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Abstract We address in this paper the Fredholm and compactness issues for the variational problem (J, Cp),
Bahri (Pitman Research Notes in Mathematics Series No. 173. Scientific and Technical, London, 1988), Bahri
(C. R. Acad. Sci. Paris 299, Serie I, 15, 757-760, 1984). We prove that the intersection operator restricted
to periodic orbits of the Reeb vector-field dper does not mix with the intersection operator d, of the critical
points at infinity. The Fredholm issues are extensively discussed in the Introduction and solved in Bahri (ArabJ
Maths, 2014). We also address in this paper the issue of existence of periodic orbits for three-dimensional Reeb
vector-fields, the Weinstein conjecture (Weinstein, J Differ Equ 33:353-358, 1979) on S 3 solved in dimension
3 throughout the works of Rabinowitz (Commun Pure Appl Math 31:157-184, 1978) and Hofer (Invent Math
114:515-563, 1993); see also Hutchings (Proc. 2010 ICM 46:1022—-1041, 2010) and Taubes (Geom Topol
11:2117-2202, 2007) for the full Weinstein conjecture in dimension 3. Following our previous work (Bahri,
Adv Nonlinear Stud 8:1-17, 2008), we devise a new method to find these periodic orbits when they are of
odd index. We conjecture that this method, when combined with the other results described above about the
intersection operator, gives rise to a homology that is specific of the contact structure and that is invariant by
deformation. The existence result, as derived here, is weaker than the one announced by Taubes (Geom Topol
11:2117-2202, 2007). After appropriate generalization, it provides a new proof, via variational theory, of the
Weinstein conjecture on three-dimensional closed contact manifolds with finite fundamental group.
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1 Introduction

This paper is concerned with two issues; it is, therefore, sub-divided into two distinct parts. The first part is
concerned with Fredholm and compactness issues for the variational formulation (/, Cg) [1,2], of the periodic
orbit problem for three-dimensional Reeb vector-fields. The second part is concerned with the issue of existence
of periodic orbits for these Reeb vector fields on three-dimensional closed contact manifolds. These two parts
are addressed in this Introduction. They are to a large extent independent and a reader that is not interested in
the first issue can go directly, after reading this Introduction, to Part II of this paper.

1.1 Fredholm and compactness issues in contact form geometry; the intersections operators dper and oo

Let us start with a symplectic Hamiltonian framework and recognize some of its features. These features will
gradually lead us to the content of the present paper.
The L2-“pseudo-gradient” in the standard Hamiltonian framework has the familiar form:

J:+ H (2)

z is usually a closed curve of R?", with some mild regularity (e.g. H %, H is the Hamiltonian and J is the
symplectic matrix of R?").

This operator is special; it is usually seen—in Nonlinear Analysis to the least—as a Fredholm operator
T + K, with T invertible bi-continuous and K compact.

Without entering into required details, 7 may be viewed as a small modification of the operator H2 —

H 7], which to z assigns Jz once H ? is identified with H 7 using the natural duality operator. K is essentially
the Caratheodory operator H'(z).

From this point of view, all Hamiltonian problems (we could include the time-dependent ones), whether they
pertain to sub-linear problems (associated with the Arnold conjecture) or to super-linear problems (associated
with extended forms of the Weinstein conjecture), are all compact perturbations of the fundamental operator
Jz.

What is Jz?

Considering the action functional

1
. L ol m2n
J(z)=/az(z)dt,z€H2(S , R,
0

where

n
A(p.g) = Z(Pid‘]i — qidpi),

i=1
we compute for a variation 4 of z:

1 1

T (2).h = —/daz(i,h) :/ < Ji, h >po dt,
0 0

where <, >pa2r denotes the standard dot product of R?".

Clearly h = —Jz decreases J. The operator —Jz is a generalized pseudo-gradient (with very little existence
of (semi)-flow-lines) for the action functional with H = 0. The operator —JZ — H’(z) is then a compact
perturbation of this operator.

This understanding—for which we claim no originality—extends to the framework of a general symplectic
manifold (M%", w). Using a taming almost complex structure J = J(z) (Gromov [15]) and a Hamiltonian
that grows at most linearly, we find a similar framework, with a non-linear operator —J(z)z. H'(z) or H'(¢, z)
introduces a compact perturbation ( we are viewing this through the linearized operator). This is the framework
for the Arnold conjecture [30] and also the framework used for the so-called Floer—Rabinowitz homology
([10,28] and more).
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There have been attempts to generalize these techniques to the exotic, non-symplectic framework through
the technique of pseudo-holomorphic curves. These attempts were successful for establishing the existence
of one periodic orbit for over-twisted contact forms on three-dimensional closed manifolds [17]. This proof
required also a preliminary work of classification, etc. [11]. The existence of the periodic orbit followed from
the rigid framework provided by a special two-dimensional disk bounded by a Legendrian curve. This disk
is used to support pseudo-holomorphic disks that eventually have to blow-up, yielding then the periodic orbit
[17]. Such a disk does exist for every over-twisted contact structure: it is part of the definition.

Then, there has been the additional attempt to fit all this work in a very general framework [12], where
moduli spaces of pseudo-holomorphic curves were defined, invariants followed from various constructions,
etc.

Written in a very long paper published at the turn of the century, in an issue of GAFA called “Visions”
[12], these ideas were studied over a full year at the Institute of Advanced Study (2001-2002).

Some of the claims of this paper were later dismissed in a short paper [39] by Yau for over-twisted contact
forms. Since then, the emphasis for this area has come back to the more classical ideas of the Floer—Rabinowitz
homology, also to variants and more general forms of this using cylindrical homology, etc., see, e.g. Bourgeois
[9] for an early form of this homology.

Let us observe that, if we analyze the roots of the idea of pseudo-holomorphic curves

ou . ou
as "ot
u

we find a ** generalized pseudo-gradient” —J %7, only that all ideas of cylinders associated with flow-lines
are abandoned and replaced by more general Riemann surfaces (these Riemann surfaces are “capped” in the
cylindrical homology, which, therefore, following a long route, comes closer to flow-lines of pseudo-gradients).

Assuming that the equation above and the associated moduli spaces are understood fora given J(u) = Jo(u),
the hope is to prove that some invariants do not change as J(u) is deformed into J.(«), T € [0, 1], along a
deformation of contact forms (obviously of the same contact structure).

Yau [39] has proven that the contact homology of [12] (Eliashberg provides another proof of the same
result in an Appendix to [39]) was zero in the case of the over-twisted contact forms. The hope is, therefore,
that some appropriate modification of the tool of pseudo-holomorphic curves can be attached to them and that
this object or “structure” will not change as «( is deformed into another contact form «; and Jo into J;. The
thesis of Schwartz [31] is an important and rigorous work of [31] that should be useful for general contact
structures.

A modification of this tool has been introduced by Hutchings [18-24] and used by Taubes [32-37], in
combination with other results about the Seiberg—Witten equations, to prove the Weinstein conjecture. This
method is called “Embedded Contact Homology”. It starts from the same concept, the concept of moduli
spaces of pseudo-holomorphic curves, but it introduces restrictions on the d operator and requires on the
“Morse relations” (these are not Morse relations, they are more complicated forms of them) to be embedded
through the use of an appropriate index [18,19]. The grading of the moduli spaces is different in Embedded
Contact Homology from the grading in Symplectic Field Theory. The idea uses the positivity of intersection
for pseudo-holomorphic curves due to Gromov [15] and proven by Mc Duff [26] and Micallef and White [27].

The proof of the Weinstein conjecture [38] should then follow from these results, see Taubes [32].

However, the Embedded Contact Homology is not specific of the contact structure; it is an invariant of the
three-dimensional manifold (Taubes). Therefore, the program of defining an invariant attached to a contact
structure, as well as the program of understanding all the Morse relations of the variational problem defined
by the action functional, remains largely open.

This short summary describes several frameworks that have been developed to define invariants of contact
structures. Let us observe here that the pseudo-holomorphic technique, for example, starts with a Fredholm
operator that changes in a continuous manner , usually through compact perturbations or deformations that
will respect the Fredholm framework (in particular, the index of this Fredholm operator is unchanged along
these deformations, as long as the definition of the moduli space does not change and no blow-up occurs).

Let us move away from the ideas originating in the symplectic framework and come to our very own
framework for these problems [1-5]. « is given, a contact form on M 3. a three-dimensional closed and
orientable manifold.

We assume for simplicity that kera. —> M? is trivial and we find, therefore, two independent non-zero
vector-fields v and w in Kera such that da (v, w) = 1. & is the Reeb vector field of «.

We consider the loop space H'(S', M) and the functional J (x) = fol oy (%)dt forx € H(SY, M).
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x reads as a& + bv 4 cw. If z € Ty H'(SY, M) reads
z=AM+puv+nw, i, u,ne€ Hl(Sl,R,)

then
1
J'(x).z = /(cu — bn)dt
0

We, therefore, recognize the “decreasing pseudo-gradient” for J
z=—cw+bv=-—"Jx"

Here, Jx is limited to its projection onto kera. One could get back the full operator “JX” by considering
R x M, with R @& RE& invariant by J (see [17]). Considering then H (R x M) and a slight modification
of J, we can create a framework where the full operator “Jx” (for a J adapted to (v, w)) is a “decreasing
pseudo-gradient” for the modified functional.

Our more special z = —cv + bw is, however, quite convenient on H 1 (S 1, M); we are going in fact to make
it more particular.

We introduce as in [1,3,4] a generalization of the Legendre duality derived under the assumption:

(A)p = da(v, )

is a contact form with the same orientation than «.

We will say that a contact form « of a given contact structure is v-convex if it verifies (A) for a suitable v
in kero.

(A) is verified by convex Hamiltonians of R2" (and their associated contact forms, with v a vector-field in
their kernel defining a Hopf fibration). It is also verified [ 16] for some contact forms of the first exotic (thereby)
over-twisted contact structure of Gonzalo and Varela [14], with v the vector-field of Vittorio Martino [25].

Under (A), we can restrict the variations of J so that they take place in

Cp={x e H'(S', M); B:(x) =0, ax () = C > 0}

C is not prescribed.
X then reads

X =aé +bv
If z = A& + pv + nw belongs to T, Cg, then

1

J'(x).z = —/bndt
0
In view of this formula, there is a “natural pseudo-gradient” that can be derived by taking n = b in the
formula above. It is tempting to write then that z = bw, which would be our Jx from above with ¢ = 0.

However, z € T;Cg and, therefore, z has a more complicated form. If w is the contact vector field of g and
a(w) = 1, then [3,4]

! ! bb(fyvr—1fy 0= i)
7= /b2—t/b2—/1b £+ v+ bw
0

a
0

The evolution equation ‘g—f = z(x), x(0) = xo € Cg is very close to the mean or normal curvature equation
on one-dimensional curves.

This flow has several remarkable geometric properties [3,4,6]. However, it does have several “undesired”
blow-ups (in [3], a flow that “corrects” the defects of the flow described above is defined and studied) and it
is, therefore, difficult to define a homology related to the periodic orbits of the Reeb vector field & with this
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“pseudo-gradient” that can be thought as a Jx (J should not be thought of as in the symplectic framework
where it tames a global w on N 21 J here tames only dokera)-

In this new framework, which includes cases of exotic contact forms and structures, there is no obvious
need to limit ourselves to the natural Jx that we found above. Freeing ourselves of any special form, we think
of Jx as a general decreasing “pseudo-gradient” for the functional J on Cg.

Two natural questions then arise, in view of our discussion above: the first one can be formulated as follows:
is there a reference decreasing pseudo-gradient Z for J, for which a homology or, a weaker statement, Morse
relations specifically attached to the periodic orbits of the Reeb vector field can be defined?

The second one follows then: assuming that we now define the contact form through an isotopy of contact
forms oy, is it possible to deform Z into Z;, a decreasing pseudo-gradient for (J;, Cg,) (under (A;)) and prove
that this homology or these Morse relations defined for Z are also defined and unchanged for Z;?

The present paper, which is a continuation of earlier papers [3—7] answers positively to both questions:
given a deformation of contact forms, there is a continuous family of special pseudo-gradients Z;, such that the
Morse relations between periodic orbits are not changed by the tangencies with the critical points at infinity.
The critical points at infinity can affect the Morse relations between periodic orbits only as these periodic orbits
are created or eliminated. Furthermore, the cycles of the intersection operator dpe; at the odd order which are
“minimal”, see below, survive the deformation.

There are, in fact, more restrictions on the Morse relations at infinity that can change the Morse relations
between periodic orbits. The former must include some “point to circle” Morse—Bott relation between a
combination of critical points at infinity and a periodic orbit of odd index, see Sect. 2.5 of this paper for more
details.

In the first part, Part I, of this paper, we require the deformation of Z into Z; to be “Fredholm” (or
“symplectic” using Definition 2.9 in Sect. 2.4 of the present paper, below). This assumption is removed in [8];
however, this is a major issue in this variational problem and in other variational problems as well.

Let us clarify, therefore, in this Introduction, what is meant by “Fredholm” or “symplectic”’ deformation
of Z into Z;.

The variational problem (J, Cg) is not a Fredholm variational problem: the linearized operator of J' does
not read as T + K, with T invertible, bi-continuous and K compact (in a suitable separable space).

This drastic feature has important consequences on J, its critical points, its critical points at infinity etc.
These consequences have been drawn and analyzed in great detail in our earlier works [3], pp 236-239, [4],
pp 151-178.

We describe again this phenomenon in the present paper, in Sect. 2.4 and in an appendix (Appendix 1,
Sect. 2.8) to this paper, written for the convenience of the reader.

Summarizing in this introduction the phenomenon, we can add to every curve x of Cg a back or forth and
back run along v at a time #. The value of J is not changed and even if the new derived curves are not in Cg
anymore, they are “almost” in this space. Cutting details, once this “Dirac mass” along v is inserted along the
curve, it can be “opened” up at its top or at its bottom depending on the cases and a small piece of &-orbit can

be inserted:
or
X(t) X(t-)/_v\w

8¢ has been inserted
on the top of

x(t,)
x(t)

@ Springer
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If the “Dirac mass” is chosen with the appropriate length and location, J(x¢) can be made smaller than
J(x).

Because of this phenomenon (which may be traced back to the fact that this variational problem in not
Fredholm), a periodic orbit of &, w,, of index m, can have a companion “shadow critical point at infinity”
(8 + w,;,)°°, made of the combination of a “Dirac mass” as above and of w,,, of index (m + 1). (8§ + wy,)>
“cancels” w,, topologically, see [4], pp 151-178 for more details, Lemma 16 (i) and (iv) p 161 in particular.

Furthermore, J((8 + w;;)%°) = J(wp); (8§ + wy,)™ is, relative to wy, and its index, a “mountain pass”
critical point, which is exactly at the same critical level.

The phenomenon is subtle because if the “Dirac mass” is small in size, J (x¢) or J (wp.) is always more
than J(x) or J(w,,); but this might change (see Sects. 2.4 and 2.8, Appendix 1) with a larger “Dirac mass”.

In the case of the first exotic contact structure of Gonzalo and Varela [14], every w,, has a companion
(8 + wy,)®° that cancels it. In terms of Morse Theory, this has a fundamental consequence: given a periodic
orbit wy, 41 of index (m + 1) such that J (wy,+1) is larger than J (w,,) and such that no other critical point (at
infinity) of J has a critical value in (J (w,), J (w;,+1), the intersection number i (w41, wy,) is not defined
intrinsically: it depends on the choice of a pseudo-gradient.

Given two pseudo-gradients Zo and Z; for (J, Cg) such that, as we deform Zj into Zi, a generic tan-
gency occurs between the unstable manifold W/ (w,,41) with the stable manifold W!((§ + w,,)°°) along the
deformation of pseudo-gradients Z;, i (w,,+1, wy,) Will increase or decrease by 1.

There is no way that a stable homology related to the periodic orbits can then be defined. The project seems
hopeless.

Itis not unreasonable to think then that restrictions on the pseudo-gradient Z would not allow this to happen.
In our constructions [3-5], Z has important properties: along its (semi)-flow-lines, the number of zeros of b,
the v-component of X that is the tangent vector to the curve x under deformation, never increases; the L I_horm
of b is bounded; all (semi)-flow-lines end either at critical points (periodic orbits) or critical points at infinity
([3-5]). In addition, see [5], Proposition 2.2, p 469 and the first section of the present paper, the behavior of Z
in the vicinity of periodic orbits can be prescribed.

All these properties allow us in fact to define a homology related to the periodic orbits for Z.

It is, however, true that, e.g. not only in the case of the first exotic contact structure of Gonzalo and Varela
[14], but also in more general cases, we can find two different pseudo-gradients Zg and Z; for J, both verifying
all of the above-stated properties, such that any deformation Z; from Zg to Z; among “pseudo-gradients” for
J will involve a tangency between W (w,,) and W ((8 4+ wym—1)°) at a certain time 7o of the deformation
and for a suitable w,.

Such restrictions are, therefore, not sufficient to “stabilize” the homology.

In what follows, we will limit ourselves to the case of the standard contact structure of 3 and to the
case of the first exotic contact structure of Gonzalo and Varela [14]. A large part of our arguments extend to
more general contact structures. There is one restriction: sequences of variational dominations with non-zero
intersection numbers woj42 — wé’,f L1~ Wk should not be present at the time zero of the deformation. This

holds for the standard contact form o of S> because all periodic orbits are, transversally to the S'-action,
of odd index. It also holds for the first exotic contact form o of Gonzalo and Varela [14] because of a basic
circle symmetry that allows to “unravel” these Morse relations, reducing all indexes by 1 and rendering them
thereby impossible, see Sect. 2.10 of the present paper. This basic circle symmetry for a special contact form
in a given contact structure exists in several cases, see in particular all the exotic contact structures of Gonzalo
and Varela [14].

The result that we prove in this paper reads as follows:

Theorem 1.1 Considering a deformation of contact forms o, under (A);, there is a corresponding deformation
of decreasing “pseudo-gradients” Z; for the variational problems (J;, Z;)—we assume both to be in general
position—so that the following hold: (i) Let dper be the intersection operator restricted to periodic orbits. This
operator is not modified by tangencies and creations or cancellations involving the critical points at infinity
of (J, Cp). It can only be modified through tangencies between stable and unstable manifolds of periodic
orbits, or by creations and cancellations of periodic orbits. (ii)Considering a deformation that starts from the
standard contact forms for the standard contact structure of S* and for the first exotic contact structure of
Gonzalo and Varela on S° [14], a homology related only to the periodic orbits of the Reeb vector fields & can
be defined for each time t of the deformation as long as no creation and cancellation occurs between periodic
corbits. (iii) If no tangency between W) (w},) and W ((8 + w!, _)*°) occurs at any time t and for any w!, and
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wfn_l periodic orbits of respective indexes m and (m — 1) (m arbitrary > 1) and if no creation of cancellation
of periodic orbits occurs along this deformation, then this homology does not change as t changes.

In other words, if the deformation of “pseudo-gradients” Z; is “Fredholm” or “symplectic” in that it does
not change, via Fredholm violation, (use of (6 + wﬁn_l )®°), the intersection numbers between periodic orbits
and if there is no creation or cancellation of periodic orbits, then a homology solely related to periodic orbits
is well defined and it does not change as ¢ changes.

It then follows for example that

Theorem 1.2 (i) This homology has one generator in each odd dimension larger than or equal to 3, under
the assumptions of Theorem 1.1 (which include (A) and (A);), for the standard contact structure kerag on
3.
(ii) under the same assumptions, there exists a sequence k, tending to oo such that the homology has at least
two generators at each odd index 2k,, — 1, for the first exotic contact structure keray on S°.

The assumption that the deformation is “Fredholm” or “symplectic” is removed in [8] as we prove that,
for a suitable flow that can be continuously tracked along the deformation , no tangency between W) (w},) and
WIS+ w!,_)>) occurs at any time ¢ and for any w}, and w!, _, periodic orbits of respective indexes m and
(m — 1) (m arbitrary > 1).

The homology that we define here uses (part) the Morse relations of the variational problem (J, Cg); it
is also transverse to the S'-action by time translation on curves: any S!-equivariant cycle, equivariant for the
time translation on Cg, collapses for this homology.

The proof of Theorem 1.2 (i) follows from the understanding of the homology for the standard contact
form (with generators only in odd dimensions, so that, in this case, the homology for Zy and Jy does not
depend on Z). The proof of (ii) of Theorem 1.2 is based on sections 2 through 7, section 8, subsections 3 and
4 and section 9 of [6]. The fact that there are two generators for each large index 2k — 1 follows from the basic
symmetry (x1, x2) —> (x3, x4) that («1, v) exhibits on $3 = {(x1, x2, x3, X4), x12 + x% + x32 + xf = 1}, see
[6] for more details, also Sect. 2.10 of the present paper.

It makes sense, to conclude the first part of this long Introduction, to ask ourselves about the precise content
of Theorem 1.1 (and of its application, in Theorem 1.2). These theorems state that the Morse relations between
periodic orbits depend to a large extent from themselves and do not depend on the critical points at infinity in
that tangencies of stable and unstable manifolds, as pseudo-gradient flows are deformed, involving the critical
points at infinity do not affect these Morse relations.

One could claim that there is no point in discussing the stability of Morse relations in between creation and
cancellation of periodic orbits. However, we are also interested in the full variations and we believe that these
Fredholm and compactness issues have other, deeper, roots. Therefore, we think that this result is meaningful.

Let us now address, in a second part, the issue of existence of periodic orbits:

1.2 Elliptic periodic orbits and the Fadell-Rabinowitz index: existence theorems

As stated above, the issue of existence of one and more periodic orbits for three-dimensional Reeb vector
fields on closed manifolds (the three-dimensional Weinstein conjecture) has been solved for S 3 through the
work of Rabinowitz [29] and Hofer [17]; see Hutchings [19] and Taubes [32] for the general three dimensional
Weinstein conjecture, also for multiplicity issues.

The full understanding of the Fredholm and compactness issues and the full understanding of all the
variations of the corresponding variational problem(s) or variants/extensions of these are not exhausted by
these results and we have explained above and stated two theorems, Theorems 1.1 and 1.2, that show how the
evolution of the intersection operator related to the periodic orbit dper did not depend, in between creations
and cancellations of periodic orbits, on the critical points at infinity.

We are not able to prove, however, that, through a creation or a cancellation of periodic orbits, dper does
not change and “mix” with d, thereby destroying the relation 0, 0 dper = 0. This relation can be seen to
hold, e.g. for all the exotic contact forms of Gonzalo and Varela [14] on S 3.1t of course holds also for the
standard contact form on S3.

It is especially interesting to study this “mixing” at the odd indexes (2k — 1). Indeed, Lemma 2.5 of [4]
implies that no tangency between the stable manifold of a periodic orbit ofindex (2k — 1) and the unstable
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manifold of another periodic orbit of the same index may occur. This result holds true through creations and
cancellations of periodic orbits, see Lemma 2.13, in Sect. 2.5 of the present paper.

Itis natural then to conjecture that, through a creation/cancellation of periodic orbits, the operator dper stays
unchanged at the odd indexes and the value of dper © dper Would remain unaltered and a constant homology
would be attached to this intersection operator for the odd indexes.

A weaker result turns out to be true. It is stated for cycles cor 1 of dper that are “minimal” in the sense that
they cannot be decomposed into two non-trivial smaller cycles. We then claim that the following holds; the
“Fredholm” assumption of Part I is not required here:

Theorem 1.3 (i) The Morse relation, with o a collection of unstable manifolds of dimension 2k (therefore of
constant classifying map into PC*), 90 = cor_1 + h’2k_] oo’ with cor—1 not empty and minimal and with
Opercak—1 = 0 is impossible.

(ii) Let LT be the set of curves of C g or UMy, such that the v-component of their tangent vector is non-negative
and non-zero; L™ is defined in a similar way, d L* are the “boundaries” of these sets and Joo ¢ is the sub-
level set {x € UT'yy; Joo(x) < €}. Assume that d(cor—1 + htZk—l,oo) = 0, with dpercor—1 = 0 and cox—
not empty. Let L;t = Wy (co—1) N L*. Assume that the Fadell-Rabinowitz index [13] vrR of each of LT
and of L™ is at most (k — 2). Then the cycle (cor—1 + ht2k—1,oo —(LTUL™), (car—1 +h’2k_1’00) N@OLTU

0L~ U Joo.e)) maps under the (modified) classifying map (b — fol b, W(fol b)) onto a generator of the
homology group with rational coefficients Hpy 1 (PCF1 x[—1, 1], PC* 1 x {—1, 1}UPCF2 x [—1, 1]).
The function V¥ (x) is equal to Min(1, |x|)sgn(x).

(i) Assume now that the Fadell-Rabinowitz indexes of yrr of L; and of L; are both equal to (k — 1).
Then, the cycle cyr—1 + h’2k_1’ o defined as in (ii) cannot be a boundary in the homology of the pair
(Cg, LY UL UJL (e)).

(iv) Assume that, at the time zero of the deformation, B = da (v, .) “turns well” [1] along &. Then, yr R(Lj)

and yrRr(L,) are equal and each non-empty cycle cor—1 of Oper that cannot be written as a sum of two
smaller cycles survives the deformation of the contact form.

We cannot prove the same result for the even indexes. We do conjecture, however, that this conclusion
should be true in broad generality.

Let us here go with some detail into the proof of invariance at the odd indexes: let us assume that a creation
of two periodic orbits of indexes (2k + 1/2k), y2x+1/ Y2k occurs and some “mixing” of the two operators dper
and 0 takes place.

If this occurs, we find that a “rhombus” must arise that mixes periodic orbits and critical points at infinity.
The “rhombus” gives rise to the Morse relation:

3)’5;20) = cok—1 + x50 (%)

Here, we pause and we describe with some precision the meaning of each of the terms involved in this
relation:;

yéio) stands for a critical point, typically at infinity, of index 2k. Its unstable manifold is achieved
with (2k + 1) )(not 2k!) or more Lv-jumps. car—1 is a cycle for Oy of index (2k — 1). xé’,f’_’l
is a collection of critical points at infinity of index (2k — 1) whose unstable manifolds can be fol-
lowed (collectively) with the use of 2k trackable v-jumps. They are in particular achieved in 'y =
{curves made of 2k&-pieces alternating with 2k + v-pieces}.

We prove that this Morse relation, if it occurs at the time ¢ of the deformation, should also occur at the time
zero of the deformation (Lemma 2.14, Sect. 2.5). If co¢—1 is a cycle for 9y, at time zero for which (x) does not
hold, then cyx—1 survives all the isotopy. This conclusion alone, without any further result, allows us to derive,
in dimension 3 and under some restrictive assumption on A df (which can be removed), Rabinowitz’s result
[29] for the standard contact structure on S°.

The proof goes as follows: we first establish that yézo) in (x) cannot be a “shadow critical point at infinity”
equal to a (xpx—1 + 8)°°, i.e. built through Fredholm violation, see [3,4], with the use of a periodic orbit xox_1
of index (2k — 1) and the addition of a “positive” or a “negative” “Dirac mass” on it , see [3,4] for more
precisions.

This holds true if the Fredholm assumption is violated only along certain portions of the periodic orbit
y2k—1 and not along all of yyx—_1.
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Then having ruled out that yé?” could be a (xp;_1 + 8)°°, we examine (x) at time zero for the standard

contact structure og = x1dx3 — x2d x| + x3dx4 — xadx3 on S3 and we find that the index of the critical points
at infinity above periodic orbits of index (2k 4+ 1/2k — 1) (these come in pairs of such indexes after a slight
perturbation of the standard contact structure on S 3) cannot be 2k and is higher than (2k+ 1). Paul Rabinowitz’s
35-year-old result follows, under restrictive assumptions and for the three-dimensional case (Lemma 2.14, Sect.
2.5 of this paper).

Before continuing with the existence issues, we explore more the relation dper o dper = 0 and how it is
violated, we address the formation of triangles of dominations x,,/x" | /Xn—2. x; designates here a periodic
orbit of index i and x° designates a critical point at infinity of index 7 as well.

Such a triangle involves in fact a complicated Morse relation x,,/x,” |, especially when m is odd, equal
to (2k + 1). Then x,° | is a collection (not a single!) of critical points at infinity y5° which is in a “point to
circle”, see [7], Morse relation with xp;1. This is explained in more detail in Sect. 2.3 of this paper.

We had observed in [7] that the unstable manifold of each simple elliptic orbit x;_; contained a copy of
the complex projective space PC*~! and that the classifying map for the S'-action (for the effective action of
S on C; = Cp ~ {periodic orbits}) was provided by the map b where b is the v-component of the tangent
vectors to the curves x (#). Combining these two observations, we derive a map from W, (x2x—1)/d Wy, (x2k—1)
into PC*~1 x [—1, 1]/(PCF1 x {—1, 1}).

Using then the Fadell-Rabinowitz index [13] and this map, we are able to prove that the relation

sy = car—1 + x50 ()

cannot hold if dpercox—1 = 0 and c¢—1 is not empty and minimal, see above. It follows that rhombi violating
the relation dper o dper = 0 at the odd indexes do not exist with minimal cycles.

We conjecture that the result dper 0 dper = 0 holds in almost full generality at the odd indexes to the least. The
proof of this conjecture would involve in a first step the study, at the time zero of the deformation, that is e.g.

for the first exotic contact form of Gonzalo and Varela [14], of the Morse relation 0 yé}:o) = Ccok—1+ xé’,ffl (*)
described above.

We proceed now with the proof of our claims. This paper is organized as follows:

Let us first describe some of the tools that we are assuming to be known from our previous papers:

We will constantly use Proposition 1, p 469 of [5] that modelizes the unstable manifold of a simple periodic
orbit of index m with m &£ v- jumps, initially single jumps that can turn into “families” (sequence of consecu-
tive £v-jumps with the same orientation as the deformation proceeds). The decreasing deformation takes
place in UI'y;, where I'y;y = {curves made of k-pieces of &-orbits, alternating with k-pieces of v-orbits}.
The process of “pushing away” a small +v-jump form the next and the process of “widening an oscilla-
tion” is described in [5], Proposition 20, p 519. This process is assumed to be understood in this paper. The
Non-Fredholm analysis for the variational problem (J, Cg) near a periodic orbit is summarized in [4], Lemma
16, p 161; see also Sect. 12 of the present paper, an erratum covering minor modifications to the Proof of
Lemma 1 of [3], p 26, also to the proof of Lemma 16 of [4], cited above and to Theorem 1.1” of [5], p 567-568.
This erratum is inserted here for the convenience of the reader.

More results are assumed to be known from [4,5], e.g. Lemma 3, p 80 of [4]; but we will be recalling and
referring to these results as their use becomes necessary.

This paper contains four parts that are independent almost completely. The second part is concerned with
the proof of Theorem 1.3 (Sect. 2.1 of Part II). It uses the results of [7] and the Fadell-Rabinowitz index
[13]. The third part is very short; it contains two observation. The first one is about S!-equivariant maps and
barycenter spaces on S3. The second one indicates formal analogies between the contact form framework and
the study of the Riemannian Einstein equations. The fourth part is a short erratum correcting minor points in
[3-5] that can be of use in this paper. This should help a reader interested also in the details.

The first part is concerned with the proof of Theorems 1.1 and 1.2 and the construction of the family of
pseudo-gradients Z;. It contains 11 sections which we describe now.

In the first section, we will be considering a curve of I'y,,4+2, having (m + 1) & v-jumps, near a periodic
orbit w of index m. We assume that the £v-jumps of this curve have been re-ordered along the J.-process
of “widening”, “pushing away” of [5], cited above, so that these +v-jumps are equally spaced in terms of the
v-rotation separating any two consecutive +v-jumps of this configuration. We then define a decomposition
F* @ F~ at this configuration for J;o (w) restricted to the space of curves or configurations having their
+v-jumps at the same location than the curve we are considering. F is a positive space (of dimension 1) for
J;O(w), F~ is a negative space, of dimension m.
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The second section is devoted to the proof that, along the decreasing flow-lines of the deformation that
start at a periodic orbit, as we “bypass” critical points at infinity to achieve transversality, see Appendix 4 of
[S], pp 562-566 using “companions” [5] and transforming the single £v-jumps of [5], Proposition 1, p 519,
into families, we can spare one £v-jump, one initial * to remain a single v-jump. The re-ordering that is
performed prior to the use of the decomposition F™ @ F~ of Sect. 2.1 acquires then several properties, see
Sect. 2.3 for this.

The third section is devoted to the proof that some sequences of variational dominations, e.g. a peri-
odic orbit of index w41 dominates a critical point at infinity of index 2k, wS7, which in turn dominates
a periodic orbit of index (2k — 1), wyk—_1, are impossible (Lemma 2.8, Sect. 2.3). Other, similar and dif-
ferent flow-lines are ruled out in Propositions 2.2 and 2.3 and Lemmas 2.4 through 2.7 of this section. The
general idea is that, along flow-lines coming from a periodic orbit of index m to a critical point at infin-
ity, and from there going to a periodic orbit of index (m — 2), will inherit, because of the “steady edges”
of the critical point at infinity, some rigidity, including some repetitions in the distribution of their Fv-
jumps ( which are (m 4 1) & v-jumps or families of £v-jumps provided by the description of the unsta-
ble manifold of the periodic orbit of index m, Proposition 2.2 of [5]). This “rigidity” and these repetitions
will imply that the resulting configurations are not along the F* defined in Sect. 2.1. The conclusion then
follows. The results of this section are subtle as they assume that, over the intermediate wgi, that, e.g. a
definite choice of a *v-jump y can be made amongst the (2k 4+ 1) £ v-jumps of W, (wa+1) so that a
repetition in the orientations of the (2k) remaining +v-jumps exists. This choice can be made if w5y is a
single critical point at infinity. More generally, a coherent choice of y's can be completed unless the relation
between w5 and woi—1 is a Morse relation of the type “point to circle”(Morse-Bott), so that a coherent
choice of a family of ys cannot be completed over the domination, see Sect. 2.3 and Sect. 2.11 for more
details.

Sections 2.4 is devoted, using the results of Sects. 2.1, 2.2 and 2.3, to the study of the Morse rela-
tions of this variational problem, starting from the time zero of the deformation and assuming that no
creation or cancellations of periodic orbits occur along this path . It follows from the detailed study that
these sections contain that a homology involving only periodic orbits can be defined on this special path.
Assuming then that a deformation of contact forms can be followed by a “symplectic” or “Fredholm”
deformation of pseudo-gradients, Definition 2.9, Sect. 2.4—(see [8] for the removal of this assumption)—
we prove that this homology is invariant along this deformation. This homology has a generator in each
odd dimension larger than or equal to 3 for the standard contact structure of $3; it is not zero for a
sequence of odd indexes tending to oo for the first exotic contact structure of Gonzalo and Varela [14].
Section 2.5 is a detailed study of the process of formation of “rhombi” x,,/x;,—1/x," | /Xm—2 that might
arise as a creation or cancellation x,, /x,,—1 of periodic orbits occurs. Over this process, the unstable man-
ifolds of x, and x,,—; change to take the normal form described in Proposition 1 of [5]; in their nor-
mal form, they contain as many Zv-jumps as the index of the periodic orbit, m for x,,, (m — 1) for
Xm—1-

Several “rules” (Lemmas 2.13 and 2.14 of Sect. 2.5) hold through the formation of these rhombi. Ultimately,
they do not form when m = (2k + 1) is odd (Theorem 1.3 of part IT). A proof of Rabinowitz result 35-year-old
result [29], in dimension 3—the restriction g 235 > 0 can be removed—is derived in this section (without the
use of Theorem 1.3).

Section 2.6 is devoted to the proof of an abstract deformation lemma needed for the results of Sect. 2.1.

Section 2.7 is devoted to the proof that the cobordisms changing the I'oxs along the deformation do not
change the intersection operator; hence the homology.

Section 2.8, Appendix 1, is devoted to a further, more detailed and technical study of the violation of the
Fredholm condition near a periodic orbit. Models are given for curves of the I'y;s, with large “oscillations”;
the curves are in a weak neighbourhood of a periodic orbit. Computations of the variations, including the
second-order variations are completed, for further reference and use also.

Section 2.9, Appendix 2, is devoted to the verification of the Palais—Smale condition for the functional
at infinity Joo (see [2—4], it is the “natural” extension of J that is defined on Cg to UI'z5) on each I'y; for a
suitable pseudo-gradient. The proof covers the case of the standard contact structure kerag on S3, with v a
vector field of its kernel defining a Hopf fibration of > over S? and the case of kera, the first exotic contact
structure of Gonzalo and Varela [14], with v the vector field of Vittorio Martino [25].

Section 2.10 provides the arguments for the proof of (ii) of Theorem 1.2. It is extracted from [6], Sect. 9
and it has been included here for the sake of completeness of the present paper.
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Section 2.11 provides some detailed arguments required in the proofs of Sect. 2.3, covering the case of
multiple dominations and non-transversal dominations of intermediate w;° acting as a w5y, by Wy (wax+1).
The flow-lines of the pseudo-gradients are studied in detail near periodic orbits of elliptic and hyper-
bolic type. This is based, on the one hand, on the understanding of the Hol-ﬂow in the vicinity of these
periodic orbits and, on the other hand, on the definition of the attractive and repulsive (variational, ie
Morse Lemma type) directions along a periodic orbit for a single £v-jump. A family of conditions have
to be met by a curve supporting s small £v-jumps along a periodic orbit of Morse index m for this
curve to be attracted by this periodic orbit. This provides, therefore, a “normal form” for the stable man-
ifold of these periodic orbits in any slice I'p, Vs, with a precise count and description of the conditions
to be met for the flow-line to reach the periodic orbit. Accordingly, we derive that tangencies between
periodic orbits and critical points at infinity do not affect the operator dper. Theorems 1.1 and 1.2 fol-
low.

This section allows also to understand that, for “triangles” of dominations xoy1/x3; /X2k—1 to arise, x5y
must be built with a combination of critical points at infinity—a single one will not “work”—and the Morse
relation between x;41 and x5 must be of “point to circle” type.

2 Part I: The 3¢ and d, operators

We prove on this first part Theorems 1.1 and 1.2 stated above and we compute the value of the homology of
Oper starting from the standard contact form and the first exotic contact form of Gonzalo and Varela [14] on § 3.
The statements about dper and d, are general, in between creations and cancellations of periodic orbits. The
computation of the homology is completed on a path of contact forms that starts from the standard values of
these contact forms for these two distinct contact structures. The assumption is that no creation or cancellation
of periodic orbits occurs along this deformation.

Through such creation or cancellations, the value of the homology is unchanged at the odd indexes (Part
II, Theorem 1.3). the proof of Theorem 1.3 is independent of the statements and proofs of Part I.

2.1 Choice of Ft @ F~-representation near a simple periodic orbit
2.1.1 The case of a hyperbolic orbit of index 2, z

We take the example of a hyperbolic periodic orbit of index 2, z2, to understand, given three +v-jumps located
at equal v-rotation one from the next one along this periodic orbit, how we can choose continuously a positive
direction in the three-dimensional space/manifold spanned by the curves close t z, made of three &£-pieces and
three +v-jumps located at these precise points.
A hyperbolic periodic orbit of index 2, z», comes with four nodes, coupled into two pairs. Indeed, since its
. ( X
Poincare return map reads

1
0%

the first eigenvector and two positions C and D where v corresponds to the second eigenvector.

), A > 1, there are two positions A and B along z» where v corresponds to

A

From A to A and from C to C, the v-rotation is 2. From A to B and from C to D, itis 7.
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Let us consider three “equidistant” locations for three &v-jumps along z;; “equidistant” here refers to the
equality of the v-rotation in between any two consecutive +v-jumps in the 4+-&-direction.

We denote these three locations u, y, 6 following +&.

The intervals [A, C], [C, B], [B, D] and [D, A] can be divided into two groups: those starting with a node
corresponding to the eigenvalue A > 1, namely [A, C] and [B, D], and those corresponding to the eigenvalue
% < 1, namely [C, B] and [D, A].

