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Abstract The present work investigates the effects of viscous dissipation and Ohmic heating on steady MHD
convective flow due to a porous rotating disk taking into account the variable fluid properties (density (ρ)
viscosity (μ) and thermal conductivity (κ)) in the presence of Hall current and thermal radiation. These prop-
erties are taken to be dependent on temperature. The partial differential equations governing the problem under
consideration are reduced to a system of BVP ordinary differential equations by using similarity transforma-
tions which are solved numerically using the successive linearization method. Comparisons with previously
published works are performed to test the validity of the obtained results. The effects of different parameters
on the velocity as well as temperature are depicted graphically and are analyzed in detail and the numerical
values of the skin friction and the rate of heat transfer are entered in tables.

Mathematics Subject Classification 76S99

1 Introduction

The study of rotating disk flows of electrically conducting fluids along with heat transfer is one of the classical
problems of fluid mechanics and has many applications in many areas. The original problem of rotating-
disk was raised by von-Karman [32]. He introduced the equations of Navier–Stokes of steady flow of a
viscous incompressible fluid due to a rotating disk to a set of ordinary differential equations and solved them
by means of the momentum integral method. Further Cochran [7] improved the result of von-Karman and
obtained asymptotic solutions for the reduced system of ordinary differential equations and also gave more
accurate results by patching two series expansions. The solution of Cochran has been improved by Benton [6]
who extended the hydrodynamic problem to the flow starting impulsively from rest. Turkyilmazoglu [30,31]
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extended the classical von-Karman problem of flow over a rotating disk to account for compressibility effects
with insulated and isothermal wall conditions. He used an exponentially decaying series method to find the
solution of the steady laminar flow of an incompressible, viscous, electrically-conducting fluid over a rotating
disk in the presence of a uniform transverse magnetic field. Millsaps and Pohlhausen [19] considered the
problem of heat transfer from a rotating disk maintained at a constant temperature for a variety of Prandtl
numbers in steady state. Attia [3] extended the problem studied by Millsaps and Pohlhausen [19] and Sparrow
and Gregg [28] to the unsteady state in the presence of an applied uniform magnetic field and he obtained
a numerical solution for the governing equations. Sibanda and Makinde [27] investigated the heat transfer
characteristics of steady MHD flow in a viscous electrically conducting incompressible fluid with Hall current
past a rotating disk with ohmic heating and viscous dissipation. They found that the magnetic field retards the
fluid motion due to the opposing Lorentz force generated by the magnetic field.

In the above-mentioned studies, the fluid properties are taken to be constant (namely density, viscosity
and thermal conductivity). The effects of variable properties on laminar flow over a rotating disk have been
considered, among others. The study of Attia [4] considered the effect of a porous medium and temperature-
dependent viscosity on the unsteady flow and heat transfer for a viscous laminar incompressible fluid due
to an impulsively started rotating disc. The effects of variable properties and hall current on steady MHD
laminar convective fluid flow due to a porous rotating disk were investigated by Maleque and Sattar [17].
The effects of variable properties on a steady laminar forced convection system along a porous rotating disk
with uniform temperature were investigated by Maleque and Sattar [18]. They reported that for fixed values
of the suction parameter and Prandtl number, the momentum boundary layer increased considerably while
the thermal boundary layer is found to vary little with variable properties. Then, their work was extended by
Osalusi and Sibanda [23] to include the effects of an applied magnetic field. Frusteri and Osalusi [10] carried
out the study of magnetic effects on electrically conducting fluid in slip regime with variable properties. The
flow field on a single porous rotating disk with heat transfer was studied. They showed that the radial and
tangential velocity profiles are reduced by both slip coefficient and magnetic field. Osalusi et al. [24] discussed
the effects of Ohmic heating and viscous dissipation on unsteady hydro-magnetic and slip flow of a viscous
fluid over a porous rotating disk in the presence of Hall and ion-slip currents taking into account the variable
properties of the fluid.

The purpose of the present study is to investigate the combined effects of viscous dissipation, Ohmic heating
and radiation on a MHD porous rotating disk by considering the variable properties of density, viscosity and
thermal conductivity in the presence of Hall current, permeability and radiation. A uniform suction or injection
is applied through the surface of the disk.

