t = 8) —u@llu + |p(K = 8,1) % pu(®)) — ¢u(®))|(x). (25)

In fact, the first term, in above inequality, goes to O, when § — 0, because u is continuous in ¢ > 0 uniformly
in x. On the other hand, since ¢ (u(¢)) € Cp (R?) then the convolution operator properties implies that also the
second term in (25) goes to 0, when § — O (in this case K (t — §,¢) — 0).

Therefore, using (14) and the linearity of A, we obtain

dru(t, x) = k() Aa(p(K (1)) * uo)(x)
— k() Aqy (/Ot h(s)p(K (s, 1)) * w(u(S))dS) (x) = h(D)p(u(t, x))
= k(1) Aqu(r)(x) — h(D)e(u(t, x)).
Step five (u is non-negative): Let us define the function g : [0, T*] — R as

g(t) = inf u(t, x).
xeRd

The function g is well defined because u(t) € C »(RY), foreach t € [0, T*]. The continuity of « in # uniformly
in x implies the continuity of g. Hence there exists a f € [0, T*] such that

f)y= inf g().
(1) teE&T*]g()

The convexity of ¢ and ¢(0) = 0 implies

p(2) < lel, Vz € [-R*, R*]. (26)

Using (14) and (26) we obtain

t
[u()I1 < [luoll1 +C/ h(s)|lu(s)|1ds, 0<t=<T"
0
Gronwall’s lemma allows to obtain
u@)]1 < [luolly (1 +c H(T") exp {CT* %a}i ]h(t)}), 0<t=<T"
tel0,T*

Hence (26) and the above inequality imply

oIl < cllu@®ll < clluolh, 0=<t=<T" 27)
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Since p(K (1)) * ug integrable, lim supy|y||_, oo P(K (1)) * ug(x) = 0. Also (27) implies

lim sup o(u(t, y — x)) = limsup (u(t, x)) =0, V(¢,y) € [0, T*] x RY. (28)

[|x][—00 ||x]]— o0
Moreover, for each x, y € R4, 0 < s <1, wehave

h(s)p(K (s, 1), V)p(u(s,y — x)) < p(K(s, 1), y)sO(IIIMIII)serR)a)Tg]h(S).

The integrability of p(K (s, f)) allows us to use the dominated convergence theorem, then (28) and (14) imply

lim |u(f,x)| =0. (29)

[]x]| =00
Let us suppose that g(f) < 0 and 7 > 0. By (29) there exists a M > 0 such that

lu(t, x)| < |g;_t)|, Y||x|| > M. (30)

Since u(f) € Cp(R?) there exists a ¥ € R?, ||X|| < M, such that

u(,x)= inf u(f,x) = inf u(f,x)=g@) = inf u(t, x),
[lx[l=M xeRd (t,x)€[0,T*]xR4

where the second equality is due to (30). This implies d;u(f, ¥) = 0 and Ayu(f, ¥) < 0, where we used (12).
Then (2) implies (u(f, X) = g(f) < 0)

0 < h(D)eu(t, X)) = k() Aqu(r, X) < 0.
Therefore g(#) > 0 or f = 0. Such contradiction implies u(t, x) > 0, for each (¢, x) € [0, T*] x R4,

Step six (global existence): The global existence will be proved using the common technique of extending
the local solution (see for example the proof of Theorem A in [1]). By u; we denote the positive solution of
(2) obtained in step one (see also step five). Let us consider the Eq. (2) with initial condition u(7*). Since
u1(T*) > 0 we deduce from the a priori estimate (14) that ||u1(T*)||, < |luoll,. Repeating the step one
we obtain a solution v, € B ([O, T**] x ]Rd) of (14) with initial condition u{(7T*) and |||v2|||] < R**, where
R* = [|lu1 (T*)||, + 1 and

T < H™! < ! ) )
I+ @(R**) + (Dj@)(R*™)

Inasmuch as H and ¢ are increasing in (0, 0c0), and R** < R*, then we can take 7** = T*. Now combining
u; and vy we define, for each x € R?,

ui (1, x), 0<r=<T

ur(t, x) =
vt —T*x), T"<t<2T*.

