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Abstract In this paper, we introduce (p, g)-Bernstein Durrmeyer operators. We define (p, g)-beta integral
and use it to obtain the moments of the operators. We obtain uniform convergence of the operators by using
Korovkin’s theorem. We estimate direct results of the operators by means of modulus of continuity and Peetre
K -functional. Finally, we find Voronovskaya-type theorem for the operators.
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1 Introduction

In the last two decades, various mathematicians have introduced g-analogues of different discrete and contin-
uous operators and investigated their approximation properties (for a detailed study, see [8]). One may refer
to [11,16] to study notation and details of quantum calculus.

We begin by recalling certain notations of (p, g)-calculus (for details see [9,15,22,23]).

Let0 < g < p < 1. The (p, g)-integer [n], 4, and (p, g)-factorial [n], 4! are defined by

[n]lpyg=——— n=0,1,2,...
P b —q
[(1pq2lpg - [nlpg, n=1

For integers 0 < k < n, (p, g¢)-binomial is defined as

|:ni| _ [n]p,q!
k1, [Klpglln—klpg!
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The (p, g)-polynomial expansion is

(x+3he =G+ y(px + g P+ g% y) - (P x +q" 1),

Let f : [0,a] — R. Then (p, g)-integration of a function f is defined by,

> 1.

a X 4k ¢
f(x)dpgx = (p —g)a —f (—a) , when |=
/0 P ; Pkt \ phtl q

In 2015, Mursaleen et al. [17-21] introduced (p, ¢)-Bernstein operators and its variant. Very recently, Acar
[1] introduced (p, g)-analogue of SZasz—Mirakyan operators and after his construction Sharma, Gupta [25]
introduced Kantrovich modifications of (p, g)-SZasz—Mirakyan operators.

ForO0<g < p <1,neNand f € C[0, 1], (p, g)-Bernstein operators are defined as:

S Ptk
B}gl’»‘])(f;x) — p—n(n—l)/z Zb;{)ﬂ)(x)f( P,(I)’

k=0 [lp.q

where b,(ll7 ’Q)(x) is basis of (p, ¢)-Bernstein given as

— n _
b,gf),;q)(x) _ Pk(k 1)/2 |:k] xk(] _ x)r;’qk.
P-4

By using identity > ;_, phtk=D7/2 [Z] ka1 — x);’,;]k = p"=D/2 ‘moments of (p, g)-Bernstein operators
p.q
can be obtained as:

Lemma 1.1 Let0 < g < p < 1 andn € N. We have

B V(15 x) = 1

BV (t; ) = xp™"

—n—1 —2n
n—1
Br(lp,q)(tz; x) p [ ]P,lip qxz

B [n]p,q [n]p,q

Bernstein polynomials, their Durrmeyer variants and SZasz operators which are generalization of Bernstein
polynomials have been studied intensively by many researchers; for details one may refer to [2-7,13,14,24,26].
Motivated by these operators, we introduce (p, g)-Bernstein Durrmeyer operators for0 < g < p <1,n € N
and f € C[0, 1] as:

n -k r1
; —n? : 4q :
DYV (fix) =+ 1pgp™ D b5 (x) (—) / b (g f (D dp gt
k=0 p 0
Clearly, for p > 1, (p, g)-Bernstein Durrmeyer operators coincide with g-Bernstein Durrmeyer operators
[12].

To obtain the moments of proposed operators, we first define (p, g)-beta integral.

Definition 1.2 For0 < g < p <l ands,t € RT, (p, g)-beta integral is defined as:

1
ﬁ,,,q(t,s)=/0 X = g dp g (1.1)

In the next lemma, we give relation between (p, ¢g)-beta integral and g-beta integral.
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Lemma 1.3 For0 <qg < p < lands,t € R", we have
Bpg(tos) = pt= PO, 1),
where B,/p(t, s) is q/ p-analogue of beta function.
Proof First, we show thatfor0 < g < p <1
a a
fx)dpgx = f(x/p)dg/px. (1.2)
0 0
Using definition of (p, g)-integration and g-integration of a function f € C[0, a], we have
a 00 k k
q q
/ f)dp gt =(p—qla Z —=i/ (k—Ha)
0 = p
00 k k
q a(q
=<1—qn»a§:(—).f —(—)
i—o \P P \p
a
:A f(x/p)dq/px~
By using Equality (1.2) and identity (1 — x)’, , = pr=D/2( — x);/p, we get
1
Bp.q(t,s) = /O X =gty gx
1
=t/1<x/pf‘*<1——qx/p>;;cg/px
0
1
= /0 (/p) T pUTVETDRA — g/ payy Ny
_ p(sf1)(s72)/27(z71)ﬂq/p(t, 5).
O