The governing equations for this investigation are modified to include radiation, Ohmic heating and viscous
dissipation effects with the generalized Ohm’s and Maxwell’s laws. They were solved using a novel successive
linearization method (SLM). This new technique has been successfully applied to different fluid flow problems.
Makukula et al. [13] solved the classical von Karman equations governing boundary layer flow induced by a
rotating disk using the spectral homotopy analysis method and SLM. Makukula et al. [14] applied the SLM on
the problem of the heat transfer in a visco-elastic fluid between parallel plates and compared their solution with
the improved spectral homotopy analysis method (ISHAM). They showed that the rate of convergence of the
SLM and ISHAM approximations convergence rapidly to the exact result. Many investigations, such as those
by Makukula et al. [15,16], Awad et al. [5], Motsa and Sibanda [20], Motsa et al. [21,22] and Shateyi and Motsa
[26], used SLM to solve different equations of boundary value problems. They compared their results with
different methods and showed that the SLM gives better accuracy at lower orders, is more efficient, is generally
applicable, gives rapid convergence and is, thus, superior to some existing semi-analytical methods, such as
the Adomian decomposition method, the Laplace transform decomposition technique, the variational iteration
method and the homotopy perturbation method. The SLM method can be used in the place of traditional
numerical methods such as finite differences, Runge–Kutta shooting methods, and finite elements in solving
non-linear boundary value problems.

2 Problem statement and mathematical formulation

In this investigation, we consider the problem of steady hydromagnetic convective and slip flow due to a rotating
disk in the presence of viscous dissipation, radiation and Ohmic heating. Using non-rotating cylindrical polar
coordinates (r, φ, z) the disk rotates with constant angular velocity � and is placed at z = 0, and the fluid
occupies the region z > 0 where z is the vertical axis in the cylindrical coordinates system with r and φ as
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Fig. 1 Coordinate system for the rotating disk flow

the radial and tangential axes, respectively, as indicated in Fig. 1. The fluid velocity components are (u, v, w)
in the directions of (r, φ, z), respectively, the pressure is P , the density of the fluid is ρ and T is the fluid
temperature. The surface of the rotating disk is maintained at a uniform temperature Tw. Far away from the
wall, the free stream is kept at a constant temperature T∞ and at constant pressure P∞. The external uniform
magnetic field is applied perpendicular to the surface of the disk and has a constant magnetic flux density B0
which is assumed unchanging with a small magnetic Reynolds number (Rem � 1). We assume that the fluid
properties, viscosity (μ) and thermal conductivity (κ) coefficients and density (ρ) are functions of temperature
alone and obey the following laws (see Maleque and Sattar [17], Osalusi and Sibanda [25], Jayaraj [11])

μ = μ∞[T/T∞]a, κ = κ∞[T/T∞]b, ρ = ρ∞[T/T∞]c (1)

where a, b and c are arbitrary exponents, κ∞ is a uniform thermal conductivity of heat, and μ∞ is a uniform
viscosity of the fluid. For the present analysis fluid considered is flue gas. For flue gases the values of the
exponents a, b and c are taken as a = 0.7, b = 0.83 and c = −1. The case c = –1 is that of an ideal gas. The
physical model and geometrical coordinates are shown in Fig. 1. The equations governing the motion of the
MHD laminar flow of the homogeneous fluid take the following form

∂
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where σ
(= (

e2nete
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/me

)
is the electrical conductivity, e is the electron charge, ne is the electron num-

ber density, te is the electron collision time and me is the mass of the electron. C p is the specific heat at
constant pressure of the fluid, α = 1 + βiβe, βe (= ωete) is the Hall parameter which may be positive or
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negative depending on the orientation of the magnetic field, ωe (= eB0/me) is the electron frequency, and
βi (= ene B0/ ((1 + ne/na)Kai )) is the ion-slip parameter, na is the neutral particle number density, Kai is
the friction coefficient between ions and neutral particles and K is the Darcy permeability parameter. The last
two terms on the right-hand side of the energy equation (6) denote the magnetic and viscous heating terms,
respectively, qr is the radiative heat flux. The appropriate boundary conditions for the flow induced by an
infinite disk (z = 0) which rotates with constant angular velocity � subjected to uniform suction/injection Ws
through the disk can be introduced as follows

u = 0, v = �r, w = Ws T = Tw, at z = 0,
u → 0, v → 0, T → T∞, P → P∞ as z → ∞.