The property (22) of the integral equation (14) implies that u; is the unique solution of (14) on [0, 27*],
with initial condition u¢. In this way we can apply the steps two—five to obtain the unique non-negative solution
of (2) on [0, 2T™*]. Proceeding inductively we get the global solution to (2). O

Proof of Theorem 1.3 Integrating the Eq. (14) with respect to x and using (6) we obtain

t
f u(t,x)dX=/ uo(y)dy—/ h(S)/ @(u(s, y))dyds. (€19
Rd Rd 0 Rd

Since u > 0, then (31) implies the function M (¢) = [|u(¢)||1, ¢ > 0, is bounded and monotone decreasing,
hence M (0c0) = lim;_, 5o M (1) exists.
The convexity of ¢ and ¢(0) = 0 produces

@(lluollu)

x, ¥x € [0, [luollul,
[luollu

px) <
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thus (31) and [[|ul|| < [luoll, yields

t
M) > Nuolly — LMD [ m(s)ds.

uoll. Jo

Let us denote by y the solution of the ordinary differential equation

d __ @(luollu)
ay(t)— ol h(®)y(t),

y(0) = l[uoll1- (32)
The comparison theorem for ordinary differential equations implies
M(t) = y(t), Vt=>0.
Solving (32) we get (4) and the last statement of the result is an immediate consequence of (4). O

Proof of Theorem 1.4 The proof will be divided in two cases.
Case p = 1: Let us take ¢ > 7. The Minkowski inequality yields

llu(t) = M(00) p(K(t)|l1 < llu(®) — p(K (&, 1) * u(®)]h
+HIp(K (@, 1) % u(@®) — M@ p(K (&, 0))lh
+HIM@DpK(E, 1) — M@ p(K 1)l
+HIM @) p(K (1)) — M(c0) p(K (1))]]1- (33)

From (31) and an expression analogous to (22) we have
t
ﬁ h()lleu(s)Ihds < [u@ll1 < |luoll, VYt >1,
t

this and (22) implies

limsup ||u(t) — p(K (7, 1)) * u(D]]1 < / h(s)llgu(s))l1ds < oo. (34)
t

11— 00

Given that [ ]oo k(s)ds = oo we can apply (g) in Proposition 2.1 to deduce
Jim [Ip(K (7, ) % u@) = M@)p(K T D)l =0, Vi>0.
— 0

Using again (g) of Proposition 2.1 and (7) we have

Jim ||M(@®)p(K (i, 1) = M@ pKO)lh

=0.

= M) Jim HP(K(f, ) * p(K (D) — p(K(7, t))/R]P(K(f),X)dx
“ 1

In this way from (33) we get

limsup limsup ||u(r) — M (c0) p(K (1))|]1 < lim Supﬁ h($)Ilgu(s)1ds
t

—00 =00 —00

+limsup |M (f) — M (oc0)| =0,

11— 00

where we have used (34) and Theorem 1.3.
Case p > 1: From Holder’s inequality we get

lu(t) — M(00) p(K (0]l < lu(t) — M(00) p(K )1}/ llu(r) — M(00) p(K ()13, (35)
The Minkowski’s inequality and the elementary inequality

(a+b)° <25@® +b%, V¥8,a,b>0,

; = @ Springer
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can be used to obtain
lu(®) = M©)p(K )13, 7 = 272 (1)1, 77 + 1Mo p(K ()13, /7). (36)

From (14) we see
0 <u(r,x) < p(K@)) *up(x), VY, x) € (0,00) x R?, (37)

thus Young’s inequality allows to write
u@ll2p—1 = [luolli [l p(K@)Il2p—1-

Substituting this estimation in (36) and using (8) we get

) = M PRI = ek @ (2, vis o (38)

Substituting (38) in (35) we see that the result is consequence of the case p = 1. O

The next result is important for itself and its scope of application in the study of path behavior of positive
solutions of (2) is broad.