We claim that two locations among three for our three £v-jumps are in two distinct intervals of a given
group, whereas the third one is in an interval of the other group. This claim can be easily derived from the
recognition of these locations when one of the +v-jumps is at a node, e.g. at A. Indeed, since the v-rotation
from A to C can be considered to be %, as well as the v-rotation from A to D (%), whereas the v-rotation
along +£ from A to B and from B to A is &, we find that the two other +v-jumps are located in (C, B) and
(B, D) respectively. The claim follows.

Assume that one of the v-jumps is located in (A, C), at a point that we denote u and let us build the
curve near z having a small positive v-jump of length ¢ > 0 at u. Such a curve corresponds at first order to a
variation 8§z = A€ + uv + nw of z2. The w-component 7 of this variation satisfies at first order the equation:

i+ a*nt = by,
n(0) = n(l)
Thus, the vector v + anw is &-transported around z, from u to u, at first order and we also have
(0)n(0) —n(1) = ac; n(0) = n(1)

The position u corresponds to the times 0 and 1 along the curve. We then claim that n(0) = n(1) is negative,
whereas 77(0) is also negative when u is close to A in (A, C).

These conclusions hold also true when u is in (B, D). These signs reverse when u is in (C, B) or when u
isin (D, A). Accordingly, the second derivative of J, along z;

1 1
/(ﬁ2 —a*n*rydr = — /(7'7' +a*nr)ndt = —c1(0)
) 0

is positive when u isin (A, C) or when u is in (B, D); itis negative when u isin (C, B) or when u isin (D, A).

This follows from the computations of [5], p 472. Along these computations, () is solved with ¢ = —1 at
a node and near a node. Replacing v by A and 7 of [5] by —n, observing that A > 1, the claim follows near A
in (A, C).

In addition, we know that 1(0) is never zero when u varies in (A, C) because u is never a node. Therefore,
the claim follows for (A, C). A similar argument works for (C, D), etc.

Next, we claim that the v-rotation around z», starting from u, is more than 27 in (A, C) and (B, D),
whereas it is less than 27 in the two other intervals.

Indeed, assume that it is more than 27 when 1 isin (D, A). The HO1 -index of zp, based at u, is then 2 and the
two H(} -directions spanning the two-dimensional negative eigenspace are, by construction, J(:O (z2)-orthogonal
to the third (negative) direction defined by 1 solution of («) at u. The negative eigenspace of ]C:O (z2) is then of
dimension at least three, a contradiction.

The v-rotation around z; is thus less than 27 when u is in (D, A). It then becomes more than 27 as u
crosses A and the claim follows.

We now claim that, if we solve (x) with | in (A, C) and if we also solve (x) with uj in (B, D), then,
assuming (without loss of generality, see below) that the total v-rotation around z5 is always close to 277, we have

1
— / (i1 + a®mo)mdt <0
0

It follows that, for every s € [0, 1],
1

/ (7 —a*n;T)dt > 0
0

with ny = (1 — s)n1 — sny.
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Indeed, we know that when u is close to A, 11(0) < 0 so that 11 (0) is negative for every u; in [A, C].
Let 7, be the time corresponding to u», with 0 corresponding to 1. Then,

1 1
—/(1'7'1 +a’mr)mdt = —/(57'2 +a?mrynide = —cny ()
0 0

This will be negative if 1 (t>) is positive.

‘We need to understand how the solution 7 of (x) behaves for u in (A, C).

Let us take u in (A, C), close to C. We use the continuity of 1 in function of the position of u|, we use
the fact that 1 is negative at ] and we use the fact (derived from the computations of [5], p 472; n should be
changed into —n) that 7 is positive when u is near C. 11 behaves as follows:

1- is in fact impossible. The only possible case is 2-, with the first zero of n; moving from C to B as u
moves from C to A.

It follows that 71 is positive on the interval (B, D), hence at f»; hence the claim.

Let us see that 1- is impossible and that the first zero of 171 moves from C to B as u1 moves from C to A.

Considering 1-, we claim that the zero of 1 in (A, C)—it is non-degenerate—should move monotonically
from C to A as u; moves from C to A. However, 11 at this zero is positive, whereas 7| at A is negative (this
occurs when u is at A); a contradiction.

Assume now that this zero does not move monotonically. We then have two positions u1 < u) in (A, C),
with two distinct solutions 71 on [0, 1] and 1} on [8, 1 4 8]. n1 = n} on [, 1]. On [0, 8], n; is negative (its
first zero is also the first zero of 7, after u or 8). n} and 1 coincide at 0 = 1 and at § = 1 + §. They both
solve 7j + a’*nt = 0 and 7, is negative on [0, 8]; 1, and 1} (after a backwards shift of time equal to 1 for the
latter) have then to coincide on [0, §]. 11 does not produce a Dirac mass at §; therefore, ’7/1’ which is equal to
n1 on [§, 1] and is equal to ny(t — 1) on [1, 1 4 §] does not have a Dirac mass at (1 + §); a contradiction.

The claim follows: 1- is impossible.

The same argument implies that the first zero of 71 moves from C to B as u; moves from C to A. 11(f2)
is, therefore, positive.

2.1.2 The case of a hyperbolic orbit of index 2k, 7ok

When z, is replaced by z2x, a simple hyperbolic periodic orbit of index 2k, the above argument extends:
First, there is no loss! of generality if we assume that the v-rotation based at any point in zo; is always
equal to 2km + o(e7%), where o(e %) is always a tiny number, positive or negative or zero (if we are at a node).
When we arrange the (2k + 1) & v-jumps so that the v-rotation on each interval is the same, we then find
that this rotation should be 7 — 2knﬁ + o(e75).
In order to understand how these (2k + 1)xs/v-jumps distribute among intervals of the type [A, C] or
[C, B], we assume that one of these +v-jumps is located at a node.

! What we are really doing here is modifying v along the periodic orbits so that v rotates monotonically of an amount close to
2k in between the 4k nodes of this hyperbolic orbit This can be completed, with condition (A) satisfied throughout.
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Iterating positively, we find that at least k consecutive +v-jumps are in the same kind of intervals. This
follows from the fact that

T toet<Z
2k +1 -2

The same conclusion can be drawn for the negative iterations; but the intervals are of the other kind. We
thus conclude that, in general, k consecutive £v-jumps are in the same type of intervals, e.g. [A, C], whereas
k + 1 other consecutive £v-jumps are in the other type of intervals such as [C, B].

Starting from the first # in an (A, C) and tracking the next/previous k or (k — 1) = v-jumps atf, . . ., t,,
m = k + 1 or k in the same type of intervals, we find that the sign of 1 (¢;) alternates, 1 (#;) being positive,
n1(#3) being negative and so on.

We now build, given a configuration o of (2k + 1) £ v-jumps distributed “equidistantly” along zox a
decomposition F, @ F,;, withdimF, = 1,dimF, = 2k. This decomposition should vary continuously with
o . In all the configurations o, we assume that one +v-jump, which we denote y, can be tracked. The +v-jump
that precedes y in the order defined by £ is denoted 1.

We choose F' so that it never contains a forced repetition (forced by the orientation of the £v-jumps) in
(v, ul.

We know that we can build a positive direction for J;O (zok) by taking a sequence of alternating k or (k 4 1)
£v-jumps, depending on o. The sizes of these *v-jumps are arbitrary; their orientations are given once the
orientation of one of them is given. Observe that the negative eigenspace is always of dimension 2k: it suffices
for this to recognize that one of the +v-jumps is located at a base point for zo; where the v-rotation across zx
is more than 2k .

We now take F, as we please along this sequence of k or (k + 1) & v-jumps if it does not contain y in its
“middle”; that is this sequence might contain y, but it is then one of its ends. The jumps of F, are of various
sizes, but their orientations agree with the orientations of the +v-jumps of the sequence. They can be taken to
be zero and they are always zero at the locations where the £v-jumps of the sequence are zero.

Whenever y starts to be included in the sequence—it is then its head—we gradually diminish the sizes of
the f-v-jumps that do not correspond to y, eventually reducing F,;" to y. Then, F,I remains equal to Ry as
long as the “head” of the sequence (oriented along +&) has not crossed y .

Once this head has crossed over, we decrease the sizes of some of the +v-jumps and, in this way, we
gradually retain from the sequence the subsequence that runs from its head to y; then we suppress y and so
on.

In this way, there never is a forced repetition for F, in the interval [, y).

2.1.3 Choice of F™ @ F~ along an elliptic orbit

We will assume here, without loss of generality, that the v-rotation around the simple elliptic periodic orbit of
index (2k — 1), wok—1,1s 2km — 0),60 € (0, 7).

Under this assumption, see the proof of Lemma 2.1 below, wyx—_1 is an absolute minimum in I',. Indeed,
at any solution of

i+ a*nt = 8, n(®) = n(@ + 1)

we find that
1

T () nn = —/(h‘ +aPnom = —n(@ >0
0

If we change §; into —§7, n changes into —n, with the same conclusion.

Therefore, with 2k £ v-jumps given along woi—; and equally spaced v-rotation-wise (after the use of the
widening flow, see [5], Proposition 20 and Sect. 2.3, below), any location of one of the +-v-jumps may be used
as a positive direction F ™.

Once this v-jump is chosen, assume that it is located at 7 because the v-rotation at 7 is 2k — 6,0 € (0, ),
the Hol—index of J_(wax—1).n.n in HO1 [7, 7+ 1]is (2k — 1) and is represented by the Hol—subspace of

2k
,@1 Rn;,

1=
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where n; solves
iy +a’nit = =8, ni (@) = ni (G + 1)

(f1, ..., Iar) are the locations of the 2k & v-jumps. Denoting p_ () the HO1 -projection onto this H&-negative
space, given a configuration u = El.zk L Yilis with FT = Rn1, we find that

p—(w) =u+0n,0 R

This defines our choice of F* @ F~ at a given configuration (the choice of E™ has to be continuous as u
varies).

In addition to this choice, which we made explicit, we state now an interesting technical lemma, which we
do not use in the present paper, but which may be useful for the construction of other global flows in the future.

Lemma 2.1 Assume that an ordered configuration u of 2k *v-jumps near a simple elliptic periodic orbit
supporting a v-rotation of 2km — 6, 6 € (0, m), contains a forced repetition. Then given one of these £v-jumps
So, which we choose to represent the positive eigenspace FT, all the J-decreasing flow-line from u to p_(u)
contains at least two non-zero v-jumps.

Proof of Lemma 2.1 Since u contains a forced repetition, # must contain at least two non-zero +v-jumps.
Denoting wy the configuration that yields a v-jump at Sy we may assume that u reads
_ 2k—1
u=oawo+ X Y
1=

We can assume, without loss of generality that & > 0, for example.

The y;s yield &v-jumps scattered at the other (2k — 1) locations. The functions 7(y;) are zero at Sp; they
span the space HO1 [0, 1], based at Sy.

By construction, see above, E?ﬁ?l ciyiis p—(u).

If p_(u) contains two non-zero +v-jumps besides Sp (maybe), Lemma 2.1 holds.

We, therefore, may assume that Eizil_l ¢; yi contains exactly one £v-jump besides S, so that u reads

u=ajwo + Brwi

w1 has a £v-jump at another location Sy, not at Sp.

We are assuming that u contains a forced repetition so that «; and S are non-zero. We can take them to
be positive. Then, going along +& and assuming without loss of generality (at the expense of changing u into
—u if needed) that wg corresponds to a positive v-jump, wj is a positive v-jump if, strictly in between Sp and
S1, there is an even number of other locations or xs. w1 is a negative (—v)-jump otherwise.

With F* = Rwyg, p_(u) then reads Biw; + 61w, where 6 is computed so that the following holds:

n(Brwr + 01wo)(So) = Bin(w1)(So) + O117(wo)(So) =0

n(wo)(So) is negative, but our argument is independent of this fact. Assuming that 1 (wq)(So) is negative,
n(w1)(S7) is negative if w; corresponds to a positive v-jump at Sy; it is positive otherwise.

Going along +£, we can locate the various s, once S is tracked and recognized, at a v-rotation equal to
7 — € one from the next one, starting from Sy and S>;_1. With € small enough, the sign of n(w1) will alternate
from §; to S, starting at S and ending at Sx; .

It follows (from the fact that there is a forced repetition between wg and wy) that n(w1)(Sp) is positive.
Therefore, 61 is positive; Lemma 2.1 follows.

In the proof of Lemma 2.1 above, we have left out the proof of the fact that the sign of n(wq) or n(wp)
alternates from S; to S; . This follows from the following:

We may assume that the £ -transport is pure rotation along the elliptic orbit, the total rotation being 2km —e/,
€1 positive small. The &-transport matrix in the (v, —[&, v])-frame around the periodic orbit then reads:

cos€;  sin€
—sin€;  cose

wo corresponds then to a function 7 that solves 7 + a’nt = 0on (0, 1) and such that

cose;  sine @ B @ B @_1
—sSin€|  CoS€] n0) )~ \n))  \nO
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It follows that n(0) is negative and that 77(0) is positive. With €] small posmve r; has a first zero at 7
positive small, then at 7; + 7, etc. Let us compare with the function 7 solving 7 + a7t = 0 in (0, 1) with
7(0) = 0, 7(0) < 0.
At the first zero of 7, n is positive; at the second zero of 7, 1 is negative and so on.
Our claim then follows from the fact that the locations of the (2k — 1) & v-jumps distinct from Sy can be
taken to be as close as we please to the zeros of 7 (to their left, after orienting the x-axis along +£).

2.2 Sparing a * as a single *v-jump

We now establish that, whenever we have m recognizable *s, m > 2, we can arrange so that one of them,
which we denote y and which is a single +v-jump, remains a single £v-jump and never grows into a family
as we bypass critical points at infinity or periodic orbits of index larger than or equal to m (there is a lack of
transversality in the variational problem (J, Cp)).

The transversality issues in the variational problem (J, Cg) have been solved in [5], Appendix 4, pp 562—
563 with the use of the New Hole Flow and the introduction of companions to given steady *s. The arguments
have been detailed on characteristic pieces, but they can be adapted to non-degenerate &-pieces as well.

We need here to refine these arguments so that we can “bypass” any critical point at infinity w of index
larger than or equal to m without ever creating companions to y.

Since transversality can be assumed to hold on each I'ys, the issue is with the HO1 -index of w™

If y corresponds to an edge of w> and there is a “hole”, see Appendix 4 of [5], on a &-piece of which y
is an edge, we can use the New Hole Flow which is defined starting with the other edge of this £-piece. This
New Hole Flow will never introduce a companion to y if w® does not have a single edge represented by y .

If now y is a * lying within a given characteristic £-piece containing a “hole”, see [5], Appendix 4, also
[6], section 15.1, then the New Hole Flow built starting from a given edge might introduce a companion to y.
If this happens, however, we know that y has a steady orientation.

Indeed, otherwise, if y is tiny and faces a “hole” (defined and found after the definition of a starting edge
for the New Hole Flow), y is moved into this “hole”, thereby creating a “hole” “behind it” (between the edge
and y) and a companion to another *, the * “behind y”, can be introduced in the new “hole” that has been
created, provided of course this other * is steady.

If it is not, an induction can be started. It eventually leads to the introduction of another * than y, “behind
y” and the definition of a decreasing deformation.

If y is not tiny, then it cannot be moved “inside the hole” and this “hole”, therefore, stays on the other
side of y. But then, we can use the other New Hole Flow that has the other edge as starting edge. This New
Hole Flow will identify the hole in front of y to be a hole that lies between this other edge and y . Border-line
configurations can be resolved with the introduction of companions to other xs than y on both sides of y. The
claim about y thereby holds in this framework.

The argument above breaks down if w® has only one edge, represented by y. But we claim that this will
happen only if the domination of w® is occurring through I'.

Indeed, if the domination is not occurring trough I';, one of the *s inside the &-piece of w is non-zero.
We denote this * *j. %] is not tiny.

Starting from the large edge y to the left (y lies both at right and at left), we can “push away” the s one
from the next one so that the v-rotation between them is larger than equal than a number smaller than 7, but
close to r. We complete this process until we reach ;. This will never reverse the orientation of ;.

Once this widening, under this form, is completed, we can use, if there is an “open hole” to the left of %, the
New Hole Flow starting from =1, which we take to be the starting edge and we can decrease the configuration.

If there is no “open hole” to the left of x, then there must be one, without any use of the widening flow
[5], Proposition 20, to the right of .

Between 1 and this open hole, there might be several xs. If they are tiny or zero, we can move them into
the “open holes’ that they are facing (see [5], p 563) and we can fill the hole. Another hole then opens and it
remains open.

Exhausting the s to the right of %; one after the other one, we find that there is “an open hole” with a
immediately to its left that has a steady orientation and is not tiny. We can introduce a companion to this *
inside the hole and decrease the configuration.

We thus see that all these configurations can be decreased without ever introducing a companion to 2.

2 This holds true as y exits a &-piece.
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Similar arguments may be used for transversality of flow-lines between periodic orbits. Finally, as we
bypass periodic orbits of index m, starting from periodic orbits or critical points at infinity of index m + 1 to
which (m + 1)*s may be associated, families can be rebuilt through the process and y can be kept to be a
single £v-jump.

2.2.1 As y exits a characteristic &-piece

The choices which we have made above for y might have to be changed if a * exits a &-piece. We will assume
that this &£-piece is characteristic for the sake of simplicity.

We claim that over this process we have to cross configurations of xs on W, (x,,) that will “bypass” the
critical point at infinity without the use of any companion.

For these configurations, there is no need to choose a y yet; they are on direct flow-lines originating in
wp,, and they have never reached a critical point at infinity. The choice of y can be completed across these
configurations and can be made to fit the new distribution of s over the various &-pieces of the critical points
at infinity.

Similar phenomena, albeit more complicated on the surface, can occur as the % corresponding to y, keeping
its orientation that might be opposite to the orientation of the edge, exits through this edge with the “help” of
a third *. This third % would then have the orientation of the edge and would become larger and larger.

1 2 3 etc

We can build our deformation so that this never happens on the flow-lines originating in w5y ;. Indeed, as
long as the xs are represented by small +v-jumps (maybe multiple), we may assume that they are “spread”,
with a v-rotation separating them bounded away from zero.

Also y, if it has the opposite orientation to the edge and if it has all the other xs “far” rotation-wise from
it, cannot exit from the edge and can be assumed to be “far” from this edge.

It must, therefore, be that some of the inside *s must grow (in a given level set of the functional; all this
process is happening in the space of configurations, in a level surface close to the level surface of w37, )if y,
with the opposite orientation to the edge, is to exit through this edge.

The size to which they must grow does not depend on the level surface or on how close the configuration
must be to w57 ;. It depends only on the process of “pushing away” =v-jumps one from the other. This process
is embedded in the decreasing deformation.

It follows that the *s that grow can be assumed to be “small but sizable”, that is, they are small enough
so that the “pushing away” can still take place; but they have become sizable so that if their sizes double, this
very process cannot take place or y would then reverse orientation through it.

Under such circumstances, these other xs can become close to each other and to y and y can exit.

But, if this is to happen, J/, is not small at this configuration and some easy additional arguments prove
that we have now left a neighbourhood of w3} | and the configuration is then below the level of w3y | by a
large amount. We are not anymore in the prescribed level surface, close if below the level of w3y ;. The claim
follows.

A cycle w3y | could be created though in the reverse way, that is around an edge that would be formed by
two consecutive s (an identifiable repetition) and this cycle would “end” on each side of the edge, if the two
&-pieces are, e.g. characteristic because one of the s defining the edge would become a decreasing normal,
see [5], pp 482—484. In such a case, either a second repetition is available as the edge is formed by two *s and
more. The transition between the two large chains of the cycle is achieved by configurations with (2k — 2) or
less sign-changes in the orientations of their &v-jumps. This will be an “easier” case to handle. Or, this is a
second case, the only repetition is this repetition and we have to find an “outside” y. This y is not difficult to
find if the critical point at infinity has more than two characteristic £-pieces. The other cases are discussed in
Sect. 2.11. We will assume for the time being that y is defined without ambiguity over the cycle defined by
w;°, unless the number of sign-changes drops below (2k — 2).

@ Springer



110 Arab J Math (2014) 3:93-187

2.3 Bypassing periodic orbits coming from infinity

The advantage to have y to be a single v-jump can be seen when the re-ordering is completed near a periodic
orbit. Typically, if this periodic orbit is of index m, then we want to re-order along this periodic orbit (m + 1)xs
that might have turned into families.

These (m + 1)xs come typically, directly or indirectly, see below, from the (m + 1)xs associated with
the unstable manifold of a periodic orbit of index (m + 1). When the periodic orbit is hyperbolic, then its
unstable manifold, see [5], Proposition 1, p 469, is parametrized by (m + 1)=*s. When it is elliptic, then we can
parametrize its unstable manifold with (m = 2k) with (2k 4+ 1) &£ v-jumps or (2k 4 2) &£ v-jumps (not s: for
m + 1 = 2k 4 1, the maximal number of sign-changes between these +v-jumps is 2k), depending on whether
we take the total v-rotation around this, simple, elliptic periodic orbit to be (2k + 1)w — 0 or 2k + 1)z + 0,
0 € (0, m).

Using the arguments of [5], p 473 and [4], p 85 and p 87, slightly extended to change also a simple
hyperbolic orbit of odd index into an elliptic orbit (same argument than in [5], p 473, with a further adjustment
of the &-transport map along the periodic orbit to turn it into pure rotation as the nature of the orbit changes;
the orbit does not degenerate, but its iterate of order two does), we may assume that all simple periodic orbits
of odd index are elliptic and that all hyperbolic orbits have even index.

Elliptic periodic orbits might have iterates that have an even index. However, for a given iterate, we can
adjust the rotation of the prime elliptic orbit, without ever crossing s, s € N, so that this iterate degenerates and
is replaced in the arguments by a simple periodic orbit of even index. We may then assume, by the arguments
above, that this periodic orbit is hyperbolic. These “adjustments/modifications” are assumed to have been
completed in all our arguments below.

2.3.1 The unstable manifold of a dominating simple elliptic periodic orbit

We can choose, see [S] p 473 and [4] Proposition 15 p 85 and Lemma 7 p 87 , any of these values as we please,
the contact form is changed, but not the homology. The change in the amount of rotation is completed, whereas
the periodic orbit does not degenerate. Therefore, no critical point at infinity is created over this process.

In the sequel, we will take the v-rotation around a simple elliptic periodic orbit of index (2k + 1) that is
dominating to be (2k + 1) — 0, thereby creating a model for its unstable manifold with (2k + 1)xs, whereas
we will take this rotation to be (2k + 1)z + 6 if this simple elliptic periodic orbit is dominated.

Of course, an elliptic periodic orbit can be at the same time dominating and dominated. However, if we
seek to understand the homology at some precise index, we will encounter one single type, dominating or
dominated, not both.

2.3.2 Re-ordering xs around a periodic orbit with the use of y

We are now given (m + 1)xs around a periodic orbit of index m. The v-rotation around this periodic orbit does
not exceed 2mm + 6,6 € (0, ).

There is barely enough room to re-order these (m + 1)x*s so that the v-rotation between two consecutive
xs is given, some number in (%, 7).

Since y is a single +v-jump, we can start the re-ordering process by “pushing away” all the other s, away
from y, so that the v-rotation from y to its next neighbour is larger than or equal to a number less than 7, but
close to . This “pushing away” never reverses the orientations of the next neighbours or the other s, besides
y, so that any forced repetition taking place in the complement of y is preserved. The next step, until the final
step, in the re-ordering process does not involve y. It involves only the other xs. Through such a process, a
forced repetition cannot disappear: if one * changes orientation through this process, then the next * has the
reverse orientation, and it is non-zero, so that the forced orientation maintains, with its edge *s maybe changed
(y is never such an edge).

The arguments for re-ordering/rearrangement can be more involved as we consider the most general form
of critical point at infinity w?® that could be dominated by W, (wax+1); also multiple dominations may occur.
This is discussed in Sect. 2.11 of this paper. We will see that, over a sequence w, — w® — w,_1, involving
one domination (with difference of Morse indexes equal to 1) and one tangency, w° being a critical point at
infinity, the intersection number i (w,, w,—1) does not change over a decreasing deformation that is globally
defined, whereas for some sequences of dominations, way41 — wglf — wok_1, such a conclusion does not hold
for certain configurations. The repetition in the orientations of the +v-jumps of the configurations and the
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value of the exterior y cannot be assigned to specific sub-intervals of the full circle of the (2k + 1) & v-jumps
over these configurations.

In the next section, Sect. 2.4, we will be assuming that the value of y is defined without ambiguity over
the deformation classes; alternatively, we could also assume that the value for y might change, but that over
these changes re-arrangement of the (2k 4+ 1) 4= v-jumps can be completed as y changes value, whereas the
repetition(s) in the complement of these value(s) of y are spared. Under such an assumption, we derive that the
intersection numbers do not change. This conclusion, as stated above, holds in full generality for sequences
involving a domination and a tangency, see Sect. 2.11.

2.3.3 Bypassing simple elliptic orbits coming from infinity

Also, and this is useful in the re-ordering process around a simple elliptic orbit of index (2k — 1) (dominated
so that the v-rotation around it is (2k — 1)t 4+ 6, 6 € (0, 7)), if a £v-jump or % which is not y is steady, then,
after this re-ordering process is completed as above, one of the +v-jumps besides y (which might or might
not be steady) is steady.

Let us now imagine that the unstable manifold of a critical point at infinity w5y is parametrized by 2kxs,
one of them-y-being reduced to a single £v-jump. Let us assume that w3} has more than one edge; or, if w5y
is in ', that y does not represent its edge.

We then claim that

Proposition 2.2 Assume that the unstable manifold of wsy, is parametrized with the use of 2k £ v-jumps. Then,
the intersection number of wSy with the simple periodic orbits of index (2k — 1) is zero

Proof We first recall,see above, that we may assume, see [5], p 473, also [4], p 85 and p 87, that all these
simple periodic orbits of index (2k — 1) are elliptic. Being then considered as dominated, the v-rotation around
themis 2k — 1)wr + 6,0 € (0, ).

Considering a configuration o on W, (w3;), we know that it has 2k+s. One of them is y; it is a simple
Fv-jump. There is at least another * that is steady.

After completing the re-ordering process as above, the 2kxs are distributed over 2k £ v-jumps equidistant
from each other. y is one of them. There is another +v-jump, y; that is non-zero.

We can take Ry to be E for this configuration o (o re-ordered). Since there another non-zero fv-jump,
p—(o1) is non-zero. All the configurations of W, (wS7) can be moved away downwards and the claim about
the intersection number follows. O

Considering now the case when w5} belongs to I'; and dominated by a wy; so that its unstable manifold is
parametrized by 2kxs (this will occur over a tangency wox — w5y, along a deformation; an additional parameter
is needed), we observe that the index at infinity of w5y should then be zero since dim(W, (wa) N T2 = 1.
Its HO1 -index is then 2k. This yields (2k 4+ 1) &£ v-jumps in the representation of its unstable manifold: an
additional +v-jump is required for the large edge.

Because the index at infinity is zero, any flow-line from wglf to wyi—1 will involve a non-zero HOl direction.
Choosing y to be the edge, the previous argument extends since there is a non-zero +v-jump outside of y.
The claim follows.

Let us now turn to the case when we have not 2k, but (2k + 1)xs near a simple periodic orbit of index 2k
or 2k — 1):

2.3.4 Bypassing simple periodic orbits coming from infinity: the three-edges rule

Let us now assume that we are considering flow-lines supporting (2k 4 1)x*s and that these s are Zv-jumps.
Let us assume that these flow-lines dominate w;°. They can then be considered, over the lack of transversality,
to dominate some disk D", of dimension 2k or (2k + 1) in the unstable disk of wj,;’ (the index m of w;°’ might
be larger than 2k or (2k + 1)).

Let us assume that w?” has three edges and that these three edges are represented by three distinct *s. We
then claim

Proposition 2.3 y canthen be chosen so that a forced repetition takes place in its complement. The intersection
number of D" with any simple periodic orbit of index r — 1, w,_1 is zero.
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Proof Indeed, let us label %, *; and %3 these three distinct xs, in the +&-order of w;’, starting from ;.
Any two of these s define two intervals among the (2k + 1)xs, which may be viewed on a circle. Given the
orientations of the corresponding edges, one of these intervals harbors a forced repetition. y should be chosen
in the other interval. Therefore, *; and %, should be consecutive s among the (2k + 1)xs; the corresponding
edges should have reverse orientations. Otherwise, a y can be found.

Using the same arguments, *, and *3 should be consecutive, as well as %3 and *;. Then k = 1. But %3 and
%1 cannot have reverse orientations and the claim follows.

Once y is chosen and the forced repetition is identified, y is spared as a single £v-jump and the forced
repetition survives. After re-ordering around a simple periodic orbit of index 2k wyx and using the choice for
F;F completed above, see Sect. 2.1, we derive that the intersection number with wyx of D" (r = 2k 4 1) or
w3, is zero.

The argument is more subtle because the projection onto F~ (see the choice of FT (o) @ F~ (o) in the
first section) does not necessarily respect the existence of a repetition outside of y in the case of a simple
hyperbolic periodic orbit.

Therefore, whereas the conclusion about the intersection number holds for the first hyperbolic periodic
orbit of index 2k wyx encountered along these flow-lines, it is harder to prove that it holds for the other w5,
below. The precise argument is made in section 6, below. We will proceed with the claim for now.

In the case of an elliptic orbit wy_1, of index (2k — 1), the forced repetition in the complement of y
implies that, once the re-ordering process (completed first by bringing all other xs away from y) is completed
and the xs are reduced to 2kx*s, one of the other xs besides y is non-zero. Indeed, after a first re-ordering, we
find that two of the xs that are not y are very close and all these s, with the pair confounded (ie considered to
be at one location) are at the positions where they should be for (2k — 1)xs (pair confounded, *s outside of y;
the pair is a pair of consecutive s distinct from y, chosen as we please). The orientations of the 2k=s outside
of y imply a forced repetition. If the pair of xs that are close have the same orientation or if one or both are
zero, we can make the pair collapse into one single *. This  is either a non-zero * and we are done; or it is a
zero * and, under our assumptions (forced repetition), there must be another non-zero * that is not . Again,
we are done.

If the pair has opposite orientations, then the immediate neighbours must build with this pair an alternating
sequence; otherwise, we can use a neighbour to collapse the pair and have a non-zero *, which can be found
then among the immediate neighbours. But, then, since there is a forced repetition, there must be another * that
is not y, not in the pair and not an immediate neighbour of the pair that is non-zero. The pair can be collapsed
and one non-zero * besides y still exists. The claim about the intersection number then follows from the fact
that ET is of dimension 1, see Sect. 2.1.

However, the same issue that we have encountered for hyperbolic orbits wy; holds for the intersection
number with the simple elliptic periodic orbits wor_1. Whereas the conclusion holds obviously for the first
one encountered wy_1, it is harder to establish for the next one wék_l.

We are helped here by the almost explicit form of the projection p_ on F'~. As stated in Sect. 2.1 (choice
of F* @ F~ along an elliptic orbit), given a configuration u represented by Zfi%k vin; and choosing FT to
be Ry, n, representing the function 7 for the *y of choice to be a single +v-jump, then

p—(w) =n(u)+6n,,0 € R

It follows that, from u to p_(u), the sequence of +v-jumps outside of y is unchanged.

The re-ordering defined above and “centred” around y starts with (2k + 1) &£ v-jumps and a repetition
outside of y. As explained above, in the vicinity of a simple elliptic periodic orbit wy;_1, the (2k + 1)*s reduce
to 2k=s, or rather stay (2k + 1)xs, with two xs being very close, quasi-confounded and the repetition outside
of y subsiding.

We can define p_ for such a configuration u-with (2k + 1)sxs, 2 different from y being very close, as an
H(} -projection, that is

p— W) =n(u) +0n,

so that n(u + 0y) is zero at the time f corresponding to y.

Clearly, when two of these 2k=xs, distinct from y, are very close, the deformation (as ¢ increases from 0 to
1), (I — t)u + p_(u) decreases Jo and preserves the forced repetition outside of y.

The induction from wa;—1 to w), , can then proceed as the forced repetition outside of y is not destroyed

by the use of the pseudo-gradient related to the E* @ E~ decomposition near woj_ 1. O
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2.3.5 Restrictions on flow-lines of 'y and of T'4

Let us consider a generic deformation of the variational problem (J;, C /’3). Let w}, 41 be a simple dominating
periodic orbit of odd index (2k + 1) that we track over this deformation. It is then, according to our assumptions
above, an elliptic periodic orbit and its unstable manifold is described by (2k + 1)xs.

Assume that, over a time 7o of the deformation, w}, 1 dominates a critical point at infinity w;;” of index
m, that is

Wi (wyy) C UWy(wh )
tefty—e,to+e€]

The notations wS” and W, (wS’) cover here the case when the index of w{y is more than m, but we would
be only considering a subspace of dimension m (of decreasing flow-lines) in its unstable directions.
We then claim that

Lemma 2.4 Assume that ty is a generic time for the deformation.

(1) If wey has one large *v-jump and the domination wg}cﬂ — wS is through Ty, then m < 2k + 1.
(ii) If wy; has two large Lv-jumps of opposite orientations, if the domination wéok 41 — Wy, is through T's and
if there is one &-piece of wS, that does not support any * of wék-H’ thenm < 2k + 1.

Proof W, (wg}( +1) N T2 is of dimension 1, so that the index at infinity in; Of wo must be zero in case (i). It
follows that, if we argue by contradiction, the HO1 -index of w;,’” must be m > 2k + 1. This implies that the
maximal number of zeros for b ([3,4]) on W, (w;) is (2k + 2) to the least.

On the other hand, the maximal number of zeros for b on W, (w;k 1) 18 2k. Domination cannot take place
and (i) follows.

Turning now to (ii), we see that the index at infinity i, of w;° can be either 1 or O.

If it is zero, the H(} -index of wS’ is 2k 4 1 (if we argue by contradiction, again). Since we are assuming
that there is no * on one of the &-pieces separating the two large £v-jumps of w;?>, all this HO1 -index must be
supported by the other &-piece and the maximal number of zeros of b on W, (x5°) must be 2k + 2.

If i is one, we reach the same conclusion. Again, the maximal number of zeros of b on W, (w;‘)k +) is 2k
and (ii) follows. O

Observe that either the assumptions of (i) or (ii) of Lemma 2.4 above hold, or w;,” has three distinct edges.
Therefore,

. 0 . . .o .
Lemma 2.5 Assuming we have a tangency wag+1 — Way iy the intersection number i (w3 Iy woy) IS zero.

Lemma 2.6 Let woi1 be a simple elliptic periodic orbit of index (2k + 1) and let wyi—1 be a simple elliptic
periodic orbit of index (2k — 1). Let w3} be a critical point at infinity of index 2k (in the generalized sense
described above) and assume that wy+1 dominates wglf and that wgz dominates woj_1.

(i) If the domination of w3y by woj1 is through I'y, then the index at infinity i, of w5y is zero.

(ii) Ifthe domination of w3y by woyy1 is through Ty, if the two large Zv-jumps of wSy have opposite orientation
and if no * of war41 separates them along the flow-lines of the domination, then the index at infinity iso
of w3y is 1.

Proof (i) is straightforward. For (ii), i is one or zero since dimW,, (wax1) N 'y = 2. If i 1S zero, then the
HO1 -index of w3} is 2k. Since no * of wog 1 separates the two large £v-jumps of w3y, there is one &-piece
of wsy with zero HO1 -index (the actual HO1 -index of this £-piece might not be zero, but it is not used in the
representation of W, (w%f) under the domination by w41 since no * of woi41 lives on this &-piece).
Thus, the other &-piece has an H(; -index equal to 2k. Then the maximal number of zeros of b on W, (x57)
is (2k 4+ 2), whereas it is only 2k on W, (w2x+1), a contradiction. (ii) follows

O

Let us now consider a wS; of index 2k, of index at infinity ioc = 1. Let us assume that the curve supporting
w5y is a curve of 'y, having two £v-jumps of opposite orientations.
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Let us assume that a simple elliptic periodic orbit of index (2k + 1) w2x41 dominates w3y and that, along
the flow-lines of this domination that we will be considering, the two £v-jumps of w3} are represented by two
consecutive xs of woyy1.

Let wyi—1 be a dominated simple periodic orbit of index (2k — 1).

We then claim that

Lemma 2.7 (i) Assuming that either the Fredholm assumption is violated along woi_1 or that k > 2, we may
define our pseudo-gradient so that no flow-line at infinity (ie involving the unstable direction at infinity)
will connect w3y and woy—1.

(ii) Along the other flow-lines originating at w5y, the choice of a xy that is a simple £v-jump with an
additional outside repetition (ie not involving y ) can be made so that no such flow-line will connect ws;
and wak—1. Discontinuities in the choice of y correspond to a drop in the number of sign-changes between
the 2k 4+ 1)xs below 2k, to (2k — 2) or lower.

Proof For (ii), we observe that, once we exclude the flow-lines at infinity originating at w3y, we find flow-lines

that involve Hé-directions, that is flow-lines that involve at least a third non-zero *. Each additional non-zero
* defines two distinct intervals among the original (2k 4 1)*s once we take into account the two consecutive
s representing the edges of wS;. Unless the number of sign-changes for b drops to (2k — 2) or less, only one
of these intervals contains a forced repetition. Furthermore, if two or more *s besides the two consecutive s
of the edges are non-zero, the intervals of forced repetitions must be nested one in the other one, unless again
the number of sign-changes drops to (2k — 2) or less. Therefore, the choice of a % to be y, not involved in
the forced repetition, can be made in a continuous manner over all the configurations supporting a number of
sign-changes equal to 2k. This *x will be taken to be the * of one of the edges.

For (i), we will use two arguments:

The first one uses the Fredholm violation along wy;_1, which therefore will be assumed to occur along
wok—1. By the results of [6], we know that this holds always true for the first exotic contact structure of Gonzalo
and Varela [14].

We observe that i, = 1, so that we are considering at most two flow-lines, originating at w5y, in I'4, ending
at wyr—1. We want to use the Fredholm violation along ws—1 and modify these flow-lines so that they do not
reach wyr_1 anymore. We may assume that the &-transport near wox—_1, which is an elliptic periodic orbit, is
pure rotation, so that J, is invariant under such a rotation. Using this rotation, we locate the small positive
v-jump of such a flow-line near wy; 1, where we please along wo;—1. Assume that the &-piece of w3 and of
these curves that does not support inside s runs from the positive v-jump of x5; to the negative one. Under
this assumption, we locate the positive large v-jump of wS; on a portion of the periodic orbit wo; 1 where the
Fredholm violation is occurring along “positive Dirac masses” along v, that is along forth and back runs along
v. Under the other symmetric assumption, we locate this positive v-jump on a portion of the periodic orbit
wok—1 where the Fredholm assumption is occurring along “negative Dirac masses” along v, or back and forth
runs along v. We now use the “exterior” (exterior with respect to the &-piece supporting no %) (2k — 1)*s and
we push the small negative (—v)-jump towards the positive one (along this very &-piece) so that the v-rotation
separating them is less than 7. As we complete this process, we might exit I'4, since some of the (2k — 1)x*s
that are zero might become non-zero. This might happen, but the number of sign-changes remains 2 and we are
still considering two (at most) single flow-lines that we want to modify using the Fredholm violation. Assume
now that the £-piece supporting no * runs from the positive v-jump to the negative one. Expanding then the
positive v-jump, we can decrease Jo, and bring the negative —v-jump closer to the positive one:

that is, picking up §v, § > 0 at B and &-transporting it to C, we find at C a vector having its (—[&, v])-
component 7 to be positive. This (—[&, v])-component can be compensated by taking —8'& at D, §' > 0 and
v-transporting it to C.