}
(7)

By using the Rosseland approximation [1] for radiation for an optically thick layer we can write

qr = −4σ ∗

3k∗
∂T 4

∂z
, (8)

where σ ∗ is the Stefan–Boltzmann constant and k∗ is the mean absorption coefficient. We assumed that the
temperature differences within the flow are such that the term T 4 may be expressed as a linear function of
temperature. This is accomplished by expanding T 4 in a Taylor series about T∞ and neglecting second and
higher order terms, we get

T 4 ∼= 4T 3∞T − 3T 4∞ (9)

then

∂qr

∂z
= −16σ ∗T 3∞

3k∗
∂2T

∂z2 , (10)

3 Similarity transformation

The solutions of the governing equations are obtained by introducing a dimensionless normal distance from
the disk, η = z(�/μ∞)1/2 along with the von Karman transformations with the following representations for
the radial, tangential and axial velocities, pressure and temperature distributions

u = �r F(η), v = �rG(η), w = (�μ∞)
1
2 H(η)

P − P∞ = 2μ∞�p(η), and T − T∞ = �T θ(η)

}
(11)

where μ∞ is a uniform kinematic viscosity of the fluid and �T = T w−T∞. Substituting these transformations
into Eqs. (2)—(6) gives the nonlinear ordinary differential equations,

H ′ + 2F + cεHθ ′(1 + εθ)−1 = 0, (12)

F ′′ − Da−1 F − (1 + εθ)−a M

α2 + β2
e

[αF − βeG] − (1 + εθ)c−a [
F2 − G2 + H F ′]

+aε(1 + εθ)−1θ ′F ′ = 0, (13)

G ′′ − Da−1G − (1 + εθ)c−a [
2FG + H G ′] − (1 + εθ)−a M

α2 + β2
e

[αG + βe F] (14)

+aε(1 + εθ)−1θ ′G ′ = 0, (15)(
1 + 4

3Rd
(1 + εθ)−b

)
θ ′′ − Pr(1 + εθ)c−b Hθ ′ + bε(1 + εθ)−1θ ′2 + Pr EcM

α2 + β2
e

(1 + εθ)−b [
F2 + G2]

+EcPr(1 + εθ)a−b [
F ′2 + G ′2] = 0 (16)

The physical parameters appearing in Eqs. (12)–(16) are defined as follows
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Table 1 Comparison of current and previous studies of the F ′(0), −G ′(0) and θ ′(0) obtained when M = 0, Da = 0, Rd =
0; ε = 0, Ec = 0 and Pr = 0.71

hw Kelson and Desseaux [12] Present results

F ′(0) −G ′(0) −θ ′(0) F ′(0) −G ′(0) −θ ′(0)

3 0.309147 0.602893e−1 0.576744e−3 0.309148 0.602893e−1 0.580755e−3

2 0.398934 0.135952 0.110135e−1 0.398934 0.135952 0.110445e−1

0 0.489481 0.302173 0.848848e−1 0.489481 0.302173 0.849614e−1

−1 0.389569 1.175222 0.793048 0.389569 1.175224 0.793054
−2 0.242421 2.038527 1.437782 0.242425 2.038530 1.437785
−3 0.165582 3.012142 2.135585 0.165591 3.012144 2.135587

where M is the magnetic interaction parameter that represents the ratio of the magnetic force to the fluid inertial,
Pr is the Prandtl number, Ec is the Eckert number that characterizes dissipation, Rd is the radiation parameter,
Da is the local Darcy number and ε = �T/T which is the relative temperature difference parameter, which
is positive for heated surface, negative for a cooled surface and zero for uniform properties. The prime symbol
indicates derivative with respect to η. The boundary conditions (7) transform to

F(0) = 0, G(0) = 1, H(0) = hw, θ(0) = 1, at η = 0,
F(∞) = 0, G(∞) = 0, H(∞) = 0, θ(∞) = 1, as η → ∞.

}
(18)

where hw = Ws/
√

ν∞� represents a uniform suction (hw > 0) or injection (hw < 0) at the disk (see
[12]). The boundary conditions given by Eq. (18) imply that the radial (F), the tangential (G) components
of velocity and temperature vanish sufficiently far away from the disk, whereas the axial velocity component
(H) is anticipated to approach a yet unknown asymptotic limit for sufficiently large η-values. The skin friction
coefficients to the surface (η = 0) are obtained by applying the following Newtonian formulas
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to find the rate of heat transfer from the disk surface to the fluid. Hence the tangential, radial skin-frictions and
Nusselt number Nu are, respectively, given by

(1 + ε)−a Re
1
2 C ft = G ′(0), (20)

(1 + ε)−a Re
1
2 C fr = F ′(0), (21)

(1 + ε)−b Re
1
2 = −θ ′(0), (22)

where Re(= �r2/ν∞) is the rotational Reynolds number.