Theorem 3.1 (Comparison) We assume the hypotheses of Theorem 1.1. Moreover we assume ug, vo €
Cb(Rd) NnL! (Rd). If u and v are solutions of

du = k(1) Aqu(r) — h(D)@(u(1)), u(0) = uo,
and

9v = k(1) Agu(t) — h(D)e (1)), v(0) = vo,
respectively, and vo > ug > 0, then v > u > 0.

Proof Because of u > 0 and v > 0, then |||u||| < |luol|, and |||v]|| < ||vo||,. Let us take an arbitrary T > O.
Using the mean value theorem we can find 1 (¢, x) € (0, ||vg||,) such that

e((t, x)) — @u(t, x)) = ¢'(n(t, x))(v(t, x) — u(t, x)).
Let us set w = v — u, then

orw(t,x) = k(t)Aqw(t, x) — g(t, x)w(t, x),
w(0) =vg —ug >0, 39)

where
g(t,x) = h()¢'(n(t, x)).
The function ¢ is measurable and

lg(t,x)] < max h(s)¢'(lvolla), Y(t,x) € [0, T] x R%.
s€[0,T]

‘We will consider the function
2@t x) = w(t, x)e’, (t,x) €[0,T] x RY,
where y = max {|g(t, x)| : (,x) € [0, T] x R?} + 1. From (39) we get

0z =k(t)Agz — (g — V)2,
z(0) = w(0).

Proceeding as in step five of Theorem 1.1 we can find a (7,%) € [0, T] x RY such that 2(f, %) =
inf {z(z, x) : (t,x) € [0, T] x R?}, then

0> k() Ayz(t, %) = (g(7, X) — y)z(1, X).

From this we deduce z(7, ¥) > 0. Hence w(#, x) > 0 for all (¢, x) € [0, T] x R?. Thenwe let T — co. O
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As an application of the comparison theorem, we give a different condition of Theorem 1.3 for the conver-
gence of lim;_, f]Rd u(t, x)dx when ¢ is a power function.

Proof of Theorem 1.5 From (37) we have

lu (@)1l < 11K () * uol[§.
Applying twice the Young’s inequality

[Ip(K (1)) *uollp < [Ip(K(@)|lplluollr and [|p(K (1)) * uollg < [|p(K())|l1lluollp-
Thus

a1l < min { Il pK E)IGluollf. 117K I uol ]
From (6) and (8) we obtain
a1l < min ek )75 P lugl 1}, luol ] (40)

For each 0 < ¢ < 1 we denote by u, the solution of the differential equation (2) with initial condition eu.
Setting

M(1) =/ ug(t, x)dx, =0,
R4

we see from (31) that
t

Me0) = eluolly = [ o)l )lds. 1= 0
0
Letting t — o0,
1 [ B
Me(00) = ¢ {lluolly = | () llue()lds | (41

Using the inequality (40) we have

L[ o [ . _dp

S [ o <t [ hemin {ex 62l ol ds

0 0

Since B > 1, then —g (B — 1) < 0, therefore

1 [ r 00 4
-/ h(s)||u8(s)||gds§cs’3_l / h(s)ds+/ h(s)K (s)~"a®=Dgs !,
€ Jo 0 i

for some 7 > 0 large enough. This implies

l o
limsup—f h(s)||u8(s)||§ds —=0.
& Jo

e—0

Due to ||ug||1 > O we can take 0 < & < ||ugl|1/2 such that

L[> B luoll1
- h(s)||ug(s)])zds < .
8/0 ) (s)115 >
Hence, the expression (41) yields
e
M (00) > Elluolh-
The Theorem 3.1 implies u > u, > 0, then M (c0) > M (co0) > 0. O
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