This process is Joo-decreasing.
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Over this process, either the negative (—v)-jump becomes very close to the positive v-jump. We can use
the Fredholm violation, see Sect. 2.4 below and Appendix 1 in Sect. 2.8 to this paper and derive (i) under the
assumption that Fredholm violation is occurring along wy;_1. This is done as follows: the positive and the
negative £v-jumps, are close, separated by a &-piece of small length §. This is the beginning of a positive
“Dirac mass” that we can expand, raising its size to s, s an increasing parameter. The curve is denoted x;s.
Using the expansion in Appendix 1, Sect. 2.8, (the Fredholm violation is occurring at x5(#)):

J(x5) = J (ak—1) + 8(1 = s 1) (D5 (§))) + O(8%) = J (wa—1) + 8y () + O (%)
The expansion can be differentiated, see Appendix 1. We then choose § as a function s, so that
8y +8y < —cs

c > 0 is a given, fixed and appropriate constant. When s is small, y increases with s (see Sect. 2.9,
Appendix 1). We then decrease § appropriately so that the above inequality holds. This decrease continues as
long as y is positive, bounded away from zero. Eventually, because we are assuming that Fredholm violation
is occurring at x;(fp), y starts to decrease and crosses zero. Then, y is negative, bounded away from zero and
the above inequality holds, with § = 0. When y crosses zero and Fredholm violation occurs, J(x5) becomes
less than J (wp—1) and (i) follows.

Resuming our argument, it might also happen that the negative (—v)-jump becomes tiny. Decreasing a bit
the positive v-jump decreases J, and allows to move also the tiny (—v)-jump near the positive one. (i) again
follows, under the same assumption.

If the Fredholm assumption is not violated along wo;_1, we will assume that k& > 2, so that wo;_1 is
of index 3 to the least. Coming back to our argument above, we have now two Fv-jumps, one positive and
the other one very close, negative, tiny. We can move the negative v-jump from the positive one, scaling the
positive one so that the process is J-decreasing, reaching then a position such that the v-rotation along the
&-piece between the two +v-jumps is less than 27, but close to 2. Since wyy—1 is at least of index 3, this is
possible. It is not difficult to see then that the two +v-jumps can grow, whereas Jo, decreases. (i) follows.

The construction above might seem to be not very well defined since the flow-lines originating at the curve
supporting w3y depend on the distribution of s of w1 relative to the large +v-jumps of w5y.

However, the w%‘j s involved here should be considered as different depending on this distribution of s,
since they correspond to different HOl -subspaces of the unstable manifold of the critical point(s) at infinity
defined by the underlying curve. The various flow-lines can then be combined (see the Sect. 2.2 about s
travelling across large edges and the related drop in the number of zeros for b) into a global flow. O

If wS; isin I'; and is dominated by a periodic orbit w41, with a wag 41 —w$; domination in I'; (otherwise,
the previous argument applies), then the index at infinity of w5} is zero since dimW, (w,,) N T2 = 1, see the
proof of Proposition 1, p 469 in [5] (there could be exceptional times, where domination of critical points at
infinity w57 of index at infinity equal to 1 would occur, in principle. However, the domination wag 41 — w5y

2k+1
remains a transversal domination at those times, because it does not occur in I'; , but in a larger Ul Iys.

§S=
Therefore, domination does occur before and after those times; the index at infinity of w5y does not change at
these special times)

Therefore, if wglf dominates wyi_1, this domination involves a non-zero HOl -direction. We have (2k + 1)xs,

one of the s is the *x of the edge, another * is the * of the H(} -direction that is non-zero. If these two s are
not consecutive, then we can proceed as in the case of the three edges rule, choose a y and a forced repetition
outside of it. The various choices can be made coherent, unless there is a drop in the number of zeros. y will
be one of the xs neighbouring the * of the edge.

If the * of the H(} -direction is a neighbour to the * of the edge and if it does not have its orientation, then
we may use again the Fredholm violation along w1 and “cancel” the flow-line w$y — wo,—1. This settles
all the cases: the last one involves a repetition between the edge and a neighbour. The choice of y can be made
as any of the other remaining s.

Using Lemma 2.6 and Lemma 2.7 above and the results of the previous sub-section (“three edges rule”),
we thus have established the following:

Lemma 2.8 Assume that wyiy| dominates wglf with a non-zero intersection number, then the intersection
number i (WY, wak—1) IS zero.
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The above lemma holds under the assumption, as stated above, that y is chosen uniformly over all the
configurations, re-arrangement sparing the forced repetition being completed in the complement. This holds
over sequences of Morse relations involving a domination (with a difference of Morse indexes equal to 1) and
a tangency, see Sect. 2.11.

In the next section, we assume that Lemma 2.8 holds true in full generality over a continuous path «; of
contact forms verifying g; AdB; > 0, B; = do;(vy, .). The path is assumed to start at time zero from the contact
structures with their standard contact forms (the standard contact form on S° and the first exotic contact form
of Gonzalo and Varela [14]). With these forms, one can read directly that dpe o dper = 0. It follows that Lemma
2.8 above holds at time zero, with w5y intended as the collection of critical points at infinity dominated by
wor+1. Using tangencies, we may assume that such a collection is made at time zero with a single w5} and,
therefore, Lemma 2.8 holds at time zero. This is a result that we need for the proof of Theorems 1.1 and 1.2
in the next section.

We will also be assuming—creations and cancellations are discussed in Sect. 2.5—that either no cre-
ation/cancellation occurs over this path; or if a creation/cancellation x,,x,,_1 occurs, no “rhombus” x,, /x,flo_ 1/
Xm—1/Xm—2 violating dper o dper = 0 will occur.

2.4 Morse relations
We will be considering in the sequel Morse relations of the type
AWy = Wy—1 + w;,

wy, is one or a collection of periodic orbits of index m; the same for w,,_; (with the index m — 1).

w,_, is one or a collection of critical points at infinity of index (m — 1).

We will be studying such Morse relations as a contact form o is deformed along a homotopy of contact
forms, ¢t € [0, 1]. We will be assuming, in this section, except for Proposition 2.10, that no creation or
cancellation of periodic orbits occurs along this path and we will be assuming that the contact forms are at
time zero either the standard contact form on S or the first exotic contact form of Gonzalo and Varela [14]
on S3. The arguments extend to all the other contact structures on S* for deformations of the same type.

Along such a deformation, creations/cancellations of critical points at infinity, singularities in UI'y, tan-
gencies between stable and unstable manifolds of critical points and critical points at infinity of the same index
may occur. The issue of creations/cancellations of periodic orbits is addressed at the next section, Sect. 2.5,
as these creations/cancellations might allow the formation of “rhombi” x,, /x,,—1/x;>_ | violating the relation
aper o 8per =0.

We want to study the contents and the changes of these Morse relations as ¢ varies in [0, 1].

For the sake of simplicity, the index ¢ is dropped from these Morse relations; but it will be re-introduced
when it is convenient and important to track the time ¢ of the deformation along these Morse relations.

We first describe a key feature of the variational problem (J, Cg) and we discuss, before entering into the
details of the study of the Morse relations, the impact of this key feature on these Morse relations and the
related homology and intersection operator (restricted to periodic orbits):

Morse relations are related, for a given variational problem, to the definition of the intersection operator.
This intersection operator is in turn related to the definition of a decreasing pseudo-gradient for this variational
problem; to a certain extent, the expression “Morse relations” can be misleading if it is interpreted as “Morse
relations of a given variational problem”. The datum of the pseudo-gradient is essential for the definition of
these Morse relations.

The pseudo-gradient that we will be using to define these Morse relations is a combination of the (semi)-
flow defined on Cg/ U Iy in [3,4]—see Sect. 2.9, Appendix 2 for the construction of a global flow, satisfying
the Palais—Smale condition on each I';x—with the local flow defined above in the previous sections. Once this
definition is given, there is no possible confusion about what intersection operator we are referring to.

As we have pointed out above, the variational problem (J, Cg) misses one important property, usually
satisfied in classical and even extended variational theory, namely it misses the verification of the Fredholm
assumption.

This feature of (J, Cg) has been discussed in great extent in our previous works [1,3-5].

For the sake of self-consistency and for the reader, we summarize here the main features and consequences
of this phenomenon described and studied in the references above:
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2.4.1 Violation of the Fredholm assumption: how it occurs

Given a piece of curve on M, x(t), t € [0, 1], with 8(x) = 0, «(X) = a, a a positive constant, we can compute
J(x) = fol a(x). Since a(v) = 0, the value of this functional does not change if we modify x into a new curve
y derived by adding to x a piece of v-orbit at x (#y which we incorporate into x(¢) as a back and forth or forth
and back run along v:

x(t)

The curve y does not satisfy anymore the constraint «(x) = a, a a positive constant. If x were closed and
were therefore a curve of Cg, y would not anymore be a curve of Cg. y does satisfy, however, the constraint
B(y) = 0 and y, with its piece of v-orbit thought of as a back and forth or forth and back run along v, can
be approximated by a curve z¢ having o(ze) > 0; hence, after re-parametrization, having «(Z¢) = ce, cc a
positive constant. J(z¢) is very close to J(x), so that we can think of all these curves z. as some sort of set
that is associated with x, over which J does not change. This set is contractible (even after the insertion of
several of these “runs” along v).

As we try to define decreasing variations of the curve x, we can “slide” x to any of the associated z,. Once
the curve is located at z., new variations can be defined. Indeed, see [3], pp 236-239, the back and forth or
forth and back run along v, the so-called “Dirac mass” that we introduced along x, can be opened “up” at its
“top” or “bottom” depending on the specific case and a small piece of orbit of &-orbit, of length §, § > 0 small,
can be inserted. With appropriate adjustments, see [3], also Appendix 1 to this paper, Sect. 2.8, a new curve
x5 is thereby defined:

O& 8¢ has been inserted
\ on the top of

x(t.)
x(t)

Computing J (x;5)-the piece of v-orbit, which we will take, for example, to be positively oriented, is of
length s, ¢ is the one-parameter group of v-, we find, see [3], pp 236-239:

J(x5) = J(X) + (1 = atx(ry) (DY (£))) + O(57)

It might happen that, for certain x(#p)s along x(¢) and for certain values of s-these cannot be small-
Oy (1) (D5 (§)) is larger than 1 so that J (x5) < J(x). We then say that the Fredholm assumption is violated at
the curve x (¢), for the value #y. We can be more specific and state whether this is happening for s > 0 (“positive
Dirac masses”) or for s < 0 (“negative Dirac masses”). These violations might happen over disconnected
intervals for s as well, so that the Fredholm assumption is then violated at multiple locations along the v-orbit
across x (fg).

The terminology “violation” is here the right terminology because one can see that the linearized operator
for J' is not Fredholm. This can be precisely traced back, see [3], 236-239 also, [4], pp 28-30, to the fact that
the functional J is “insensitive” to the addition of these “Dirac masses”.
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2.4.2 How this violation interferes with the intersection operator: the topological “cancelation” of every
periodic orbit

The Fredholm violation for (J, Cg) is a strong feature of this kind of variational problem. In the case of the
standard contact structure of S, for a given contact form, this violation probably occurs at every periodic orbit
of its contact vector-field. This, however, requires some more specific study: it is not, at this point, a theorem.

On the other hand, see [6], Propositions 2.16 and 2.17, section 8.3, in the case of the first exotic contact
structure of Gonzalo and Varela [14], the Fredholm assumption is violated at every point of .S 30X, where =
is a codimension hyper-surface in §°.

This implies that this assumption is violated, for a generic contact form of this contact structure, at every
periodic orbit of its Reeb contact vector-field.

Considering then a periodic orbit w of this contact form, a small unstable disk D" (w) for w, all of D" (w)
(relative to its boundary S =1 that will not move along this deformation) can be “moved down”, below J (w).
This is accomplished by building appropriate “Dirac masses”, at the appropriate location where the Fredholm
assumption is violated—if this is happening at w (#y) for the periodic orbit, we will build these “Dirac masses”
at x(tp) for the curves x(¢) of D" (w)—along the curves of small unstable disk. These “Dirac masses” will
grow in size, from non-existing to being of the appropriate size, as the curves “move up” in D" (w), from its
boundary S”~!(w) to its “top”, which is w.

Then, these “Dirac masses” are “opened up”, a tiny &-piece is inserted, the curves are approximated very
closely by curves of Cg and the whole process is J/Joo-decreasing.

The difference of topology due to the periodic orbit w has been cancelled in the topological sense by a
“shadow” critical point at infinity, built with the addition of a “Dirac mass” § along w.

The study of this phenomenon is completed thoroughly, up to minor misprints and mistakes in [4], pp
151-178.

This additional “shadow critical point at infinity” that cancels w will be denoted in the sequel (§ + w)°.

We have

Morse index((§ + w)>°) = 1 4+ Morse index(w)

It is clear that the intersection number of (§ + w)® with w is 1, so that for the intersection operator d-here,
it will be for every “pseudo-gradient”: Joo (8 + w)°°) is equal to J (w)-:

I +w) > =w+---

In addition to (§ + w)°, there are more complicated phenomena, where several “Dirac masses” are added
along w and “moved around”, giving rise to higher index “shadow critical points at infinity”’. The phenomenon
can be studied completely, see [4], pp 151-178; again some re-writing and minor modifications are required,
see Sect. 5.0.1, the erratum.

2.4.3 Impact on the homology

When we study the Morse relations for a functional f involving a given critical point w of index m as a
dominated term, we seek all the critical points w’, of index (m + 1) that have flow-lines connecting them to
w. Assuming general position arguments, we have isolated flow-lines that carry a local degree equal to 1 or to
—1. Adding these degrees for a given w’, we find the intersection number i (w’, w) of w’ with w.

Let us assume that we have two critical points w’ and w”, both of index (m + 1), and let us assume that
fw”) > f(w). We compute for a given pseudo-gradient for f the quantities i (w’, w) and i (w”, w), whatever
we find them to be.

We claim now that we can modify i (w”, w)-modifying the pseudo-gradient flow-and replace it, for another
pseudo-gradient by i(w”, w) + ki(w’, w), where k is any relative integer we please. This claim is not dif-
ficult to establish: it suffices for this to create a tangency of order k between the unstable manifold of
w” and the stable manifold of w’. This tangency of order k may be seen as k tangencies of order 1, one
after the other one-along a deformation of pseudo-gradient flows. A tangency of order 1 is not hard to cre-
ate: one “engineers” a deformation of the flow so that, over this deformation, the unstable manifold of w”
“swipes‘ over the unstable manifold of w’ once. Perhaps the following drawing best illustrates this change of
pseudo-gradient:
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In between

w

This moves up,
eventually reaches w'.
Then, W,(w") moves
"on the other side",
see below

In the specific case of (J, Cg), for a periodic orbit w, we can take for w’ the “shadow critical point at
infinity (§ + w)®°. Since i (w’, w) is here 1, since J(w’) < J(w”) for every w* of index index (w) + 1, we
can modify the pseudo-gradient flow so that the intersection number i (w”, w) for this flow is 0.

Considering then a homology where the dominant terms are periodic orbits, we find that w is not in
the image of any other periodic orbit of index index (w) + 1. Completing this operation for every w of a
certain index, restricting the boundary operators to be valued in periodic orbits, we find that its square is zero.
Therefore, as we start from periodic orbits, all cycles survive in the corresponding homology, that is they are
not boundaries.

We need to take our pseudo-gradient so that it is a “local” flow, a “Fredholm flow” near the periodic orbits,
that is in an L°°-neighbourhood of their graphs. If this neighbourhood is small enough, independently from
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the periodic orbit, once its critical value is bounded-then we know that the “Dirac masses” described above
cannot be opened up in order to “engineer” a decrease ((1 — a(d¢—_s(&))) is positive for s small). Therefore,
the creation of this “Dirac mass” is not a natural phenomenon in a small L°°-neighbourhood of the periodic
orbit. However, as this neighbourhood expands, Fredholm violation can occur. There is no Morse Lemma to
impede it.

We will be imposing the following rule along the deformation of our pseudo-gradients as the contact form
is deformed:

2.4.4 Basic rule for the definition of the homology

Definition 2.9 The (continuous) deformation of the pseudo-gradients of the variational problems (J!, C }’3)

and (J%,, UT%,) along the deformation of the contact forms is symplectic: along this deformation, the union
of the unstable manifolds of a periodic orbit w!, never dominate the unstable manifold of the “shadow critical
points at infinity” (§ + w! ), thatis®, W, ((8 + w!,_)>®) ¢ [kd 1]Wu(wfﬂ_l).
tel0,

Another way to phrase the rule described above, the “symplectic” rule, is to state that there never is, at any
time 7 along the deformation, a flow-line connecting w!, and (8§ + w!, _)>.

We will be assuming that this rule holds for the deformation of pseudo-gradients Z; here. We get rid of
this assumption in [8].

2.4.5 The case of (8™ +w')>®°, m > 2

We consider now the specific case of the “shadow critical points at infinity” (8™ + w1)*°, m > 2, taken as w”
as we follow the framework and the arguments of the last section. We claim that for these w”’s

Proposition 2.10 For these w'”s, the use of (§ +w)* to make i (w”, w) equal to 0 does not change the value of
the homology. This holds true over cancellations of periodic orbits. In addition, the derived pseudo-gradient
can be assumed to satisfy the property that the number of zeros of b does not increase along its decreasing
Sflow-lines.

Proof We need to prove that cancellations of periodic orbits and also of periodic orbits and critical points at
infinity (see [4], pp 103—106) can proceed “normally” even as these intersection numbers are set to be zero.
Observe that, with w” = (8™ +w1)®°, m > 2, assuming that, before any modification, i (w”, w) was non-zero,
the index of w; satisfied:

indexw; + m = indexw + 1

Therefore, the index of wy is always less than the index of w. Even along deformations of flows (involving
one parameter), we may assume, by general position arguments, that wi never dominates w, that is there is
no decreasing flow-line from w; to w. Nevertheless, since the intersection number was non-zero, J (w1) was
more than J(w). Thus, no cancellation between w; and w can take place since wi, which has the lesser index,
is above w, which has the higher index. This settles the first part of the claim.

For the second part, we observe that the domination by (8" + w;)*>, m > 2 of w cannot be “direct”,
through the domination by (6™ 4 w1)® of w; (this one involves the “removal” of the “Dirac masses”). It takes
place through flow-lines where the “Dirac masses” have been built and “opened up”, since all the other ones

3 See [4], pp 151-178, also Sect. 2.8, Appendix 1, which provides the framework for a parametrization of the phenomenon
described in [4], in order to understand (6 + w,’n_l)w. Its unstable manifold is as follows: Proposition 2.2 of [5] gives a model
for the unstable manifold of a periodic orbit of index (m — 1) using (m — 1) small +v-jumps located at (m — 1) (not arbitrary,
they can be several choices) points along this periodic orbit. The “Dirac mass” can the be built by inserting a back and forth or
forth and back run along v at any of those locations. Its size varies from O to sq; s is the size beyond which this “Dirac mass” can
be opened and J, then decreases (if this happens at some location. The rotation of v along the periodic orbit can be re-scaled
so that, if there is Fredholm violation along the periodic orbit, then it will take place at one or all of these locations, see [4], p
162). Increasing the size from 0 to 5o and then “opening up” the “Dirac mass” to decrease J, provides the additional decreasing
direction, to be added to the disk of dimension (m — 1) provided by the (small) (m — 1) & v-jumps that modelize the unstable
manifold of the periodic orbit in order to obtain the unstable manifold of (5 + w,’nf ) . As s increases from 0 to s, Jo does not
change if the “Dirac mass” is completely “closed”, has no &-piece inserted in it. But, if a tiny &-piece is inserted in it and its size
does not change, then J, increases because the function y (s) = 1 — a(d¢_s(£)) (see above) is initially positive. so is the size
at which y (s) becomes zero and the “Dirac mass” can be opened. In this way, we derive a genuine additional unstable direction.
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can go only to w; or to lower-index critical points (at infinity). The unstable manifold of (§ + w)> carries no
more zeros than the unstable manifold of w if the index of w is 2k (2k zeros). It carries two more zeros than
the unstable manifold of w if the index of w is (2k — 1) (again it carries 2k zeros); see [4], pp 151-178, for
these claims (Lemma 16, (i) and (iv), in particular).

On the other hand, by Lemma 2.5 , p 80 of [4] and by the property that the number of zeros of b never
increases along the decreasing flow-lines of the pseudo-gradient of [3,4], the maximal number of zeros of b
on the unstable manifold of (8" + w1)®° is then at least 2k since i (w”, w) is non-zero. The claim follows then
(it is not difficult to adjust the intersection of W, ((8™ + w1)*°) with W((§ + w)*°) so that the property for
the number of zeros of b holds on each single flow-line; this is not needed though in our framework. What

is needed is the weaker property that if w® dominates w( o) , the maximal number of zeros of b on the

unstable manifold of w(® is larger than or equal to the maximal number on the unstable manifold of w(oo).

This obviously holds). O

We now turn to the more specific issues of the changes affecting these Morse relations as we proceed with
a generic deformation of contact forms that does not contain creations or cancellations of periodic orbits. We
will be focusing on three main issues, which are the following: we need to understand these Morse relations
at the time ¢ = 0 of the deformation. Here, the example of the first exotic contact structure of Gonzalo and
Varela [14] on 3 will be considered. The arguments apply as well to the standard contact structure on 3 and
to a variety of other contact structures. All deformations start at time zero at the standard contact forms (see
[14] for the exotic contact structures of Gonzalo and Varela on S3) of these contact structures.

We also will study dpe;wy,,’; that is we will study the intersection numbers between critical points at infinity
of index m and periodic orbits of index (m — 1). The critical points at infinity w;, will either be in dwy,41,
that is they will be dominated by periodic orbits of index (m + 1) through the flow of [3,4]. Or they will have
undergone tangencies w,, — w°, that is W, (w}9) N W, (w;'°>) will not be empty. It will typically be made of
a single flow-line at some tlme to along the deformation.

In addition, we will need to understand why we may assume if

oWy, = Wyy— 1—|—wm I

then, w>” | does not contain critical points at infinity which we denote (8 + z,,,—2)°°, built with the addition
of a “Dirac mass” (a back and forth or forth and back run along v) to a periodic orbit of index (m — 2), z,,—2.

All these issues are addressed in the sequel. Creations and cancellations of periodic orbits are addressed
in the next section.

Let us first observe, as we pointed out earlier, that we will, each time we are considering a dominating w,,,
view its unstable manifold in I'y,,. This is possible, see [5], Proposition 2.2, p 469.

We will also be assuming—-without loss of generality—that all simple periodic orbits of odd index are
elliptic.

2.4.6 Changes in Morse relations

A Morse relation such as

Wy = Wyy— 1—|—wm 1

can be changed in various ways along the deformation

Indeed, dw,, can be changed by a tangency w,,, — wm °) This will affect the Morse relation with the addition
of acycle o = dc; that is, we will now have

QW = Wy—1 +wy | + dc

This Morse relation could also be changed by tangencies w1 — wy,”_;; that is a periodic orbit of index
(m —1) in dw,, dominated another perlodlc orbit or another critical pomt at infinity of index (m — 1). Observe
that it then follows that the dominated w,” , will inherit in the parametrization of its unstable manifold the

parametrization of W, (w,,—1) into (m — 1)*s

We could also have tangencies w;> | — ,(n ) . The dominated w 1 will inherit the parametrization of

Wy (w;> ) into mss, derived from the fact that wo” | C dwy,.
Fmally, we could have singularities in UT'y. We will have to study how these singularities might affect
these Morse relations.
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Routes As one may have noted from the arguments above, the w7 ;s that appear in the Morse relations may

either rise from dw,, or from tangencies w;,,_1 — w,‘f_l. These two different routes yield slightly different
outcomes for wﬁf_l , since in the first case its unstable manifold is parametrized by m s, whereas in the second
case (m — 1)xs suffice.

Let us first consider the Morse relation

o0
OW2k+2 = W2k+1 + Wopy

First Route We are interested in the first case, that is in w5y 1 dominated by woj+2.

Letus assume that this Morse relation, with dper w3y | # 0, is nothappening at the time 0 of the deformation.

Then w3y, | arises later over the deformation and it would be part of a dc, where ¢ has undergone a
dominated tangency with wog2. Assume then that ¢ contains a w3y, and that Jw3y , contains a periodic
orbit wj, +1- We would then find a sequence wok12 — w3y, — wh 4 1» or after a shift of indexes, a sequence
wor — wsy — wh,_,. We have ruled out in Sect. 2.3 (see Appendix 11 for the proof in full generality) that
this may occur (observe that, by our rule above, w37 cannot be (8 + wax—1)°). Therefore, once all w’2k 4 are
removed from c (these contributions to dwog 42 are of the same type that the Morse relation we started with in
the first place; they yield only re-combinations of the same type of Morse relations), we find only w37, ;s in

dc. Taken together, they have no boundary since 3> = 0. We thus see that this route for changing this Morse
relations does not affect the intersection numbers between wog+2 and wogy1.

Let us now assume additionally that we are considering either a contact form in the standard contact
structure of S or a contact form in the first exotic contact structure of Gonzalo and Varela [14].

We then cannot either start at time zero with a Morse relation as above (with dper w3y +1 7 0). Indeed, at

time 7 = 0, we have the S!'-action of the vector-field Xo, see [6]. wog+2 1s of even index. Its unstable manifold
is invariant under the S'-action generated by Xj.

If w5y 41 (that is, its unstable manifold) is transverse to the action of Xo, then the intersection number
Wok42 — W5p, | is zero, contrary to the assumption.

If Wy (w3, ) is invariant under the action of Xy, then we have a sequence of three unstable manifolds
Wy (wak42), Wy (wgi Jrl) and W, (wyy); the three are invariant under the action of Xj.

This sequence defines a Morse relation that unravels and yields a Morse relations wogy1 — wglf — Wop—1
that is transverse to the Xo-action. This Morse relation is taking place at time zero and this is not possible, see
above.

More generally, Lemma 2.8 of Sect. 2.3 and Appendix 11 rule out Morse relations for any time 7 if they
do not involve a “complicated” Morse relation over which the value of y completes a full circle amongst the
2k + 1) £ v-jumps parametrizing W, (wag+1)-

Therefore, we conclude from this Xo-action that the intersection numbers (w3, wox—1) are zero if
i(w2k+1, wyy) is non-zero. This holds true at time zero, remains true through tangencies. This feature
can only change through creations/cancellations of periodic orbits and we are assuming that, if such cre-
ations/cancellations do occur, no thombus violating dper © dper = 0 arises, so that all over the deformation of
contact forms that we are considering i (w5, war—1) = 0if w3} € dwor1.

Second Route Considering now the second route, we find a Morse relation of the type

o0
W2k+1 — Wopy — W2k

These are ruled out over the deformation.
It follows that

Lemma 2.11 If Owogyo = wok+1 + wgl?-&-l’ then 8perwg§+1 =0
‘We now consider the Morse relations:
dwor41 = wok + way

Again, using the results of the previous section, also the rule stating that w1 does not dominate (along
tangencies) (8 + wox )™, we find

Lemma 2.12 If dwory1 = war + w5y, then dperwsy =0
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2.4.7 Morse relations and the (§ + wor_2)s

We prove now that we cannot have Morse relations of the type

dwy = wop—1 +wi_; £ (8 + way—2)*
dwor41 = wak + wyy £ (8 + w1

4(8 + w)) stands here for the critical point at infinity defined by the addition to the periodic orbit w of a
back and forth or forth and back run along v, see above and [4], pp 151-178. Instead of adding one single “Dirac
mass” to w, we could add more, at various locations, with various cycles. As stated above, we denote these—
they have also been studied, up to some minor misprints/modifications in [4], cited above—(8" +w)*°, m > 2.
By Proposition 2.10 above, (6™ + w)®°, m > 2 have no boundary relevant to our arguments. We will ignore
them.

In the two Morse relations above, w37, and w3} do not contain terms of the type (§ + w;)>; or if they

contain them, they are part of cycles and yield no boundary. They could contain terms of the type (5% + w )%,
etc. Since these do not yield any boundary relevant to our arguments, we will ignore them, as we already stated
above.

We also observe that we can split wS;_; into wglf_l |+ wglf’_zl. u)g,f’_ll has undergone dominated tangencies

with wyi_1 and has, therefore, inherited the (2k — 1)s structure; whereas w;’;’_zl isa dwsy (wox — w3 — Wag—1
is impossible as we have seen above). Thus, aw;’,jfl =0.

Tangencies wy; — w5, yield, using induction starting from the time 0 of the deformation, a similar decom-
position.

Considering the first Morse relation, dwo; = wor—1 + wgi;ll + (8 + wor—2)® + aw%f, it implies, since

Bperwglffl = 0 by the results above, that w;_1 is non-zero since it has a non-zero intersection number with
woi—2 (compute 9 (dwyg) using the formula above).

We know that, at the time ¢ = 0, the intersection number i (woi, wo_1) is zero. Therefore, such a Morse
relation comes from the creation of a pair wor — wok—1.

As this pair is created, we may assume that the Morse relation takes the simple form dwy; = wor—1 (for
k > 1. For k = 0, we assume that there is no wy, that is there is no periodic orbit of index 0).

Let us first assume that the unstable manifolds of the pair that is created are in the normal form given by
Proposition 1 of [5].

Under such an assumption, to create a (8 + wpx—2)°°, we either need a tangency wy; — wéio). These either
produce a dw$y that does not interfere with our arguments, or they produce a dw?, that does not contain (use
induction starting from the time O of the deformation) a (§ + wor—2)°.

The other tangencies wag—1 — (8 + war—2)> or wgi’_ll — (8 + wor—2)° are not allowed or are not possible:
the second one changes the intersection number i (wgi’_]l, wok—2). This intersection number must, therefore,
be non-zero at a certain time of the deformation, which is not possible.

The first one is not allowed by our basic rule, see above, Definition 2.9.

The claim follows for the first Morse relation.

The second Morse relation implies, because aperwg;; = (), see Sect. 2.3 above, that

dwyr = wok—1 + other terms (maybe)

We know that this does not hold at the time O of the deformation. It might appear later under the form (see
above)

00,1
Qwog = wop—1 + Wy,

This happens after a creation wy; — woi—1. Using a general position argument, this creation never takes
place on the unstable manifold of a critical point (at infinity) of index (2k + 1) (this argument is general; it

4 For a simple periodic orbit of even index, the maximal number of zeros of b, the v-component of % on the unstable manifold
of (8§ + wor—2)*°, changes as the location of the “Dirac mass” changes along the periodic orbit wy_». This number changes
from 2k to (2k — 2) or vice-versa at the crossing of a node. Under the restriction that the maximal number of zeros is (2k — 2),
we could therefore have several non-homotopic (8 + wox—2)*°. By difference, they can then yield cycles that are not boundaries.
However, in W, (w2y), the corresponding maximal number is 2k. Under this constraint, these cycles are boundaries. They do not
interfere with our argument. The same observation holds for simple elliptic periodic orbit, only that the argument is then easier
because then all (§ 4+ w)®° are isotopic.
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does not require any preliminary assumption: the stable manifolds of the critical points in the created pair can
be assumed not to change through the process of creation).

Thus, the only way to insert wo; in this Morse relation is through tangencies between a periodic orbit w,
or a critical point at infinity wS; in dwp41 with wa. The second case is impossible by the arguments above
(it would imply a sequence w1 — W5, — Wak—1)-

Even after a tangency wék — wog, we are left short of the term (8§ + wor—1)°° in dwyg1, wWhich has to
appear after the wo; — wor—1 creation (using a general position argument, it cannot be inserted at the time of
the creation).

Tangencies w), — (8 + wax—1)*> and w3y — (8 + wax—1)* are not possible or not allowed again (same
than above).

Thus, (§ + wax—1)> could only appear after a tangency wog+1 — wéﬁl.

Over such a tangency, wéﬁ
arguments above, as woj41.

8w§i°ﬁ1 would have to contain (§ 4+ wox—1)* at a time of the deformation prior to dwo+1. An induction
can be started; the claim follows.

Let us now remove, under some other much weaker assumption, our initial assumption about the unstable
manifolds of the created pair.

Since we ask that the additional Morse relations introduced by the pair of periodic orbits reduce to the
sole dx,,, = x,,,—1 as a creation or cancellation x,, /x,,—1 occurs, it follows that the unstable manifolds of these
periodic orbits are not in the normal form provided by Proposition 1 of [5]: The unstable manifold of xy¢ in an
X2k+1/X2k creation/elimination has one additional +v-jump ((2k + 1) in total). The unstable manifold of xpx_1
in an xpi/x2x—1 creation/elimination has one additional v-jump ((2k) in total). This additional +v-jump
does not count as an additional dimension of the unstable manifold. It is rather the additional dimension due
to the deformation, as the unstable manifold takes its final normal form, starting from the form that warrants
the Morse relations as we wish them to be through the creation/cancellation, that is that they should take the
form 0x,, = x,,,—1 through these processes.

Tangencies with infinity become then possible and “rhombi” violating the relation dper o dper = 0 may
arise, see Sect. 2.5 below for this. Outside of the creations/cancellations, these tangencies are impossible, the
intersection operators dp,] and d do not mix by the results of Sect. 2.3 above and Appendix 11, below.

We, therefore, either need to assume that the relation dper 0 dper = 0 is not violated over the process
of creations/cancellations of periodic orbits over our path; or, for the more special tangencies that we are
considering here, where the critical point at infinity is a (§ +x,,—2)°, through a creation/cancellation x, /x;,—1,
we may introduce another assumption, verified over a very large number of cases, if not in full generality.
This assumption reads as follows: the existence of the critical point at infinity (8 4 x,,,—2)°° assumes that there
is Fredholm violation, see above and Sect. 2.9 along x,,_,. We assume that this Fredholm violation, in the
direction of § (6 could be a back and forth or a forth and back run along v), is not occurring at all points of
wp,—2; there must be some points on w,,_» where the Fredholm violation does not occur in the direction of §.

Under this assumption, see Appendix 1, Sect. 2.8 and see [4,8], see also Sect. 2.5 below, we can think
of (§ + x,,—2)°° as critical point at infinity of index at least 2 in I'4. One index direction is for the Fredholm
violation, the other one is for the fact that this Fredholm violation is not occurring at every point of x,,_2, see
[8] for more details.

Outside of the two large +v-jumps of (§ +x;,;,—2)°°, every small +v-jump counts for an HO1 -index direction,
see Sect. 2.11, the sub-section about the HO1 -index based at y, as long as the number of these small £v-jumps
does not exceed the HO1 -index of w,,_; based at y.

Along a periodic orbit, there can be three types of positions for y, see Sect. 2.2: y can be at E™ or E~ or
E-type positions. At an ET-position , a small dv-jump at y is attractive for the second derivative; at £, it
is repulsive and degenerate at Ey.

We may arrange, re-scaling the v-rotation along w,,—_» as in [4], pp85-102, that the Fredholm violation—
since it is not occurring uniformly along w,,_»—is occurring at positions that are not of Eg-type.

Then, if the “Dirac mass” is occurring at an E+-position, (8§ 4 x,,_2)> is of index 2 in 'y and the HO1 -index
based at y is (m — 2). With s £ v-jumps, s < m, we find that (§ + x,;,—2)® is of index s in [y, whereas
W, (x—1) is of dimension (s — 1) in 'z, of dimension s if we add the additional parameter of deformation.
The result is that no tangency is possible over the process of creation/cancellation of x,, /x,,—1 between x,, 1
and (8 + x;,,—2)°.

; would inherit the (2k + 1)x*s structure of wog4 1. It can be thought, in all the
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If the “Dirac mass” is occurring at an E ~-position, (8 + x,,,—2)°° is of index 3 in I'y and the Hol—index
based at y is (m — 3). The argument is slightly modified when s = m, but the conclusion is the same, see a
variant of this argument in Sect. 2.5 below for the case when m = (2k + 1).

More general configurations are discussed in [8].

2.5 Rhombi violating dper © dper = 0 form when periodic orbits are created or cancel each other
along a deformation

The deformations that we have defined above (see also Sect. 2.11) obey very stringent conditions that forbid
tangencies such as xox — X5y — X2k—1, X2k — X5¢_ | — X2k—1 » X2k41 — x§,?+1 —X2k—1, X2k —X5p_; —X2k—1. This
implies that no thombus x,, /X, —1/X,° | /Xm—2 violating the homology can be created through such tangencies
starting from time zero. Theorems 1.1 and 1.2 as well as the fact that the operator dper does not change through
these tangencies follow.

However, cancellations/creations of pairs of periodic orbits do happen. Along them, rhombi can be created:
when, e.g. a pair xox /x2r—1 is created, the unstable manifold W, (x2x) of xox can be thought of as being along
a single flow-line, thereby avoiding the lower y»;_1s. We then have to give up the fact that W, (x2¢—1) is built
with the use of (2k — 1) & v-jumps or the use of 2k & v-jumps with (2k — 2) sign-changes between their
orientations.

As we later deform this unstable manifold to its standard form given by Proposition 1 of [5], lower
tangencies x2x—1/y2k — 1 might happen and these would change the intersection number xp; — y2k—1. Also
tangencies/dominations xo;_1 — yglffl — Xx2x—2 can happen and they induce “rhombi” xox /x2k—1/ yé’,ffl/xzk_z
violating the relation dpe; o dper = 0. We need to study this phenomenon in more detail:

Let us first observe that, since there is no need to adjust stable manifolds of periodic orbits over degeneracies
and since tangencies involving critical points at infinity as a middle term are not allowed, the relation Oper 0 Oper =
0 cannot be violated “from top” along degeneracies. When x4 is close to a degeneracy and it undergoes an
X2k-+1 — X2k degeneracy, its unstable manifold does not have more -v-jumps and a tangency xox+2 — X357, | — X2«
is not allowed. The same conclusion holds with xp; in an xp; — xp;—1 degeneracy.

Therefore, “rhombi” that violate dper 0 dper = 0 because they involve a critical point at infinity cannot be
created in this way (although they could pre-exist).

On the other hand, from “bottom”, that is when unstable manifolds are involved and a degeneracy takes
place, the phenomenon is different.

Typically, if we have an x,,, — x,,,—1 degeneracy, the unstable manifolds have to be adjusted to have m =+ v-
jumps for the degeneracy to occur, if m is even for example. Along this process, rhombi can be created because
tangencies become now possible.

Near a degeneracy, we can assume that we build W, (x,,,) and W,,(x,,—1) with m £ v-jumps in the vicinity
of one flow-line so that d W, (x,,,) = W, (x,,—1) globally; that is no other periodic orbit is dominated by x,,.

Assume that the Fredholm condition is violated at x,,. Then x,, is dominated by X5° = (8 + x,—1)*, a
critical point at infinity built with a “Dirac mass” on top of x,,_1. Near the degeneracy, all W, (x,,) U W, (X:°)
can be assumed near the degeneracy to be achieved with (m 4 1) & v-jumps (one additional for X,,°) in the
vicinity of a stratified space of top dimension 2, one for the degeneracy, one for the “Dirac mass” and the
Fredholm violation.

Wy (xpm) U W, (x5°) can be assumed, therefore, to be a cycle (for dimension reasons): it does not dominate
critical points at infinity of index (m — 1) if m is large. It is eventually deformed, as the number of +v-jumps
over W, (x,,—1) is adjusted to (m — 1), so that it is achieved with v-jumps.

Over this process, it can undergo tangencies. The tangencies will occur with critical points at infinity of
index m, y,(,,oo). Assume that By,(,,oo) =y + zfﬂof)l. Here y° | and z,(noi)l are critical points or combinations

(00)

of critical points, at infinity for y,ff_l, maybe at infinity for zr(noc_’)l. We also assume that each of yr‘,’f’_] and z,, ",

dominate at least one periodic orbit x,,_> (and maybe more): this is needed for the creation of “rhombi”.
Then, after the tangency takes place, X has y°° | + anoi)l in its boundary. y>° | can undergo a
dominated tangency with x,,_; (since W, (x,,—1) is achieved with m £ v-jumps) and, then, a rhombus
Xm /Xm—1/Yg1/X[m—2 is created, violating dper © dper = 0. The Morse relations below the degeneracy are
unchanged; therefore, this is the sole phenomenon that occurs.
If we then modify the value of dper, setting

aperxm =Xm—1+ yr?zo—l
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the homology is not modified and 5per o éper = 0. Furthermore, one can prove, using the number of £v-jumps
used for each unstable manifold of the critical points (at infinity) of such a rhombus, that y°° | can change
for another critical point at infinity of the same index over a cancellation, but cannot be destroyed or replaced
by a periodic orbit of the same index (over a cancellation of two critical points at infinity, the number of
Fv-jumps of the corresponding cycles must be the same because the cancellation occurs at infinity, not along
H& -directions).