4 Method of solution

In this work we applied the SLM to solve the system of ordinary differential equations (12)–(16). The SLM is
based on the assumption that the unknown functions H(η), F(η), G(η) and θ(η) can be expanded as

H(η) = Hi (η) + ∑i−1
m=0 Hm(η), F(η) = Fi (η) + ∑i−1

m=0 Fm(η),

G(η) = Gi (η) + ∑i−1
m=0 Gm(η), θ(η) = θi (η) + ∑i−1

m=0 θm(η),

}
(23)
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Fig. 2 Effect of variation in the relative temperature difference parameter ε on the (a) radial (b) tangential (c) axial and (d)
temperature velocity profiles when βi = 0.5, βe = 0.5, M = 0.5, Ec = 0.5, Da = 1.5, Rd = 1.5 and hw = −1

where Hi (η), Fi (η), F and θi (η) are unknown functions and Hm(η), Fm(η), Gm(η) and θm(η) (m ≥ 1) are
approximations which are obtained by recursively solving the linear part of the equation system that results
from substituting (23) in the governing equations (12)–(16). The main assumption of the SLM is that Hi , Fi , Gi ,
and θi become increasingly smaller when i becomes large, that is

lim
i→∞ Hi = lim

i→∞ Fi = lim
i→∞ Gi = lim

i→∞ θi = 0. (24)

The initial guesses H0(η), F0(η), G0(η), and �0(η) which are chosen to satisfy the boundary conditions (18)
are taken to be

H0(η) = hw + e−η − 1, F0(η) = η)e−η, G0(η) = e−η, θ0(η) = e−η, (25)

Thus, starting from the initial guesses, the subsequent solutions Hi (η), Fi (η), Gi (η) and θi (η)(i ≥ 1) are
obtained by successively solving the linearized form of the equations which are obtained by substituting equa-
tion (??) in the governing equations (12–16) and neglecting the nonlinear terms containing Hi (η), Fi (η), Gi (η)
and θi (η) and its derivatives. The linearized equations to be solved are

a1,i−1 H ′
i (η) + a2,i−1 Hi + a3,i−1 Fi + a4,i−1θ

′i + a5,i−1θi = r1,i−1, (26)

b1,i−1 F ′′
i + b2,i−1 F ′

i + b3,i−1 Fi + b4,i−1 Hi + b5,i−1Gi + b6,i−1θ
′
i = r2,i−1, (27)

c1,i−1G ′′
i + c2,i−1G ′

i + c3,i−1Gi + c4,i−1 Hi + c5,i−1 F ′
i + c6,i−1θ

′
i + c7,i−1θi = r3,i−1, (28)

d1,i−1θ
′′
i +d2,i−1θ

′
i +d3,i−1θi + d4,i−1 H + d5,i−1 F ′

i + d6,i−1 Fi + d7,i−1G ′
i +d8,i−1Gi = r4,i−1, (29)

subject to the boundary conditions

H(0) = F(0) = G(0) = θ(0) = 0
H(∞) = F(∞) = G(∞) = θ(∞) = 0

}
(30)
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Fig. 3 Effect of variation in the magnetic field parameter M on the (a) radial (b) tangential (c) axial and (d) temperature velocity
profiles when βi = 0.5, βe = 0.5, ε = 0.1, Ec = 0.5, Da = 10, Rd = 5 and hw = −0.2

where the coefficients’ parameters ak,i−1, bk,i−1, ck,i−1, dk,i−1 and rk,i−1 depend on Hi−1, Fi−1, Gi−1, θi−1
and on their derivatives. Once each solution for Hi , Fi , Gi and θi has been found from interactively solving
Eqs. (26)–(29) for each i , the approximate solutions for H(η), F(η), G(η) and �(η) are obtained as

