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Abstract Exact values are obtained of the n-widths of 27 -periodic functions of the form

27
fx) = %//C(x = De)dr = (K x ¢)(x)
0
in space L»[0, 2] and satisfy condition
h 1/p
/a),ﬁ(w;t)sinyntdt <1,0<h<mn/ny>00<p<2,

0

where w,, (¢; t) —mth order modulus of continuity of function ¢ (x) € L»[0, 2 ]. Some further generalizations
are included.
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1 Introduction

Let L, = L»[0, 2] denote a space of Lebesgue measurable 277 -periodic real functions f (x) with finite norm

172

2
1
Il = 2—/|f(X)|2dx < oo.
T
0

We will study certain issues regarding best trigonometric polynomial approximation of f(x) € L, which can
be represented as convolution

2T
1
O L Kxe)x) = = / K(x — D0, (1)
0

where /C(t) € Lo, ¢(t) € L, with following Fourier series

+00 1 2
K@)~ D ae aq = —/K(t)e—f“dt, [ =0,+1,£2,43, ... )
2
[=—00 0
+o0 . ! 27 .
o(r) ~ Z bellt by = —/go(t)e_’”dt, [ =0,+1,+2,43, ... (3)
= 21 /

For ¢(t) € L, let us denote as A, (p; h) the L,-difference norm of mth order with step &
o 5 12

1 m
A(psh) = g/ Z(—l)"(’f)w(xﬂm—k)h) dep
k=0

0

and denote modulus of continuity of m-order of function ¢(¢) € L, as
wm (3 8) = sup {An(p; h) @ |h| < 8}

A set of all trigonometric polynoms of order not higher than n we denote as

T, ={Tu() : T(t) = D ce™

|k|<n

Expression

En(f) = ECF.Tum)) = inf{ILf = Tucall: ot (1) € T |
will denote the best approximation of function f(x) € Ly by subspace 7,_;. From (2), (3), it immediately
follows that

+00

f)~ D arbe’™. )

k=—00
It is well known that the best approximation of function f(x) by subspace 7,1 is expressed by a partial sum

n—1

Suc1(fs) = D axbye’™

k=—n+1
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of the Fourier series (4). Then
1/2
Ex(f)=If =SSOl =1 D laxbil*} . (5)

|k|=n

In approximation theory in Lj, problems of finding the exact constants in Jackson-type inequalities

En(f) < xn”" om (f(’), ’%) ,f(x)elLst>0,

were studied, for instance, in [1-3,5,7-13,15-20], where various approximative characteristics which lead to
improving bounds from above for estimates of constant y, are considered.

Here, we study approximative properties of convolution (1) and consider the following extremal charac-
teristic

d 2" \an| " En(f)
oy (1) - s — 1/p’ (6)
@iignzst ( oh wm (@; 1) sin” ntdt)

where m,n e N,y > 0,0 < p <2,0 < h < 7/n, a,-Fourier coefficient of function /(¢), defined by (2).

Theorem 1.1 For arbitrary function K(t) € Lo, whose Fourier coefficients satisfy |ag| # O, |ax|k'/? >
lakr1l(k + DVYP, k>1, 0 < p <2 foranym,n € Nand arbitrary y >0, 0 < h < 7/n it holds that

h —-1/p

nt\"?
Xmon,p.y(h) = / (sin ?) sin” ntdt . (7)
0

There exists a function fo(x) € Ly which can be represented as convolution (1) for which the upper bound in
(6) is attained and the equality (7) then holds.