However, the definition of 5per is not “sturdy” and at even indexes, we cannot rule out that this homology
might change through cancellations or creations of periodic orbits. At odd indexes, this does not happen as
stated in Theorem 1.3. Theorem 1.3 is proved in Part II of this paper.

We claim that three key results hold over this process:

First, over creations/cancellations xox — x2x—1, O tangency x2xk—1 — Y[2k—1 1S possible despite the fact that
the unstable manifold of xpx— is undergoing a rapid change as described above.

Next, if a rhombus is created, a special relation ¢S} = cox—1 + h’2k_1’ o Mmust hold, where htZk—l, o isa
collection of critical points at infinity of index (2k — 1) whose unstable manifold is parametrized with the use
of (2k) trackable +v-jumps (for all critical points of i, 1.0 together; this relation should hold from the time
zero of the deformation. This implies, by direct checking that it does not hold for the standard contact form
on S 3, the proof of Rabinowitz theorem [29] on § 3 for convex Hamiltonians. The proof can be extended, see
section 6 of [8], to general star-shaped Hamiltonians.

Finally , as a rhombus x4/ cgi /yar/cak—1 is formed, we establish below, under minimal conditions that

are always verified, e.g. for the first exotic contact structure of Gonzalo and Varela on S3 [14] that Sy, is never
equal to (§ + xpx—1)°°, where xp;_ is a periodic orbit of index (2k — 1) in cpx—1. (8 + x2k—1)°° is a critical
point at infinity associated with the Fredholm violation along xp;—1. These results are established in what
follows:

Lemma 2.13 As W, (x2x—1), along a x> /x2k—1 creation, is isotopically deformed to its standard form, no
tangency Xak—1 — Yak—1 occurs, so that the intersection number X — Yor—1 remains zero, for yyr—1 different
Jrom xai_1, if yox—1 is not dominated by another yxx with a non-zero intersection number

Next, we claim that

Lemma 2.14 Given yyr—1 = cor—1 a periodic orbit or a combination of periodic orbits of index 2k — 1)
that has an intersection number equal to zero with every periodic orbit of index 2k, yk, assume that caj—1
cannot be written as co—1 = dy5y + h3p_, where y5; is a critical point at infinity or a combination of critical
points at infinity of index 2k whose unstable manifold is achieved with the help of (2k + 1) trackable Fv-
Jjumps and where h3;_, is a critical point at infinity or a combination of critical points at infinity of index 2k
whose unstable manifold is achieved with the help of 2k (not (2k 4 1)) trackable :v-jumps. Then, no rhombus
X2k+1/X2k /xglf /C2k—1 is formed along the isotopy.

Proof of Lemma 2.13 Analyzing cancellations/creations xp;/x2x—1, we view the direction of degeneracy as
provided with a line of curves having a single +v-jump. This line of curves connects x2; and x2;_; on one
side, dropping off x;; on the other side.

This direction of degeneracy is located at a point along x; where the v-rotation around the periodic orbit
is a bit larger than 2k (whereas, on most of xg, this v-rotation is less than 2k because of the degeneracy
with the elliptic x2x_1). A single +v-jump located at such a point defines a decreasing direction at xp; and an
increasing direction at xox_1).

Let x be this point or rather this collection of points, which correspond to each other as we move from xp;
to xok—1. At x2r—1, we may achieve the unstable manifold with functions 7 in the space HO1 [x, x + 1]. These
functions are defined by (2k — 1) jump conditions ﬁ(t;r—) —n(t;) = ¢;, taken at (2k — 1) precise times ; in
the interval [,x + 1] (whereas n(x) = 0).

This unstable direction may be followed as the curves move ascending (along this single flow-line con-
necting xp; to xox—1) from xo;_1 to x2. At xok, these define (2k — 1) unstable directions to which we should
add the direction defined by the single £v-jump at x.

It follows that the unstable manifold of x| may be achieved, all along the isotopy, with the use of 2k &+ v-
jumps, one of them at x. But it also follows that, all along the isotopy, on the boundary of a small unstable
disk in W, (x2r—1), we may assume that one +v-jump to the least, which is distinct from the +v-jump at x,
is non-zero. Indeed, at the degeneracy and nearby, the curves with a single +v-jump at x are in the unstable
dimensions at xp;_1.
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Coming then down, with such configurations, in the vicinity of yy;_1 and tracking the 2k &£ v-jumps of
W, (x21—1), we locate the attractive direction ET for y,,_1 for these configurations at the +v-jump that was
tracked from X. Since one £v-jump besides this E T -direction is non-zero, W, (x2x_1) can never dominate
yar—1 and the conclusion follows. O

Proof of Lemma 2.14 Considering a periodic orbit or a collection of periodic orbits cp;_1, which we assume
not to be dominated by a periodic orbit of index 2k with a non-zero intersection number, this cannot change
through tangencies since xo;_1 cannot be dominated by another y,;—there are no zo; to dominate it to start
with and tangencies/dominations zo; — zg‘,é — cox—1 are forbidden—and it cannot be dominated over the isotopy
by another yy; 1 (Lemma 3 of [4]) nor with a y5;’_, that is dominated by an x2;.

It follows that, outside of cancellations/creations of periodic orbits, it cannot be dominated by an xyy.

Through a creation y>; — y2x—1, this domination cannot occur by Lemma 2.13.

However, if a creation y;+2 — yax occurs above cpx—1 and if a domination yg,? — cox—1 already exists or has
come to existence through a y5’ — y5¢ | —c2x—1 domination/tangency—Observe that the domination/tangency
described above implies that the unstable manifold of y57_, is achieved with (2k + 1) & v-jumps or more.
Otherwise, by the results of Sect. 2.3, it cannot take place—then we can imagine that, as W, (yy;) is still
evolving to its final form, a domination/tangency y»; — y5; — cax—1 occurs. This process gives rise to a
rhombus yox11/y2x/ Y5 /c2x—1 that violates dper 0 dper = 0.

We claim that this must become undone when W, (y2) is achieved with 2k £ v-jumps, that is at the end
of this process of adjustment.

Indeed, observe that, over the tangency yax — y5; — cak—1, all of dy5; is dominated by y»; after the
tangency is completed. Therefore, if the rhombus is still there at the end of the adjustment process, dy3y is still
dominated then by yy; and its unstable manifold may be achieved with these of 2k & v-jumps, whereas the
unstable manifold of y5¢ has to use (2k + 1) & v-jumps, not less (one of these -v-jumps is a steady orientation
Fv-jump at x); otherwise, the tangency cannot take place.

Thus y5y is a chain of I'4¢ 42, dominating c2x 1 with an intersection number equal to 1 and the remainder of
its boundary is achieved with the use of 2k-trackable d-v-jumps. In addition, the £v-jump from W, (y5;) thatis
lost over the domination of 45} _, is the additional one, with a steady orientation, introduced at an appropriate
point x of the degenerating pair denoting above xox /X2k—1.

We write

dysp = cak—1 +h,

where h*° € Ff{,?Ck, with obvious meaning of the notations. This holds true before the creation/elimination has

taken place, at a time £, of the isotopy (as well as to+ , after the creation/elimination is complete). We come
back now to the time zero of the isotopy, assuming, without loss of generality that no other degeneracy of
periodic orbits occurs. y5;’ might undergo changes, but it will never disappear and its unstable manifold cannot
be achieved, because it dominates cx—1 with less than (2k 4 1) £ v-jumps.

What about 2°°? If the unstable manifold of one of the critical points at infinity of 2°° was achieved earlier
with 2k &+ v-jumps, can this change along the isotopy?

Let us analyze what can happen to 2°° over the isotopy: #°° can be modified through tangencies between
critical points at infinity of index (2k — 1), but its unstable manifold will still be achieved with the use of
2k trackable +v-jumps through such a process. Eliminations at infinity cannot change this feature since the
unstable manifolds of the eliminating critical points at infinity are then achieved with the same number of
+v-jumps and these are 2k at most when we start from £, , moving backwards in time. It cannot happen also
through the more subtle phenomenon of “collisions” and “transmutations”, as in [4], pp 126—136, of a critical
point at infinity of a kind with a critical point at infinity of another kind (typically having a different number of
characteristic pieces): it is not very difficult to see, we refer to our detailed analysis of collisions in [4], that the
unstable manifold at infinity of the one dominated by y3¢ is continuous through the “collision” and, therefore,
the index at infinity (s — 1) (which drops by 1 with respect to the domination by y5¢ in the appropriate I,
with a dominating index s)of this critical point is continuous through the collision, so is its HOI -index and,
therefore, so is the number of the +v-jumps needed to describe its unstable manifold at infinity.

Since yé’,ﬁ’ has no boundary besides £°°, which does not change nature, and ¢y, 1, the boundary of yé’,‘j can

change only through tangencies with zg,zo). This only recomposes the chain into a new chain with the same
boundary. We, therefore, find that the following relation should hold at time O of the deformation:
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YE(T) — (52(0) + W () = ¢ + dw,

where ¢ e I'ifack,
dw, being a boundary, has an intersection number equal to zero with cor—1. ¢°°, being in F}{,’;‘Ck, cannot
dominate cy¢—1. The intersection number of y57'(t,”) with ¢z is equal to the intersection number of y57 (0) +

W, (zéio)) with cox—1 and the relation dy57 (f,) = cax—1 + h™ is essentially unchanged, with yS’ replaced

by ¥32(0) + ZW, (25).

Clearly, if cpr—1 is a periodic orbit that has been created “from bottom”, that is c¢px—1 has been created
through a degeneracy with a periodic orbit x4 2, then we may assume that at time zero no y3y dominates ¢ —1
since all of its stable manifold is in the neighbourhood then of a flow-line (no need for later adjustment on this
side) and, therefore, such a relation is impossible. A periodic orbit xp;_1 that has been given birth to through
a creation with an xpx_», if it later undergoes a cancellation, must undergo a cancellation “from bottom”, with
a yor—2. More generally, if ¢or—1 is a collection of periodic orbits that has no intersection number with any
y2k and if the Morse relation dy57 = cax—1 + h*°, with h*> € Fg,ka, does not hold, then no rhombus can be
formed with cox—1. As we move back along the time of the isotopy, we track the relation:

t
Aypk = c2k—1 + o oo

and we check that this relation cannot disappear. Observe that the parametrization of W, (y5y), because it
dominates ¢y requires the use of at least (2k + 1) & v-jumps and observe that such a y5;’ cannot therefore
cancel with htzkf1 ~ Whose unstable manifold requires 2k =+ v-jumps at most. Therefore, this relation cannot

disappfaar through a yf,f— h’2,§_1, . cangellgtion, 'neither can it disappear through a y5;’ — cox—1 cancellation:
c2k—1 18 made of periodic orbits and periodic orbits cancel only among themselves.
It cannot disappear also through a y5p, ; — y5; cancellation: then, y57 would have to be replaced by

zgio). zgf) cannot be a periodic orbit zox since we are assuming that the intersection number i (22, c2k—1) 1S

zero for all zoxs: we are before any creation zox4+1 — z2x that might create a non-zero intersection number
72k — C2kx—1. Being then a z%ﬁ and dominating cj2¢—1 that is not empty, its unstable manifold requires at least
2k + 1) £ v-jumps.

We now discuss the phenomenon of collisions, see [4], pp 126-136, when two critical points at infinity,
one with s characteristic £-pieces and the other one with (s — 1) characteristic £-pieces may collide. Over
the “collision”, both have to survive; we might then create a critical point at infinity with a higher HO' -index,
requiring more £v-jumps to describe its unstable manifold.

Typically, we then have two critical points “colliding”, one of index at infinity i, and the other one with
index at infinity (ioo — 1). One, labeled C1, has more characteristic £- pieces than the other one, labeled C3,
so that they both survive the collision. However, their “roles” are exchanged over the collision. We study in
detail the case when C| has one more characteristic &-piece than C;. Since we are deforming our variational
problem over a path, we may assume by general position that only one &-piece at a time changes nature.

The only possibility then for the HO1 -index to change and increase is an increase for C; from ig to (ip + 1).
Observe than C, does not degenerate in the full space of variations.

We then find that, over the “collision”, we had a configuration (C3, i, i9)/(C1, (icc — 1), ip that became
(C1,i00,10)/(C2, (ico — 1), 00

All the HO1 -indexes are the strict HO1 -indexes, the only ones that matter are the ones related to the &-piece
that changes nature. On all the other ones, whether the domination occurs with the H(}-ﬂow or whether it
involves the New Hole Flow [4], the “collision” does not change the nature of the domination, neither does it
change the number of +v-jumps involved.

The only process through which the number of £v-jumps might increase stems from the fact that the
description of W, (y5y) might require more than 2k & v-jumps. Therefore, over the domination y k> —h’, 100
some +v-jump might be “lost”. If this happens over the &-piece that changes nature and its HO1 -index increases,
then maybe the “lost” +v-jump might, after the collision, find “room” to occupy some HO1 -position. Then
h’Zka ~ Might over the collision disappear as a critical point at infinity in our Morse relation, or it might
change nature.

Of course, this requires then that all the strict HO1 -index positions over the changing nature &-piece are
“filled” over the domination. The additional one(s) have to be “lost” over the domination.

These “collisions” could even involve y5;’ and some critical point at infinity hl2k—1‘ o Or they could involve
some critical point at infinity of htZk—l, o and some other critical point at infinity.
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If the collision involves y57, then y57 must be above the corresponding critical point at infinity in htZk—l, oo
; therefore, it is the one having the higher index at infinity. We then recognize that it is (C2, i, ig) before the
collision, dominating (Cy, (ico — 1), ip). After the collision, y5p survives as (C1, i, i9). Observe that, before
the collision, the additional +v-jump of C, was already “lost” over C», if there were an additional one. This
does not change as C; turns into Cy (by continuity of the chain defined by z57) and therefore no additional
“lost” £v-jump will appear in (Ca, (ic — 1), ip + 1) since it is already “lost” as we reach Cy, before the
collision.

The other case that we need to consider is the case when htZk—l, ~ has a collision below z57 with some

other critical point at infinity. Again, the only “dangerous” scheme is the scheme when h’2k71, ~ becomes

(Co, (iooc — 1),io + 1). Before the collision, htZk—l,oo could have been (C, (ioo — 1), ig), with one “lost”
Fv-jump. There could be a discontinuity in the chain through the collision.

However, we observe that we can modify the chain yzolf with the addition, before the collision, of
W, (C2). C», being of index at infinity i, and of H(}—index io (before the collision) dominates h’2k_1’ o
which is then (Cy, (i — 1),ip), with the same number of +v-jumps, 2k of them at most that can be
tracked exactly as the ones of htzk—l,oo are tracked. Indeed, the domination (C3, ixo, ig) — (C1, (ico — 1), ip)
is at infinity and the dv-jumps, therefore, are in one to one correspondence. Observe that W, (C;) can-
not dominate any new xp;_1; neither can it dominate cp;—1 since it is built with 2k £ v-jumps and C3
is at infinity. It follows that the new chain W, (z5;) U W, (C2) has the same features than W, (z5}). Fur-
thermore, after the collision, it is continued by W, (z57) U W, (Cy)., with the same features. The claim
follows. O

2.5.1 y5y in the above relation cannot be (xpr—1 + 8)>°

This sub-section as well as the next one assume the results of Sect. 2.11 below:

Assume that y5? in the thombus y2i11/¢5¢ / 2k /cax—1 is a critical point at infinity of the type (x2x—1 +68)°°,
that is it is a critical point at infinity associated with a Fredholm violation at xp;_1, which is typically part of
the cycle co—1 for dper.

This rhombus has been formed through the creation of the pair yax 1/ y2x (for simplicity) through a tangency
ok — (xpk—1 4+ 8) — cox—1.

W, (y21) is, through this creation, formed with (2k 4 1) &= v-jumps, instead of 2k £ v-jumps; this why the
tangency can occur, whereas, if W, (y2x) were built only with 2k 4= v-jumps; this tangency would be impossible.

Assume that the tangency yor — (x2r—1 + 8)°° occurs in 'y, ie in the space of curves made of s&-pieces
alternating with s + v-jumps.

In Iy, the index of yyi is (s — 1) (in this transition period, when W, (y2x) is formed with the help of
2k + 1) £ v-jumps).

If s = 2, then the index of yy; in ['4 is 1, whereas, if we assume that the Fredholm assumption is violated
along xp;—1 only on part of xp;_1, we may assume that the index of (xpx—; + §)°° in 4 is 2: one for the
“deconcentration” process, that is 1 for the ability of decreasing J, by “opening up” its “Dirac mass” once it
is large enough; the other one because the “Dirac mass” é cannot be located at an arbitrary point on xo5—1. At
some points, the Fredholm assumption is verified in the direction of § (positive or negative).

Therefore, tangency of yx and (xpx—1 + §)°° cannot be achieved in I'4. some third +v-jump (non-zero) is
involved. Therefore, a repetition can be identified and used as in the case of “simple dominations” (Sect. 2.3)
to “bypass” cor—1 out of (xp—1 + §)°.

However, this pseudo-gradient is related to a choice of y (observe here that W, ((x2r—1 + 8)°°) cannot
dominate another y>x_1 because it can be described with the help of 2k £ v-jumps, two of them to the least
steady), see Sect. 2.3 and Sect. 2.11, below, and the choice of y varies with the repetition, so that we need to
be able to decrease the whole set of configurations as we switch the value of y. This is not always possible
in the general framework since it is not always possible to perform a “re-arrangement” that preserves a given
repetition in the complement of two neighbouring values of y, y and y;.

In our present case, here, 3y and y; can be taken to be one of the +v-jumps of the “Dirac mass” §. These
are two very close £v-jumps and it follows that the re-arrangement of the whole set of configurations as in
Sect. 2.11 can then be performed whereas a given repetition in their complement is preserved. It follows that
triangles y; — y5;¢ — c2k—1 are not possible when y§¢ = (x2¢—1 + 6)°° and the claim holds.

Finally, we observe the following about this type of Morse relation:
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2.5.2 “Point to circle” Morse relations x4 — yé’,‘j in “triangles” x2k+1/y§,§’/czk_1

The arguments of Sect. 2.3 show that y5;’ cannot be a single critical point at infinity; it must be made of a
collection of such critical points of index 2k.

The arguments of Sect. 2.11, below, show more: namely, if x57 and X537 are two “neighbouring” critical
points at infinity in the collection y3¢ of critical points at infinity (they then have some boundary in common),
it is not always possible to switch the value of the +v-jumps y associated with each of them by the above
argument and keep the repetition in the complement of these ys. Over the transitions, typically over some
critical point at infinity x37_,, this switch should not be possible. This implies in particular that the number
of sign-changes over the v-jumps of the unstable manifold W, (x5;7_,) should be 2k not less; otherwise, the
switch is possible.

Some more arguments show, see Sect. 2.11, that, over these transitions, the repetition in the complement of
y has to “travel” along the (2k + 1) & v-jumps and complete a full circle. It cannot be recognized to live within
a strict subset of these (2k + 1)-trackable £v-jumps. It must, therefore, be that the Morse relation yox41/y5; as
well as the Morse relation yoi /y5y (which is a tangency occurring over the deformation, y5y is described using
(2k 4 1), not v2k +v-jumps over a creation/cancellation (y2x1/y2x))are “point to circle ” Morse relations.

2.5.3 Morse relations and lack of transversality

We want here to track the effect of the lack of transversality on the Morse relations that we have been studying.
We will focus on tangencies or Morse relations of the type

00 00 00
W2k+1 — Wy W2k+1 — Wypy 1> W2k — Wy

Considering wor 41 — w3y and wo — w5y, the third term in the Morse relations is then wo;—1.

From our analysis above, if we reach a neighbourhood of wy;_; with 2kxs, one of them being a single
4v-jump y and another one being non-zero, then the flow-lines can be made to avoid wo;_1.

In the case of wyr — w3y, we have 2kxks starting from wy;. Any “first” critical point at infinity w™
encountered along the flow-lines wox — w3y (with w> = w3} if needed) will provide a y and another * (using
an edge of w™). Therefore, all these flow-lines will avoid wog—_1.

Considering wog 41 — w5y OF Wog41 — wgzﬂ, we start with (2k + 1)xs.

Considering the “first” critical point at infinity w* encountered along these flow-lines, we know that if
the covering of the edges of w™ requires at least three s, we can then designate a single +v-jump to spare as
a y and we have a forced repetition among the other s once y is taken away.

These flow-lines cannot then reach wyg, a simple hyperbolic orbit.

The choice of y and the additional repetition can be thought of also—we used this above and detailed
the argument—as having a simple +v-jump y and (2k — 1) other s, after relabeling, re-ordering, creating
families, one of them to the least non-zero.

Thereafter, these can be tracked, even after w%f inthe wog41 — wgz relation . Again, these flow-lines cannot
reach wyy_; (with a suitable flow).

If the edges of w™ contain a repetition (no * between them, same orientation), the choice of y and of
another non-zero * extends.

Therefore, w> can only have one or two edges. The results of Sect. 2.3 above take care of these w*s and,
therefore, the matter is settled here.

However, we want here to explore another direction where we try to overcome the lack of transversality
with the use of companions. This will not lead to a framework where the homology is well defined, but it will
lead to an interesting configuration that is worth describing since it can be useful in later studies.

In case w® has two edges, they cannot be separated by s on both sides, see above; the corresponding s
must be immediate neighbours and they must have the reverse orientation.

In both cases, whether w® has one or has two edges, if there is lack of transversality, then the HO1 -index
of w (the strict one) must be larger than 2k for one edge, larger than (2k — 1) for two edges. Otherwise, we
find enough *s to cover the HO1 -index. On the other hand, transversality is achieved in UIl'p,,.

Since the strict HO1 -index is larger than the number of s available, since these s, besides the s of the
edges, reach w* as zero Lv-jumps (otherwise, we could choose a y, etc), we can arrange so that they cover
various index positions on the &-pieces, but leave one position of H(} -index near an edge not filled.

We can then “bypass” w® coming from w4 by filling this position with a companion to this edge.

Springer



Arab J Math (2014) 3:93-187 131

We might then reach another w®, w{®, for which we can repeat the same arguments, only that one of
the s is now a family. This family has to represent two edges of w{*, having the same orientation. No * of

wok+1 separates these two edges. Either there is a non-zero Ho1 index in between these two edges, we can

fill an HO1 -position with a companion and decrease J; or there is none, none also separating these two edges
from the other edge representing the steady other * of w®—otherwise, we introduce a companion to the *
that is already a family in the unfilled position—and we can resume the argument used for w on the &-piece
separating these two steady xs.

It might also happen that, after w{*, we reach a w3° that has an additional edge represented by a third .

Then, this third * has to be an immediate neighbour to the two other ones, with a given orientation implying
that there is a forced repetition; that is now we have three steady s, *1, *7, *3 which are immediate neighbours.
%, is a family and *; and =3 have the same orientation.

Otherwise, if, for example, *; is not a family but is a single +v-jump, we can take it to be y, etc. The
orientations of % and of %3 must be the same to force the repetition on the outside interval. Otherwise, | and
%7 Or % and *3 have the same orientation. %3 and *; can be taken for y, depending on the cases, etc.

An induction can be started. Neighbouring steady *s with alternating signs are given birth to. All the
intermediate xs among these are families, the two extreme s can be single +v-jumps. They have the same
orientation if the number of these steady neighbouring *s is odd, opposite orientations otherwise.

With this type of configurations, transversality is overcome and we reach w3;. As we pointed above, this
is not what we have been doing here; but this can nevertheless be an interesting observation.

2.6 An abstract deformation argument

We present now an abstract deformation argument that allows us to conclude, from our constructions and from
our arguments above, that along the sequence w41 — wSy 11— Wk the intersection number w3y - W2k is
Zero.

Here, w3y | is such that a » denoted y can be spared as a single -v-jump, with an outside repetition taking
place, see above.

It is clear from the arguments used above that, along such a sequence, assuming that wy is the first simple
hyperbolic periodic orbit reached by the flow-lines originating at w5y, this intersection number is zero.
However, the argument used to reach this claim uses the decomposition FT (o) @ F~ (o) of section above.

The related flow does not respect the repetition of o outside of y. Thus, the flow-lines originating from
a neighbourhood of wor—which can be taken to be as small as we please—even if they are in W, (w5, ),
might not have anymore the property that a repetition takes place outside of y.

The argument about the intersection number cannot be repeated then.

Of course, we expect this set of flow-lines (they come from a small neighbourhood of w3y ) to be of
dimension 2k or to be in a small neighbourhood of a set of dimension 2k. Therefore, we might expect, using a
general position argument, that these flow-lines do not actually go to some w, , where w), is another simple
hyperbolic periodic orbit of index 2k.

We need to turn this into a rigorous argument.

The idea for this is to create a deformation argument near wy so that all the flow-lines coming from w57 |
either will continue, past wyy, with y and the repetition outside of y spared; or, if not, they will be part of an
exit set of dimension 2k at most.

The local decomposition F (o) @ F~ (o), with the related pseudo-gradient for J,, allows then to conclude
that w3y | covers wy, with zero degree, whereas the use of the flow as described above allows us to proceed
with the induction.

Indeed, all flow-lines of w3} | exiting then a neighbourhood of woy either are part of a set of dimension
2k. Using a general position argument, these flow-lines will not go and reach a w, .

The other remaining flow-lines of w5y | that will reach w), , even if they are coming from a neighbourhood
of wyy, will have y and an outside repetition spared, so that the argument can be repeated inductively.

We proceed now with the construction of the flow near wo:

The (2k + 1)xs, one of them y, are equally spaced near wyy and there is a repetition outside of y. Their
algebraic sizes are cy, ¢3, .., -

In order to spare y and the repetition, we build our pseudo-gradient so that each constraint ¢; = 0 is
respected, that is if the jth + v-jump (we could count starting from y, along +£) of a configuration o is
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a zero v-jump, then c; is also zero for the deformed configurations originating at o along the decreasing
pseudo-gradient.

Under these constraints, several additional rest points are created. We need to prove that the related exit
sets are of dimension 2k at most.

These exit sets are not the unstable manifolds of these additional rest points only. They also contain the
decreasing normals—which violate the constraint ¢; = 0—along these rest points. The claim is that all the
exit set, unstable manifold and its span under the decreasing normals, all of it taken together, is of dimension
2k at most.

Let us consider the second derivative of Jo, at wox on I'442 and, more particularly, on the equally spaced
configuration o which we find on W, (wglf +1) near woy.

The index of the second derivative at such a o is 2k. Indeed, it cannot be more; otherwise, the second
derivative of J on T, Cg would have a negativity larger than 2k; a contradiction.

On the other hand, there is at least one v-jump of o that is located at a point 7;, where the v-rotation

around wyy, is more than 2km. Considering then the configurations Eizf{ld,- 8z, of (2k + 1) £ v-jumps of sizes
di, ..., dy+1 located exactly where the £v-jumps of o are located and requiring that

2k+1

> dimiiip) =0
i=1
(n; solves —(ij; + n;t) = &, n; 1-periodic),
we span the so-called HO1 (based at f;,) subspace of EBl.ziTani. We know that the second derivative is
negative along this space, which is of dimension 2k. This follows from the fact that the v-rotation at #;, is more
than 2k and from the fact that the ;s are equally spaced. For the same reason, 7;, is a positive direction for

the second derivative. |
+1.2

It follows that, under the constraint Elzi | ¢ = 0,0 asmall positive constant and at any positive critical

;=
value of the second derivative D2JOo (w2g) on the spheres around zero of EBl.ziT] Rn;—a positive critical value

ia a positive eigenvalue—the index of D?Joo (wx).n.7 is exactly 2k.

If none of the ¢;s is zero, we can use the flow provided on these spheres by D? Joo (wa).n.n as a pseudo-
gradient for J, on the space of curves having their &v-jumps located at the #;s; the two functionals are very
close. a Morse Lemma holds.

This pseudo-gradient will spare y and the repetitions.

Because the negativity of D?J (w;) on this space is 2k and its positivity is 1, there is no zero eigenvalue.
All the eigenvalues of D?Js(wox) are non-zero. The positive one is entirely disconnected from the set of
negative ones.

At any of these negative eigenvalues, D2 Jo (war).n.n can be decreased by adilation of n,n — cn,c > 1.
J~o decreases in this way and the ¢;s are expanded. They remain non-zero if they were non-zero to start with.

Along the positive eigenvalue, D*Juo(wox).n.n increases radially. Therefore, if we want to decrease
D? Joo(war).n.n, we are led to decrease n and we reach wyg. Transversally to this radial direction, the index
is 2k all over these configurations.

There is a subtle phenomenon to be understood here: the equally spaced positions (1, .. ., fx+1) form a
circle. At each of these (2k + 1)-positions, D?Joo(wax).n.n has a unique positive eigenvalue and a unique
associated normalized eigenvector on the sphere El.szlci2 = 60,0 > 0. We can track this eigenvector as
we rotate along the circle of (2k + 1) equally spaced positions. The index along the 2k-dimensional sphere
El.zf{lciz =0,0 > 0 of D*Ju(wax).n.n is unchanged, equal to 2.

Of course, some of the components c; of the positive eigenvector might cross zero. We would not use a
non-radial flow at such points because repetitions would not be spared. This is discussed below.

Overstepping this issue, this positive eigenvalue has at least one maximum and one minimum along this
circle. ‘

The circle direction % is a negative direction at a maximum. The 2k-other negative directions are along

the sphere Zliszlci2 = 6. Putting them together, we would get a (2k + 1)-dimensional negative space, a
contradiction.

This in fact does not happen because this additional direction is not orthogonal to the 2k-dimensional space
tangent to the sphere lei J{IC? = 6. Some direct computations show that orthogonality (for D J, (w2x)) of this
circle direction % to this 2k-dimensional space requires additional conditions that are not met at a maximum

or at a minimum of the positive eigenvalue on the circle, unless wyy, is degenerate, which we are not assuming.
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This would settle our argument if we could change the ¢;s freely on the sphere Z?f{lciz =0.

However, this is not possible for us if one of the ¢;s is zero. We might then destroy our spared repetition
outside of y.

Therefore, if one or several ¢;s are zero, we need to build our flow so that it keeps these values to be zero;
this introduces additional rest points.

Assume that s of these ¢;s are zero. Relabel them, for the sake of simplicity:

cr=c=--=c¢ =0

They have associated times 71, . . . , L.

Two possibilities arise then:

Assume first that the v-rotation around wyy at one of these #;s fori € [s + 1, 2k + 1], £;41 for example, is
more than 2k . Then 1 is a positive direction for D? Joo (wag).n.n and this direction is in the tangent space
to the slice {¢] = ¢ = - -+ = ¢y = 0} that we are considering. Since the positivity of D? J o (wox) on the full
space of s is 1, it cannot be more than 1 on the tangent space to the slice. The index in restriction to the slice
is then (2k — s). Up to now, the deformation spares the repetitions. But it has additional rest points that have
unstable manifolds, in restriction to their slices, of dimension (2k — s) at most.

Bypassing these rest points, we have to flow their unstable manifolds along the set of decreasing normals
at these rest points. This is a set of dimension s at most and, therefore, we derive exit sets of dimension 2k at
most in this case as claimed.

This argument works as well if the restriction of D?Jo, (wyy) to the tangent space to the slice has a positive
eigenvalue.

If all the eigenvalues are non-zero negative (in restriction to the slice), we can decrease DzJoo(ka).n.n
and J, by radial expansion. The exit set spares the repetitions in this case.

We are left with zero eigenvalues. For these, we can use the additional % direction to move the configu-
ration:

at a critical point for the R-variable along the circle of evenly spaced configurations (for the restricted
variational problems D?J (wak).n.n and J along the slice), we may assume-by a general position argument-
that the restriction of DZJOo (w2r).n.m to {c;1 = c» = --- = ¢y = 0} is non-degenerate. Thus, if we use also
the R-direction, we will never encounter the zero eigenvalue case.

The only other cases are the cases discussed above.

The claim follows.

2.7 Singularities

Along a deformation of contact forms, the sets ' might undergo cobordisms and, therefore, singularities.
We prove in this section that these singularities do not change the intersection numbers and, therefore, the
homology.

We start with
Lemma 2.15 Let x,,(fo) and x,(nof)l be two critical points (at infinity) of indexes m and (m — 1) in Ty.

If a singularity of T'y changes their intersection number and is generic, then this singularity must involve
two critical points at infinity of indexes 0 and 2k.

Proof We first present the idea of the proof, then we expand the details of this proof until we reach a point
where a normal form for this singularity (that changes the intersection number x,,.x;,—1) can be written. We
then conclude invoking the initial argument.

Let x° and x2° be the two critical points at infinity involved in the singularity, see [4], pp 127-130, for a
preliminary study of these singularities and the behavior of x° and x§’°5 .r and s are their respective indexes.
Joo (x2°) is larger than Joo (7).

Wy (x,S;’O)) N W (x2°) is of dimension (m —r), of dimension (m —r — 1) transversally (to a pseudo-gradient
flow). W, (xZ°)NW; (x,(nof)l) is of dimension (s —m+1), of dimension (s —m) transversally to a pseudo-gradient
flow.

5 All the £-pieces of these two critical points at infinity are “characteristic”, [4], p 6. From one edge to the other edge of each
their £v-jumps, & is mapped into 6£ in the v-transport. The difference of their Morse indexes is even, [4], Proposition 26, p 127.
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The singularity involves a collapse of x° and x;* at a time ¢y along a deformation of I".
At the time #o + €, € > 0, x° and x2° have disappeared.

However, denoting c a level close to Jo (x,°) (larger) and considering E = W, (x,S;’O)) NWs(x>°)N Jo’o1 (c),
we can track E even after x.° is gone since the level Jo_o1 (c¢) deforms isotopically through #.
Similarly, denoting d alevel close to Jo (x;°) (below) and considering F' = W, (x°) N W (x (Of)l )n JO’Q1 (d),

m

we can track F' even after x° is gone since the level J(;o1 (d) deforms isotopically through 7.

If the intersection number x,51°°) .xr(nof)l changes, then flowing down E to Jogl (d),wefindaset Eyand E{NF

must not be empty. Using a general position argument, this implies that
dimE| + dimF > 2k — 1,
that is

m—-r—10D+6—m)>2k—1
s—r>2k

This implies that s = 2k and » = 0, as claimed.

The scheme developed above is turned below into a rigorous argument.

In a first step, we observe that we must have r < s. Indeed, the statement that the intersection number
Xm-Xm—1 changes through the singularity implies that » < m and that s > m; these inequalities imply in turn
that » < 5. Observe that, in addition, we already know that » — s is even, see [4], Proposition 26, p 127.

In a second step, we claim that we must have s = 2k — r. The proof of this equality is somewhat involved.
We provide the details below:

Letd < e < ¢ be three values such that

d < Joo(x°) < e < Joo(x°) < €

These values are all very close to each other. d and ¢ are fixed values. The singularity of I'p; occurs
through the collapse of x> and x2° in JO;‘ [d, e]. No other phenomenon is occurring in this energy slice for
the functional J.

Define

A=Je)NTy, B=J"d)NTay, By = J ()N Ty

A does not survive the singularity, but B and B; do. We might as well assume, without any loss of generality
that they do not change over the deformation. After x>° and x.° have collapsed and are gone, B and Bj are
diffeomorphic.

Observe that we have the following homotopy equivalences (they are easily derived from the classical
deformation lemma of Morse Theory, see, e.g. [16]):

AUD" = BuU D*r
AUDX*S =B, uUD’

D’ and D* are the unstable disks of x> and x> respectively, D**~" and D?~* are their stable disks.

The first homotopy equivalence implies readily that Hy(A) and Hy(B)—we will take the coefficients to be
real, for simplicity—are isomorphic for £ # r,r — 1,2k —r,2k —r — 1.

The second one implies, in a similar way, that H;(A) and Hy(B;) are isomorphic for £ # s,s — 1, 2k —
s, 2k —s —1.

Combining the two results, observing that Hy(B) = Hy(Bj) and that r # s,r —s = 2p, we derive that
either r = 2k — s or that H,(A) = H,;(B) for every ¢.

We now prove in a third step that we cannot have Hy(A) = H¢(B) for every £.

One of r or s is not k. Let us assume that it is, e.g. r.

Observe that, under this assumption, 2k — r is not r. Observe also that 2k — » £ 1 is not r as well.

We have the two long exact sequences:

Hy—rs1(D", 8" =0 — Hy_r(A) > Hy—r(AUD") — Hy_ (D", 5" 1) =0
— Hop—r—1(A) = Hay—r—1(AUD") — Hy_r—1(D", ") =0
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Hap— 1 (D*77, 82771 = 0 — Hy—,(B) — Hy—r(BU D*7") — Hy_,(D*" s%*" 1) =R
— Hy—r—1(B) = Hoj—r—1(BUD*™") — Hy_,_((D* 7", 527"y =0

Since Hy(A) = Hy(B) for every £ and since AU D" = BU D=7 we find a contradiction. The equality
r = 2k — s follows.

In the last step, we consider B and Bj. They are each on one side of the slice where the singularity is taking
place. They are diffeomorphic, identified by the variational flow after the collapse has taken place and x,° and
x{° have disappeared.

Before the collapse, B contains a stable sphere $*~"~! of x> and a stable sphere S ! of x> = X5p_,
(because r <'s = 2k — r, the unstable sphere of x° does not intersect the stable sphere of x5;_,, which flows
up to B, past x°).

Similarly, before the collapse, Bj contains an unstable sphere S} “Lof x7° and an unstable sphere ka_’_l
of x® = x5y_, (again, because r < s = 2k — r, the unstable sphere of x> flows down to By, past x3;_,).

The variational flow before the collapse identifies B~ (S Zk=r=1y§r=1yand B;~ (S 12k -l US; -1 ). Afterthe
collapse, it identifies B and B;. Removing small disk neighbourhoods of the involved spheres to B and flowing
down what is left, before the collapse, we find B; deprived of neighbourhoods of the corresponding spheres.
The variational flow can be assumed not to change on these sets, over the singularity. Using connectedness,
we find then (observe that 2k — r — 1 # r — 1) that, after the collapse, a disk neighbourhood of S"~lin B
must flow to a disk neighbourhood of Sf_l in Bj. A similar claim holds for S?*="~! and S%k_r_l.

Once this is understood and established, the normal form for the collapse and the singularity can be written
explicitly: skipping details, the spheres of equal dimension in B and B are identified by the flow after the
collapse. At the collapse, they are flown to the singularity , which, therefore, “contains” deformations of large
sets. However, these large sets can be coupled in pairs and the singularity resolves in a very natural way by
flowing the two terms of each couple one into the other.

If the intersection number x,,.X,,—1 is to change, then the set W, (x,;,) N Wy (x°) N B—observe that this
set now can be tracked over the singularity—once flown down to B; (observe that it is part of $%¥~"~1), must
intersect Wy (x,,—1) N W, (xé’,?_r) N By (itis part of S12k — r — 1, observe that this set also can be tracked now
over the singularity).

Using a general position argument, we must have

m—-r—1D4+Qk—r—m-1-1)<2k—1

Thus, r = 0 and s = 2k as claimed.

Let us consider a critical point at infinity x® having all its £-pieces characteristic. We assume that x> € 'y
so that all the k &-pieces of x* are characteristic.

The tangent space Ty ['y; can be split into a direct summand of two k-dimensional spaces E| & E» that
are J(:o (x®°)-orthogonal, see [3], pp 213-222 and [4], pp 120-126, Proposition 23, p 120 in particular.

E1 is spanned eai.‘leﬁ,-. v; is related to the ith characteristic £-piece , whereas E; is spanned by k vectors
X1,..., Xy that are J;D(xoo)—orthogonal to Uy, ..., Uk.

This construction extends to all curves nearby x* in I'y;. However, the decomposition is obviously not
J;o—orthogonal since it is anyway not intrinsic to define a second derivative at points which are not critical
points of J.

We are going in the sequel to construct X1, ..., X along x* so that the following result will be obvious:

Proposition 2.16 Over a singularity involving the collapse of two critical points at infinity x*° and y*° of
[y, the difference of Morse indexes between x*° and y*° is at most k.