2 Moments

In this section, we obtain the moments for purposed (p, g)-Bernstein Durrmeyer operators. We also estimate
mth-order moments of the operators and obtain uniform convergence of the operators using Korovkin’s type

theorem.

Lemma 2.1 Fors =0,1,2,3..., we have

1 k
Dy s 0\ s nrzsanyz [1pgllk+ s]pg!
/ b,(lpkq)(qt)tbdp,qt — (_) p kspn(n+2s+1)/2 P'q p.q -
0o p [klpg'ln+s+11p4!

Proof By Lemma 1.3, we have
! (p.q) k(k—=1)/2 | 1 ! k. k k
/0 b g dy gt = pHEPR Y /0 Pq (1 — g0y fdp gt
P

= pHED I gh By Gtk Ln—k+ 1)
- -P9g

— pk(k—l)/z n qkp(n_k)(n_k_1)/2_(S+k)ﬁq/p(S + k + 1’ n— k + 1)

- -P9q
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[1]1,!l514!
TsH+1]g!

Using B, (t + 1,5 + 1) = and [n], 4! = p”("_l)/z[n]q/p, we get

1
/ bflp,;q)(qt)tsdp,qt _ pk(k—l)/z [Z} qkp(n—k)(n—k—l)/Z—(s+k) [s +klg/p!ln = klg/p!
o pq [n+s 4 1g/p!

p

_ k=D [’1} g prTO U D 2= (R (s H1/2 [s +klp.g'ln —klpg!
- k
p.q

[n+s+1]p.4!

k
_ (2) pks prnt2s+1/2 [7]p.q'lk 4 51p.q! _
P [k]p’q![n+s+1]p,q!

Lemma 2.2 Let0 < g < p <1 andn € N. We have

D (1;x) =1,

1
P .. n
D t;x) = —(p" +qlnl, 4x),
n ( ) [ z]p,q( [ ]p,q )

P+ QP+ (p+)%qp" nlpgx + ¢ nlpgln — 11, 4x>
(n+2lpqln+3lp4 '

DI (1% x) =

Proof Using Lemma 2.1 for s = 0, 1, 2, we have

1 k
(p.9) _ (4 n(n+1)/2 1

b (gndp 4t = (—) p P E—

/0 nk 4% P [n+1lpq

1 k k+1
/ tbflp,;q)(qt)dpﬂt _ (Z) p—kpn(n+3)/2 [k +1]pq
0 g p [n + l]p,q[n + 2]p,q

1 k
/ tzbflp,;q)(qt)dp,qt _ (2) p—2kpn(n+5)/2 [k + l]p,q[k + 2]17161 )
0 ’ P [n+1]p 40 +2]p4ln +3]p4

Using Equality (2.4) and Lemma 1.1, first moment can be found trivially.
Also, by using Equality (2.5), Lemma 1.1 and [k + 1], 4, = Pr+ qlklp.q, we get

[k +1]p.4
[n+ l]p,q[n + 2]p,q

n
)
D’(lpsq)(t;x) — [n+l]p,qp n Zb(,l’ Q)(x)p —k H(YH-’%)/Z

Q2.1
(2.2)

2.3)

2.4)

2.5)

2.6)

(n]p.q

k=0
1 2 - )
_ (—n*+3n)/2 (p.q —k, k
=—F"7pD E by x)p(p +qlklp.q)
[n +2]p,q — n,k p.q
1 [n] _y Lk]
( n%+3n)/2 b(” q)(x)+ j X (—=n%+3n)/2 b(p ) kXlp.q
z —p q Z (xX)p
T+ 20 q n+2lpg =0
1 np(p.q) [n ]Pq (p.q)
=—p"B,"V (1 x)+ ———p"gB," " (t; x
[n+2]p,qp w15 x) [n+2]mp qB; (15 x)
1 n [n]p.q