Proof Obviously, for function ¢(¢) € L, with Fourier representation (3) the following inequality holds

i 2 1/2
on(9; 1) = An(e; 1) = 1 D Il (ZSin?)
|k|=n
Let us use the Minkowski inequality (e.g., [4], p. 32)
h p/2 I/p A 2/p\ 1/2
[{(Zmor) a| =X ([irora 0<p=2
0 \lkl=n lkl=n \
We obtain:
h 1/p h /2 1/p
k 2m
/ op (s )sin” nede | > / > bl (ZSin —) S(sinn)?/P Y dr
0 0 [k|=n
h p/2 1/p
= 2’”/ D bkl* - (1= coskt)™ - (sinnt)/P 1 dt
o Llklzn
h 2/p\ 1/2
> | 2" Z |br|? -/(1 — coskt)™P/? . sin? ntdt . (8)
|k|>n 0
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In the work [9] particularly it’s proved that the function natural argument

h
k) = k/(l — coskt)"/? . sin” ntdt
0

does not decrease under the pointed meanings of parameters p, i, y in the sphere Q = {k : |k| > n} derivative
¢ (k) > 0, therefore

min{p(k) : |k| > n} = @) =n /(1 — cosnt)™/? sin” nrdt
where inequality follows
/ (1 — cos kr)"™/2 . sin? nidt > g / (1 — cos nt)"P/? . sin” ntd. 9)

In accordance with theorem related to Fourier coefficients {ay} of series (2) follows that |a,| - n'/? > |ay| -

K/ k>n, 0< p < 2 and so we have n - |a,|P > k - |ag|? or % > Z—“ taking in account inequality (9)
we get
mp/2 ak P .
(1 — cos k)™= . sin¥ ntdt > - sin” ntdt
dn
Using the last inequality let’s continue (8)
2/p\ 1/2

=N PAD SN NUALE

/(1 — cosnt)™/? . sin” ntdt

[k|=n
h 1/p 1/2
2m Cont\" .
— . /(sm? sin? ntdt . E laxbi |
a
|an| / klon

l/p

h
2’"
= / (sm —) sin” ntdt - EL(f),
|an| )

which implies

h =1/p

2", E AN
lan| ™" En(f) < sin & sin” ntdr ) (10)

h p in¥ 1r 2
(fo Wi (@; 1) sin ntdt) 0

or, equivalently

h —=1/p
anpy(h =< /(Sln—) sin” ntdt . (11
0

The upper bound for X, ,, p,, (1) is obtained.
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In order to obtain the lower bound, it suffices to consider in L, a function (convolution)
fox) = (K % 90)(x) = ane™, po(1) = ™,
and easily verified relations
En(fo) = lanl,
m . nt\"
wm(po; t) =2 smE ,0<t<m/n.
Using the definition (6) of xy,n, p,, (h) we write

2m. |an|71 - Eq(fo)

Xm,n,p,y(h) 2 1/p
(foh wh (@, 1) sin? ntdt)
h —1/p
nt\"?
= / (sin ?) siny I’ltdt , (12)
0
Combining upper (11) and lower (12) bounds gives us the desired equality (7). Theorem 1.1 is proven. O

2 Main theorems

We recall the necessary concepts and definitions which will be used later.

Let S be the unit ball in L,, 99t a convex centrally symmetric set in L», A, C L; an n-dimensional space,
A" C L; a subspace of codimension n, £ : L, — A, a continuous linear operator, and Lt L, > Ay a
continuous orthogonal projection operator. The quantities

by(ON, Ly) = supf{supf{e > 0; eSNA,41 CM}: Ay C Lo},

dy(OM, Ly) = inf {sup {inf {|| f — gl : g € Au}: f €I} Ay C Lo},
8n(M, La) = inf {inf {sup{||f — LfII : f €M} : LLy C Ap}: Ap C Lo},
d"(ON, Ly) = inf {sup{||f|| s femn A”} A" C Lz},

M,(N, L») = inf {inf{sup{nf—ﬁfn Cfe szn} Ll A,,} A C Lz},

are called, correspondingly, Bernstein, Kolmogorov, linear, Gelfand, and projection n-widths of the set 91 in
the space L». Since L, is a Hilbert space, the n-widths listed above are related by (see, e.g., [6,14]):

by(M, Lo) < d"(M, Ly) < dp(M, L) = 8,(M, Lr) = I1,(M, Lo). (13)