Pfoof We come back to the computations of [3], p 213-222 ang [4], p 120-126 to understand the behavior of
J, on Ey. From these computations, we know that the v; s are J__-orthogonal. Let us draw the ith characteristic
&-piece of x*°. This &-piece runs from x;” to xi‘" . The £v-jump of x°° that precedes the ith& -piece, runs from
xl.+_ ; to x;” and is of length s;. Let ¢ denote the one-parameter group of v:
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We write

d(psl(é) - (l +Al)€ + Bi[g7 U] +)/iU

+

Assume that, at x*°, v is mapped onto 6;v from x; to x;", with a rotation in the &-transport equal to k;7 in

kera.
We then have, [4], p 121:

. LA _
Joo (X% 0.0 = #Qidaf(v(xi ))
l

a; is the length of the &-piece originating at £, defined so that v rotates k;-times in the &-transport (in kero)
from one edge to the other edge of this &-piece.

At a singularity, B; is zero, A; is not zero as well as 6; and da; (v). In the vicinity of a singularity, B; and
B; have opposite signs on x> and y*° (the two critical points at infinity that are collapsing).

Therefore, any index-direction v; for x> yields a co-index direction for y°° and vice-versa. J;o (x®)|E, is
essentially equal to —J g,

We are going to see now that, on Ej, J;O(xoo) and J;o (y®°) are almost equal and have the same index.
Proposition 2.16 will follow.

The claim follows from a construction of the vectors X;, which we carry out below in some detail, that is
slightly different from the one completed in [4], pp 123-126 and a construction that emphasizes the fact that

Joo, £ does not vary much from x*° and y*°.

We consider again the ith &+ v-jump of x*°. From xl.+_l to x; , we have set
dos; (§) = (1 + Apé + Bil§, vl + yiv
Similarly, from x; to xl.t 1> We set
dp—s, (&) = (1 + A)E + Bi[&, vl + v = Z;

These definitions can be extended to any piece of +v-orbit of length s running from an x* and x~. We
find then functions B(s, x*) and B(~s, x7T). Observe that B is zero if and only if B is zero (8 is a contact form,

v is in its kernel) and the function % is a C°°-function of the base point x and of the length s.

- (1HHAR-BI[E V] v

-[+A)e+B [Ev+iv] = 2,
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Considering the v-transport Z; of & from x; to x;” |, we can add to & at x; a v-component equal to —y;

i—1
and remove from Z; its v-component. We can also change the length of the &-piece from x;_; to xi‘|r | so that

Z; becomes Z; = & [S “] at x;_, after backwards &-transport from xl | to x;_, and appropriate change of the

length of the (i — l)thé -piece as described above. 6;_ is the analog , for the (i — 1)th, of what 6 is for the
ith&-piece. If there is only one &-piece, we do not need to perform this operation since & will be transported
on itself from x;r_1 to x;~ in the backwards &-transport.

We then take Z; and transport it from x;_, to x;” using the “history” of the curve x of I'y; (close to x*°)

at which this construction is completed. The curve x reads from x;_ to x; as a composition £; of &-transport
maps, along &-pieces of lengths a ; with v-transport maps, along -v-pieces of lengths s ;. We use the differential

of this map d¢; from x;_, to x;  to transport Zi to x; .
The vector dmg ’ ) has a non-zero component on [£, v] because the £-pieces of x are nearly characteristic

and its j:v-jumps nearly map & onto A&.
d¢; (Z;) then reads

d;(Zi) = Bi(M;& + ci(xi_1)[E, v] + Niv)

Therefore, L
5 Bici(xi—1)

debs (B ci <x, D
v and since d¢y, (§) has the [, v]-component of 7;. We may, therefore, scale the ith&-piece length and the
length s; of the +v-jump abutting to it and match the two vectors. The value of 7; is not changed through this
process because the addition of £ at x;_ is not changed through this process because the addition of £ at xit 1

= T; has the [£, v]-component of d¢y, (§).

+ &) now differs from 7; by a vector that splits on & and v since d¢;, (Z;) is along & and

can be compensated at x;_; by scaling the &-length of the (i — 1)th&-piece. Again, this is not needed if there
is only one &-piece.

We find a tangent vector at x*° that we denote Xi. Xi goes not belong to £ and substraction from it the
appropriate components on the v;s, we find

k
Yo
i=1
with
daj(X;) — da$(X;) = —w;da$(v(x]))

at a curve having all its &-pieces being characteristic so that (da; — daj)(X )=0fori=1,...,k.

We recall that a; is the §-length of the jth&-piece, a;f is the corresponding characteristic length function. It
follows that, when x°° and y°° are replaced by nearby curves of 'y that have their & -pieces nearly characteristic,
or when x* collapses with y* at the singularity, the computation of the w ;s can be carried out: this computation
is semi-local in nature. It does not involve the whole curve. For the index j and to compute @, the contributions
that are not zero come from v; and v;_;. The contribution of v;_; yields a vector at x; of the order of
(aj—1 — 1) in magnitude, see [4], p 121. These are small quantities and, therefore, the computation of the
;s from the above system of equations is only a perturbation from he computation when all the &-pieces of
x are characteristic, which is straightforward.

Skipping the details—they are not difficult; they are a generalization of the computations of [4], which

were carried for [',)—we build in this way k vectors X1, ..., Xi and they are independent.
When x*° = y*° and here is a singularity, X1, ..., Xj exist and are well defined in a neighbourhood of
o [ee)
=y

We first compute J/ (x).X; since X; is defined for every x close to x*°. Using these computations, we find
that we can compute

(X (T (X)X pmxoo = Jog (x).X,. X
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This computation can be carried out precisely; it depends only on the value that X; takes at each x;.r, x;
of x:

k
T (). Xi =D (@(Xi (7)) — (X (x]))

j=1

The value of (Xj.(J4,(x).X;)x=x> follows then. We derive, as we track these computations that they can

be carried out when x*° = y*° and they imply that J;o (x*°)|E, and Jgo (y*°))|E, are very close to the same
(non-degenerate after a general position argument)matrix.
The claim follows. O

2.8 Appendix 1

We need to develop in this Appendix a precise understanding of the process of formation of a “Dirac mass”,
why and how it is created, why and how it evolves. This is what we describe in what follows:

2.8.1 Formation of “Dirac masses”

Let us consider a point xo and the v-orbit through x¢. For the sake of the simplicity, we will be considering
only “positive Dirac masses”, that is “Dirac masses” that correspond to a forth and back run along v.
Considering the positive v-orbit ¢g(xg), s > 0, we study the function

o (D—s (5 (Ps(x0)))) = v (s)
Observe that
Uy (D ([v, E1(h5(x0))) = ¥/ (5)
so that the extrema of y occur when
Do_y([v,§]) = Alv, ] + v

that is when [v, &£] is mapped onto itself by the one parameter group of v, ¢;. These are the coincidence points
of xg. Computing, we find that

ey (Dp_s([v, [v,E1]) = " (5)
Ats =0,
Y (s) = axy([v, [v, £1]) = day, (v, [£,v]) = -1

The function & = 1 — y thereby behaves as follows:
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Then, the Fredholm assumption is not violated in this direction. We might as well consider that & would
behave as

That is it behaves as if zero were a unique minimum. This is at least what happens topologically.

On the other hand, if 5o does exist with 6 < 0, the various oscillations of 6 before 5o cancel each other to
leave room only to zero and to a unique maximum s, before s¢; that is, topologically (i.e after cancellation of
additional maxima and minima), 6 behaves as

C

The pattern might repeat thereafter, but it belongs to the same phenomenon and is solved by the same
techniques. Because 6 is negative at sq, the point 51 acts as a critical point for the functional Jo, on y4. The
actual curve is x1 with a forth and back run at the point xo of x1, from x¢ to ¢;, (xo) and back:

0,00
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If the “Dirac mass” on this curve is “opened up” after the “Dirac mass™ has been stretched to reach ¢y, (xo),
then the functional J, decreases. The graph indicates that this “curve +” "Dirac mass” acts as a critical point
in 'y (with one &-piece collapsed) and its index is at least 1. Our arguments below will not use this latest
observation. They will rely on a careful analysis of the behaviour of the various tangent directions to I'4 in the
vicinity of such curves.

Let us imagine x; with an additional “Dirac mass” from x to ¢ (x¢) and let us “open it”, inserting in it a
&-piece of length § > 0:

d(x,) 0

2.8.2 Remarkable tangent vectors

There are four basic tangent vectors along such a curve. We describe in what follows in great detail three of
them:

The two first ones belong to the same family; they do not increase the size of the £-piece 8. Let us describe
in detail one of these directions:

Starting from xo, we change the size of the positive v-jump from xg to ¢ (xo). This size was s, it becomes
s + ds:

ds
8¢

%

We then transport ds along the £-piece of length 6. We derive at the other edge of this £-piece a vector in
kera that reads 8s[(v + 8[£, v]) + O(8%)], which we re-transport down using the one parameter group of v
over the time —¢. We derive at X a vector that reads

8sD¢_, (v + 8[v, £]) + 0(52))

Using a ésjv at xo that we transport backwards along the large &-piece from xg to X, we compensate the
[£, v] component of this vector and we create a tangent vector, which we denote zo:
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)
Ssv /

dsv

The variation of J, along this vector zg is
0Joo.20 = =8(1 + O(8))a(Dp—;([v, £1))

We thus see that this variation is zero if and only if

a(Dg—([v,€]) =0

Another tangent vector z1, belonging to the same family, is defined following the same construction, but
with ¢ in lieu of s that is using the negative (—v)-jump of the “Dirac mass” instead of its positive v-jump.
Using the same computations, we derive that d /.21 is zero if and only if

a(Dgs([v, £])) =0

The two conditions above define at each x¢ of the periodic orbit x; and for each § > 0 small enough a
unique curve C (xg, §) that we find as follows:

Considering xo on x1, we build a section oy to & at Xy, tangent to kera at barxg and tangent to v.

From a point xo € o, we build a positive v-jump through xo of length s. s is defined to be the first positive
time such that

a(D¢_s([v,§])) =0
+

We then follow & during the time 6 from ¢s(xo) to a new point x; From x;~, we follow the (—v)-orbit
during the time 7, until we reach a point (the first such point) with

U, ) (D1 (€, v]) =0

We reach then a point Xg = ¢—; (x;). Starting from X, we follow the &-orbit until we hit oq again.

This defines a map f5 : o9 — og. It is easy to see that fs is continuously differentiable. Continuity of
the differential holds also in terms of 8. dfy is the differential of the Poincare-return map of x;. Existence,
continuity, etc. of C(xo, §) follow. The tangent direction that corresponds to increasing § is denoted z3.

Let us come back to our earlier curves, as we “opened up” the oscillation and we inserted a &-piece of
length § and let us vary § now:
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Let W¢ be the £-time advance map from C to A. We then have

— — —
DV (CD) = AB + 8c& + o(|AB))

Furthermore,

— =h+o(1)

with i € kera.
By construction, kera is v-transported from A; to A and from C; to C. It follows that

—  —> — —
CD = AB + O@)|AB|+ O(dé) + o(|AB|)

Thus,
— — — —
DV (CD)=CD+ 0O(8)|CD|+ 0(ds) + o(|CD)) + 6c&

— —
Since DW¢ — Id is invertible on kera (8 is small), the above equations imply that |C D| and |AB| are
0 (d$).
Next, we compute the variation of J between the two curves. We find that it is (at the differential level)

— — — —
a(AB) —a(A1B)) +a(C1Dy) —a(CD)
This is
(I —aa(DPs(5(A1))))dS + (@a (DD (§(A1))) — ac(DP5(5(C1)))a(CiDy)
=1 —aa(DP;(5(A1))))ds + O)|IC1 D] = (1 — aa(DDPs(§(A1))))dS + O(8d6)

This defines a third tangent vector z;

2.8.3 Fredholm violation on curves of T's

We now combine z; and z», assuming that the function 6(¢) becomes zero for a first, e.g. positive value
t = to , then negative after crossing #y. For ¢ < 1y, 6(¢) is positive. If 7 is not close to #y, we use z; above.
(I —aa(DPs(E(A1)))) is not O(8) and we can decrease & to decrease Joo. We want at the same time to
increase s and ¢, that is the size of the “Dirac mass”. This involves the use of z;. We thus add to z; Mz,, where
M is a suitable constant so that z; + Mzy decreases Joo. Using the expansions above for JZ.z;, the existence
of M is straightforward. § can be assumed to decrease exponentially over this combination, whereas s and ¢
increase at a speed close to 1 (exactly 1 for s).
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Now, as ¢ increases and becomes close to 79, the function 6 (¢) decreases and its derivative becomes negative,
bounded away from zero. This derivative is —a(D¢—_;([v, £]) and, therefore, the use of z¢ or the use of z; to
increase the size of the “Dirac mass” is Jo, decreasing.

Combining the two processes, the one involving the combination of z| and the use of z> when ¢ is smaller,
not close to fg, with the later process when ¢ becomes close to #p, we decrease Jo, increase the size of the
“Dirac mass” and keep § positive. Once we cross over fy and go sizably beyond this value, 6 becomes negative,
bounded away from zero. Increasing then § decreases J~,. The decrease in unhindered and J, can be decreased
below the critical value of the elliptic orbit, quite sizably.

Fredholm violation, taking place in I'y already, is enacted.

2.8.4 More “Dirac masses”

Given p points (x1, ..., x,) on the periodic orbit, we can build at each x; a section oy, to & tangent at x; to
kera at each of these points. We then prescribe 81, ..., §, > 0 and we seek a curve C(x1, ..., Xp, 81, ..., 6p),

Such curves are derived, just as in the case of a single (xp, §1) through a fixed point problem. Then,
— —

X2x)

% € keray, + 0o(1), = € kera,, + o(1). All the arguments and claims developed above generalize to
lxpxy] X223

this framework.

2.9 Appendix 2: The verification of the Palais—Smale condition on each 'y

We study in what follows the verification of the Palais—Smale condition for J, on each I'y;. The present study
is focused on the two specific cases of the standard contact structure org on 3, with v a vector-field defining a
Hopf fibration in its kernel and the case of the first exotic contact structure of Gonzalo and Varela [14], with
v the vector-field of Martino [25] and its kernel.

2.9.1 The case of o

In the case of the standard contact structure on S°, we can use, for convex Hamiltonians, a vector-field v in
kerag defining a Hopf-fibration of S 3 over S2. All the orbits of v are closed, and therefore, there is an intrinsic
periodicity in the behavior of J, on I'y;: given a curve x of I'2x and one of its Zv-jumps, the value of |3 Joo (x)]
will not change as we add or substract a closed orbit of v to this +v-jump.

Therefore, |0 Jx (x)| can be computed on a compact set of curves of ['y; (given an a priori bound on J)
and the Palais—Smale condition follows because dJ(x) as well has this periodicity built in, so that every
addition of a closed orbit to a +-v-orbit of x under deformation will yield a decrease in J, lower-bounded by
a fixed positive constant, provided x is not in a small neighbourhood of a critical point (at infinity). As the
positive constant is made smaller and smaller, the neighbourhood can also be made smaller and smaller. The
claim follows.

2.9.2 The case of a1

We consider now the case of the first contact structure «; of Gonzalo and Varela [14] on S> along the vector
field v of Martino [25]. If we are considering the more specific 1oy, y1 is a Cc? positive function on S3, we
assume that

d(y1a1)(v, .)is a contact form with the same orientation than o
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In [25], it is proved that this assumption holds for perturbations of «;.
Let x be a curve of the related space I'p;. Let A1, Az, ..., Ag be the sizes in absolute value of its Zv-jumps.
Let:

T = Sup(A1, ..., Ap)

Let £ be the Poincare-return map of x; £ follows the history of x, never changing the size of a &-piece or
the size of a v-jump of x. We can base £ at any of the corners or at any of the edges of x

thatis, if x is defined by yy, oy, 0 ¥s, 0Py, (A) = A- ¢ is the one-parameter group of &, y; is the one-parameter
of v, then £ = ¥, 0 Py, © ¥s5; © Py, and dl = dy;, o Ay, o dys, o ddy, .

The &-pieces of x are ordered with indexes ranging from 1 to k, the first one starting at A. We then define
&; to be the transport of y from the ith&-piece of x to A along dyy, o --- o dyy;,, 0 dey,, o dyy,, thatis, along
the history of the curve x, from the ith&-piece to A.

We then consider at A the (k — 1) vectors:

E1—&,i=2,...,k
and the vector space:
E = Span{(dt — Id)(R®), & — &:i =2,... k)
We then have

Proposition 2.17 (i) If E is not R3, k independent conditions must be verified by the curve x.
(i) If E is R and some +v-jump of x does not take place between conjugate points, then a decreasing
direction for Jo z can be defined at x and this decreasing direction verifies

=—=0
as

z.T

Clearly, under (ii), these directions z taken at various xs can be convex-combined using a partition of unity
so that the differential inequality

T—8T< I 0Jo
< T 9s T Ldoe = as

is verified (assuming that (ii) holds and the curves x are not critical points at infinity).

A decreasing pseudo-gradient for J, that satisfies the above differential inequality is a flow that verifies
the Palais—Smale condition. Therefore, the above Proposition leads us to study the curves x for which the
assumption of (ii) are not verified. At these curves, (i) of Proposition 2.17 tells us that & independent conditions
must be verified at x.

Proof of Proposition 2.17 (i) follows from general position arguments on (keray, v), see Proposition 29 ,
p198 of [3].
For (ii), we consider a +v-jump of x; let s be its length along +v:
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\‘ N

stv

-&

We denote A,the base point, one of its edges. We pick up —£ at the other edge of this £v-jump and we
Fv-transport at A, defining z = d¢;(—&).
Since E is of dimension 3, we can write

k
z=dlh) —h+ ZSCH(S] — &)
2

This defines a tangent vector at the curve x. Along this tangent vector, %—{ is zero and =—1+a4(2).

as
Assuming that @4 (7) is not 1, we can change —£ into & at B if needed so that % < 0. The definition of
the direction z of (ii) follows.
Then, if such a direction z cannot be defined, o, (z) = 1. This equation must then be verified at the two
edges of this 2v-jump of x. Therefore, this £v-jump must take place between two conjugate points. (ii)
follows. O

aJ,

‘We now have

Proposition 2.18 (i) Assume that the size of any Fv-jump A; is strictly less than T = Sup(Aqy, ..., Ay).
Then, either two additional independent conditions are verified at x or a Jx-decreasing direction 7 can
be found at x verifying

oT

= — = O
as

(i1) Under the same assumption than (i), the curves x of I'ay for which x cannot be defined verify 2k-independent
conditions and thereby form an isolated set.

z.T

We will denote in the sequel ai. the characteristic length ([4], p120) (for a given number of rotations of v
along &) taken at the left edge of the ith&-piece of x.

Let z; = A;& + p;jv + nw be the v-transport of £ along the ith&-piece, from one edge to the other one (in
a given direction).

Combining Proposition 2.18 with (ii) of Proposition 2.17, we derive

Proposition 2.19 (i) If a Jx-decreasing direction z verifying z.T = % = 0 cannot be found at x of 'y,
then either x is part of an isolated set, or in addition to the k conditions of (i) of Proposition 2.17, x verifies
the (k — 1) additional independent conditions:

A,‘ZAj,i;éjEI,...,k

(ii) If the condition z.T = % = 0 is relaxed into the condition z.T = % < CTInT x (—z.Jx) =

—CTInT Z)BL;"’, then, in addition to the (2k — 1) conditions of (i), we must have:

Ai—1 Aivp — 1 . C
(e R e CRUE
ni Ni+1 TInT
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C is a fixed constant depending on C above; the number of v-rotations along the ith&-piece of x, once T
is large, can be derived from the value of a; and the knowledge of an edge of the &-piece.
Proof of Propositions 2.18 and 2.19 Proof of (i) of Proposition 2.18:

Let us consider the ith and the (i 4 1)th £v-jumps. We are assuming that A; is strictly less than 7'

2(F,)
/
F

i+1)"

Ei+1 6i+1§

We pick up —£ at E; and v-transport it to F; into:

2(F) = —dyg; () + 8siv

We take 6¢ at E;4 and we v-transport it at Fj| into:

Z(Fit1) = Six1dys; ., (8)
Observe that we have not used §sv at Fj since A;4 could be T'.
We then &-transport Z(F;) to Fiy into dgg, (Z(F;)) + 8a;& and we seek 8s; and 8a; so that

2(Fiy1) = —dgg; o dyy; (§) + 8sidgg, (v) + bai§

Assuming that (ii) of Proposition 2.19 holds—its proof is independent—and 7 is large or C is small, Js;
and 8a; can be used to adjust the & and v-components of this identity. d¢,, (v) is then almost +6;v, §; > 0
(bounded away from zero). Thus, the verification of the above identity, with the additional use of §;4 relies
on the simple fact that d¢,, o dyy, (§) has a non-zero component on [§, v](F;). If indeed this happens, then we
have built a tangent vector z at x.

If, in addition, z.Jx(x) = 0Js(x).z is non-zero, we may assume that it is negative (changing & into —&
if needed). Clearly, z.T = % = 0, so that z has been found.

If 0 Joo(x).z = 0, we find one condition at x.

It might also happen that d¢,, o dyy, (§) is equal to A;& + y;v. Then, one condition is again verified at x. If
—A;—lisnon-zero, taking 6s; = — B;, we find a vector z at x such that (after having possibly changed z into —z):

oT
0Joo(x).2 #0; 2.T = Frie 0.
N
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Summarizing, using the (i + 1)th, the ith and the (i — 1)th £v-jump at x and the construction above
(repeated with (i — 1,7) in lieu of (i, i 4 1)), we find two additional conditions related to the ith & v-jump
and the fact that its length A; is strictly less than 7. The independency is addressed below. It is based on
Proposition 29, p 198 of [3].

Proof of (ii) of Proposition 2.18:

Assume now that m = v-jumps of x have a size less than T'.

We then find at least (1 + 1) additional conditions related to these m = v-jumps. The remaining (k —m) & v-
jumps verify the equation

Ai=T

This gives us (k —m — 1) additional conditions, which, when combined with the other k conditions of (i)
of Proposition 2.17, yield 2k conditions. The independence of these conditions follows from Proposition 29 ,
p198 of [3] that states that, along each £v-jump of a specific curve, e.g. our curves here, the differential of the
v-transported map can be perturbed freely (subject to the condition dy; (v) = v).

Using this result, the independency of all our conditions follows. O
Proof of Proposition 2.19

After Proposition 2.18, the proof of (i) of Proposition 2.19 is straightforward. The independency of the
(2k — 1) conditions follows again from the use of Proposition 29 of [3].

For (ii), let us consider the ith £-piece and let us assume that

higr — 1 ; ¢

- llai — d'| > ——
| — llai —a.| = Tt

Then, picking up 8’v at F;, see figure above, and &-transporting it to F; 11, we find that the transported

vector at Fj41 has a [€, v]-component that is of the order of |(a; — a£)8;|. It follows that the [, v]-component

of zZ(F;4+1)—which we denoted n;1—taken with §; ;1 = 1, see above, can be “compensated”, see Figure

below, with the use of a §/v, 8/ being of the order of m’—*;,“

la; —
Let A; 4 be the £-component of Z(Fjy1) at Fiiq.
We have built a vector z:

We know that
Z'Joo = )"i—&—l —1
and we also know (a; is a priori bounded) that the v-component of Z(F; 1) = d¢y, (8/v) + 84; is bounded

by C(ap)|s:| < C1l8/1.
Therefore,

(L (DMt _ A+ ICD I 5|
C'lai —all = C'lai = al)(hiv1 = 1)

oT ,
oo+ <
as

The claim of (ii) of Proposition 2.19 follows, after adjusting z into £v so that _%f < > (.
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Although Propositions 2.18 and 2.19 seem to cover all the possible cases of tangent vector-fields (two per
&-piece), these vector-fields are built so that no compensation can take place in the changes of the v-jumps
along the deformation.

As we will see now, we will build yet another tangent vector z; at x, around the ith&-piece. This tangent
vector z; will induce changes in the sizes of the ith and the (i + 1)th & v-jumps; but these changes are built
so that these sizes stay bounded away from infinity as (a; — aé) tends to zero.

This allows to derive k other conditions to be “almost satisfied” (up to O (ﬁ) orupto O (ﬁ), depending
on how we scale them) as 7 tends to co. z; is constructed as follows: we take £ at the base E; of the ith £+ v-jump
of x and we v-transport it to F;, thereby deriving a vector 71 (F;) = dys; (§).

We complete the same construction with the (i + 1)th & v-jump.

We then scale z1(E;+1) into §;1121(E;+1) and de, (zZ(E;)) match. Using & and using v at E; 11, we can
then build a tangent vector z:

Using the results of [6], Lemma 10, see also the derived computations below (the function R(y) is introduced
in [6], Lemmas 2.6 and 2.15):

Z1(ED| = O ( S E I+ 1)

|a [(E;) is in fact (R(y)) at the v-orbit through E;.

It follows that dy, (zl(F )) is also O(1 + T |28 o8 REN). Assuming that |a; — aél < 4, & a fixed positive
constant, then |§; 41| is bounded above and below by fixed positive constants.

Then,
lzZ1(Fit1)| = O (1 + TI 0 (Ez+1)|)

Therefore,

8sis1 = 0(1+T(‘ (E)') ‘ (Elm)

and
T = oT =0(1+T aR(E- )
1.4 = as = ok i+1

On the other hand,

daJ,
2 Joo = 850 =1-Xx +8+1(Aijz1 — 1)

Observe that A; and A;4+1 are O(T) ([6], lemma 10, maybe generalized to include the case y < g

-

as well), so that this expression can tend to infinity with 7. In fact, these expressions are more precisely
O+ TSR EDD + 158 (EirD).
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We thus derive that

Ol 2+ 851 Gy — 1] < SV _ COU+TAGFEED +15 Eirn)))
PO = Ty = TInT

Otherwise, after choosing z; or —z; so that _g!"o is positive:

oT TInT —0Jy
|—I| < X
as c as

and we have built a direction z; satisfying the relaxed condition.
(*) should be read as
L =4+ 8t Qi =Dl _ ¢

(%) <
L+ TG EDD + 15 (Eivn)) — TInT

In particular, if |%(E,-)|) + |%(E,-+1)| is not o(1), (%) becomes

1= 2i 4+ 841G = DI _ ol

(%) 1+7 — TInT

O

This can be pushed further and Proposition 2.19 can be refined; but this is not our purpose here. We proceed

now and we prove that the Palais—Smale condition is satisfied for (Jo, ['2x) with the use of a suitable flow, in the

case of (keray, v), kera the first contact structure of Gonzalo and Varela [14] and v the vector-field of Vittorio

Martino [25]. We are assuming here that 8 = d(y1a1)(v, .) is a contact form having the same orientation than

a1 (y1 is a positive C2-function from S° to the positive reals. The proof is based on Propositions 2.17, 2.18

and 2.19, with some additional arguments:

Proposition 2.19 allows us, under suitable conditions, to build a pseudo-gradient that verifies the differential
inequality:

oT  _ Clmil x 5

as [A; — 1]|a; — al

i /\milu can be replaced above by 1;+1]|Ai+1 — 1| or a combination of both. Depending on the construction of

the pseudo-gradient and the partition of unity used, we can get such combinations.

At a specific x, where A; = Aj, we are going to focus on the ith &= v-jump to build our deformation, at
least in a first step. However, later, we will generalize the argument and include combinations of decreasing
directions defined with the ith &+ v-jump and other decreasing deformations defined with the (i 4-1)th 4+ v-jump.

We now claim that, as T increases and as the +v-jumps cross the torus Ty of S3, defined by Ty =
{(x1,x2,x3,x4) € R*; x% + x% = x32 + xf = %} see [6], we may arrange over each additional crossing or over
each additional 27 -rotation of kerc | along v, so that we find an interval [7_, T4 ] over the ith £ v-jump so that

[7;l
A — 1] —

C is a given fixed constant.

The claim derives from two observations and the use of Lemma 4.6 of [6].

First, observe that kerar; “turns well  along v; that is starting from any point z of S>, the rotation of kera
along v in a v-transported frame is infinite. This is clear if the v-orbit through z is not in 7p. Indeed, in this
case, kera| turns 7 from one crossing of T to the next one, see [6], Lemma 4.6 and the conclusion follows
then using the monotonicity of the rotation of kera along v.

If the v-orbit is in Ty, the same conclusion holds; however, it follows this time from the fact that the time
T (z) needed to cross Ty twice starting from z € Tp is bounded above independently of z (z is a point in Tp
such that the v-orbit through z is not in 7p). Using a continuity argument, the fact that keroe; “turns well” also
when the v-orbit is in Ty follows.
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The claim in 7'(z) stems from the formula for 7 (z) in Lemma 3.2 of [6]:

y
dy
T() =4 [ —2
@ / k) —kO)
2

It is not difficult to see that, see [6], the formula for k’(y) in the proof of Lemma 3.2 of [6] ,g(y) is defined
in Sect. 3 of [6], the dynamics of v, of [6], that k'(c), for ¢ € [y, ¥], y and y larger than %, is larger than
c(2y — 1), c a fixed positive constant. Then,

T(z) < c’/yd—y
) @y =DE -y
2

and the conclusion follows.

We now know for a fact that kera; “turns well” along v. We then use Lemma 3.2 of [6]. Let N be the number
of “cycles”, i.e. the number of consecutive crossings of Ty that a given fv-orbit that we will be considering,
completes. One can also see N, when N large, as the number of 77-rotations of kera| along v.

Either |n;|+|X;| tends to co as T tends to oco; that is either |n;|4-|A;| is very large ( this corresponds to having
N§2 very large in Lemma 3.2 of [6]). Since the transported vector A&; 4+ n;[&, v] rotates in the (€, [€, v])-frame,
there are certainly, over each cycle, as kero; adds more and more rotations along this ith + v-jump, intervals
[T_, T4+] over which |n;| and |X;| are both large and the ratio % is bounded above, so that ‘ }»‘fnilll is again
bounded above.

(T+ — T_) is bounded above and below by fixed constants; this follows from our first observation above
and the estimate on 7 (z) derived above.

Following again Lemma 3.2 of [6], if now N 82, is bounded above, then [Xi| 4+ |n;i| is bounded. Again kero
rotates along v and the v-intervals for a full rotation of kera are of lengths bounded above and below by fixed
constants, so that we can find a position where A;& + n; [, v] is along [£, v] 4+ ¢ and stays close to [£, v] + c&
in direction for a certain portion of the +v-jump. This portion also has a size bounded above and below by
fixed positive constants. Indeed, the speed of rotation (measured along v) of kera; in a transported frame is
bounded above and below by fixed positive constants: the estimate derived above on 7 (z) above implies this
result.

If now ¢ is chosen appropriately (assuming N2 of Lemma 10 of [6] is bounded; otherwise, the argument
is straightforward), the existence of the interval [7_, T ], with the required properties, is warranted.®

Over such an interval [T_, T ], we have

—d
|8_T|<—CX3_5a

ds  ~ la;i —dll

On the other hand, since 1l 5 bounded below by a fixed constant on such an interval

[2
Clnil - Cq

aj —al| ~ la; — all

oT ,
|—1 = Cl§;| >
as |

, see the estimate on & in the proof of Proposition 2.18.

The pseudo-gradient here is then derived with the use of §; or §; ,, as in the proof of Proposition 2.19
above, that is, it is derived after transporting +£ from the edge of a neighbouring &-piece, to the left or to
the right of the ith&-piece, and “compensating” n;[&, v] or n;4+1[&, v] thereby derived with (Slfv or 8; 41U see
Figure above.

We then have along this pseudo-gradient:
9 . )
Ia(ai —ay)| = O(|Ai] + 18;[|dag.(v)])

if we are using the ith &= v-jump.

6 The above arguments use Lemma 3.2 of [6]. This Lemma considers orbits of v that are transverse to 7p. There are two orbits
of v that are periodic and are in Tp, see the definition of v and its dynamics, Sect. 3 of [6]. From these two periodic orbits, the
above arguments can be repeated with very little modification; the basic phenomenon is that kera; “turns well” along v.
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We may assume in our construction of [7_, 7. ] that
[Ail < Cilnil = 0(8))

if (@; — al) is small; so that |%(ai — a')| is then of the order of |%—Z |, assuming that da’ (v) is bounded away
from zero at least on a sizable portion of the interval [T_, T, ].

We will address the issue of having dal.(v) bounded away from zero later, as we “finalize” our argument.

However, we might have to use the ith & v-jump and the (i + 1)th & v-jump in combination. Then §; is
replaced by a combination of §; and §; +1- The previous estimate does not hold anymore then.

Then, upper-bounding from above |A;| by |A; — 1| 4 1, same for |A; ]|, we derive

—ada . oT
—0 (—) +00)+ 0( ‘da;(v)‘ ‘—‘
as as

In [T_, T} ], we may assume—using again the fact that kero; turns well along v—that = ag is bounded
below by a fixed constant ¢ > 0. Therefore, if the time interval in s is bounded below, J(x) will have
decreased by a sizable amount. Iterating the argument as 7" tends to co, we then conclude that, under such
circumstances, the Palais—Smale condition is satisfied.

We cannot exclude the possibility that the time interval in s becomes very small. This happens if
becomes very large assuming existence of the flow, as defined above, over [7_, T ]. Indeed, under this

8(
—(a:
ds

oT
155

assumption, if | | is bounded, the corresponding s-interval has a size bounded below by a fixed positive
constant.
Assuming that | L stays large, we derive that there is a sizable time-interval in [T_, T, ], [T, TO] over

which da c(v) is bounded away from zero. Indeed, using general position arguments, we may assume that, if
daé(v) is zero, |d2a£(v)| + |d3a£(v)| is bounded below by a fixed positive constant, so that any v-orbit will
eventually move away, after some short time on the v-orbit, from the hyper-surface {daé(v) = 0}.

We need to make this argument more general, as it is possible that |%| does not stay uniformly large over
[T, T4] or a sizable connected sub-interval of this interval.

Observe that we may assume that the total decrease in Jo, = a over this interval is o(1). Since we may
assume that - is bounded below by a fixed constant ¢ > 0 over the whole [T, T ] interval, we conclude
that O ( 3‘1“) + O(1) has a total contribution, after 1ntegrat10n, equal to o(1).

Under the construction of (ii) of Proposition 2.19, the contributions of the ith and of the (i + 1)th = v-jumps
to d— add up, they have the same sign. Therefore, both |A; — 1| and |X;1; — 1| both contribute o(1) after
integration; thus, all £-displacements A;&, A; 41 and O (1) contribute httle to the displacements of the edges of
the ith and the (i + 1)th & v-jumps. On the other hand, on [T, T4 ] and |'7'+i |1| are bounded above.
Thus, the displacements along [£, v] are also, after integration, o(1).

Since some of the +v-jumps have to increase and gain a “cycle”, the displacement has to be essentially
along a v-orbit and our argument about daé(v) and the interval [T°, TE] extends.

Then, either we have existence of the flow over all of [7°, TE]. Over this interval, |33—S(a,- — a£)| is of the

i
’l)L

same order than |da£(v)| | %—f |. Since daé(v) is bounded away from zero, if T’ increases from 7%t TE, (a; —aé),
which was small, becomes large and the decrease in a = J, becomes sizable, implying the verification of the
Palais—Smale condition over these sequences.

Otherwise, 7' does not increase from 7 to Tf: and this is just because (a; — aé) tends to zero.

We then find 2k conditions at this limit curve to the least, since we also have that (a; — aé) is zero, an
additional condition; unless we can define a decreasing deformation in its vicinity, with the appropriate bounds.
These 2k conditions can be seen again to be independent with the use of Proposition 29, p 198 of [3].

The conclusion is that, outside of a discrete isolated set, we can define a decreasing deformation with the
appropriate bounds and this deformation will have its limit points either at critical points of J,,—-a welcome
conclusion—or at this discrete set.

At any point of this discrete set, there is a decreasing deformation, but it does not verify the appropriate
bounds. However, we can use it for a tiny time, so that the bounds will hold depending on a previous decrease
in Joo; that is , we allow an increase in 7 under this deformation, but this increase will be, e.g. dominated
by a previous decrease of Joo, —A ja that has occurred between the previous point in this discrete set on our
flow-line and this new point of the same discrete set, in a tiny neighbourhood of this point where the flow-line
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has ended. —A ja will be a priori bounded below for all flow-lines starting from all flow-lines that are very
close to this flow-line and abutting in this tiny neighbourhood.

The construction of the flow can proceed. Because this is done by induction on the points of the discrete
set as they are encountered, the flow might be a non-autonomous flow; but the decreasing deformation will
proceed and the bounds on the curves hold on the flow-lines of this flow. The Palais—Smale condition follows.

If we are working on I'p; with k > 2, it is not difficult to repeat our previous construction on another
&-piece. We have now to be careful and check that the condition a; = aé derived on the ith&-piece will be
respected by our new deformation; this can be done with the use of the vector v; related to this &-piece, see [4],
p 124. We may assume that da/.(v) is non-zero; otherwise, we derive (2k 4-2) conditions that are independent.
These curves do not exist by general positions arguments. The use of v; as in [4], p124, to verify over the
deformation the condition a; = aé is then warranted. Bounds still check also. Therefore, after working o
this additional &-piece, without destroying our previous work, we conclude that we must have now (2k + 1)

conditions that are independent (the additional condition reads a; = al on the jth&-piece on which we would

have worked now); hence, again these curves do not exist and the Palais—Smale condition now holds with an

autonomous flow. O
Our proof is now complete.

2.10 Appendix 3: The value of the homology for the first contact form/structure of Gonzalo and Varela

For the sake of completeness of the present paper, we include the argument in [6], Sect. 9 which establishes
(ii) of Theorem 1.2. (i) of Theorem 1.2 follows from the precise knowledge of the periodic orbits and their
indexes for the standard contact form of §3.
Let us consider the two simple periodic orbits Og and O corresponding to 71 = 0 and r, = 0, respectively.
We first claim that

Proposition 2.20 The v-rotation on the simple orbits corresponding to r1 = 0 or ry = 0 is at least .
Therefore, the index of the iterate of order p, i, is at least Tp.

Proof of Proposition 2.20

We consider neighbouring periodic orbits to the simple periodic orbit Og corresponding to ri = 0. ++It is
not very difficult to see that as Oy is elliptic, this involves the computation of the linearized operator at Oyp; it
is a long, but straightforward computation of the quantity , see [1], p 2, [4], p21, involved in the formula of
the linearized operator 7j + nt.

The neighbouring periodic orbits have associated numbers (p, ¢), see section 7 of [6], that tend both to

—o0 as rq tends to zero: the ratio 4 is irrational at ry =0.

p is the number of counter-clockwise rotations in the “surviving” (x3, x4)-plane. We thus may consider
our neighbouring periodic orbits as made of p distinct pieces of nearly closed &y-pieces of orbits. Each of this
distinct piece converges to the periodic orbit Oy as ry tends to zero.

We consider some base point xo on Og. We pick up v at xq, equal, therefore, to v(xg) and we &y-transport
it around the periodic orbit O over p-revolutions. This transported vector is denoted u = u(s), where s is
the running parameter over the periodic orbit Op, based at x¢ and iterated an infinite number of times. Over
each of these p&-pieces, u(s) will coincide with v a certain number of times. This number of times can be n
or n — 1, where n is the Ho] -index of Oy, with no base point assigned, that is , starting from any point of Op,
v turns more than nsr and less than (n + 1) over Oy.

On the approaching &p-orbits, we can take a base point close to xo and define a & transported vector i(s),
equal to v at the base point. Using continuity, v will coincide, on each of the p-pieces of &-orbit with i(s) at
most n-times. It follows that on the whole approaching &g periodic orbit, v will coincide with the transported
vector i (s) at most pn-times. The index of this periodic orbit is then less than or equal to pn + 1, since it is
less than or equal to pr under the constraint that the variation of the curve is along v at the base point.

pn+1

Thus, the ratio of the index i, to p is less than or equal to ~—. Its limitsup, as p tends to infinity, is,
P

therefore, less than or equal to n. The ratio b s equal to # (section 7 of [6]) at the periodic orbit. This

ratio is 27 at Oy. It follows that n is larger than 6. The claim follows. O
The other claim needed for the proof of (ii) of Theorem 1.2 is about the number of hyperbolic orbits of &
of index 2k. It reads
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Proposition 2.21 Let Hy be the set of periodic orbits of index 2k of &y, with 0 < r1 < 1 and let ny be its
cardinal. Then, ng—1 +4 > nx > nx—1 + 2 as k tends to infinity.