H(η) ≈
M∑

m=0

Hm(η), F(η) ≈
M∑

m=0

Fm(η), G(η) ≈
M∑

m=0

Fm(η), θ(η) ≈
M∑

m=0

θm(η) (31)

where M is the order of SLM approximations. Since the coefficient parameters and the right-hand side of
Eqs. (26)–(29) for i = 1, 2, 3 . . . are known(from previous iterations), the system (26)–(29) with the boundary
conditions (30) can easily be solved using any analytical or numerical method. In this study we used the Cheby-
shev spectral collocation method [8,9,29]. This method is based on approximating the unknown functions by
the Chebyshev interpolating polynomials in such a way that they are collocated at the Gauss–Lobatto points
defined as

x j = cos
π j

N
, j = 0, 1, . . . , N (32)

In order to implement the method, the physical region [0, ∞) is transformed into the region [−1, 1] using the
domain truncation technique in which the problem is solved on the interval [0, L] instead of [0,∞). This leads
to the mapping

x = 2η

L
− 1, −1 ≤ x ≤ 1 (33)
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Fig. 4 Effect of variation in the suction and injection parameter hw on the (a) radial (b) tangential (c) axial and (d) temperature
velocity profiles when βi = 0.5, βe = 0.5, ε = 0.1, Ec = 0.5, Da = 15, Rd = 10 and M = 0.1

where L is the scaling parameter used to invoke the boundary conditions at infinity. The unknown functions
Hi , Fi , Gi and θi are approximated at the collocation points by

Hi (x) ≈ ∑N
k=0 Hi (xk)Tk(x j ), Fi (x) ≈ ∑N

k=0 Fi (xk)Tk(x j ) j = 0, 1, . . . , N

Gi (x) ≈ ∑N
k=0 Gi (xk)Tk(x j ), θi (x) ≈ ∑N

k=0 θi (xk)Tk(x j ) j = 0, 1, . . . , N

}
(34)

where Tk is the kth Chebyshev polynomial defined as

Tk(x) = cos
[
k cos−1(x)

]
(35)

The derivatives of the variables at the collocation points are represented as

dr Hi
dηr = ∑N

k=0 Dr
k j Hi (xk),

dr Fi
dηr = ∑N

k=0 Dr
k j Fi (xk), j = 0, 1, . . . , N

dr Gi
dηr = ∑N

k=0 Dr
k j Gi (xk),

dr θi
dηr = ∑N

k=0 Dr
k jθi (xk), j = 0, 1, . . . , N

}
(36)

where r is the order of differentiation and D = 2
L D with D being the Chebyshev spectral differentiation matrix

whose entries are defined as (see for example, Canuto [8]);

D jk = c j
ck

(−1) j+k

ξ j −ξk
j �= k; j, k = 0, 1, . . . , N ,

Dkk = − ξk

2(1 − ξ2
k )

k = 1, 2, . . . , N − 1,

D00 = 2N 2 + 1

6
= −DN N .

⎫⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎭

(37)
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Substituting Eqs. (33)–(36) in (26)–(29) leads to the matrix equation

Ai−1Xi = Ri−1 (38)

while the boundary conditions transform to

Hi (x0) = Fi (x0) = Gi (x0) = θi (x0) = 0
Hi (xN ) = Fi (xN ) = Gi (xN ) = θi (xN ) = 0

}
(39)

in which Ai−1 is a 4(N + 1) × 4(N + 1) square matrix while Xi and Ri−1 are 4(N + 1) × 1 column vectors
defined by

Ai−1 =
⎡
⎢⎣

A11 A12 A13 A14
A21 A22 A23 A24
A31 A32 A33 A34
A41 A42 A43 A44

⎤
⎥⎦ , Xi =

⎡
⎢⎢⎣

H̃i

F̃i

G̃i

θ̃i

⎤
⎥⎥⎦ , Ri−1 =

⎡
⎢⎣

r1,i−1
r2,i−1
r3,i−1
r4,i−1

⎤
⎥⎦ (40)

with

H̃i = [
Hi (x0), Hi (x1), . . . , Hi (xN−1), Hi (xN )

]T

F̃i = [
Fi (x0), Fi (x1), . . . , Fi (xN−1), Fi (xN )

]T

G̃i = [
Gi (x0), Gi (x1), . . . , Gi (xN−1), Gi (xN )

]T

θ̃i = [
θi (x0), θi (x1), . . . , θi (xN−1), θi (xN )

]T

r1,i−1 = [
r1,i−1(x0), r1,i−1(x1), . . . , r1,i−1(xN−1), r1,i−1(xN )

]T

r2,i−1 = [
r2,i−1(x0), r2,i−1(x1), . . . , r2,i−1(xN−1), r2,i−1(xN )