Form,n € N, arbitrary 0 < p <2,y > 0and 0 < h < w/n in L, let us define a class of functions

h 1/p
F=Fmnpr.E 1 re=Kxow): /w,li,(q); Hsin’ nedt | <1
0
Theorem 2.1 It holds that
Aon(F; L2) = hon—1(F; L) = Ex(F) = 27" |an| xm.n,p,y (h),0 < p <2, (14)

where

E,(F) =suplE,(f): f e F}

@ Springer
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An(-)-any of the above-listed n-widths b, (-), d"(-), d,(-), An(:) or I1,(:). In particular, if h = 7w /n, then
A (F; Ly) = Aop—1(F; Ly) = E,(F) = 2_m|an|Xm,n,p,y(7T/”)
—1/p
+y+1 +1
() ()

r(ZE+y+1)

=2 (er )|a |n1/p

3

where I (u)-is Euler’s gamma function.
Proof From inequality (10) for an arbitrary function f(x) € F we obtain:

E (F) =suplE(f): feF}
h -1/p

nt\"?
< 27"|ay| /(sin E) sin” ntdt =2""an| Xm,n,p,y (h)
0

from which, considering (12), we derive an upper bound for all listed widths
Aon(F; L) < hon—1(F; L2) < En(F) < 27" |an| Xm.n, p.y (h). 15)

In order to obtain a lower bound in subspace 7, let us consider a ball

Bas1 2 {T @) € Ty s 1Tl < 27" anl Xon,n, p,y (M)}

and show that it belongs to class F.
Let T,(x) = Zk__n etk e Bon+1- Since according to conditions in Theorem 1.1 a; # 0,k =
—n, ..., n, function

o) = > (cxfar)e™

k=—n
satisfies the convolution

27

To(x) = % / K(x — (s,

0

we should prove that

h 1/p
/a),ﬁ(go; t) sin” ntdt)
0

For this we need an inequality from [6, p.104]

n 2\ /2 m
oot ck w (o 1t \" 1Tl

wm(@;t) <2 (sm ?) ( Z ” ) <2 (sm ?) al (16)

k=—n
From (16) we immediately obtain
h 1/p h 1/p
P o 1) sin? 2Tl ,

wp (@; 1) sin” ntdt = T sin” ntdt <1.

dn
0 0

It is therefore proven that By, 1 C F. This inclusion, relation (13) and the definition of Bernstein width, imply
the lower bound
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*on(F; L) = Ap—1(F; La) = En(F) = 27" an| Xm.n, p,y (h). (17)
From inequalities (15), (17) we obtain equality (14), which concludes the proof of Theorem 2.1. m|
Let WL, (r e N, W(O)Lz) = L, denote a class of functions f(x) € L;, with absolutely continuous

derivatives up to order (r — 1), and derivative f ") (x) € Ly. In[14, p. 36] it is proven that function f(x) €
W) L, can be represented as

2 2
fx) = L/f(t)dtjt l/Dr(x — ) fO(n)dr,
2 T
0 0

where D, (u) — 2m-periodic function, defined by

o0
cos(ku — mr/2)
Dy (u) = k—’/
k=1
Let
h 1/p
FO =FOm,n, p,y,hy=47: fe WL, /wf,i(f(’); 1) sin? ntdt <1
0

Since for f(x) € WLy, |a,| = n™", condition |a;|j'/? > |a;4+1|(j + 1)'/? implies that p > 1/r and the
following holds.

Corollary 2.2 Foranym,n,r e N, 1/r < p <2, 0<y <rp—1and0 < h < w/n it holds that
hon(F Lo) = hon—1t(F7s Lo) = Ea(F") = 270" Yo,y (B).
In particular, for h = w/n we have:
2o (F L) = han-1(FVs Lo) = Ex(FD) = 270" yomn p.y (/1)
() ()

_ oy (m5) s
B B Ty

Note, that for y = 0 the result of Theorem 2.1 for Kolmogorov width was already obtained in [6, p.102].
Set

(nh — )y =A{0, ifnh <mw; 1, ifnh > w}.
Let ®(u) be an arbitrary continuous increasing function on [0, oo) satisfying the condition
lim {® ) : u — 0} = ®(0) = 0.