Proof of Proposition 2.21 For r, > %, we consider the ratio of the index i to the number ¢. This ratio is equal

to —2A=B) (section 7 of [6]). The minimum m of this function on [%, 1] is strictly larger than 1 and strictly
less than 2.

if L 5 Lo 42 i
It follows that if AT Sm= g then 3 S I SsmsS oS for p or g large enough. There is
at least one more hyperbolic orbit in H;;, with respect to H; in the r-interval [%, 1], maybe 2. The claim
follows using the symmetry between 1 and r;. O

We are now ready to prove (ii) of Theorem 1.2; we will provide two proofs.
Proof of (ii) of Theorem 1.2

We consider the periodic orbits of prescribed index i. This set is denoted C;. C; is made of two subsets. To
see this, we first consider the odd index (2k — 1). Then Cyx_1 is made of the periodic orbits of index (2k — 1)
having 0 < r; < 1 and of the iterates of the elliptic orbits Op and O (corresponding to r; = 0 and r, = 0,
respectively). This latter set is denoted K»x—1. The set of periodic orbits of index (2k — 1) having0 < r; <1
is in one to one correspondence with the set Hy; of periodic orbits of index 2k introduced earlier. The iterates
of Op and Oj have a strictly increasing index since the v-rotation on each of them is larger than 3, so that
their index is at least three. Therefore, there are either two iterates contributing to the index i or none.

Thus, Cax—1 is made of Hp;_; that has as many elements as Hp; and of Kp;_1, that is empty or has two
elements which are iterates of Qg and O;.

The same conclusion applies to Cag.

By Corollary 7.2 of [6], the intersection operator from H»j to Hay—_1 is zero. Furthermore, by Proposition
2.20, there must be an infinite number of intervals of iterations [p;,;, pm + 5] where the K; = ¢ for j €
[Pms pm + 5]. Considering an odd index (2/ — 1) in this interval, such that 2/ and (2/ — 2) are also in this
interval, the claim of (ii) of Theorem 1.2 follows now from Proposition 2.21 and the fact that the intersection
operator from Co; = Hy; into Cpj—1 = Hyj—1 is zero.

2.11 Addendum for section 3

The following Addendum discusses how to extend the proof of Sect. 2.3 to cover all the cycles defined by the
critical points at infinity dominated by a wox+1 or a wy; and the Morse relations that they define.

Special attention is given to the fact that the repetitions R singled out in Sect. 2.3 may change over a cycle,
as well as the values that the “spared” +v-jump y may take (see Sect. 2.3).

We complete in what follows detailed study of the distribution of the repetitions and the various choices
for y over the space of configurations as well as the study of the HO1 -flow near a periodic orbit. This leads to an
understanding of the stable and unstable manifolds of a hyperbolic as well as an elliptic periodic orbit in the
['2y,s. This is useful in the study of the Fredholm properties of the various pseudo-gradients of the variational
problem (J, Cg)/(Joo, U'2), [8].

Coming back to the framework of Sect. 2.3 and considering flow-lines coming from a w4 and reaching
a w° that has three distinct edges, a (forced) repetition is singled out among the (2k + 1) £ v-jumps of the
unstable manifold of wo 1 near w° on one of its £-pieces, whereas a single £v-jump yy is chosen on another
&-piece. Once these choices are completed and the flow-lines reach a periodic orbit of index 2k or (2k — 1),
a decreasing, “bypassing” deformation has been sketched in Sect. 2.3; several technical points have been left
aside about this deformation. They are as follows:

First, we need to define and track, in the vicinity of the cycle defining a critical point at infinity, on the
flow-lines coming from W, (wyx+1) (see Sect. 2.3), a repetition in the presentation of the s or the Fv-jumps
unambiguously.

Second, we need the definition of a v-jump, again a *, denoted y, outside of this repetition that we can track
in a coherent manner. We will allow for switches in the definition of these s, outside of a given repetition.

Third, given a periodic orbit, hyperbolic or elliptic, of index 2k or (2k — 1), respectively, or higher, we
need to define a decreasing deformation that will “bypass” this periodic orbit. The proof was sketched in Sect.
2.3. We introduce here a process of re-arrangement of the +v-jumps near a periodic orbit that will move these
configurations below the level of the periodic orbit.

We start with the definition of the repetitions on a given cycle:
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2.11.1 Local analysis

Given (2k 4+ 1)x*s to be distributed between the large £v-jumps of the cycle associated with a critical point at
infinity w?°, let us first assume that this critical point at infinity has at least two large +v-jumps. One, two or
more s could contribute to form an edge.

If only one * defines an edge, then one of the &-pieces of w?° supports a forced repetition. If there are
more than one repetition, then the number of possible sign-changes between the xs of the configuration drops
below 2k to (2k — 2) or less.

If several xs form an edge, we can slightly modify the deformation lines so that these configurations
contain a forced repetition due to the fact that all the s forming the same edge can be brought to have the
same orientation.

Assuming that a single * defines an edge, we can order by “pushing away” and “widening” [5] all the s
inside a £-piece of w>°. When the s are not enough to cover the HO1 -index of a &-piece, we also use the New
Normal Flow of Appendix 4 of [5], which is discussed below.

All &-pieces of non-zero strict H(} -index can be assumed to be characteristic [4], i.e. the H(} -problem can
be assumed to be degenerate.

If a &-piece of strict HO1 -index equal to zero is non-degenerate, then either its edges are of the same orien-
tation and w?° contains a forced fixed repetition. Or they have opposite orientation. The first case is simple as
all approaching configurations must have this precise repetition, whereas the second case is more complicated.

Considering then a &-piece that is characteristic, of strict HO1 -index ié, we will say in the sequel that it is
super-filled if it supports (ié + 1)*s or more.
There are two types of such pieces: with exactly (ié =+ 1)x*s over such a &-piece, we can find that there must

be a forced repetition between the (ié + 1)=xs together with the edges. We will say then that this characteristic
&-piece is of type (1). Otherwise, we will say that it is of type (/7).

Characteristic pieces of type (/), supporting (i(’) + 1)xs 7 cannot be perturbed easily. That is assuming that
one additional or more * enters the characteristic & -piece or assuming that one or more s exits the characteristic
&-piece, we find (all xs in an edge can be assumed to have the same orientation) a configuration with at least two
repetitions (in the edge and within the characteristic &-piece with its edge), hence with (2k — 2) zeros or less.

These configurations are thereby isolated; we can choose y to be a * inside this characteristic &-piece with
the repetition defined by the sequence of s exterior to this £-piece (edges included).

Thus, we may assume for the remainder of our arguments that all super-filled characteristic &-pieces are

of type (I1), thereby bearing a repetition (any additional * beyond the (ié + 1)x*s may be assumed to be part
of the edge, building a repetition with another * of the edge).

There can be only one such super-filled characteristic &-piece and all other £-pieces are not super-filled;
otherwise, the number of zeros drops again below (2k — 2). We claim that such a £-piece has a decreasing
normal, see [5], pp 482—484, that has the orientation of the neighbouring edge. Indeed, from one edge to the

next one, we find, since there is a forced repetition that ié is even if the orientations of the edges are opposite

and 7§ is odd otherwise.

It follows that if the decreasing normal near one edge requires a v-jump with an orientation opposite
to the orientation of the edge, then the decreasing normal near the other edge requires a +v-jump with the
orientation of the neighbouring edge. Therefore, if a * exits or enters through this edge, it yields a decrease
below the corresponding critical level of the critical point at infinity since it then has the orientation of the
edge. Thus, the local cells that associate to build a cycle dominated by w41 or x* have repetitions (assuming
that the number of zeros does not drop below 2k) that are localized near such a super-filled characteristic piece
and its neighbour.

Indeed, either this neighbour is also super-filled once an additional * enters into it and the above argument
holds. Or it is not super-filled with this additional *. As it enters, the configuration moves down.

This happens also whenever a * on a characteristic £-piece that is not super-filled moves out of its nodal
position. Again, a decreasing normal can be used on this * and the configurations are then moved down.

When the HOl -index of a characteristic £-piece is not achieved by the number of descending s jailed
between the two large edges of a critical points at infinity and when not all these s are zero +v-jumps on a
given flow-line, we use the New Normal flow of [5], Appendix 4. The configurations can then be thought of

7 The case when there are more than (ié + 1)=xs on this &-piece can be reduced to this one
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as having to the least two non-zero large +v-jumps, one coming from the critical point at infinity, the other
one being this non-zero *, on this unfilled characteristic &-piece, subject to the New Normal Flow. If there is
another non-zero v-jump, typically if the underlying critical point at infinity has two large +v-jumps; or if
there is another non-zero +v-jump on an unfilled characteristic &-piece, the arguments developed above apply
without change since the New Normal Flow does not reverse the orientation of the given xs. As the distribution
of xs between these given three non-zero *s changes, repetition develops. Over these forced repetitions, the
cycle “ends”, i.e. the critical point at infinity is bypassed as some non-zero *, subject to the New Normal Flow
is moved out of the attractive New Normal line associated with this x [5].

If there are only two non-zero *s and they are consecutive *s, then we can argue as in Sect. 2.3, Lemmas
2.4-2.8, with identical conclusions.

It follows that, over all possible cycles, the choice and the tracking of repetitions can be completed.

2.11.2 Choice of y

The choice of y is required up to the start of the above process of decrease. In between, the configurations
have moved down, past the level of the critical point at infinity. We do not need y anymore.

y can be constant, in between these processes of decrease. y can also be forced to travel, e.g. if the support
curve w of the critical point at infinity w2° has exactly two characteristic pieces: as a * travels from one & -piece
to the next one, the repetition follows and y has to travel.

Checking through all arguments above over the choice of y, we can assert that, in between the processes of
decrease, over a single sequence (of at most two cells usually) of cells over which the choice of y is completed,
y never completes a full turn over the whole sequence of xs.

Trivialization at w, the base curve, follows, that is, for our choice of y's to be completed, we need now to
define y at w. The definition of w, the support curve, might involve locally one less * than the definition of
the cycles that it supports and of those that we encounter over our processes of deformation, starting from the
Wok+18, see above.

If it does not, y is defined without ambiguity, there is no additional . If it does, then y varies over one
cycle and in between cycles. We need to bring it back to a single a priori chosen insertion/position in the other
remaining 2kx*s defining w.

Because the sequence of y's over a given cycle in between the processes of decrease never accomplishes a
full turn over all xs, see the discussion above about the decreasing normals, this trivialization is accomplished
through a contraction of the sequence of y's for one cycle to a constant position yy.

Over w, these ys may be viewed as zero £v-jumps. Zero £v-jumps can be made to “travel”, the roles
played by various xs being switched over this travel, until they reach the position yy. The claim follows.

2.11.3 Critical points at infinity having a &-piece of Hol—index zero and critical points at infinity of the type
(8 + w®)>°; choice of y

We know that there are also critical points at infinity built with “Dirac masses” (back and forth or forth and
back runs along v) along a critical point at infinity.

We need to choose y over the associated configurations that come close to such a critical point at infinity.

Since w has at least one large +v-jump, we can choose y to be a v-jump in the complement of the two
Fv-jumps of a given “Dirac mass”. If a v-jump of a neighbouring configuration crosses the “Dirac mass”,
then a repetition occurs in the £v-jumps (they are then at least three of them) building the “Dirac mass”. We
can then switch the value of y so that it remains in a different interval, far from the repetition. All arguments
used above, when there were no “Dirac masses” involved, extend immediately.

We must also extend the choice of y as one of the v-jumps of the “Dirac mass” or both +v-jumps
disappear. As long as one of them is not zero, the choice defined above, with the switches added, works. If
both +v-jumps disappear and w> has more than one large +v-jump, the switch is again possible. If w° has
exactly one £v-jump and it is involved in our proofs, dominated by some configuration out of W, (x2r+1),
then it is of index at infinity equal to zero. Any flow-line coming out of w® and reaching out to some w must
involve some non-zero HO1 -index and the choice of y, with switches, becomes again possible.

The arguments and the choice for y above works as well, it is easier, when the critical point at infinity has
a non-degenerate &-piece of H(} -index zero, with edges having opposite orientation. This is a case that we left
open above.
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2.11.4 Compatible choices for y over the deformation

Starting from the local construction as above, we flow down our configurations, with the related choices of the
xs y outside of the repetitions. The flow that we use here is the “natural flow”, inside each I'y;, which never
reverses the orientation of a given * (and therefore keeps a zero * equal to zero).

Using this flow, we can reach a periodic orbit. We will discuss this later, in the next sub-sections.

We can also reach another critical point at infinity wg®, to which the local analysis above applies. We then
find a new local construction. On the other hand, we have the descending local construction, with its repetitions
and ys. We need to “glue” these two local constructions.

For this, we first observe that, given the new local (forced) repetitions in the sequence of (2k+ 1) descending
xs, these local repetitions have a support, between two large consecutive edges with appropriate orientations,
depending on the number of s jailed between them.

On the other hand, the “natural flow” carries with it the repetitions that the configurations inherited from
the first critical point at infinity encountered.

These two or more repetitions might have different supports. These supports cannot be disjoint though and,
near the new local set of configurations, we may define a dividing set where a repetition must occur over the
intersection of supports, unless the number of sign changes drops below 2k and glueing is straightforward.

‘We thus reach this dividing set with several repetitions maybe. These repetitions include a smallest basic one.

2.11.5 Various leaves or various W, (wak+1) dominating the same w?°

We prove here that when several distinct W, (wax+1) dominate the same w?°, or when several leaves of the same
W, (war+1) dominate the same w?°, the choice of the repetitions and of the ys can be completed coherently,
up to a process of switching of the y's, among choices exterior to the repetitions. We first show that we can
assume that the repetitions are the same, whenever such an occurrence arises, but the ys may be different.

Given a characteristic &-piece of the (multiply) dominated w>°, we observe that, over this multiple dom-
ination of the same cycle, the unstable directions at infinity of wy° must be covered by both (or more) sets
of (2k + 1)xs reaching to w°. In addition, on each £-piece, the same negative subspace must be covered by
both sets for the problem with fixed edges. The issue of coherence arises only if , given a &-piece with an
interior (strictly interior, distinct from the edges) * for one leaf of the domination, no HOI -direction on this
&-piece is left unfilled, that is, on each &-piece with an interior * over the dominations (not for all of them; only
one suffices) the spaces must be of the total HO1 -index; otherwise, it is possible to split the cycle that we are
considering in w° in two distinct unstable manifolds, one for each domination and the glueing is not needed.

This observation implies that the issue of coherence in the choice of the repetitions arises only (see our
discussion above on the cycles themselves) when the cycles are identical on the various leaves of the domination.
The choice of the repetition does not vary then. However, over a sequence of multiple dominations, the choice
for y could vary among ys that are all exterior to the same repetition; or else, there are multiple distinct
repetitions and the number of sign changes in the orientations of the (2k + 1) & v-jumps drops below 2k.

The argument above covers the case when a &-piece is unfilled and the New Normal flow of [5] is used on
this &-piece.

2.11.6 Non-characteristic &-pieces

For the non-characteristic pieces, we observe that for any such &-piece with a non-zero HO1 -index, we may
assume using the techniques of [4], pp 77—102 that the number y defined in [4], p78, Definition 4, is zero.

We then argue as follows: if the number of s on such a £-piece is at most its HOI -index and if a * is then to
leave this &-piece, then it must have the steady orientation of the edge through which it is leaving. As it starts
moving towards the edge, we can assume that it is non-zero and still at a position of HO1 -index. It follows that
we may assume that the related cycle “ends” over such a transition.

On the other hand, if the number of *xs on such a &-piece. increases beyond this HO1 -index, then because
the number y related to this &-piece is zero, the number of sign-changes drops below 2k.

We are left with non-characteristic &-pieces of H(} -index zero, with reverse orientation of their edges. The
only case to discuss is the case when there is a single characteristic £-piece and all the other £-pieces are non-
characteristic of HOl -index zero, with reverse orientations of the edges. There is then a cycle that is obtained by
making a £v-jump “travel” from the single characteristic &-piece across the non-characteristic £-pieces and
back to this characteristic £-piece on the other side. Over this cycle, the characteristic &-piece is “super-filled”,
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see Sect. 2.11.1 above—it has (one; if more, the number of sign-changes drops below 2k)more s than its
strict HO1 -i at both “ends” of the cycle. Otherwise, a £v-jump y outside of an identifiable repetition can be
found and chosen. This fact will be used below to prove that we can then bypass, over flow-lines carrying such
configurations, all the periodic orbits down.

If there are several non-characteristic pieces, then we can define dividing lines as the additional +v-jump
crosses an edge of a non-characteristic &-piece. There is then a non-zero +v-jump outside of the repetition;
again, we will define a downwards deformation that will move such configurations down, past the periodic
orbits. We thus may assume that we are considering a critical point at infinity with a single non-characteristic
piece of index 0, with reverse edge orientations and another single characteristic &-piece.

The total number of s is (2k + 1). The two edges of the characteristic &£-piece have a reverse orientation;
therefore, the number of xs inside the characteristic &-piece when it is “super-filled” is odd. This forces the
decreasing normals, [5], pp 482484, related to the two edges to be “well-oriented” for one edge (the orientation
of the decreasing normal for this edge is the reverse of the orientation of the edge) and “ill-oriented” for the other
one. When the travelling +v-jump “enters” the characteristic £-piece through an edge, it has the orientation of
the edge. Therefore, there is one side where it does not define a decreasing normal as it enters. For the cycle to
be completed, the orientation of this +v-jump must reverse; or the repetition must “expand” and must involve
the other £v-jumps living on this £-piece. We prove below that the curves of I'4 in W, (w2x+1) do not reach
woy. It follows that we have at least three non-zero v-jumps over the configurations that we are studying and
that transitions involve at least four non-zero v-jumps. The repetitions at both ends of the cycle are different:
one occurs on the left side of the characteristic £-piece, starting from the left edge until some * that is not the
+ of the right edge is reached, whereas the other one is reached on the right side.

Since four +v-jumps to the least are non-zero over the transitions, a given repetition stays on one side, left
or right, unless the number of zeros drops to (2k — 2). For the decreasing normal to be achieved, the repetition
must be on a given side, eg the right side. Therefore, at the other end of the cycle, the cycle will not be complete
unless we cross configurations such that the number of sign-changes drops to (2k — 2) or less. The switch of
y's is straightforward over such configurations. The claim follows.

2.11.7 Reaching out to a hyperbolic orbit of index 2k or to an elliptic orbit of index (2k — 1). Choice of F+
and preservation of the repetitions

In this sub-section, we extend, at the light of the multiple coherent repetitions singled out above, the arguments
of Sect. 2.2 for the choice of the stable direction FT along a hyperbolic orbit of index 2k. Of course, the use
of such an F* @ F~ decomposition is warranted only after a process of re-arrangement of the (2k + 1)xs is
completed with equal spacing between them, see Sect. 2.2. This will be addressed in the next sub-sections; a
very precise process of re-arrangement will be defined, over a precise definition of the HO1 and the “pushing
away” flows, until a given configuration is moved down, or equal spacing is achieved or a cycle of low dimension
is left above. The definition of the homology does not depend on these low-dimension cells.

We thus assume that we are near a simple hyperbolic orbit wo, of Morse index 2k, coming from the
w41 — W5, -tangency. Re-arrangements, see below are enacted; the HO1 -flow has been defined, see below.

Along the various local choices for y, we need to find various (maybe) local choices for the space F, so
that the configuration never finds itself along F ™.

Considering a set of such descending configurations coming from some w?°, out of some w1, which
have been close maybe to several other w®, we single out the various repetitions and we track the smallest one
Ry (this repetition does exist, otherwise the configuration allows only for (2k — 2) sign-changes and glueing
is straightforward). All repetitions for approaching configurations R; (j # 0) contain Ry. For any given R,
there is an exterior y, a * that is not included in the support of the repetition.

Given the Rjs, a family of forced repetitions intersecting in a basic forced repetition Ry (that might not be
minimal at the configuration), we consider the sequence S of k or (k 4+ 1) consecutive alternating v-jumps
modelizing the attractive directions for J” (woy), see Sect. 2.2.

Several different occurrences may arise:

Case 1 S covers R;.
Case 2 S covers one extreme * of R, but not the other one and intersects the exterior of R;.
Case 3 S covers the exterior of R; (possibly including a boundary * of R;).

We choose FT in a continuous way as the cases evolve (and the configurations change) with the following
rule: in case 3, F* is chosen over tv-jumps completely exterior to R; (not having any +v-jump in common
with R;).
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As we convex-combine the various F j+s for the various R s to build a continuously varying F 7, these F;rs
and their combinations can never combine and build an alternating configuration that covers the two boundary
*s of Ro and the exterior of Ry.

Indeed, if so, the sequence S must cover the exterior of Ry. We are in case 3. It then covers the exterior of
R; and, therefore, FjJr is reduced to a subset of the part of S completely exterior to R;, hence to Ry as well.
The claim follows.

It follows that the configuration, after convex-combining the various rearrangements so as to preserve them
and preserve Ry as well, never adjusts along F* and can be moved down, past wyy.

A similar, slightly easier argument, can be made for wo;_1.

Before starting a detailed analysis of the HOl -problem based at y—this includes the re-arrangement
process—we make some technical observations that will support our arguments below, for the “pushing away”
flow defined below in particular:

2.11.8 Technical observations

The observations are supported by a related sequence of drawings and computations embedded in these
drawings:

Observation 1 Given two consecutive small £v-jumps of a curve in 'y, separated by a & -piece that is not
characteristic, we can decrease the functional Jo on this curve by “pushing” these two tv-jumps further
apart (see below). This can be completed while keeping anyone of the two Fv-jumps’s location unchanged
whereas its size might change.

+5V—>|

— o

Ad,=—e+e(1- %2 + 0(c?))

Observation 2 Assuming that these two consecutive small v-jumps have opposite orientations and assuming
that the v-rotation on the &-piece separating them is kx ™, a bit less than km, then through this “pushing
away”, either Joo will decrease substantially, or one of these v-jumps will become tiny, whereas the other
one increases in size. This latter one may be chosen as we please among these two v-jumps. The configuration
can then be brought down, below the level of the periodic orbit w by a simple application of the flow at infinity.

(2k+1)m-v (v>0 small) <0

Here, we are decreasing the positive &v-jump. This increases the negative v-jump.
n>0
n=-
AIN=N . -

—€
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2k7m-v (v>0 small)

\ o

_\‘:’:ﬂ/

We are now decreasing the negative v-jump. This increases the positive +v-jump.
This, time, both £v-jumps increase in size.

%= o(c/d)

/ os
+dv I\ 4

v-rotation "d-away" from kn

A transported vector (along a £v-jump) z = A§ + pv + nw satisfies n = O(A), so that 7 is, in absolute
value, close to ¢ at the top of the right +v-jump, see [4], p 26. “Compensating” this [, v]-component, we find
that the size of the left £v-jump changes by an amount of the order of &, where d measures the difference
of the v-rotation along the intermediate &-piece to the next larger k7. The size of the right £v-jump changes
then of an amount of the same order (use the transport equations along & now, same reference than above).
The decrease in the value of J, Over a time interval of the above process [0, 5] is of the order of — fos c2(x)dx
and c(x)d(x) = ¢(0)d(0). d(x) decreases from dy to 0 and can be taken, up to irrelevant constant, to be
d(x) = d(0) — x. It follows that either J, decreases substantially, or the £v-jump becomes very large and a
simple use of the flow at infinity brings these curves below the level of the periodic orbit w.

2.11.9 Deforming the flow-lines of W, (wy,) N 'y and the flow-lines of W, (w) N 'y after a domination or a
tangency

We prove here that we can deform the configurations of W, (w,,+1) NI'; and the configurations of W, (w,+1)N
Iy that went to a wy” or that are involved in a tangency wy,+1 — w;’, | , without creating additional +v-jumps
and without reversing the orientations of their £v-jumps, past a periodic orbit wy,.

We observe that, in the case of W, (w;,,+-1) N2, this set is of dimension 1. After domination—this includes
the case of the tangencies wy,+1 —w;’, |, since the tangency doe not occur through I'; by general position—this
set is of dimension 0, that is empty since this is a set of flow-lines. For W, (wy,+1) N I'4, the dimension after
domination is 1 and, therefore, we are considering a single flow-line in I'4. The argument is not difficult.

The following considers the more general case when we deform all of W, (w;,+1) N Ty, with m = 2k,
past a simple hyperbolic orbit wy: in section to the flow, the configurations that we consider form a stratified
set of top dimension 1. We single out in this set the configurations such that the v-rotation from the positive
Fv-jump to the negative one is s, s € N. These define a finite number of isolated points in the same section
to the flow. Using general position, we may assume that this positive =v-jump is not at the top E¥-position
(as in Sect. 2.11.10). Therefore, we can manipulate these configurations down, moving the positive £v-jump
to an E ™ -position; the v-rotation from + to — is unchanged. All these configurations are then moved down
through expansion of the positive &v-jump. The initial manipulation involves an expansion of the functional
where the 1 function n = n4 corresponding to one +v-jump, e.g. the positive v-jump is projected onto the
H(% -space defined by the other one. 74 is modified after this projection into 7. Then, after the total n-function
corresponding to the sum of n4 and n_ is rewritten using 74 and a corresponding n— = n4 + n— — N4, we
manipulate n_, increasing or decreasing this quantity so that the functional decreases. We may assume, using
general position, that the position at which the +v-jumps are located and their seizes allow this manipulation
with a strict decrease. We perform this manipulation, without moving the base points of the +v-jumps until
either the configuration has been moved below the level of the hyperbolic orbit or the positive v-jump has
become tiny. The size of the negative +v-jump has not changed throughout this manipulation. We, then, are
considering a configuration made essentially of a single negative v-jump located at a point that is not a top
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E Jr—position. We can slide it down, as stated above, to an £~ -direction over a decreasing deformation and
then make this negative +v-jump grow so that the configuration moves below the level of the periodic orbit.

We are then left with configurations such that the v-rotation from the positive to the negative +v-jumps is
never s, s € N. If this v-rotation is between (2¢ — 1) and 247, £ € N, we expand the interval between them,
“pushing away” one of them from the other. If one of them becomes tiny with respect to the other one over this
process, we may continue this process, moving away the tiny one from the other one whereas manipulating
the size of the larger one so that the process is still Jo-decreasing. Once the v-rotation between them is close
to 247, both expand and J, decreases below the critical level (with the help of a pseudo-gradient if needed).

The configurations that are left are such that the v-rotation from the positive to the negative +v-jump is in
(24w, (2¢ + 1)7). All the other ones have been moved down. We perform the same “pushing away” and the
negative v-jump will eventually become tiny with respect to the positive one (if we “push away” the positive
one from the negative one). We can then move it away across the (2¢ + 1)7)-position (it is tiny) from the
positive v-jump in a J, decreasing process and we resume as above, with the same conclusion.

We cannot perform this when (2¢ 4+ 1) = 2k — 1 since we would then end up having the negative £v-jump
very close to the positive one. We observe now that all the configurations such that the v-rotation from + to
— is less than or equal than (2k — 2)r have been moved down. For the other ones, we may assume that the
complement v-rotation is less than 3. We then resume the same argument, but we reverse the role played by
+ and the role played by —. The conclusion follows.

2.11.10 HO1 -index based at y, flows

Let us consider a simple hyperbolic periodic orbit wy,,, of Morse index 2m, with m > k. The case of elliptic
orbits will follow from the study of sub-cases developed here.

We assume that configurations of (2k 4 1) &£ v-jumps out of a simple periodic orbit of index (2k + 1),
wok+1, are reaching near wo,,, after having undergone a tangency with the stable manifold of a critical point
at infinity of index (2k + 1) or having been attracted by a critical point at infinity wg°.

Let us assume that a v-jump y has been selected over a given set of configurations, outside of a repetition
R that must be spared. There might be switches in the choices for y, between two neighbouring F-v-jumps;
this will be discussed later.

The +v-jumps of our configurations are re-ordered as indicated above, through the process of “pushing
away”’, essentially away from y.

Let us understand the HOl -problem based at y, along wy,,. According to our analysis in Sects. 2.1.1, 2.1.2,
y can be located either in an interval of type E™ or in an interval of type E~, or at a node. The case of elliptic
orbits can be included in the cases when y is at an E™ or at an E~-position, depending on the v-rotation
around the elliptic orbit.

At a point of E™, the v-rotation around w»,, is 2mm + €, € > 0; at a point of E~, itis 2mm — €. € is small
in both cases.

We introduce the solutions ™ of the ordinary differential equation:

it 4+ a?nFr =0;9%0) =0, 7F0) = 1

The only difference between n™ and n~ is that n™ is found after orienting wy,, along &, whereas 1~ is
found after orienting wy,, along —&.
When y is at a node, n* equals —n~:

However, when y is in ET, nt and —n~ are different. We find
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Whereas, when y is in E~, n* and ™ behave as follows:

The drawings indicate three possible positions L1, L, L3 for a small &v-jump 6 along the orbit w»,,. We
assume here that there is “room” for this &v-jump, i.e. there are no other +v-jumps in [c, d]. Let us introduce
the solution 7y of the ordinary differential equation:

iig — a*net = 05 me(Li) = ng(Li + 1); g (L) — g (L]) = 1

L; can be any position among L1, Lo, L3.
When L; is at a or when L; is at b, ng becomes equal to ¢cn™ or ¢n™ from y to a along +£& or from y to
b along —£, depending on the cases, extended by 0 on the complement interval; ¢ is an appropriate non-zero

constant. Thus 7y is in H(} [0, 1] and fol (ﬁg — azngr)dt =0.
On the other hand, if L; is neither a nor b, ny is not in HOl [0, 1]. It has an HOl -projection, which is a
combination of 1y and of »,,, the function » for the £v-jump at y, ng — ne(y)n, = Ph (me) (ny(y) =1).

Arguing as in [4], pp 151, it is not difficult to see that = p ! (np) satisfies:
1
/ (1 — a*figr)de > 0
0
ifyisin ET and L; = L,.

1
/(ng — azﬁgt)dt <0
0
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ifyisin EYand L; = Ly, L; = L3,
whereas 7 = p H] (ng) satisfies

1
/('ng —a®i2rydr <0
0
ifyisin E~ and L; = L.
1
/(:775 — azﬁgt)dt >0
0

ifyisin E-and L; =L, L; = L3

These claims are derived from the counting of the HOl -indexes of the quadratic form [ 7? — a’n’t on the
complement intervals [y, 0] and [0, y + 1] (in HO1 [y, 6] and HO1 [6, vy + 1], with obvious notations). If the
addition of these independent indexes equals the total HOl -index at y, 7y is positive for fol n? — a’n?t. If this

addition is less (by 1 then), 7y is negative for fol 7? —a®n?t. We can also combine various choices of positions
for the L;, over the various nodes of the functions n}j—L. If chosen appropriately, one with respect to the other,
then, all positions of type L, (taken a bit less than 7 v-rotation wise away from each other), combined together,
will be positions of negative index, whereas all positions of type L1, L3 (taken in between the consecutive L5s,
at a v-rotation close to 5 from the L»s), combined together, will be positions of positive index in HO1 ly,y+1]
if y is in E~. We can also mix the two types and, adjusting further the relative positions, the conclusion is
the same. These roles reverse when y is in E™ (now the Ljs are positive positions that a tiny bit more than
apart, whereas the L, L3 are negative positions close to 5 away from the L5s). In all the arguments above,
the v-rotation around the hyperbolic orbit is always 2mm + o(1).

Observe that 7jg corresponds to two v-jumps, one at § and the other one at y, of appropriate relative
algebraic sizes (so that 7y is in Hol, based at y).

Let us define three fixed positions for L1, L, L3, 1:1, l_,g, 1:3, that evolve continuously in their respective
regions as y evolves from E* to E™. B

Assuming that a +v-jump located at 6 is on L and y is in E™, 0 defines a positive direction in the space

HO1 [y, y + 1] for fol 7? —a’n’t. Let us assume now that y moves continuously from E* to E~. We claim that
ng can be followed continuously, for 6 on Lj, as y moves. When y is in E~, 7jy defines a negative direction
in H'[ 1

The formula for 7y is 79 = ng — 10(7)

ny (¥)

ny. 1y is the solution of

iy +a*n,T=0,n,00) =0,y + D, i,y =iy () =1

As y evolves from ET into £, it crosses a node. Then ny(y) = 0.If ng(y) is not zero, that is if 6 is not
then at a node, 7y does not converge and we cannot follow its value continuously. This is what happens when
6 is at L1 or L3. However, when 6 is on L», then it goes to a node whenever y goes to a node. The claim
follows.

2.11.11 The “Pushing Away” flow when a tv-jump of the configuration is not located at any of the L;s

Having understood the behavior of the HOl -index based at y, with the three types of positions L1, Ly, L3 and
how we use them as y evolves from E * to E~, we add to the decreasing HO1 -flow (based at I:z ifyisin E™,
based at L1, L3 if y isin ET) the “pushing away” flow, away from y, also with the use of the £v-jumps of R;
(without ever changing their orientations) and the other v-jumps over this process. The assumption is that
the v-jump that we are “pushing away” is not located at any of the L;s .

There are two ways of “pushing away” from y, either along an intermediate nearly &-piece or along an
intermediate —&-piece. The dividing lines are chosen to be the various L; (there are several of these, for each
choice of i) and if a +v-jump of the configuration is not located at one of the L;s, then “pushing it away” from
y will bring it close to the next point such that the v-variation is jw-away from y, j € Z.

Typically, we find either
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T

2.11.12 Dimension of cells associated with these flows

It follows that each L; defines a rest point for the flow. If we are considering L, and y is in E~ or we are
considering L or L3 and v is in E, these rest points have an unstable manifold of index 2, one for the
position (the “pushing away’ ﬂow decreases Joo Whereas the base points of the :i:v—]umps are moved further
away from L;) and one for the H0 -index (a £v-jump along L; is along an unstable Ho -direction).

On the other hand, for a £v-jump to be attracted to such a rest point, two conditions must be fulfilled: this
Fv-jump must lie on L; and it must be a zero £v-jump. Otherwise, the flow will move it away from the rest
point.

If we are considering L, and y is in E™, or if we are considering L1 or Ly and y is in E, this rest point
has an unstable manifold of dimension 1 since the H -direction along L; is a stable direction.

Let us observe also that if a collection of :I:v-Jumps are zero on W, (wyx+1) and the curves are, therefore,
in 4x42-2s, then their algebraic sizes (cy, ..., ¢g) form a set of coordinates for W, (wax1) transversally to
its intersection with I'4x4+2_2,. This easily follows from the fact that the one-parameter group of decreasing
deformation along W, (wox+1) preserves each I'y; and its differential along curves of I'y;, 1 < (2k+1), maps the
transverse directions to I'y; in ['454 near wog41 on transverse directions to I'y; as the decreasing deformation
proceeds.

2.11.13 Never increasing the number of sign-changes

When we use the “pushing away” flow, we want the number of sign changes over the configurations never to
increase. In view of our technical observations above, this requires to proceed as follows: nearly zero v-jumps
can be “pushed away”, but to “push away” other neighbouring +v-jumps from them, we need the v-rotation
separating them to be less than 7. Therefore, as a +v-jump becomes tiny (and the configuration is then in the
neighbourhood of configurations satisfying the condition that this +v-jump is zero), we perform a decreasing
deformation, using the fact that some other £v-jump is not “tiny” when compared to this +v-jump (being
“tiny” is a relative feature), and we make the “tiny” +v-jump travel so that the v-rotation separating it from
the neighbouring £v-jump with respect to which the “pushing away” is performed becomes less than 7. Then,
by our observations above, “pushing away” can be performed safely and the number of sign-changes in the
configurations do not increase.

The “tiny” £v-jumps travel back to their former positions as their sizes increase.

Observe also that, when a +v-jump is “tiny” or zero, we can “push away” the other £v-jumps across or
over this tiny 2v-jump. The deformations is J,-decreasing.

2.11.14 Crossing periodic orbits

We consider now an elliptic periodic orbit w4 and we assume that it either dominates a w3y: we are then
interested in the flow-lines from w3} to periodic orbits, periodic orbits of index 2k or of index (2k — 1) in
particular; or a tangency w41 — w5y, takes place and we are then interested in the flow-lines again from
w3y, to periodic orbits, hyperbolic periodic orbits of index 2k in particular.

Although in both cases we will have to discuss periodic orbits that are elliptic as well as periodic orbits that
are hyperbolic, we label the first case “elliptic periodic orbits” whereas we label the second case “hyperbolic
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periodic orbits”, since in the first case we are interested to the effect of the critical points at infinity on the 9-
operator having elliptic orbits of index (2k — 1) as a target, whereas, in the second case, the target is hyperbolic
orbits of index 2k.

For elliptic periodic orbits, as the value of y switches between two consecutive +v-jumps, we find that
over tangencies/dominations wog 11 — w3y — wak and wog 1 — wy 4 — Wk, Te-arrangement can be completed
over such a switch with preservation of the repetition(s) in the complement: the argument for a decreasing
deformation is complete. For Morse relations wog4+1 — wglf — wyk—1, the same argument does not work and
a global decreasing deformation cannot always be defined. Indeed, if the forced (forced by wS5y) repetition(s)
complete a “full circle” amongst the (2k + 1) & v-jumps instead of staying located within a sub-interval, we
cannot define a global deformation.

For dominations/tangencies wy; — w%f — Wok—_1 OF Wi — wngl — wog—1, the argument is straightforward,
so that the conclusion is that dyer and doo do not mix over tangencies. The relation dper o dper = 0 can
only be violated over creations/cancellations of periodic orbits x,, /xp—1, “rhombi x,, /X2 | /Xpu—1/Xpm—2"
can form over the adjustment of the unstable manifold of x,,_; from the form that it has over the process of
creation/cancellation to the normal form of Proposition 1 of [5].

2.11.15 Elliptic periodic orbits

We first observe that, given a y and a repetition R; to spare, we do not encounter any problem if we view R;
as Ry, that is if we view R; as a repetition occurring between all the d-v-jumps of the configuration once y
is removed.

Therefore, we can move our configurations down, below the level of w, in this way. Only that y and R;
are used over part of the configuration space, not over all of it. Along dividing lines of dimension (2k — 2),
transversally to the flow (we are on W, (w3}), in a section to the flow; and we consider there dividing lines)
we need to be able to switch ys.

Using one “given” y that is outside of R ;, we can try to perform re-arrangement and bring the configuration
down. As explained above, we find that this possible if we leave behind some cells of top dimension (2k — 1).

We would like to prove that this will not happen along this dividing line of dimension (2k — 2).

Using the L;s defined above, we see that the “top” of this cell that does not move down corresponds to
the verification of (2k — 2) conditions at the configuration: (2k — j) conditions for the £v-jumps not in R;
to be along the L;s and (j — 2) conditions for the j & v-jumps of R; to have a zero projection on the strict
H(} -index of the nearly &-piece that runs from predecessor of R; to successor.

On a set of top dimension (2k — 2), this gives rise, by general position, to the occurrence of isolated
configurations.

If y is at Eq, we find an additional condition. With (2k — 1) conditions, on a set of top dimension (2k — 2),
we may assume that we never encounter such configurations.

Also, if y isin E~, we find an additional condition see below, and these configurations are ruled out.

If y isin ET, it can be assumed, using the same general positions argument, to avoid a family of specific
positions. The remaining isolated configurations may be “driven”, all relative positions of the +v-jumps of the
configurations unchanged, so that y is in E~ (see below again). An additional condition at y is then not met
and these configurations are moved down, past the level of w.

The switch is thereby possible and the deformation is complete if w is a hyperbolic orbit of index 2s > 2k
or if w is an elliptic orbit of index higher than (2k — 1):then, y isin E~.