— p X
[+ 20pg . [+ 2pg

1 n
= m(ﬁ +qlnlpqx).
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Finally, using Equality (2.6) and Lemma 1.1, we have

n

—n2 _
D,(,p’q)(t2; x)=[n+ l]p,qp n befléq)(x)p 2kpﬂ(n+5)/2
k=0

[k +11pqlk +2]p4
[n+ l]p,q[n + 2]p,q[n + 3]p,q

1
B [n+ 2]p,q[l’l + 3]p,q

n
_n2 _
pEIRS D () p R (pF 4 k1) (P + @) PF + ¢P K pg)

k=0
(r+9) —n? o
_ (—n*+5n)/2 Zb;{)kq)(x)
[n+2]pqln +31pq k=0

42q+P)nlpg (24502 ib(p’q)(x) pr1klp.q
[n+2]pq4ln+3lp,4 =0 n.k [n]p.q

31,12 n —k 2
q’[nl3, _2 plklp,
g p( n*45n)/2 bef,;q)(x) ( g
k=0

(n 421400+ 314 [(n]p.q
_ 1 2n
Tt 2lpgn+ 31"
< ((p+ DBV (150 + g2g + Pty B @ 0) + ¢ nl}, B (% )
1
T+ 204l 4315,
x ((p + @) p™ +qQq + p)p"[nlp.gx + @ [nlpq (P 'x + [0 — 11, 4qx%))
P+ P + (p+ ) %qp" nlpgx + g [n]pqln — 11 4x>
[n+2]pqn+3lpq

O

Remark 2.3 For p = 1, the above moments coincide with moments of g-Durrmeyer operators due to Gupta
[12].

Remark 2.4 Central moments of (p, g)-Durrmeyer can be obtained as

_ P+ (glnlp.g — [n+2]pq)x

Dr(tp’q) - 2.7
(t —x;x) [0+ 20, 2.7)
D(p’q)((t —x0)2x) = (44[71]17,(1[” — Upg —2q(nlpqln +31pq +n+2]p4ln + 3]p‘q)x2
n ’ [n + 2]p,q [I’l + 3]P~q
n (p+ q)qu”_l[l’l]p,q —2ptn+ 3]p,q)x + (g + P)p2n ) (2.8)

[n+ 2]p,q [n+ 3]p,q

Remark 2.5 For g € (0,1) and p € (g, 1], by simple computations, lim, . x[n]p,4 = 1/(p — q). In order
to obtain results for order of convergence of the operators, we take ¢, € (0, 1), p, € (gn, 1] such that
lim, o0 ppn = landlim, -~ g, = 1, sothatlim,_, m = 0. Such a sequence can always be constructed,
for example, we can take g, =1 — 1/n and p, = 1 — 1/2n, clearly lim, . p); = e~ 12 1im,_, o0 q, = e !

and limy .o G — =0

n-4qn

Remark 2.6 Let (p,), and (g,), be sequences as defined in Remark 2.5 and lim;, . o0 p); = a,lim, .o pj; = b
for0 <a,b < 1. We have

lim [n]pn,q”D,(,p’q)(t —X;Xx) =a+ox,
n—oo

lim [n],, 4, D"V ((t — %) x) = x(yx + 2a),
n—oo

where a = lim;, , »o[n]p,.¢,(qn — 1) and y = lim, . [n]p, 4, (qf; —2q, + 1).
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Theorem 2.7 Fors > 0, sth order moment of (p, q)-Durrmeyer operators are given by

N
Pa) s, o InH1lpglt ) i @),
D) = pe e 2_Cils p)lnlp B 0),
i) j=0
where C(s, p,q) for j =0,1,2,...,s are constants.