We shall designate by F(®) := F(m, n, p, y, h; ®) the class of functions f(x) = (K * ¢)(x), where m, n €
N, 0 < p <2and y > 0, satistying the condition

h 1/p

/wrﬁ(sﬂ; )| sinnt|”dt < ®(h)
0

for all & € (0, 2 ]. Theorem 2.1 was proved under the condition for nh < .
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Theorem 2.3 Letm,n € N, 0 < p <2, y > 0. Let ®(h) € C[0, 21] and assume that the following infimum
Q is attained at some hy € [0, w/n]

0 if?fz in(h = 7, = < (18)
< pLs
= (fomm( ) (sin 2)™" sin” ntdt + (h — %)*)

Then we have
don (F(®); L2) = Aop—1(F(®); L2) = En(F(P)) =2""]an|Q,
where A () are any of the k-widths of b (-), di (-), d¥ (), 8¢ (-), TIx(-).

Proof Following the reasoning in [6, pp. 105-107], from inequality (10) and from relation (13) for every
h € [0, 7/n] we obtain
Aon (F(P@); L2) < Aop—1(F(P); L2)
< o1 (F(®); L2) < En(F(P))

h -1/p
nt\"?
< E (F(®) <27 |ayl / (sin ?) sin” ntdt @ (h),
from which
Mo, 1 (F(®); L) <27 |a,| Q. (19)

To obtain the lower bound for the Bernstein n-width consider
Bopst ={Ty : Ty € Ty, | Tull <27 |an| Q}.

We wish to prove that E2n+ 1 C F(®). Using equality (16), we have

) 1/p 7/n h 1/p
/w,i(T,,(r>;t)|sinnt|Vdr = /w,z(Tn(f);t) sin” ntdz+/w,ﬁ(T,,(’>;r)|sinm|th
0 0 w/n
w/n h 1/p
! nt\"?
< 2™|a,| T /(sin ?) sin” ntdt + / | sinnt|”dt
0 w/n
7/n 1/p

t\"?
< / (sin n_) sin’ nrdt + (h — z) 0 < ®(h).
2 n
0

The last inequality implies E2n+1 C F(®) and therefore
b1 (F(®); L2) = bap—1(Ban1; L2) = 27" ay| Q. (20)
Theorem 2.3 follows from (19) and (20). O

A natural question that arises is: for which values of « does the function ® (k) = h* satisfy the condition
of Theorem 2.3. It is obvious that for all 4 € [7/n, 2], the result will follow if

w/n

7
d t\"?
- n / (sin %) sin” nedr + (h - %) > 0. Q1)
0
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Doing the differentiation we obtain an inequality which is equivalent to (21),

But as

w/n
. ont\" T
ap sin 5 sin” nrdt + (h — —) —h>0. (22)
n
0
The inequality (22) we write in the following form
w/n
o\ 7
ap sin — sin’ ntdt — — ¢ > h(l — ap).
2 n
0
w/n

it is necessary that we must have 1 — ap < 0, so that o >

o\ T
sin — sin” ntdt — — <0,
2 n
0

1
b

Evidently, for all & € [ /n, 2] we have:

max {h(l —ap): h €[n/n,2r]} = %(1 —ap).

So from (22) we get

w/n p —1 o (mp X
1 t 1 > +y+
o> — 2 / sin n sin” ntdr . ( 2 7Y ) ,
pln 2 p 2 (mp+27+l) r (ygl)

(23)

where I (1) is Euler’s gamma-function.

Thus, it is proved that for the function ®(h) = h%, o > 0, condition (18) is guaranteed if « satisfies

inequality (23), which does not depend upon n.

Finally, we note that the results of Theorem 2.3 contain in particular results of papers [2,5,7,17,18,20].

Open Access This article is distributed under the terms of the Creative Commons Attribution License which permits any use,
distribution, and reproduction in any medium, provided the original author(s) and the source are credited.
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