We are left with the periodic orbits of index (2k — 1), when y is forced tobe in ET. A “cell” is left behind. It
is of dimension (2k — 1), see our count below: one for y (y isin E™), (2k — j) for the “free” (2k — j) &= v-jumps
that are not y and are not involved in R}, each one contributes 1 in the H(} -problem based at y and (j — 2) for
the “squeezed” repetition R;.

This cell is actually spanned by cells of dimension (2k — 2), rotating—the transport equations around &
may be considered to be a pure rotation in the vicinity of an elliptic periodic orbit—as some £v-jump, before
or after the repetition R, runs around the periodic orbit.

The j 4 v-jumps of the repetition R, with their predecessor and their successor, span a nearly &-piece
supporting a v-rotation less than (j — 1) + €, € a small as we please. Beyond this amount of v-rotation, the
£v-jumps of the repetition R; are expanded over this £-piece and the configuration moves down, below the
level of 7;_;.

From y to 1 4 y, the v-rotation is 2k — €¢, where € is a small fixed quantity. Using the “pushing away
flow”, performed between consecutive £v-jumps starting from y, we can shorten the £-piece: it now supports
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a v-rotation at most equal to (j — 1)z — 5. We use more specifically here the “pushing away flow” starting
from the predecessor of R;, on the interval exterior to R;. In this way, the repetition R; is spared.

Then, when this shortened &-piece supports a v-rotation equal to (j — )w — %0, it supported before
“shortening” of the £-piece, a v-rotation larger than (j — 1)z + 5. It can be assumed to be below the level of
Wok—1.

The j 4 v-jumps of R; can then be collapsed into (j — 2) &= v-jumps. This might involve a modification
of the predecessor and the successor; however, over this (Joo-decreasing) process, either the repetition R; is
spared, or the j & v-jumps collapse into (j — 2) & v-jumps.

The “cell” of dimension (2k — 1) “left behind”” has then only (2k — 1) & v-jumps. These (2k — 1) £ v-jumps,
as the energy level drops below the level of wy,_1, recompose into (2k 4 1) = v-jumps through the addition of
two zero £v-jumps that gradually assume the proper orientations and recompose R, once the configurations
have move away (below) wai—_1.

The “cell” supports also a large “hole”, that is the curves composing the “cell” contain a £-piece bearing
a v-rotation strictly more than 7 (by an amount lower-bounded away from zero) and where no inside * lives.

2.11.16 “Bypassing” the periodic orbit

We need to define the deformation across the dividing lines when there is a switch in the value of y. The
repetition R; may be assumed to be the same across these dividing lines, expanding or retracting or both on
each of the domains thereby defined.

The dividing lines arise for two reasons: for the case of the elliptic orbits wyi_1, they arise through the
wsy — wsy_;-dominations in the w41 — w3y — war—1 sequences of dominations. They are also due to the
fact that the cycles associated with the w3ps in these sequences of dominations might be complicated cycles,
made of several chains for which y and R; are well-defined for each chain, but change as the chains change
through the dividing lines.

For the case of the hyperbolic orbits wyi, they arise through the tangencies and dominations wag41 —
wsy - wsy in the wory1 — w5 1 — W2k sequences; and they also arise for a second reason as above: the
cycles associated with the w57, | might be complicated.

Let us first discuss the first case, that is the w3 - w3;_,-dominations. This wS;_, might be dominated by

anw’ CZ’Z that is itself dominated by wogy1.

The cycle in w$;_, that is dominated must be the same and this implies, after some work related to the
understanding of the critical points at infinity of this variational problem, see [4,5] in particular, including
Appendix 4 of [5] and the various flows, that the repetition R; is identical across these dominations. However,
the y's might be different.

Assume that, outside of R, the dominations w3y —wSy_, and w5y —w37_, involve a “hole” as in Appendix
4 of [5] and a v-jump with a steady orientation associated with this “hole”. This means that this +v-jump
with a steady orientation collapses along a nodal line of the New Hole Flow of Appendix 4 of [5] and expands
on each side of this nodal line.

If this does not happen, then either some F-v-jump outside of R; collapses on some &-piece of wS;_, the
number of sign changes over the configurations of this dividing line drops to (2k — 2) and the switch of ys
can be performed easily; or there is no collapse and the large £v-jumps of w$; and wj, > must be the same

and the dominations are H(}-dominations outside of R;. Then, y can be taken to be the same across wgi_l.
These cases are, therefore, solved.

The case when y is defined unambiguously and also the case when the dividing lines support configurations
tolerating at most (2k — 2) sign-changes in the orientations of their £v-jumps also. This is the best result that
we have reached in the case of elliptic orbits of index (2k1) over sequences of dominations wag1/w5y /wak—1;
it assumes no “point to circle” domination between the three terms of the Morse relation (the first one or
the second one). Bypassing an elliptic orbit wy;, over a tangency wy/w5; or over a domination/tangency
wor /WSy /wak—1 is immediate.

For the case of hyperbolic orbits, we develop in the next sub-section another argument, based on the study
of the H(}-ﬂow near a periodic orbit and this allows us to bypass these hyperbolic orbits, without further
condition on y, contrary to the elliptic case. This argument allows us also to understand well the stable and
unstable manifold of a hyperbolic periodic orbit of index 2k in the stratified spaces I'zx and I'px42. This is
useful in the study of the verification of the Fredholm assumption along flow-lines (work in preparation).
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2.11.17 Hyperbolic periodic orbits

We consider now the case of hyperbolic orbits and, therefore, we consider the case when we have a connection
Wok+1 — wé’i 1~ Wrs involving at some time 7y of the deformation a tangency between the unstable manifold
of w41 and the stable manifold of w5y P

2.11.18 A crossing an elliptic orbit coming wé’i_H

When we consider a wax+1 — w3y, | tangency, we can avoid discussing dominations of an elliptic wy,+1 by
w3p, -7 > k because a direct argument based on the counting of the number of conditions on the configurations
transversally to the flow (on a set of dimension 2k) yields (2k + 1) conditions (recall that, since (2k + 1) is
more than (2k — 1), a single ££v-jump along such an elliptic periodic orbitis in £~ and this provides one more
condition.) for a domination of wyiy1 of wy,11, with r > k, to take place. This yields too many conditions
with respect to the dimension of the stratified set defined by the unstable manifold of wyx 1 transversally to the
flow and such dominations do not take place at any time and cannot be induced by tangencies wax+1 — w3y -

2.11.19 Crossing a hyperbolic orbit coming from w3y, | the (2k — 1) dimensions count; more generally, the
dimension count in the HO1 -problem based at 'y at an elliptic as well as at a hyperbolic orbit

We now prove that, when coming from a similar tangency wag+1 — w3y, |, we try to cross a hyperbolic periodic
orbit, we “leave behind” a cycle of dimension (2k — 1) at most. The discussion proceeds according to the
position of y along the hyperbolic orbit w and it includes a counting of the dimensions of the cells that cannot
be deformed downwards, when a repetition R; is to be spared and lives on a nearly &-piece supporting a
v-rotation at most (j — 1)7. This dimension count is performed for the HOl -problem based at y; this argument
works whether performed along a hyperbolic w or an elliptic w. This has been used above. An additional
counting argument of the same type has to be performed at y and gives 1 at a hyperbolic orbit w (see below)
or at an elliptic orbit where the v-rotation is a bit less than 2sw, s € N. At an elliptic orbit with v rotation
a bit less than (2k — 1)m, the count can give 1 or 2, depending on whether y over the set of configurations
corresponding to the cell can span the whole periodic orbit or not.

We start with an outline of the proof:

When y isin ET or when y is in E~, we will revisit the HO1 -problem based at y and the related “pushing
away flow” between the various L;. We will observe that this “pushing away flow” can be defined unhindered
from any attractive line L; to a neighbouring repulsive line L ;; the node in between these two lines does not
hinder the continuation of this flow because it is a node for the other, for the reverse direction.

w periodic orbit
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It follows, see below, that the incoming £v-jumps, once y is defined, can all be deformed onto the attractive
directions, to which we add the periodic orbit w:
The set on which we retract by deformation is

I !
I [
I [
| [
| [
| 1
I [
t 1
I !
| [
I !
| I
1 !
1 i
0 0

w: hyperbolic
periodic orbit

c c,

attractive directions are removed

A, B, C, Ay, By, Cy are all rest points for this flow. Zero +v-jumps can be included in this retraction by
deformation.

Since y isin ET orin E~, the total v-rotation at y around the hyperbolic w is not 2s77 and we may assume
that the j & v-jumps of R; have been collapsed into (j — 2) & v-jumps.

Then, each of the (2k — j) & v-jumps of the configuration, when we exclude y and the j £ v-jumps of
the repetition R, gives rise to one dimension. These dimensions are attached to the level set Joo 4, Where
d is the level of w. Indeed, as can be derived from the drawing above, this “structure” is attached along a set
where one of the v-jumps is not “small” along a repulsive line. The energy level is, therefore, less than the
level for w by an amount to the least € > 0. The remainder of the set is made of curves such that at least one
of +v-jumps is not small and this set can thereby deformed below the level of w using classical arguments of
deformation and Morse theory.

The j 4= v-jumps of R; are collapsed into (j — 2) £ v-jumps between predecessor and successor of R; and
yield at most (j — 2) dimensions. This yields (2k — 2) dimensions, but we have to add the dimension spanned
by the variations of y.

At a hyperbolic orbit w, the count is the same than above for the (2k — j) £ v-jumps and yields one
additional dimension. Indeed, we now have to think about E™ and E~. Along a direction of E™, y decreases
in size and along a direction of £, y increases (in fact, this is not y itself, but the function 7, derived at y by
adding to 7,,, see below, the contribution of the other £v-jumps of the configuration after Hg -projection on
the HO1 -problem based at y, see below again).

We may then define, in each interval of type E™, a special position E ; When y is at E Z.J;, this function
(in absolute value) and the functional J, decreases. We can also define, in each interval of type E~, a special
position E_,,. When y is at E_,,, the function 5 defined above increases in absolute value and J, decreases

out* out»
again. In between, we can “slide” the position of y from an E; into an E_ ,. Again, J, decreases, see below.

out*
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We thus will find (2k — 1) dimensions, only that this count is completed when y is in E™ or when y is in
E~, so that the HO1 -problem at y is non-degenerate. We can then use also the previous analysis and describe
very precisely the sets along which these “structures” attach to the set when y is in Eq. The attachment sets
are of dimension (2k — 2) and are not difficult to describe.

Once we understood how we can deform our configurations on a set of top dimension (2k — 1) when y
runs in ET U E~, we will move to understand what happens when y is in Ej.

This dimension count is distinct from the arguments of Sect. 2.3: once the repetition R; is spared and its
span in terms of v-rotation along £ is more than (j — 1), re-arrangement can be completed and the arguments
of Sect. 2.3 take over and allow to bypass the hyperbolic periodic orbit xo.

The outline completed above is made into a rigorous argument now:

In order to complete the adjustment of, e.g. the first £v-jump after y along the “structure” defined above,
we need to adjust the other =v-jumps along positions that are s or sw + o(1) away from y along —£.

When they are all s 4 0(1) away, the “attractive” and the “repulsive” directions in this “structure” become
effectively attractive and repulsive, the nodes are as described and the deformation proceeds.

However, a given other +v-jump may occupy several of these s + o(1) positions, for different values of
s. The deformation argument is not complete then since, in between such positions, we might not be able to
complete this deformation. In particular, the “attractive” and the “repulsive” directions in this “structure” for
the first £v-jump might not be effectively attractive or repulsive.

This can be overcome as follows:

Given another +v-jump and two consecutive positions Py and P5 for this +v-jump that are s + o(1) and
(s + 1) + o(1) away from y in the direction of —&, the deformation is not hindered by a +v-jump that is
o(Xlcil).

Indeed, when it is a zero +v-jump, we can “ignore it” and change from the HO1 -problem on [y, Pi] to the
Hé -problem on [y, P,] without problem (given that the other £v-jumps would also be at positions s + o(1)
from y, along —£, or would be zero).

Ifitis o(X2|c;|) also, its effect is little and can be compensated by a manipulation of the size of a “sizable
+v-jump”’; in this way, the process is inserted in a decreasing deformation. In such a case, the process of
“pushing away” can be completed across these tiny +v-jumps.

Now, deformation on this “structure” for this first =v-jump has been completed when all the other f-v-
jumps besides y and this first +v-jump are either o(1)-close to positions that are sw-away from y along —&
or are o(X|c;|).

Using the “pushing away” flow, we can move all the configurations such that some other Fv-jumps,
different from the first v-jump, are not o(1)-close to positions that are s;r-away from y onto positions where
that are of that type. Once these £v-jumps are locked in such positions, deformation for this first +v-jump on
the required “structure” can be performed. The argument requires an induction if there are several such other
Fv-jumps. All configurations are deformed over this “pushing away” process. However, the new configurations
that are not o(1)-close to positions that are sr-away from y after deformation are configurations for which
the first £v-jump is already deformed on the required “structure”. Since this +v-jump is not deformed over
this process, we do not need to perform any further deformation on these configurations and we can just
continue our process on the new configurations for which the other +v-jumps are now within o(1) of the
special positions.

Deformation onto the “structure” is thereby performed for the first v-jump.

This “structure” is made of £ v-jumps that are either zero or almost zero, or of +v-jumps that grow along
the unstable directions. “Pushing away’ the other £v-jumps from these unstable directions, or “pushing across
them” when they are tiny, starting from y can be performed so as to achieve the deformation on the expected
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“structure” for the second Fv-jump. Indeed, consecutive unstable directions, that is consecutive unstable
directions of exit, in the “structure” defined above, are separated by an amount of v-rotation less than 7,
whereas consecutive stable directions are separated by an amount of v-rotation a bit more than 7. Any two
unstable directions are separated by an amount a bit less than s and any two stable directions are separated
by an amount a bit more than sz, s taking an appropriate value. Unstable directions and stable directions in
the structure, taken together between y and (1 + y), or between y and P , where P is sw-away from y, are
effectively unstable and stable directions in the corresponding H(} -problems(s).

On the other side, along —&, the deformation argument through “pushing away” from (1 + y) or from a
P-type position is as above, for the first £v-jump.

The conclusion is that this deformation can be completed when y is in E1 or when y is in E~. It extends
to the case when y is in E( and the “structures” thereby derived for y € E¥ are of dimension (2k — 1) and
are attached to the “structure” at E( along recognizable sets of dimension (2k — 2).

We are left with establishing that the “structure” derived when y is at Ey is also of dimension (2k — 1) at
most.

The argument for y € E is different; indeed, we do not know anymore that the directions to which we
are “pushing” (these are also Eq-type positions; there are two kinds of positions of this type, those that are
sm-away from y and those that are s + 7-away from the same y) are also directions of “exit” or “entry”
and we cannot conclude as above:“pushing away” the £v-jumps between Ep-positions might induce some
additional dimensions.

We, therefore, rely on two facts: first, the subset that we are trying to deform is, in the (2k)-dimensional
set of configurations, (transversally to the flow) of dimension (2k — 1): y is subject to one constraint, namely
that y is in Ej.

Second, there is a “good” variational theory when y is in E. This variational theory relies on the one hand
on the deformation completed above (similar to the ones completed for y € ET) and on the other hand, on
another deformation completed when all the £ v-jumps are either zero (tiny) or on positions of type E( that are
s away from y. We describe this deformation in more detail below. The important fact is that these combined
decreasing deformations move this (2k — 1) dimensional set onto a set of the same dimension ¥ which can
be written as w U C, w the periodic orbit, with C of dimension (2k — 1) and below the level of w.

The other “structures’, derived when y € E £, maybe deformed, are attached to ¥ and the claim about the
dimension of the cell left behind* through this deformation (that it does not exceed (2k — 1) is complete.

We conclude with the arguments for the second part of the deformation when y is in Ey. We consider now
the variational problem defined by J, when all £v-jumps are constrained to live on an Eyp-position that is
sm-away from y. J is then a functional that is cubic in the algebraic sizes ¢; of the various v-jumps. There
is an additional term that is O(ch), but it can be neglected in the study.

Applying general position, we may assume that the critical points of this functional, under the constraint
Eci2 = €, € > 0 small, are non-degenerate. Also, we may assume, using general position, that all the corre-
sponding critical values are non-zero.

Along such a positive critical value, 0 becomes a minimum radially, that is it is a critical point in the full
space of variations, radial dilation included, of index equal to the index computed in restriction to the sphere
of radius ¢, to which 1 is added for the radial decrease.

A negative critical value can be avoided by radial expansion.

There is, therefore, a full variational theory and 0, viewed as all sizes ¢; = 0, hence as w, is the only critical
point.

It follows that the set of configurations corresponding to y € Eg can be deformed, using the combination of
the flow hereby defined for the configurations having all +v-jumps either tiny or at Eo-type positions as above
with the flow that corresponds to “pushing away” to these Eg-positions as defined when we were deforming
on the “structures”.

The claim follows.

Let us observe that our deformations are compatible with the preservation of R; because, when the £v-
jumps of R; are tiny, we can “push away” across them. When y is in E* or when y is in E, the first step of
the argument is to collapse the j £ v-jumps of R; into (j —2) = v-jumps. Deforming as above, we find (2k — 1)
dimensions at most. Refining as y reaches E(, we reach the other deformations, attach along an explicit map,
etc. The proof is now complete.
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2.11.20 The conditions at w hyperbolic of index 2k or more

Let us “visualize” the conditions for a configuration not to move below a hyperbolic w of index 2k to the
least; this is used in the argument about elliptic orbits: starting from y, we “push away” the next =v-jump and
we then “push away” the next +v-jump from the next +v-jump etc. We can also perform these operations in
the other direction and combine the two movements. As long as we are “pushing away” between consecutive
Fv-jumps and “pushing away from y, never ’pushing away* y, the number of sign-changes will not increase,
a forced repetition outside of y will be spared if it existed and at least two non-zero £v-jumps will survive if
the configuration did harbor two non-zero +v-jumps or more before the process was started.

Over the whole process, using the technical observations, see above, the configuration will move below the
level of w unless 2k conditions are met: the other v-jumps should be either zero or 257, s € N away from y .

This builds 2k conditions that might collapse into (2k — 2) conditions if two v-jumps are already zero.
One can easily convince himself that the other (2k — 2) conditions are here to stay. The argument proceeds.

One might ask, and we already commented about this above: how much of the deformation on the (2k — 1)
dimensional “cell” defined above depends on y. The answer relies on the observation that each of these “cells”
is tied to the repetition R; solely, y being any of the v-jumps outside the j & v-jumps of R; besides the
successor of R;. At woi—1, the deformation downwards defined with the introduction of two additional F-v-
jumps on the &-piece of R; having a hole, does not depend on y. We can then choose one y over all the cycle,
different from the successor and, as we approach the boundary of the cycle, below w1, make it more specific
in order to tie to the previous choices for y. Our deformation may now be viewed as follows: given the R;s
taken over all possible choices, deform downwards, outside of the cycles associated to each R;. The choices
of ys are given at the boundaries of these cycles, below wo;_1. Then, choose one y near each top etc.

2.11.21 The “mixing properties” of the “pushing away” flow

As explained above, the “pushing away” flow has to be completed carefully so that, when the orientation of a
Fv-jump reverses, the number of sign-changes reverses. For this, tiny, nearly zero +v-jumps can be “pushed
away”’, but in order to “push away” other neighbouring v-jumps from them, we need the v-rotation separating
them to be less than 7.

The “pushing away” flow, even when completed as above between consecutive +v-jumps and always
away from y, never the reverse way, has then some “mixing properties” that read as follows: if we start with
a configuration of 2k = v-jumps outside of y, one of them non-zero to the least, living on or a near a periodic
orbit woi_1, and we implement this “pushing away” flow amongst them and also away from y various times,
with various amounts of “pushing”, we reach, given a set ¥ of configurations, another set of configurations
that is “generic” in that a preassigned set of (2k — 1) conditions on the sizes of the +v-jumps of X’ will yield
(2k — 1) independent constraints.

The proof of this fact goes through an explicit computation. Namely, we can assume that these 2k 4= v-jumps
are re-arranged, them and y, so that they are separated by intervals of equal v-rotation.

Let us assume, for simplicity, that the sizes of these 2k 4 v-jumps are denoted c(l), cg, cees cgk at time zero
and that c(l) is non-zero. They are denoted, in that order, “the first jump”, “the second jump”, till the “2kth or
last jump”.

The other cases can be reduced to this one.

Let us choose (4k — 2) extremely small positive times 1, . .., t4x—2. We will “push away” the first jump

from the second one over the time #1, then after that, we “push away” the second jump from the third jump
over the time #, and so forth, “pushing away” the (2k — 1)th from the last jump over the time #7x_1. We then
resume the procedure a second time, starting with “pushing away” the first jump from the second jump over
the time #p; and so forth.

Our claim is that, after these procedures are applied, the new sizes of the 2k +v-jumps will be “complicated”
functions of the initial sizes c(l), cg, R cg X and of the #;s. The combined space where X is multiplied by intervals
0,€),e; > 0,i =1, ..., (4k — 2)-the product is mapped, the map is denoted f;, onto the result derived by
applying the “pushing away” flow to a configuration of ¥ over (4k — 2) times f;, ..., t4x—2 to be taken in
the intervals (0, €;)-is a space where general position arguments can be applied. Denoting 7 the choice of
ti = %, i=1,..., 4k —2), we can perturb fz(X), by perturbing the value of 7, so that it becomes transverse
to the (2k — 1) conditions at wox_1 under which a configuration cannot be flown down. If needed, the procedures
defined above can be iterated until general position is achieved.
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We provide now the formulae, at first order when the ;s are tiny, for the evolution of the various sizes ¢;s of
the 2k £ v-jumps through this process. The general position argument follows. Observe that, in addition, over
this process, repetitions outside of y are not destroyed, so that our arguments above and the present general
position argument can be used together.

Given c{, R cék and tiny small positives times #1(k—1)j, - - - » f2k—14+(2k—1);» the sizes of the new Fv-
jumps, given at first order with respect to the #;s and obtained after the use of the “pushing away” flow with the
t;s as above is (6 is a fixed positive constant, bounded away from zero and depending only on the &-transport
equations along wox_1):

o= + o)

One can check easily, e.g. by considering the example of k£ = 2 that general position holds.

As a final remark, we observe that increasing the size of the nearly &£-piece between predecessor and
successor near these cycles that we are discussing can be turned, after appropriate perturbation of the functional,
into a decreasing deformation bringing this cycle below the level of wy,_1, since, once this nearly &-piece has
increased in size to include a v-rotation larger than (j — 1), the decreasing deformation proceeds through
expansion of the sizes of the £v-jumps of the repetition R ;. This provides an alternative proof that these cycles
can be bypassed.

2.11.22 Under the 2k conditions: additional condition when y is in E~; deformation of y from E™ into E~

We assume now that we have 2k-conditions on the configuration, and, therefore, isolated points.

y is given. Using general position arguments, we may assume that y is not at a node or very close to a
node. Thus, y is either in E~ or y is in E*; E™ is the set of (m or (m + 1) if the index of the hyperbolic
orbit is 2m) intervals of positivity for the second derivative J“», E™ is the corresponding set of m or (m + 1)
intervals of negativity defined in Sect. 2.2. These are not the positive and negative eigenspaces for the second
derivative J_, FT and F~ defined in Sect. 2.2.

If y isin E~, we find an additional condition:

Indeed, we may then consider the H(% -problem based at y = 0, 1. Denoting o the configuration, with its
various Fv-jumps of size ¢; at t;, we find a family of functions n;. (o) reads as lei 1CiNi + cno, where each
n; solves:

i aPnit =00t =0t + Vs i) — i +1) =1

Projecting on HO1 based at y, we write

2k
n(o) = pp (Z cmi) +d()no

i=1

Accordingly,

2k 2k
I so(w).0(@).11(0) = T o0 (w)-pyg1 (Z ci m) Ph (Z cmi) —a(y)d(©)’

i=1 i=1

here a(y) is positive since y isin E~.
Accordingly, we can expand d (o) if is non-zero and this decreases the functional without changing the ¢;s.
Itis only the size of y that changes. Thus, we can move the configurations below the level of w unless d (o) = 0.
This yields an additional condition. We now have (2k + 1) constraints on a stratified space of dimension
2k. General position rules out this possibility.

2.11.23 y in E™ and 2k conditions

We are left with the case when y is in E™. Here, we are going to deform the map so that y is in E~. We need
for this to single out the cell that is covered by our deformation process and to see that, along a path where y is

Springer



Arab J Math (2014) 3:93-187 173

moved from ET to E~, this cell can be continuously deformed whereas J., decreases over the deformation.
This now brings us back to the understanding of the H& -problem based at y, when y isin ET.

Let us then recognize the related cells: we may assume, see above, that our 2k &+ v-jumps, besides y, are on
positions of type L, or are zero: the other positions, of type L or L3, are negative positions. The configurations
have non-zero +v-jumps at such locations can be moved down.

Considering such cells, built with =v-jumps at the Ljs or zero, observing that we may assume, by general
position, that y is not at some preassigned positions, one in each interval of type E™, we move y from E*
into E~ without crossing the preassigned positions.

The cells follow, in a decreasing deformation, because the +v-jumps are either zero or on positions of
L>-type. This fact can be checked easily. The deformation obeys the following drawings in the configurations’s
space:

Ye E" the 2k other + v-jumps Y € E; the 2k other + v-jumps
are all on L, - positions are all on L, - positions

/

O i
Cf

. initial configuration

\ / C final configuration

The 2k other + v-jumps are not all
on L,-positions on these spheres

Deformation of the map

YeE YeE
N %
o
initial map

deformed map

CI
initial map

deformed map

The argument extends to cover the case singled out above, in the previous sub-section, when we reach
(2k — 1) conditions coming from W, (wzx+1), after reaching W, (w5y), also the Eq case described above.

2.11.24 Switching y s when transition configurations have been moved down

We observe that the deformation arguments above can be convex-combined and the processes over various
distinct y's can be glued: using the process for the first y, we move the configuration below, up to a low-
dimensional cycle. As we start a similar process around a new y, the configurations that we manipulate have
already been subjected to the deformation process around the first y. Over the overlap region, those that are
below the level of the periodic orbit w will go even further below, whereas the cells of low dimension that
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have not been deformed down will not change their dimension. Therefore, the two processes are compatible
and can be glued together.

2.11.25 Additional observations about rearrangements and repetitions

We have completed above rearrangements along the periodic orbits of the (2k + 1) descending +v-jumps. We
observe here that, as we consider various neighbouring configurations harboring various repetitions, we can
complete them so that they preserve repetitions and allow for the construction of the direction F as indicated
above.

First, we observe that, over all configurations defined nearby a point, there is a partial order relation on
repetitions, if we discard the configurations over which the configurations the number of sign changes is
(2k — 2) or less.

Indeed, through the “natural flow” that preserves each I'yg, repetitions are preserved and therefore, going to
local situations, the repetitions will become finer, with equal or smaller support over bordering configurations.

If arepetition R; dominates another repetition Ry in that its support includes the support of R, we observe
that the rearrangements that we have defined above that preserve R can be deformed into the rearrangements
that preserve R; among rearrangements preserving R;.

Indeed, when is it that, along a rearrangement around R(, we might destroy R;?

Analyzing the rearrangement process, we find that this can be made to happen only over the process of
HOl -decrease, as the £v-jumps of Rg expand. Then, the orientations of some +v-jumps notin Ry might reverse.
Otherwise, all other processes can be made, even as they reverse the orientations of the boundary +v-jumps
of Ry (not included in Ry), to preserve an inside repetition.

As we now rearrange, trying only to preserve R and not R, we use less and less the HOl -decrease through
the increase of the v-jumps of Ry, when they are in appropriate positions and we gradually replace it with a
process of “pushing away”, from the £v-jumps of Ry, reaching out to those of R;.

Over this process, the £v-jumps of Ry might reverse orientation; then, Ro expands into R(, etc. But it never
expands beyond R; and, eventually, we find the R;-process.

In this way, a rearrangement around R( can be replaced by a rearrangement around R; and, over the
transition, a repetition inside R| will be preserved.

Using this process, we can define rearrangements in a continuous way over all rearrangements. Glueing
follows.

The proofs of Theorems 1.1 and 1.2 are now complete.

3 Part 11
3.1 Proof of Theorem 3

Proof of (i)(assuming (ii)): we first observe that the Morse relation do = cyr—1 + htZk—l,oo implies that
8(cz1€_1+h’2k71 o) = 0. This will be used throughout our argument. We also assume that dpercor—1 = 0 and that

c2k—1 cannot be decomposed in smaller cycles of dpe;. This implies, see below, that the map b of [7], restricted
to a neighbourhood of the periodic orbits of ¢z;_1, covers the generator of PCH1 x [—1, 1] / PCK1 x {—1, 1}
with non-zero degree. Indeed, either the number of periodic orbits of ¢pr—1 is odd and this conclusion is
immediate using Propositions 3 and 4 of [7]. Or, it is even; we then use the fact that it is minimal and we write
it as the sum of two chains of periodic orbits ¢| + ¢, with an odd number of periodic orbits in each. We claim
that the orientations coincide. Indeed, these two chains have a periodic orbit of index (2k — 2) in a common
boundary. Below, we prove the orientations of ¢; and ¢; then coincide, see the end of the proof of Theorem
1.3.

Let us consider a collection of decreasing flow-lines Z that defines a stratified set of top dimension (2k — 1).

Let Ewézo_)3 be the collection of critical points (at infinity)of index (2k — 3) in Z. Let L* be the collection

of curves in UI'y,, such that b is non-zero and contains no sign-change. Let 7 = W, (X wéio_)3) ~(LTULD).
We assume in the sequel that 7 is connected. There is no loss of generality in this assumption. If 7 is not
connected, we can restrict to one connected component of 7" and use the same arguments.

T has several boundaries that are related on the one hand to the fact that we have removed L* from
W, (% wéio_)3) and on the other hand to the fact that Ewéio_)3 might dominate other wéio_) 4S. Finally, T} has a
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trace on the connected components of contractible curves in J(;l (€). Let B¢ denote this trace. Let us assume
that the critical points (at infinity) of index 1 of J,, do not disconnect this component of Jo_ol (€). Then By is
connected, of top dimension (2k — 4)—viewed in the quotient UT',,/S'—and is part of the boundary of T.
This boundary is then made of a part related to the removal of L*. That part maps equivariantly into L*. The
target images are denoted in the sequel Lj, L, which we assume in a first step to be of low Fadell-Rabinowitz
index yrr [13] compared to k, yrr < (k — 2), see below for the removal of this assumption: we will discuss
this issue in details. The other part is connected by assumption. It follows that the Fadell-Rabinowitz index of
By is at most (k — 2) and the pull-back of the orientation class of PC*~2 through the classifying map on B, is
Zero.

Using the Darboux reduction for a contact form, we can directly check that no critical point (at infinity)
disconnects the connected component of Jozl (e) made of contractible curves. Therefore, the above argument
is general.

We proceed with our proof:

We use the Morse relation do = cop—1 + htZk—l,oo' Since d(cpr—1 + htZk—l,oo) = 0, we can lift the top

cells of W, (car—1 + h’2k_1 ) and their boundaries into a set X attached to a stratified set Wu(Zxéio_g).

XUW, (Exézo_)3) and W, (cor—1 + htZk—l, ) are cohomologous in the quotient of the loop space or Cg by the
action of S!-relative to their trace on the “bottom set” on the connected component of contractible curves in
Jo’o1 (¢) and relative to their “boundaries” with L*.

¥ is assumed to have a constant classifying map. This happens, e.g. when the chain ¢ has undergone a
dominated tangency with a periodic orbit yy: the top cell of W,,(y2x) has a constant classifying map.

We then use the Morse relation do = cop—1 + h’2k71’ o« and we deform X into 3 that is attached to

W, (Exé,?ié) with the same attaching map than X, but ¥ does not dominate Exé,f‘ig anymore. This is obtained
by cancelling the domination of cox—1 + htzk—l.oo by X “over the chain made of the combination of unstable
manifolds of ¢ '

Then, we find a new stratified set & U W, (X wéio_) 3) and deforming further, we find a S UW,(E w;io_)3)

where T has a constant classifying map and is attached to Wu(Ewéio_G) along some B'.. B’ has the same

property that B, above: it of Fadell-Rabinowitz index at most (k — 2). B, is contained in B’.. The classifying
map of B’ extends the classifying map of B, . It is derived after extending the (prescribed) classifying map on

W, (2 wéi‘ig) N JC,_Ql (e) to a subset of the deformation of the top cell, which is of Fadell-Rabinowitz index 0 and
is attached to W, (X wéio_) 3) along Be. Arguing as above now, we find that our new set is of Fadell-Rabinowitz

index at most (k — 1). The value of the classifying map on W, (X wéio_)3) U (W, (cok—1 + h’Zk_LOO) N JD’O1 (e)
is prescribed, so that the conclusions of Proposition 3 and 4 of [7] apply. This yields a contradiction once we
prove (i) and (ii).

In order to prove (ii) and (iii), we consider the collection of critical points at infinity Xw5;_5 of critical
points at infinity wS;_, dominated by htzk—l, oo- We add to these the periodic orbits of index (2k — 2) and of
index (2k — 3) dominated by ht2k—1, 00> With L* removed from their unstable manifolds. After deformation,
the dimension of these strata drops to (2k — 3), (2k —4). Because 8perh’2k_1’ o = 0, we can achieve the related
strata of dimension (2k — 3) into subsets of W, (ht2k71, o) Where b is non-zero. The definition of these new

strata, in the vicinity of the strata of dimension (2k — 3) derived from the W, (x2x—2)s once L* is removed
from them and they have been further deformed, is straightforward.

.The extension problem:

Under this new set of assumptions, we need to solve the following extension problem:

Let Zoi_4 be a (2k —4)-dimensional stratified set in UT'5,, /S', which is part of the boundary of a stratified
set of top dimension (2k — 3), Wa_3, alsoin UT"y,, / S!. We assume that the Fadell-Rabinowitz index of Zox_4
is at most (k — 1) and the top two cells, of dimension (2k — 4) and of dimension (2k — 5) of this set build a
connected set.

We consider in the sequel different homotopies of the classifying map on a subset of this space denoted
S of top dimension (2k — 5), valued into PC*¥~2 and we want to build a homotopy between them that is still
valued PCF—2.
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The problem formulated as follows: we consider Stx S x[0,1]x [0, 1], over S x [0, 1] x [0, 1], S! acting
on the first factor, and we consider a part of its boundary S x a([0, 1] x [0, 1]). This set is clearly also of
Fadell-Rabinowitz index (k — 1) at most.

We assume that we have some map from this set into PC*—2 a first classifying map—it will made of
homotopies of other classifying maps—and also another classifying map from S into PC*—2. Since S x
([0, 1] x [0, 1]) projects equivariantly over S, we may consider that this second equivariant map is also defined
on S x d([0, 1] x [0, 1]), but is constant on the second factor.

We claim that these two maps are homotopic as maps valued in PCK—2, that is that the first map extends to
the disk, with value at the centre of the disk equal to the other map.

We know that the two maps are indeed homotopic. For dimension reasons, we may assume that the
homotopy is valued into PC*~2, since (2k — 5) + 2 = 2k — 3.

.The use for this extension argument:

In the framework where we use the argument below, we have a fibration over § of dimension 2 in the fiber.
The fiber defines locally a cone C of dimension 2 over S, with vertex at a point of S. The homotopies are
homotopies between values of the classifying maps at—assuming for simplicity that the fibration is trivial—S
with the classifying map at S x dC. This does not look like a homotopy. However, we may consider that
our maps are independent of the dC position in C and that they depend only on the radial” parameter of C.

Indeed, the classifying map on S x C (S will be typically part of the “bottom set” of a Zka 3) is derived by
“glueing” as in [13], the classifying map on S with the classifying map on the top cell of h2k—]oo S(LTUL™).

This classifying map can take two values: the value b defined above or the value defined by restricting b to
one sign change that one can track over the top cell of 2, |~ (Lt UL™). These two maps glue in a natural

way; b is the natural map to use all over the curves such that their v-component b has at least two zeros and
at most (2k — 2) zeros, and the other map is the one that gives a constant classifying map on the top cell of
h’2k loo (LT U L™). There are also two homotopic values for the map on S, see below.

.The classifying map on h2k 1.0

The solution of the extension problem defined above allows to specify the value, under additional assump-
tions, of the classifying map on the unstable manifold of h2k_1’ oo Indeed, let us assume that there are two
“slices” of dimension (2k — 2) where special assumptions hold allowing to define on these slices the classi-
fying map more specifically and to solve the extension problem. The classifying map is then defined on these
two slices and also on the top cells of th 1,00 in between these two slices, with the centres of these cells
removed, smce these latter cells, without thelr centres will deform down onto the union of subsets of these

slices, W, (X2 w2k 33)) and X;.

We want to extend it to these top cells, centres included and we find, therefore, a new extension problem,
with a map from a sphere S%*~2 into PC*~2 that lifts into an equivariant map from S*=2 x §! into §2¥—3.

Extending this map equivariantly amounts to extending the section of this map from S2¥=2 x {1} into §%—3
to the disk D2~ Since nzk_z(SZk’l) = Z,, the square of this map extends.

It is possible to square an equivariant map into an equivariant map while keeping the S'-action to be
effective. The target values of the classifying maps are not modified in this way. We may, therefore, assume
that the map has been extended then to these top cells, valued into PC*—2.

Observe now that, since d(cyr—1 + h’2k 100 ) is zero and since dperc2x—1 is zero, aperh;k—l, oo 18 zero. We

have discussed above how the periodic orbits of index (2k —2) that i, .00 Might dominate give rise to a set of

dimension (2k — 3) after L* is removed and how their unstable manifolds after removal of L* may be achieved
“above”, with b non-zero and non-constant, with 2k zeros at most, so that they may be considered as part of

W, (cok—n + th 1. o) We are left with the boundary of infinity of th 1o It is a shared boundary with ¢ |
and, therefore, the maximal number of zeros of b on the unstable manifolds of these critical points at infinity
is at most (2k — 2). This boundary has itself no boundary and, therefore, after appropriate adjustments (the
adjustments leave the intersection with L™ and L~ unchanged), it dominates only critical points (at infinity),
not of L™ or L™, of index (2k — 4) at most. Alternatively, we can argue that since 99s0c2t—1 = 0, the cells
of dimension (2k — 3) in dooc2k—1 build a coherent “puzzle” that can be lifted to be part of the top cell, with
constant classifying map. The critical points of index 1 are again the ones disconnecting L™ and L™ from each

other and from the bottom set Jo’o1 (€).

Consider all the wéiié such that they are dominated by cox—1 + htzk—l, o> Dut their unstable manifolds are

not contained in Ay, = {x € UI'y,,; bhas at most (2k — 2) zeros}. Let us denote /I the collection of these
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critical points (at infinity) of index (2k — 3) and let 71 = I—I> uw, (wgzig) N A5, _,. The critical points of 1/

are dominated by h’yﬁ1 o and not by co¢—1 since their unstable manifold is not in Ap;—>. Assume that 77 has

aboundary in L1 U L. This boundary is made of dominations of critical points (at infinity) of index (2k —4),
w5y _, by critical points (at infinity) from /1.

These dominations can be cancelled after a modification of the pseudo-gradient over W, (ht2k—1 o) that

cancels the domination by ht2k— 1.0 Of the wéii%s of I1 that have such a wéiof)4 in their boundary. The

modification of the pseudo-gradient involves “pushing” the flow-lines of Wu(hék_l ) N Ws(wéio_g) out
of W, (wéio_)3) in a level surface above the level of wéio_)3 through the boundary of W; (wéio_)3) defined by

Wi (wéio_) 4)- The deformation is an isotopy. It is unclear that we can preserve the fact that our sets are defined
with (2k) trackable +v-jumps. However, it is clear that the isotopy can be assumed to take place in 'y so
that the number of sign-changes of b will never exceed 2k. This latter fact is not used in what follows. The
flow-lines out of cp;—1 are not altered over this modification. In (i), we developed an argument to show that B,
the trace of T (the T of (i)) on the component of J ~1(€) made of contractible curves, was of Fadell-Rabinowitz
index (k — 2) at most. The argument contained two parts: on the one hand this trace was identified as part of
the (connected) boundary in the contractible curves of a connected stratified set of dimension (2k — 3). On the
other hand, the other possible pieces of boundary for this set, L:lr and L, in LT U L™, were assumed to be of
low Fadell-Rabinowitz index < (k —2). Here, we replace T in (i) by T defined above. After our modification,
T has no boundary in L™ U L™. It might have a boundary By in Ay;_5. Once L™ U L™ is removed from this
piece of boundary, the classifying map for B; is given by (b — fol b) or its orthogonal projection onto the unit
sphere $2¢=3 of Span{cos2jmkt, sin2jmkt, j =1,..., (k — 1)}.