]T

r3,i−1 = [
r3,i−1(x0), r3,i−1(x1), . . . , r3,i−1(xN−1), r3,i−1(xN )

]T

r4,i−1 = [
r4,i−1(x0), r4,i−1(x1), . . . , r4,i−1(xN−1), r4,i−1(xN )

]T

⎫⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎬
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎭

(41)

and

A11 = a1,i−1D + [a2,i−1], A12 = [a3,i−1], A13 = [0], A14 = a4,i−1D + [a5,i−1]
A21 = [b4,i−1], A22 = b1,i−1D2 + b2,i−1D + [b3,i−1], A23 = [b5,i−1], A24 = [b6,i−1]D
A31 = [c4,i−1], A32 = [c5,i−1], A33 = c1,i−1D2 + c2,i−1D + [c3,i−1],
A34 = c6,i−1D + [c7,i−1], A41 = [d4,i−1], A42 = d5,i−1D + [d6,i−1],
A43 = d7,i−1D + [d8,i−1], A44 = d1,i−1D2 + d2,i−1D + [d3,i−1]

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

(42)

where [0] and [ ] are zero and diagonal matrices, respectively, of size (N + 1) × (N + 1) and
ak,i−1, bk,i−1, ck,i−1, dk,i−1(k = 1, 2, 3, 4) are diagonal matrix of size (N + 1) × (N + 1). After modifying
the matrix system (38) to incorporate boundary conditions (39), the solution is obtained as

Xi = A−1
i−1Ri−1 (43)

5 Results and discussions

The results of solution of the system of transformed Eqs. (12)–(16) subject to the boundary conditions (18)
were solved using SLM. In generating the results we used L = 15 and Pr = 0.64 which is the value of Prandtl
number for a flue gas. To establish the validity of our numerical results adopted in the present investigation, we
made a comparison of our calculated results with study of Kelson and Kelson and Desseaux [12] in Table 1 to
the case of suction or injection velocity. The comparisons show excellent agreements, hence an encouragement
for the use of the present numerical computations.

The effects of various values of the physical parameters on the radial, tangential, axial and temperature
velocity profiles are plotted in Figs. 2, 3, 4, 5, 6, 7, 8 and 9. The obtained results of the present investigation
have been implemented by comparisons with those of Frusteri and Osalusi [10], Osalusi and Sibanda [25],
Osalusi et al. [24]. It found that our results are in very good agreement with theirs.
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Fig. 5 Effect of variation in the Darcy number Da on the (a) radial (b) tangential (c) axial and (d) temperature velocity profiles
when βi = 0.5, βe = 0.5, ε = 0.5, Ec = 0.5, M = 1, Rd = 5 and hw = −1

Figure 2a–d depict the effects of relative temperature differences ε on the radial, tangential and axial
velocity and temperature profiles, respectively. The purpose of plotting these figures is to give a comparison
between the constant property and variable property solutions. It is seen that in Fig. 2a, due to the existence
of a centrifugal force the radial velocity attains a maximum value close to the disk for all values of ε. The
maximum value of the velocity is attained in case of ε = 0 (constant property). The radial velocity increases
with the increase of the relative temperature difference parameter for most part of the boundary layer and at
any fixed position. In Fig. 2b, it is seen that the tangential velocity increase with increasing values of ε while
axial velocity (H) decreases with an increase in the relative temperature differences as observed in Fig. 2c.
An increase in the value of ε enhances the non-dimensional temperature as we observed in Fig. 2d.

Figure 3a–d show the effect of the magnetic field parameter M on the velocity components (radial, tangential
and axial) and temperature profiles. Imposition of a magnetic field generally to an electrically conducting fluid
creates a drag like force called Lorentz force that has the tendency to slow down the flow around the disk at
the same time increasing fluid temperature. As the magnetic field increases, the radial, tangential and axial
velocity profiles decrease while the temperature profiles increase as shown in Fig. 3a–d, respectively.

Figure 4a–d showed the radial F(η), axial H(η), tangential G(η) and the temperature θ(η) profiles for
various values of suction and injection (hw). It is seen that F , H , G and θ are increasing with increase in
hw, also we noted that for strong suction, the radial velocity is very small, the axial velocity is approximately
constant while the tangential and temperature decay rapidly away from the surface.