Proof For s > 0, using definition of operators and Lemma 2.1

[n]pq!lk + 51p.q!
klpglln +5s+1]p 4!

n
_n? _
D,(f’q)(ts; X)=[n+11,4p n Zbr(lf?];q)(x)p kspn(n+2s+1)/2
k=0
n

p DR pn N7 D (1) p S [k 4 11 gLk + 21 g - Tk + S]pg-
k=0

_n+ 104!
T ETES T

Using equality [k + jlp.q = pk[j]p,q + qj[k]p,q, we have

k4 Upglk +20pg -k +51pq = [ [(P*Lilpq + a7 K]pg)

j=1
S . .
=D Ci(s, p, P kT4,
j=0
where Cj(s, p,g) for j =0, 1,2, ..., s are constants. Finally, using above equality, we get
(p.9) [n+ 1pq! o (.0) S k :
P:q) (.. _ p.q-: —n(n—1)/2 _ns P.q —ks . s—jrp1/
A R T P 2 bl P D Cits ppt Ik
’ k=0 j=0
] J
n+10pq! N =12 — . (.a) P Klpq
= —F——"D Ci(s, p,Plnlpqp™"" by O\ —
[+ 5+ 114! ; ’ i k; mk [n1p.q
n+1pq! i ppa) .
— > Ci(s,p,)nlyqBy " (; x).
TESERTL EO i, P DIl g BT (0 x)

O

Theorem 2.8 Let (p,), and (qn), be sequences as defined in Remark 2.5. Then for each f € C][0, 1],
D,(lp"’q”)(f; .) converges uniformly to f.

Proof By Korovkin theorem, it is sufficient to show that limy_ e | DS (ep; ) — emll = O for e, = ™,
m=20,1,2.

Using Eq. (2.1), result for m = 0 is trivial.

For m = 1, result is obtained using Eq. (2.2), as follows:

Jim 1D ) =il < lim | +pzz]_pmqn Jim | ["]”"[;i’"fzﬁ',:2]””"’")
=0.
Finally, using Eq. (2.3), we get
(Pn +4)Py"

lim | D% (ey: ) — ea]| < lim
n—oo n—oo

[n + z]pn,sz [n + 3]anqn

(Pn + 90)*an Py 1),
[I’l + 2]anqn [I’l + 3]Pnﬂn

+ lim

n—oo

4n[n1p,q,n = Up,g, 1
n—-oo

[I’l + 2]pny‘1n [n + 3]Pns11n

=0.

The proof is now complete. O
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3 Main theorems

For f € C[0, 1] modulus of continuity w( f, §) for § > 0 is defined as
o(f,8) = sup |f(x) = f

[x—y|<8:x,y€[0,1]

and modulus of continuity of second order is defined as

w2 (f.8) = sup |f(x +2h) — 2f(x + h) + f(x)].
|h|<8;x,x+h,x+2he[0,1]

Peetre’s K -functional is defined by
K>(f,8) = inf {IIf —gll +8lg"I},
gew?

where W2 = {g € C[0,1] : g, g" € C[0, 1]}. By [10, p. 177, Theorem 2.4], there exists a positive constant
C > 0 such that K>(f,8) < Can(f, v/3),8 > 0.

Theorem 3.1 For f € C[0, 1],
1D (£ (1) = £(x): X)| < 20(f nn (X)),

where 1,/ (x) = \/D,(,p”’q")((t —x)2%; x).

Proof By linearity and monotonicity of operators, we get
DL (F @) = f0; 0] < DPINAF @) = F); ).
By using property of modulus of continuity | () — f(x)| < o (f, n,) (1 + “;—nxl), we get

1
DL () = F): 0| < @(f ) (1 + n—/ D (= x)?; x)) ,

taking 1, = \/D,El’""’") ((r = x)%; x), we finally get result. O

Theorem 3.2 Let (py,), and (q,)n be sequences as defined in Remark2.5. Let f € C[0, 1]. Thenforalln € N,
there exists an absolute constant C > 0 such that

|D,(f’""]")(f; x) = f)] = Can(f,8,(x)) +o(f, an(x)),
where 8,(x) = (D" ((t — x)%; %) + (D (¢t = x; ))?)2 and a(x) = DL (1 — x; x).
Proof For x € [0, 1], we consider the operators D} (f; x) as

D(f1x) = D™ (f16) + f(0) = f (—p n "”[”]”""’"’“) .