B, is part of the boundary 977 of T71. This boundary is a stratified set of top dimension (2k — 4). It can
be thought of as Xox_4 from our extension arguments above, with a value for the classifying map prescribed
on the part B;. The extension problem is then formulated on 9 Bj. It allows to glue the two pieces of the

classifying map: the one on W, (htZk—l,oo) ~ (LT U L) N Ay—» defined by b with the one defined on the

trace of W, (h[2k—1, o N(LTUL™)on J(;l (€), viewed as the union of the trace of 77 with the trace of the top
cell of ht2k71,oo'

This gives us the value of the classifying map on one “slice” of W, (h’Zk_l’ AN (Lt U L7)). The value of
the classifying map on the part of IHIWM (wéﬁﬂ in LT UL™, where I + 11 denotes all the wéﬁ%s dominated
by htzk_L o> 18 also assumed to be in a low PCk-2 (This assumption is also removed below). It can be extended,
valued for dimension reasons in PC*~2, to all of I—iL-JIIWu (wéi‘%). The part in L™ U L™ can be glued with the

classifying map on the top cell and the resulting classifying map is valued in PCK—2.
It follows that, if we remove a suitable neighbourhood V of the top critical points (at infinity) of index
(2k—1)and 2k —2) in h’Zka ~ (Without touching at the common boundary with the critical points of co;—1)

and also a neighbourhood W of the wéio_) 4 of LT UL~ that htZk—l,oo might dominate directly, not through T}

, we find a classifying map valued into §2=3 or PC*k—2 for W, (hIZk—l, o) N (VU W), if we assume that this
set has two boundaries (of dimension (2k — 2)), in LT or L™ or in both or one in one of them and the other
one, in common with ¢z, or through a “slice” of dimension (2k — 2), in A_»>.

In all these cases, the Faddell-Rabinowitz index of W, (htzkfl, oo N LT UL™)is at most (k — 1). Adding
now the set W, we find that are adding a set of dimension (2k — 4) after deformation, along an intersection that
has a classifying map valued into PC*~2_ This will not modify substantially our concluding argument below.

The remaining case is when htzk—l, o has no such boundaries. Its classifying map may then be valued in

PCk—!, but there is no additional factor [—1, 1] added to it. It cannot cover the (2k — 1)-dimensional generator
of (PCF—! x [—=1, 1], PCF2 x [—1, 1JUPCF1 x {—1, 1}).

.Classifying maps and elliptic periodic orbits of Reeb vector-fields:

The above arguments yield a map i from the pair (W,(cok—1+ hle—l,oo) ~ (LT ULD),

(Wu(cak—1 + hby_y o)~ (LT UL N@LY UIL™ UL €) U (Wa(hhy_; ) ~ (LT U L)) into the
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pair (PCK=1 x [—1, 1], PC*2 x [—1, 1JUPCK~! x {—1, 1}). This map yields a homomorphism:

it Hog1 (Wy(cok—1 + iy _y o) N (LT UL7), (Wylear—1 +hy_p o) N (LT ULT))
NLOLT UIL™ UJZ () U (Wy(hhy_ )~ (LT UL7)])
— Hopp((PCF " x [=1,1], PCF2 x [—=1, 1JUPCK ! x {—1,1})

i may be rewritten after excision of W, (htZk—l, o) N (LT U L™)) as a composition of excy with j,, where j
maps (W, (cax—1) ~ (LT U L™), (Wy(car—1) ~ (LT U L™)N[QLTUIL"UAxy_2UJZ! (€))]) into (PCF1x
[—1,1], PCF2 x [—1, 1JUPC*1 x {—1, 1}). Apx_> is here derived by flowing down a set of curves such
that the v-component b has at most (2k — 2) zeros. The construction of the map j follows the same arguments,
simpler, than the map i.

excs Hok1 (Wi (cak—1 + by )~ (LT ULT), Wy (cak—1 + by )~ (LFULT)N[OBL*
UIL™ U I (€) U (W (kb ) ~ (LT U L))
— Haym1(Wy(cak—1) ~ (LT U L), (Wy(cak—1) ~ (LT UL) N[OLTUIL™ U Agn U Jg (€)])
Ji t Humt(Wy(eak—1) ~ (LT U L), (Wy(cak—1) ~ (LY UL) N[OLT UIL™ U Ap_n U (e)]) —>
Hoj—1 (PCF1 x [=1,1], PCF2 x [—1, 1TUPC*! x {=1,1})

The map ! from (W, (cae—1 + hby_y o) ~ (LT U L7), (Wy(cat—1 + hy_; ) ~ (LT UL7) N[@LT U
0L~ UJZ @) into Wy car—1 + My o) ~ (LT UL™), Wleakr + hy_y o) ~ (LT UL=)N[@LTU

oL~ U Jogl(e)) U (W, (h[2k—1,oo) ~ (L1 U L7))]) is the natural quotient map. It yields i, in homology. i, is
onto in the top dimension (2k — 1) for these cycles.

L+ Hop—1 (W (eak—1 + hby_y o) ~ (LT U L7), (Wy(eak—1 +hby_y )~ (LTUL7) N[OLF
UIL™ U JZNe)]) —

Hop—1(Wy(cok—1 + hlz](,],oo) N (LY UL, (Wy(ear—1 + htzkfl’oo) N(LTULT)N [(8L+ UaL™
UJSH(€) U (Wy(hby_y ) ~ (LT U L))

Finally, the map m from(Wu(cqu—l-htZk_lﬁoo) N (LT UL, (Wy(ear—1+hoy_y o) ~ (LT U L-)N[(OLTU

AL~ U JZ (€))]) into (PC*! x [—1, 1], PCF=2 x [—1, IJUPCK! x {1, 1}) is defined as above. It yields
the map m,, in homology:

My s Hogot (W (eak—1 + hby_y o) ~ (LT U L7), (Wy(eap—1 +hby_y )~ (LTUL7) N[@OLY
UIL~ U JZNe)]) —

Hoj— 1 (PC* ! x [—1, 1], PC*2 x [—1, 1JUPCK ! x {—1,1})

Removal of S!-equivariant pieces:
Observe that if ST % W, (xé’,ffz) is attached to cpx—1, it is attached along st xw, (xzolf%). Removing it

PC*1x[-1,1]

will not affect the covering of PO T (11}

The argument extends. The proof of (ii) of Theorem 1.3 is now
complete.

Proof of (iii):Removing the assumptions on L7, L, and the trace in L™, L™ of the Morse complex of
dimension (2k — 3) dominated by W, (h}, 1oo)

The above argument works also under the weaker assumption yrg (LTUL™)4) < (k—2);here (LTUL )y
stands for the Morse complex of (L* U L™) dominated by Ewéio_)3. Under this assumption, the trace B of

Zwéio_g on the bottom set JO_O1 (¢) has low Fadell-Rabinowitz index, at most (k — 2). This step is an essential
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part of the extension argument which allows, under the assumption that cox_1 + ht2k—1 w = 00, to find a

contradiction with Proposition 3 of [7]. Summarizing this argument, the classifying map in the extension

argument is prescribed on Zwézo)3 U (Wy(cak—1 + h2k 1 OC>) N JO_O1 (€)). After cancellation of the domination

of Zwéi‘% by W, (cok—1 + htzk—i,oo) using the Morse relation cp;_1 + h’yﬁl,Oo = do, we find that a set

with constant classifying map is attached to Ewéio_)3 U (W, (cok—1 + htZk—l, ) N Jogl (¢)) along B, and the
contradiction follows since the Fadell-Rabinowitz index of B, is at most (k — 2).

Let us consider the sets LJr and L, dominated by the Eu)éf% that are themselves dominated by periodic

orbits of ¢;_1. We denote them as above szk 5 and let us assume that the related Lt L are of Fadell-

Rabinowitz index (k — 1). Let us assume for simplicity that each of these stratified sets is connected and that
the classifying map for each of them (they are of top dimension (2k — 4)) is valued in PC*=2 with (non-zero)
equal and opposite degrees. This is justified below, maybe with multiple components for each of L:{, L,.Let

us first argue when there is no htZk—l, - It then follows that all the boundaries of %Jwéio_g arein LT, L~ and

_1 (e); all other boundaries can be cancelled after moving the top cell of 6‘2k 1(+h’2k L o) out of the related

stable manifold of the critical point (at infinity) of index (2k — 4) that Z w2k )3 dominates.

After this cancellation, B, has a classifying map valued into PC*— 2 of zero degree. If B¢ is connected,
then we may assume that a homotopy of this map, the homotopy still taking values into PC¥~2, is valued into
PC*—3. The argument of (i) then applies and we derive a contradiction as above.

(

Assume now that B is not connected. This would follow from the fact that %szio_)3 would split into to

separate Ehg _5 and E@Zk 3, one having a boundary D} in L; and the other one having a boundary D in
L, each of them with classifying map of equal, non-zero and opposite degree.

Either Ehéio)g and 2£§k 5 can be seen as part of a boundary for a (collection of)critical point(s) (at infinity)

wék ; dominated by cp¢—1. Then, their cells of dimension (2k — 3) can be lifted as part of the top cell, with

constant classifying map; and the argument proceeds.
Otherwise, they are not part of any such boundary. The domination co;—1 — E ka 3 bypasses the dimension

(2k — 2) and involves, therefore compact manifolds (not a stratified space) of dlmen51on 2, CL, that are equal

to W, (coe—1) N Ws(wzk 3) where w2k | is part of Ewék 5. It then also follows (from the assumption not

being part of a boundary) that the respective traces of Wu(Eh(oo)3) and WM(EZSCO_)Q in the component of
contractible curves of J _1(6) which we denote B} and B_, can be deformed one onto the other one in
Wy (cor—1 + th 1. o) NI 1(e) We then find, inserting this homotopy in between Zh(oo)3 and Eﬁgffg a
cycle of dimension (2k — 3) which we denote 6;_3; this cycle is relative to L+ U L~. The portion made of

unstable manifolds of wéio)3s can be assumed to have no boundary outside of LJr L™ and J ! (e) This follows

after cancelling any domination from the top cell cor—1 + h2k 1.oo of a w2k 4 such that W, (wzk 4) contains

sign-changes for b, the argument has been made for th_] o above; (recall that we are assuming that there no

h, .o at this point, this removed below). Then Zwék ) 5 is a stratified space of dimension (2k — 3), without

boundary outside of LT, L~. It can be made into a manifold in these dimensions. In order to form 0x_3,
we add a homotopy H, which we may consider to be valued into W, (c2x—1) ~ (L™ U L™). This homotopy
exists for symmetry reason between v and —v, L™ and L, L:ir and L : there is, under the assumption that

B =da(v,.) “turns well” [1] along & an isotopy of vector-fields vy in kere, starting at v and ending at —v, with
da(vy, .) a contact form. The functional fol (%) does not change along this path. Thus, L 40 L, are isotopic
and the Morse relations for the functional can be deformed isotopically one onto the other. Each of Ezk , and
hgk ) | therefore defines isotopic traces D} and D_ which are homologous to the traces on the component
of Jozl (¢) made of contractible curves. The homotopy between the traces follows from the fact that they can

be contracted in W, (cox—1) ~ (LT U L™). The set W, (cax—1) is denoted wyy—1 in the sequel. It is a stratified
space of top dimension (2k — 1), without boundary. Therefore, it can be turned into a manifold in dimension
(2k — 1) and in dimension (2k — 2). H being defined from a set of dimension (2k — 3) into a stratified space of
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dimension (2k — 1), which is a manifold in dimensions (2k — 1), (2k — 2), can itself be considered a manifold
in dimensions (2k — 3) and (2k — 4) since (2k — 3) + (2k — 3) < (2k — 1) + (2k — 4). Therefore, 6243 is a
manifold—by general position arguments—in dimension (2k — 3) and (2k — 4).

We now write, using an appropriate Eilenberg—Zilber map (the Alexander-Whitney diagonal approxi-
mation) and with an abuse of notation, wor—1 as Co ® wyr—3. This follows from Morse Theory applied to
(Wy(war—1), Wy (w2r—3)). Each of these is a collection of flow-lines relative to their “bottom sets”. wox—3
is a cycle relative to LT U L™ U Jogl (¢) and we have that w1 = XC; ® w’zkf3 in the chain group of
Cg, LTUL™ U Jogl (€)), with Ewék_S = wyi—3. The notation Cy ® woy_3 is thus an abuse of notation for
a sum of terms of this type, where the first factors are all two-dimensional cycles C and the second factors,
when collected together rebuild woy_3.

Let f be the classifying map on W, (w2;—1). In the sequel, we will be writing woy—1, wag—3 for W, (war—1),
Wi (wor—3).

fewar—1) = Sfi(Ch) @ fr(why_3)

wok—1 1is then viewed as a cycle of dimension (2k — 1) relative to LTUL U J(;l(e). fe(wor_3) is a
cycle of dimension (2k — 3) and each f,(C»)' is also a cycle of dimension 2. We now observe that the pair
(wak—1, wok—1 N(LTUL~UJZ (€)) maps in fact into in PC*—! x [—1, 1]/(PC*~! x {—1, 1}UPCK! x {0})
because the bottom set woy_1 N (LT UL~ U Jo_o1 (e)) splits in several connected components; the component
corresponding to contractible curves is one of them and it maps into PC*~! x {0}, whereas the other components
inL* map into PCK—1 x {£1)}. Using then Proposition 3 of [7], we derive that wox—1 “covers” through this map
the generator o1 of PCK~1 x [—1, 1]/(PC*~! x {—1, 1} Let ™ be the generator of H>(PC*~! x [—1, 1]).
The cap-product ™ N pox—1 is non-zero, equal to the generator oy —3 of sz_3(IP’(Ck_2) x[—1,1] /]P’(Ck_z) X
{—1,1}).

Denoting x; = a)*f*(Cé), we have por_3 = Zx; f*(wék_3). We will denote in the sequel w’z,{_3 the chain

Sx; fa(wh, ). Starting with woy_3, which we had split into €535 and S5, we had built above a cycle

0rk_3, relative to LT U L~. The construction of 65;_3 used the fact that the boundary of wyi_3 split into two
or more pieces Bf relative to the Eéio_)3 / hg,zo_)3 decomposition and that these pieces were homotopic in the

component of contractible curves in JC;] (€) of wor—1. The symmetry holds for ¥ x;wor_3i as well, since all
the Morse relations of the variational problem “rotate” as v is changed to —v along the isotopic deformation
vy derived from the fact that 8 = da (v, .) “turns well” [1] along &. Therefore, we may assume that the 6> _3
that we have built above is in fact associated to X x; wyi_3i rather than woy_3 as above. This is not needed for
our argument here, but will be used in what follows, for the general case.

Observe, in addition, that the x; are integers, because the Cj are unions of two-dimensional manifolds
without boundary that may have critical points of ¢x—; and critical points (at infinity) of wy;_3i in common.
Observe also that we may assume that the boundaries in L™ and L™ of to Xx;wox_3i and therefore of 6y _3
are connected because L and L~ are connected. Indeed, since the cycle of dper is assumed to be minimal,
any periodic orbit of index (2k — 1) of cpx—1 has a non-trivial boundary, a periodic orbit of index (2k — 2)
with the other periodic orbits of ¢p;—1 (if there are any). Using this common domination, we find a path in
cok—1 transverse to this common boundary and connecting in L™, respectively in L™, the exit sets in L™,
respectively, in L™, at the various periodic orbits: it suffices for this to consider the first eigenvalue and the
first eigenspace of the “linearized” operator #j 4+ a®nt under periodic boundary conditions along the curves of
the path.

After some reasoning, this implies indeed that the various boundaries of the various wo_3i in L+ and L~
are connected sets of dimension (2k — 4). The Fadell-Rabinowitz index of these two sets is assumed to be
non-zero; this means that the classifying maps on these sets are valued in PC*~2, of non-zero degree. We may
add the integers x; in front of the woy_3i in our previous arguments (those of (i) and (ii)); since this is ultimately
a reasoning on degree, they are unchanged. Multiplicity in the domination is viewed through the x;s. These
can be resolved in a sum of 1s or —1s by creating |x;| critical points (at infinity) xox—3i/, j = 1, ..., |x;|s
nearby each other compensated by |x;| — 1 critical points of index (2k — 2). Once the dominations are with
multiplicity 1, the argument becomes a simple argument of degree; paths have to be created between the
various components of the boundaries in L™ and L~ and a connected manifold of dimension (2k — 4) is then
built, whose classifying map covers the generator of PCX~2 with the required degree. The assumption on the
Fadell-Rabinowitz index becomes an assumption on the degree of this classifying map.

Resuming our previous argument, it then follows that, denoting A the generator of H?(PC>), the cap-
product f*(X) N wo—1 is equal to Or_3.
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Here, f*(1) is viewed in H2(Cp ~ (LT U L~ U JZ!(€)) and wyk—1 is viewed in Hox—1(Cp, LT UL~ U
Jxle).
Assume now that wo_ = E)wéio) in Hyg—1(Cg, LY UL~ U JZ!(€)). Then,

Oo—s = *() N dws = d(f*() Nws)

. Thus 623 is a boundary in Hy—3(Cg, LT U L™ U J ! (e)).

Furthermore, f(62x—3) covers the generator of PCk2 x [—1, 1]/(]P’(Ck_3 x [=1, 1JUPCK2 x {—1, 1})
and 9623 N L™, 35713 N L™ cover the generator of PC*—2. This is exactly as wok—_1, with a shift of 2 in the
index. We can start a decreasing induction. In the end, we find that the generator of H;(Cg, LTUL~U JO_Q1 (€))
is zero, a contradiction.

Let us now consider the more general case when there are hgk_l’oos, but the Fadell-Rabinowitz index of
Liandof L is (k — 1).

Let us then replace in the above argument the bottom set Jo_o1 (e) with JO_O1 (€) UdxoC2k—1, With 050 denoting
the boundary operator at infinity. The reasoning is changed, but leads to the same contradiction: as noted above,
000C2k—1 has no algebraic boundary. Therefore, we can lift its top cells of dimension (2k — 2) together with
the cells of dimension (2k — 3) into a top set S of constant classifying map. We can also use Morse theory to
cancel through tangencies all the dominations of the critical points (at infinity) of index (2k — 3) by the critical
points at infinity of dsoc2x—1. The unstable manifolds of the various critical points at infinity of dsoc2x—1 are

recomposed. This might change L;iIr and L, but it does not change, using the symmetry between b and —b,

see below, the fact that the new Lj and L are cobordant: these are the boundaries in L* of the wézo_)35 that

are dominated by the periodic orbits of cox—1(and they are not dominated by the critical points at infinity of
dooC2k—1)- Observe that, even without this cancellation process, as the variational problems are deformed along
the isotopy vy from v to —v, see below, no tangency will occur, by Theorems 1.1 and 1.2 of Part I, between
the critical points at infinity of dxc2r—1 and the periodic orbits dominated by cpg—1.

The wéio_)3s that are dominated by the periodic orbits of cp;—1 undergo changes as the boundary docc2x—1
changes through creations and cancellations of critical points at infinity. We want to follow their contribution
in a “continuous” (through cobordisms of stratified sets) manner over the deformation. We need for this to
introduce two additional observations about the Eilenberg—Zilber decomposition wy;_1 = ZC’2 ® w’2kf3

above: The boundary dxcc2x—1 can dominate critical points (at infinity) of index (2k — 4), wékf 4 that are

not dominated by a wék%. Then, the intersection W, (0soc2r—1) N W (wékf 4) is a union of two-dimensional

manifolds D; that have the top critical points of dc2x—1 and have wék_ 4 in common. D; is the boundary for

a three-dimensional stratified space F; = W, (cak—1) N Ws(wék_ 4)- This changes the decomposition above
for wox— with the addition of a sum of terms F; ® wgk_ 4 that might come from 924 —1-

Observe now that we may introduce the critical point (at infinity) of index (2k — 3) Si wék_ 4 derived after
time translation on wékf 4- Clearly, the domination dooc2k—1 — (Si wékf ) is made of a number of isolated flow-

lines, so that the domination dsoC2k—1 — wék_ 4 is made of a corresponding number of disks whose boundary

collapses to a point when we mod out by the S'-action of time translation. This union is D ; and since D; is
the boundary of F;, the algebraic number of these flow-lines is zero and after perturbation, we may view Fj

as a cobordism of genuine, disjoint copies of S = PC'. The number of copies is always the same since these
are copies of PC'; we may assume, after perturbation, that these copies are disjoint and that F ; is a family of

cylinders running from one copy of PC! to another one having the reverse orientation. The [0, 1] factor of the
cylinders can be resolved with the use of a Morse function having critical points of index 1 only. Combined

with wék_ 4» we find critical points of index (2k — 3), w/ék_3 and then, with these additional critical points,
the formula

Wok_1 = EC& ® wl2k—3

becomes general and, in this formula, all the critical points wé ka1l LTUL™Uduocok—1 are (part of) boundaries

for wék_3s. Through deformations, the wék_3s then build cobordisms of the wék_ 48. The terms coming from
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the boundary dsoc2r—1 have a contribution equal to zero algebraically since the D ;s are the boundaries of the
F jS-

The deformation of the sets L; is now a deformation of stratified sets of top dimension (2k — 4); this
deformation is a cobordism in dimension (2k — 4). Furthermore, taking the same pseudo-gradient flow for the
times 0 and 1 of the deformation, we conclude that each of L; and of L does not change when compared at

the time O and at the time 1 of the deformation. It follows that the L:{ and the L are isotopic in dimension
(2k — 4). This is the starting point in the argument.

The other critical points (at infinity) of dscc2x—1 build a Morse complex bgio_) 4~ The critical points of index
1 are again the ones disconnecting L™ and L™ from each other and from the bottom set Jo:,l (€). The orientation
class of w1 is viewed in Hy—1 (wax—1, (war—1 N (LT UL~ UJZ!(€) U(SULSY,)). Under the classifying
map f, this maps onto the generator of Hoj_ (PCF1 x [—1, 1]/([P’(Ck’2 x [—1, 1TUPCK1 x {—1, 1})). w* is
as above the generator of H?(PCK~1 x[—1, 1]). We may view its pull-back f*(w*)in H2(PCF1 x[—1, 1], S).
Then, the cap-product f*(w*) Nwag_1 is in Hog_3(wak_1, (w1 N(LTUL™ U Jgol (e)u (bgzol4)) and the
result of this computation is then mapped into the homology group Hop _3(PCF1 x [—1, 11/ (PC*2 x {0} U
PCk=1 x {—1, 1}) U Vax_4). The computation for the pair (PCK~! x [—1, 1]/(PCF—! x {—1, 1}) yields the
generator of the homology of dimension (2k — 3) of this pair and this maps non-zero into the homology of
dimension (2k — 3) of the pair (PC*~! x [—1, 1]/(PCF2 x {0} UPCK! x {—1, 1}) U Var_4). It follows that,
if f*(w*) N wag—1 is non-zero in Hyg—3(wak—1, (war—1 N (LT UL~ U I (€) U BSY,)), then, since b5,
is attached to wor—1 N (LT UL~ U Jo’ol(e)) along cells of dimension (2k — 5) and lower, the result comes
from a cycle of Hox_3(wak_1, (wax—1 N (LT UL~ U Jo_ol(e)). We claim that this cycle is the 6,;_3 found
above, due to the symmetry L™ /L~ (a consequence of the fact that 8 = da/(v, .) “turns well” [1] along &),
properly modified. The boundary d.cc2x—1 has no effect on the construction of 8,;_3 since lewzk_g does not,

after manipulation, have a boundary outside of LT UL™. Since the boundaries of 6,43 in L* and in L™ cover,
by assumption on the Fadell-Rabinowitz index, the generator of PC*~2 with equal and non-zero degree, we
conclude that indeed f™*(w™) N wy,_ is non-zero.

The decreasing induction and the conclusion follows under this assumption.

We thus need to prove that f*(w*) N wyr—1 = Hx—3: since the critical points (at infinity) wox_3i are not
dominated at the order (2k — 2), we know that W, (war—1) N Wy (war—3) is a manifold of dimension 2 without
boundary Cj5. Each wy,—3i has no boundary in dsoc2x—1 outside of LT U L~. We, therefore, build the chain,

relative to (LT UL~ U JO_Q1 (€) U 0ooC2k—1) N wog—1, Z(Cé) & wok—3i. It is viewed using Morse Theory, see
above. Itisacycled in Hox_1(wor—1, (w1 N(LTUL™U JO_Q1 (e)HU(S ﬂbgio_)4). Computing f*(w*)Nd, we

find that it is 824_3 in Hox—3(wWor—1, (wak—1 N(LT UL~ U Jogl (e))U (béio_)4)), which is non-zero. It follows
that d must be wox—1 and this concludes the argument.

As pointed out above, if § = da(v,.) “turns well” [1] along £€—a condition which is verified for the
standard contact form on S> as well as for the first exotic contact form of Gonzalo and Varela [14] on S3>—then
we find a path v, s € [0, 1], v9p = v, v] = —v, of non-singular vector-fields in kere such that de(vy, .) is
a contact form with the same orientation than «. This path is found as the result of the transport of v along
& between a given point xg, arbitrary in the manifold, and the next “coincidence point” along & (see [1],
with (8, &) in lieu of («, v) used in [1]. Therefore, we can follow the sets le'(s) and L (s) defined above

as s changes from O to 1; this defines an isotopic deformation from L:lr to L ; the assumptions of symmetry

between L:{ and L, of our argument are verified and the minimal cycles of 9y survive a deformation of
contact forms.

For the other exotic contact structures of S3, we have models provided by Gonzalo and Varela [14].
B = da(v, .) does not “turn well” [1] uniformly along & since the condition (A) is not verified. However, a
path vg, s € [0, 1], v9 = v, v = —v, of non-singular vector-fields in kero can be defined. The variational
problem (J, Cg) can be tracked along this path. For the contact forms provided in [14], the periodic orbits
of the Reeb vector-fields can be divided in three sets: those along which v “turns well” in the &-transport and
(A) is verified; those along which, again, v “turns well” along &, but 8 A df has the reverse orientation when
compared to @ A da; finally, a third subset of £-orbits on a surface, when v does not “turn well” along &.

Accordingly, we can define two Morse complexes, one related to the periodic orbits such that v “turns
well” along & and (A) is verified in the vicinity of these periodic orbits. This Morse complex is as above; and
another Morse complex such that v “turns well” along & and (A) is not verified in the vicinity of these periodic
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orbits; for the latter, the functional J(x) = fol a(x)dr is replaced with —J (x) = — fol a(x)dz. One can prove
that these two Morse complexes “ignore” each other. We can then define two homologies and two families
of cycles as above. The fact that they survive a deformation of contact forms when they are minimal relates
then to the symmetry between L:ir and L, . The argument is not straightforward as above since the variational
problems are now defined on a singular manifold Cg (8 is not a contact form anymore) or on UI'5s, which
can now also be singular. We need to prove that along this deformation, the sets L:ir and L, are cobordant
in their top dimension, that is that the singularities do not interfere with the cobordism and the related degree
argument. This is of course conjectured to be true, but requires a detailed proof.

.Additional observations:

What about cycles that are not minimal? If we follow the arguments used above when cs_1 is a minimal
cycle and we try to extend them to the difference or to the sum of two minimal cycles d; and d>, we find that
these arguments would extend if the sets L/, & corresponding to each of d; and of d; are not cobordant in L*.
Also, we find that the relation 0y5y = di — d2 + hog—1,00 must define a cobordism between d; and d» which
can be described as a continuous deformation of cycles of dimension (2k — 1) that span (each of them) the
generator of PC*~! x [0, 1]/PC*k=! x {0, 1}. This gives more restrictions on the way y5¢ dominates d; and
d>. We already know that these relations involve some sort of “point to circle* Morse relation. The flow-lines
connecting y3y to d; and to d> must be in the closure of the set in W, (y57) where the v-component b of x has
2k sign-changes. Because the chain y5;’ must define a cobordism as described above, these flow-lines must be
in the same connected component of this set. Since y57 is a combination of critical points at infinity, this is a

serious restriction on the location of these flow-lines relative to the HO1 -unstable manifold of this combination
of critical points at infinity.

Finally, we also have, with yy; a periodic orbit, dy2x = di — da 4 hok—1,00- Each of d; and of d; spans the
generator, up to sign reversal, of PCK~! x [0, 1]/PCK=! x {0, 1}. Modding out this Morse relation by the set
Azi—» = {xsuch that b has at most (2k — 2) sign-changes}, we find a restriction on the relative orientation of
dyand dp.

Combining all the above arguments, it seems possible that there are examples of contact structures on S3
for which several distinct odd cycles survive the deformation of contact forms. This result would involve a
more detailed study which we have not been able to complete.

.Coherent orientations via the map b of the unstable manifolds of elliptic periodic orbits of index (2k — 1)
satisfying the equation dpe; = 0:

We proved in [7] that the map j restricted to one simple periodic orbit of odd index (2k — 1) mapped onto
the generator of Ha;_1((PCK~! x [—1, 1], PCF=2 x [—1, 1]UPC*~! x {—1, 1}). The argument of [7] does
not quite state this result, but it is actually only a reformulation. We now have a collection of periodic orbits
of the same index (2k — 1). The claim is that they all yield the same generator, with the same orientation.
Indeed, the map is essentially generated by b, the v-component of the tangent vector x to the curves x, maybe

modified into (b — fol b, ¥ (b)), ¥ (x) = Min(1, |x|)sgn(x) has been defined above. We know, see [4,5], that b
near a periodic orbit reads at first order as the linearized operator #j + 17, under periodic boundary conditions.
Because the orbits are elliptic, we may assume that the £-transport along them is pure transport, that is that t
is constant. Then, the unstable modes are represented by a fixed space of dimension (2k — 1), the addition of
the space of constants, a copy of R of dimension 1, with a complex space of dimension (k — 1), 2(k — 1) real.

In order to prove now that the orientation of all the unstable manifolds of the elliptic periodic orbits of
cok—1 are the same if dpe; = 0, we derive this orientation over a coherent process, starting from dominated
periodic orbits of index (2k — 2).

We first observe that these unstable manifolds can all be achieved as subsets of dimension (2k — 1) of
[45—2, with the help of (2k — 1) trackable v-jumps. At a curve x in W, (x2r—1), X2k—1 in c2x—1, the tangent
space to ['4x_> reads [3,4]

2k—1
de(h) —h = D" (8s:8;, + da;dt; (§))
i=1
£ is above the transport map along the curve x [3], d¢ is its differential. (7, ..., tox—1) are the times at which
the large £v-jumps of the curve x of W, (x2;x—1) occur. These are continuous functions of the time evolution
s along W, (xx—1). £; are partial transport maps along x from the ith&-piece of x to the base point. dg; is a
variation of the length of the ith&-piece.

The differential form dsy Adsy A - - - Adsax—1 can be followed continuously over W, (x2x—1). It is, however,

unclear whether it provides an orientation of the tangent space.
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At a periodic orbit, which can be either x,x_1 or another periodic orbit xo;_5 that xo;_; dominates—we

can then define on W, (x2x—>), near xok—>, (2k — 1) times 71, . .., f2x—; that extend the (2k — 1) functions of
time evolution #{(s), .. ., t2k—1 (s) on W, (x2r—1)—the equation of the tangent space rereads:
2k—1

i+ a’nt = ZSS,-&L.; nl — periodic
i=1

Since b is at first order 7j + a?nz, [3,4], we conclude that the orientation of the tangent space to W, (xor—1)
at a periodic orbit xo_1 is derived by pull-back of the form ds; A dsp A - -+ A dsor—1 using the map b . We
should be careful here because I'4x_» is not a manifold at xo;_1. However, I'4x_> is a manifold at every curve

nearby and also at xp;_1 once the times 71, ..., fox—| are given.
This pull-back can be completed also at xo;—» and, in fact, it can be completed at any periodic orbit x;
dominated by x2x_1, the only issue is to define (2k — 1) £ v-jumps that “fit” with the functions #; (s), . . ., t2k—1(s)

on nWy (x2x—1).

More generally, this pull-back can be completed at any curve x of W, (x2;—1) using the equation of the
tangent space and it thereby defines a continuous set of positive basis for the tangent space of W, (x2r—1),
provided d¢ — Id is invertible.

Of course, d¢ — Id might not be invertible, this happens on a stratified set of dimension (2k — 2) in
W, (x2x—1). The important observation however is that def (d¢ — Id) has the same (positive) sign at all simple
elliptic periodic orbits and it has the same (negative) sign at all simple hyperbolic periodic orbits.

Therefore, given an orientation of W, (x2x—_1) near x2x_2, x2r—> dominated by xox_1, which we define by
pull-back of ds; A dsa A -+ A dsak—1 using the linearized operator at xo,_>, we find an orientation at xp—1
that is opposite to this orientation (this established below).

Assuming that xp;_» is dominated by xp;_1 and by y2;— from cp;_1 with intersection numbers equal
to 1 and to —1, respectively, the orientations of W, (xx—1) and of W, (y2x—1) near xp;_> are then the same.
Therefore, the orientations derived at xpx—1 and at y,;_1 by pull-back from ds; A dsy A - - - A dspx—1 using the
linearized operator are the same, since they are opposite to the orientation at x¢_». The two unstable manifolds,
taken with this orientation, combine to form a cycle at xp;_5. This orientation maps to ds; Adsy A -+ - Adsar—1
under the map defined by b. The claim follows.

We, therefore, need only to prove that the pull-back of ds; A dsy A - -+ A dspr—1 through the equation of
the tangent space:

2k—1

de(h) —h = 858,

i=1

changes orientation at the crossing x;, s € [—¢, €] of a simple zero of det (d¢ — id).

At such a crossing, the equation d¢(u) — u = 0 has a one-dimensional set of solutions Ru¢. The equation
dly, (us) — us = 58 (s) can be continuously solved across the crossing.

The range of d¢,, — Id is of dimension 1 and, therefore, with an appropriate choice of coefficients non-zero
ai, i =1,...,2k — 1, that might slightly depend on s, the equation

2k—1

by, (h) —h = 858,

i=1

can be continuously solved across the degeneracy, provided Z?i?l aiés; = 0.

We thus find (2k — 2) vectors, uy, .. ., uzx—2. With ug, they build a basis whose orientation can be tracked
continuously across the degeneracy. We claim that the orientation of this basis reverses with respect to the
pull-back of the orientation of ds; A dsy A -« - A dsog—1.

Indeed, observe that ds; A dsy A -+ Adsog—1(uo, - .., uzk—2) equals dsy(ug)(dsy A -+ - Adsak—1(uq, ...,
usx—z)) sinceds;(ug) = 0,1 =2, ..., (2k—1). Clearly, we may assume thatdsy A- - - Adsog—1 (1, ..., U2x—2)
does not vanish at the crossing and then, the conclusion follows.
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4 Part III: additional remarks

In this short section, we make two main observations.

The first one is about the existence of an S! -equivariant map from UI'5 (M) into UB, (S 3), where B,(S?)
is the space of barycenters of order s on S3. For this, we choose a degree 1 map f from M into S3. Given a
curve x in 'y, having k & v-jumps at points x, . .., x;x of M, assume that these +v-jumps take place at times
1, ..., 1. Letsy, ..., sg be the algebraic sizes of the k &= v-jumps along v. we then define the map:

@ : Moy —> Bi(S?)

Jj=k
D(x) = lejf(xj)exp(_itj)
j=

It is easy to see that this map is S' equivariant. UBy (S?) is a contractible space on which S! acts effectively.
Rationally, we may view it as the total space of the classifying space for the S'-action.

The second observation is about the analogy between the Einstein equations and Contact Form Geometry.
S is to be replaced by the group of diffeomorphisms of a manifold M and the v-component b of the tangent
vectors to Cg is to be replaced by the Ricci tensor Ric(g) at the metric g of M. Just as in Contact Geometry,
the linearization of b represents the second variation at a periodic orbit [7], the linearization of the Ricci tensor,
that is the Licnerowitz Laplacian, represents the second variation at an Einstein metric. Just as in Contact
Geometry, b provides us with the classifying map for the S'-action on the space C s . {periodic orbits} [7],
Ric provides us with the classifying map for the action of the diffeomorphism group.

If we solve the Yamabe part of the Einstein problem, we take away the conformal group from the diffeo-
morphism group and we can find then compact Lie groups. It is, therefore, natural to conjecture that Einstein
metrics can be derived using this classifying map and that the contribution of the critical points at infinity or
whatever variant does not exhaust the pull-back of the equivariant classes. There is in general no fixed point for
the action of the diffeomorphism group, unlike what happens for the S'-action on the loop space of a contact
manifold M.

5 Part IV: erratum
5.0.1 Reference [3]
1-p26 of [3], the definitions of tllL should read

7 =Inflt, 1y <t <1,b(s) > pifors € [t, 7]}
t, =Sup{t,t <t <12,b(s) > usfors € [t, 1]}

The statement of Lemma 1 is unchanged. The proof is slightly changed in that 79 in the proof is now larger
than or equal to t1+(,u1), not less than or equal to tfr(m), see line 7, p27.

When 1y = t1+ (u1), the induction (for decreasing ¢s starts and the conclusion of Lemma 1 is reached.

2-pp 91-184 of [3] can be avoided in a first reading. After the construction of the flow, ppl-91-this
construction requires minor modifications, mainly misprints, the reader can jump to the v-stretched curves of
p184.

The results and claims of pp 91-184 are interesting and contain part of the H(; -flow described in [2,6] (the
latter in great detail).

5.0.2 Reference 2]

1-p139 of [2]: Line —15: Proof of Proposition 28 (in lieu of Proposition 27 Line —11: £(ig 4+ y) + 2n in lieu
of m(ip + y) + 2n’ Line —8 and —7: the equations are now changed, but the conclusion stays the same. If
¢ = m, then n = n’. Line —2: Proof of Proposition 29 (in lieu of Proposition 28)

2-p161 of [2]: Statement of Lemma 16, (iv): add “at the index m at the end of the statement.

3-pp171-173: Line 25 of p171 till line 14 of p173 can be removed from the proof.

4-p177: Line —6, after “and, in addition” till Line —3, till “to be zero” should be removed. The claim is
wrong.
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5-p178: (iv) has also to be corrected with the addition of “at the index m at the end, as in Lemma 16, p161.

The mistake stems from the fact that a simple hyperbolic orbit of index 2k has 4k nodes, not 2k nodes:
over each 27 rotation of v in the &-transport along this periodic orbit, starting at a node, v coincides with the
eigenvectors of the Poincare-return map at 4 positions, not at 2 positions.

6-p201 is to be removed. The argument is (partly) incorrect.

5.0.3 Reference 5], Compactness

Appendix 4, pp 562-566, till line —11, is correct and establishes that transversality holds for the (J, Cp),
with the use of companions. The argument for Theorem 1.1°, p566, after line —11, till p5S67 is incorrect. The
statement of Theorem 1.1° p568 is also incorrect, see [6] for a detailed correction. The assumption in Theorem
1.1°, (ii), is not about characteristic pieces as stated in [3]; it is about non-characteristic pieces.

Section 15.1 of [6], which uses the Fredholm violation for the first exotic contact structure of Gonzalo and
Varela [14], completes the argument for Theorem 1.1° for the case of this contact structure.

Open Access This article is distributed under the terms of the Creative Commons Attribution License which permits any use,
distribution, and reproduction in any medium, provided the original author(s) and the source are credited.
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