The effects of Darcy number Da on the velocity components and temperature profiles are plotted in Fig. 5a–
d. It is observed that for high Darcy number (corresponding to high permeability), the fluid velocity attains a
maximum near the surface. An increasing Da increases the radial, tangential and axial velocities but decreases
the temperature profile.
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Fig. 6 Effect of variation in the Hall current parameter βe on the (a) radial (b) tangential (c) axial and (d) temperature velocity
profiles when Da = 15, βi = 1, ε = 0.5, Ec = 0.5, M = 1, Rd = 5 and hw = −1

We illustrate the effect of various values of the Hall current parameter βe on F(η), −H(η), G(η) and θ(η)
profiles in Fig. 6a–d. We observe that radial velocity F , tangential velocity G and axial velocity −H increase
while the temperature θ decreases as the Hall current parameter βe increases.

Figure 7a–d describes the behavior of F , −H , G and θ against ion-slip parameter βi . From these figures it
is noted that increasing the ion-slip parameter βe has an increasing effect on F , −H and G while a decreasing
effect on temperature. In general, the effect of Hall parameter on the flow and thermal fields is more notable
than that of ion-slip parameter βi . This is due to the fact that the diffusion velocity of the electrons is much
larger than that of the ion.

The effect of different values of radiation parameter Rd on the axial velocity −H and temperature profiles
is displayed in Fig. 8a, b, respectively, it is observed from these figures that increase in the radiation parameter
decreases the axial velocity and temperature distributions. Also it is observed that the temperature is maximum
at the wall and asymptotically decreases to zero as η → ∞.

Figure 9a–d describe the behavior of F,−H, G and θ profiles with changes in the values of the Eckert
number Ec. From these figures we may conclude that in the presence of viscous dissipation and Ohmic heating,
an increasing Ec increases the axial velocity −H , tangential velocity G, and temperature θ while decreasing
the radial velocity F . The rise in the temperature, θ , is due to the heat created by viscous dissipation and
compression work (Ec �= 0). This behavior is shown in Fig. 9d.

Table 2 illustrates the effects of the parameters M, Bi , Be, Rd , Ec and Da on the shear stress
F ′(0), H ′(0),−G ′(0) and the rate of heat transfer −θ ′(0). From Table 2 we observe that as the magnetic
field parameter M increases, the shear stresses in the radial F ′(0) and tangential −G ′(0) directions increase,
while the shear stress in axial H ′(0) direction and the rate of heat transfer −θ ′(0) are decreased. This is due
to the fact that an increase in the magnetic field decreases the radial and tangential velocities (see Fig. 3a, c),
but increases the temperature distribution (see Fig. 3d. Also, it was observed that in Table 2, an increase in
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Fig. 7 Effect of variation in the ion-slip parameter βi on the (a) radial (b) tangential (c) axial and (d) temperature velocity profiles
when Da = 10, βe = 0.5, ε = 0.5, Ec = 0.5, M = 2, Rd = 5 and hw = −1
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Fig. 8 Effect of variation in the radiation parameter Rd on the (a) axial velocity and (b) temperature profiles when Da = 5, βe =
0.5, βi = 0.5, ε = 0.5, Ec = 0.5, M = 1 and hw = −1

the values of ion-slip Bi decreases both the shear stresses in the radial F ′(0) and tangential −G ′(o) directions
while the rate of heat transfer increases. Table 2 reveals that the radial F ′(0) and axial H ′(0) shear stresses as
well as heat transfer coefficient −θ ′(0) increase with increase in the values of Hall parameter Be but decreases
the tangential shear stress −G ′(0). Further, we observe that radial skin friction and rate of heat transfer decrease
with Ec increases but the tangential skin friction increases. The heat transfer coefficient decreases due to heat
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Fig. 9 Effect of variation in the Eckert number Ec on the (a) radial (b) tangential (c) axial and (d) temperature velocity profiles
when Da = 1, βe = 0.1, βi = 0.2, ε = 0.1, M = 1, Rd = 5 and hw = −1

created by both viscous dissipation and compression work (Ec �= 0). Also Table 2 indicates that increasing
thermal radiation Rd has an increasing effect on F ′(0), H ′(0) and −θ ′(0) while there is a decreasing effect on
−H ′(0).