(n+21p,.q,

Using above operators and Eq. (2.2), we immediately get D(t —x;x) =0.Forx € [0, 1]and g € W? using
the Taylor’s formula, we have

t
g(t) = g(x) +&'(x)(t —x) +/ (t —u)g" (uydu.

Therefore,

t
Dy(g:x) — g(x) = g’ () D;((t — x); x) + Dy (/ (t —u)g" (u)du; X)

1
— D}gpnxq”) (/ (t _ u)g”(u)du, x)
X

Prtannlpy,gn*

[7+2Tp1 g (p;,’ + gqnlnlp, g, %
X

—u ) g’ (w)du.
[l’l + Z]Pnﬂn ) ¢
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Finally, we have

t
1D (g: x) — g(x)] < ‘Dﬁ””*‘f") ( / (t — u)g" (u)du; x)‘

Phtanlnlpy g x

(+21pnqn pI':Ll + qn [”]Pn,qnx
_l’_ - - @ o
X

—u) g’ (w)du
[+ 21p,.q, )g

"+ gnln X 2
pn qu[ ]pnvqn _x) ”g//“

< ||g”||D,i"”’q")(<r—x>2;x)+( It 3]
Pnsqn

=520)lg" -

Also, we have

IDE(fi 0 < DY (Fr 0] + 20 £1 < 3£

Therefore,

DT x) = fO] < DI = g:x) = (f = ()] + ‘f (
+1D;(g: x) — g(x)|
<IDi(f — g0+ 1(f — @)+ 'f (
+ 1D (g; x) — g(x)|

§4||f—g||+w(f;

Pn +Qn[”]pn,qnx) B
it 2 )T

P+ qnlnlp, g,x
[I’l + 2]Pn»qn

)—f(X)

a0
[n]pn,qn (Pn +qn)

+ (gn — Dx ) +82(x0)lg" -

On taking infimum on right-hand side over all g € W2 and by definition of K -functional, we get

ID’(lpnﬂQn)(f; x) — f(x)] <4Ka(f, Sﬁ(x)) + w(f, an(x)).

Finally, using property K»2(f, 8) < Can(f, /8), we get the result. O
Here, we give Voronovskaya-type theorem for the operators.

Theorem 3.3 Let (p,), and (g,)n be sequences as defined in Remark 2.5,1im,,_, o pi = a andlim,_, pl =
bfor0<a,b < 1. Thenfor f € C[0, 1], such that f', f” € C[0, 1], we have

Jim (1,0, 107" (F:20) = f ()] = (@x +a) f' (@) +x(yx +2a) f () /2
uniformly on [0, 1]. Here, o = lim;,, oo[n]p, ¢, (qn — 1) and y = lim,_, oo[n]p, 4. (q;t —2q, + D).
Proof Using the Taylor’s formula for f € C[O0, 1],
f@) = fO)+ £/ —x) + %f"(X)(t — )7+ r(t, ) —x)%,
where r(z, x) is reminder term such that lim,_, . (¢, x) = 0. Therefore, we have

(] py g (DP9 (f3 ) = F(0)) = [ pyq0 £/ OO DE (1 = x); %)
1)
2
[y g DI (2, ) (2 = 2)%; ).

+1nlp, .4 D (1 = x)?; x)

Using Cauchy—Schwartz inequality, we have

DY) (1, 1)t — x1%: 3) < D) (120, x): 50y DI (¢ — 3% x).
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As r(t, x) € C[0, 1], therefore by uniform convergence of operators and fact that lim;_, , (¢, x) = 0, we get

lim DY -2, x); x) = r¥(x, x) = 0,
n—oo

uniformly for any x € [0, 1]. Hence, by using above equality and positivity of linear operators, we have

tim (21,4, D3 " (r (1, ) (¢ = %)% ) = 0,
n—

Finally,
im [n],.q, (D" (f52) = F(0) = Tm [nlp, 4, f )DL (¢ = x); 1)
n—oQ n—oQo
- S0 o onan) 2,
+nll>néo[n]pn,qn 2 D, ((t —x)%; x).
By using Remark 2.6, we get the theorem. O
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creativecommons.org/licenses/by/4.0/), which permits unrestricted use, distribution, and reproduction in any medium, provided
you give appropriate credit to the original author(s) and the source, provide a link to the Creative Commons license, and indicate
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