6 Conclusions

In this study, we have examined the effect of Ohmic heating and viscous dissipation on MHD porous rotating
disk taking into account the variable properties of the fluid in the presence of Hall current and radiation.
A similarity transformation reduced the governing partial differential equations into ordinary differential
equations which were then solved using the SLM. The numerical results obtained are compared with previously
published work available in the literature and the present results are found to be in excellent agreement.
Numerical results illustrating interesting predicted phenomena were presented graphically and in tabular form.
The main conclusions emerging from this study are as follows:

(i) The effect of the Lorentz force or the usual resistive effect of the magnetic field on the velocity compo-
nents is apparent. The presence of magnetic field acts to reduce the velocity of fluid particles, whereas
the temperature in fluid is enhanced. Also it has been observed that the radial and tangential skin-friction
values decrease with increase in the magnetic parameter.

(ii) The radial, tangential and axial velocity profiles increase while the temperature decreases with the
increasing values of Hall current and ion-slip parameters.

(iii) The viscous dissipation parameter or Eckert number Ec has marked effect on the flow. The axial,
tangential and temperature velocity profiles increase while radial velocity profiles decrease with the
increasing values of viscous dissipation.
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Table 2 Numerical values of the radial, axial, tangential skin-friction coefficients and the rate of heat transfer coefficient for
various values of M, Bi , Be, Rd , Ec and Da with hw = −1 and ε = 0.3

M Bi Be Rd Ec Da F ′(0) H ′(0) −G ′(0) −θ ′(0)

0.1 0.2 0.1 2.0 0.5 5.0 0.273948 0.045900 1.010687 0.198900
0.5 0.2 0.1 2.0 0.5 5.0 0.239841 0.033170 1.199004 0.143738
1.0 0.2 0.1 2.0 0.5 5.0 0.217671 0.021387 1.397108 0.092676
1.5 0.2 0.1 2.0 0.5 5.0 0.205712 0.012023 1.567291 0.052102
0.1 0.1 0.1 2.0 0.5 5.0 0.273882 0.045848 1.011209 0.198674
0.1 0.3 0.1 2.0 0.5 5.0 0.274015 0.045951 1.010175 0.199120
0.1 0.5 0.1 2.0 0.5 5.0 0.274146 0.046049 1.009179 0.199546
0.1 0.7 0.1 2.0 0.5 5.0 0.274277 0.046143 1.008221 0.199952
0.1 0.2 0.1 2.0 0.5 5.0 0.273948 0.045900 1.010687 0.198900
0.1 0.2 0.2 2.0 0.5 5.0 0.278824 0.046262 1.010552 0.200470
0.1 0.2 0.3 2.0 0.5 5.0 0.283160 0.046631 1.009587 0.202069
0.1 0.2 0.4 2.0 0.5 5.0 0.286876 0.046990 1.008010 0.203621
0.1 0.2 0.1 1.0 0.5 5.0 0.272956 0.035527 1.011757 0.153952
0.1 0.2 0.1 5.0 0.5 5.0 0.274917 0.056778 1.009652 0.246037
0.1 0.2 0.1 10.0 0.5 5.0 0.275342 0.061784 1.009201 0.267733
0.1 0.2 0.1 15.0 0.5 5.0 0.275499 0.063667 1.009035 0.275889
0.1 0.2 0.1 2.0 0.1 5.0 0.274590 0.066583 1.009941 0.288527
0.1 0.2 0.1 2.0 0.3 5.0 0.274269 0.056246 1.010313 0.243732
0.1 0.2 0.1 2.0 0.5 5.0 0.273948 0.045900 1.010687 0.198900
0.1 0.2 0.1 2.0 0.7 5.0 0.273628 0.035545 1.011062 0.154030
0.1 0.2 0.1 2.0 0.5 1.0 0.182634 0.031449 1.416147 0.136280
0.1 0.2 0.1 2.0 0.5 5.0 0.273948 0.045900 1.010687 0.198900
0.1 0.2 0.1 2.0 0.5 10.0 0.295094 0.048618 0.950520 0.210676
0.1 0.2 0.1 2.0 0.5 15.0 0.302957 0.049587 0.930038 0.214875

(iv) For the effect of the radiation parameter on the temperature distribution, it is seen that the temperature
distribution decreases with the increasing values of radiation parameter and it increases the rate of heat
transfer from the disk surface to the fluid.

(v) An increase in the Darcy number (increasing permeability) enhances radial, tangential and axial velocity
profiles while the temperature reduces with increase in the Darcy number.

Open Access This article is distributed under the terms of the Creative Commons Attribution License which permits any use,
distribution, and reproduction in any medium, provided the original author(s) and the source are credited.
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