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Abstract For a monoid M, we introduce M -nil-Armendariz rings, which are generalizations of nil-Armen-
dariz rings and M-Armendariz rings, and we investigate their properties. We show that every NI ring is
M -nil-Armendariz for any unique product monoid M, and if R is a 2-primal and M-Armendariz ring, then R
is M x N-nil-Armendariz, where N is a unique product monoid. Moreover, we study the relationship between
the weak annihilator ideals of a ring R and those of the monoid ring R[M] in case R is M-nil-Armendariz.
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1 Introduction

All rings considered here are associative with identity. Let R be a ring. The prime radical (i.e., the intersection
of all prime ideals) of R and the set of all nilpotent elements in R are denoted by P (R) and nil(R), respectively.
Due to Birkenmeier et al. [4], a ring R is called 2-primal if P(R) = nil(R). A ring R is called an N ring
if nil(R) forms an ideal, and a ring R is said to be semicommutative if for all a, b € R, ab = 0 implies
aRb = 0. Let I be an ideal of aring R, I is called semicommutative if / is considered as a semicommutative
ring without identity.

Rege and Chhawchharia [17] introduced the notion of an Armendariz ring. A ring R is called Armendariz if
whenever polynomials f(x) = ZZ’M:O aix’, g(x) = Z’}:O bjxj € R[x] satisfy f(x)g(x) =0, thena;b; =0
for each i, j. The name Armendariz ring was chosen because Armendariz [3, Lemma 1] had noted that a
reduced ring (i.e., a ring without nonzero nilpotent elements) satisfies this condition. Properties of Armendariz
rings have been studied in Anderson and Camillo [1], Armendariz [3], Hong et al. [6], Huh et al. [7,8]; Kim
and Lee [9], Lee and Wong [10], Matczuk [12], Moussavi and Hashemi [13] and Rege and Chhawchharia
[17]. In [2], Antoine has studied a generalization of Armendariz rings, which he called nil-Armendariz rings.
A ring R is called nil-Armendariz provided that whenever f(x)g(x) € nil(R)[x] for f(x) = Z?[:O ajx*,
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g(x) =22 bjx/ in R[x], then a;b; € nil(R) for each i, j. Some properties of nil-Armendariz rings have
been studied in [2].

Let M be a monoid. In the following, e will always stand for the identity of M. Following Liu [11],
a ring R is called an M-Armendariz ring (an Armendariz ring relative to M), if whenever elements o =
aigr +axgy + -+ angn, B =b1hy +byhy + -+ byhy € RIM] satisfy af = 0, then a;b; = 0 for each
i, j.If M = {e}, then every ring is M-Armendariz. If S is a semigroup with multiplication st = 0 for all
s,t € S,and M = S', then any ring is not M-Armendariz (see [11]). Let M = (N U {0}, +). Thus a ring
R is M-Armendariz if and only if R is Armendariz. For more examples and details of M-Armendariz rings,
see [11].

Let U be a subset of R. U[M] means the set {a1g1 +axg2+---+a,gn € R[M] |a; € U, 1 <i < n},that
is, for any elemento = a1 g1 +azg2+---+aygn € R[M],a € U[M]ifandonlyifa; € U foreach1 <i < n.
In particular, nil (R)[M] stands for the set {a181 +axg2+--- +angn € RIM] | a; € nil(R), 1 <i < n}. For
anelement @ = ajg) + axg2 + - -+ + angn € R[M], we denote by C, the set comprised of coefficients of «,
thatis, Cy, = {a1, aa, ..., a,}, and for a subset V C R[M], we define Cy = UaEV Cy.

Recall that a monoid M is called a u.p.-monoid (unique product monoid) if for any two nonempty finite
subsets A, B C M, there exists an element g € M uniquely presented in the form ab wherea € A and b € B.
The class of u. p.-monoids is quite large and important (see [5, 14,16]). For example, this class includes the right
or left ordered monoids, submonoids of a free group, and torsion-free nilpotent groups. Every u.p.-monoid M
has no nonunity element of finite order.

2 Nil-Armendariz rings relative to a monoid

Definition 2.1 Let M be a monoid and R a ring. We say that R is M-nil-Armendariz (a nil-Armendariz ring
relative to M), if whenever « = a1g1 + axga + -+ + angn, B = b1hy + byhy + - - - 4+ byhy, € R[M] satisty
af € nil(R)[M], then a;b; € nil(R) for each i, j.

If M = {e}, then every ring is M-nil-Armendariz. A subring of an M-nil-Armendariz ring is M -nil-Ar-
mendariz. Let M = (N U {0}, 4). Then a ring R is M-nil-Armendariz if and only if R is nil-Armendariz. If
R[M] is reduced, then R is M-Armendariz if and only if R is M-nil-Armendariz.

Lemma 2.2 ([11, Proposition 1.6]) Suppose that R is M-Armendariz. If a1, aa, . . ., &, € R[M] are such that
ooy oy =0, then ajay - - - a, = 0, where a; is a coefficient of «;.

The following results shows that our definition of M-nil-Armendariz ring extends Liu’s definition of
M-Armendariz ring [11].

Theorem 2.3 All M-Armendariz rings are M-nil-Armendariz.

Proof We first show that nil(R)[M] C nil(R[M]) when R is M-Armendariz. Leto = a g +axgo +--- +
aygn € nil(R)[M] and k > 1 be such that af = 0 for all 1 <i < n. In the following, we use essentially the

same method in the proof of [2, Lemma 2.6] to claim that ok = 0.

The coefficients of &% can be written as sums of monomials of length nk in the a}s. Consider one of such
monomials, a; a;, - - - a;,, where 1 < i; < n. It would contain at least k, a, for some 1 < jo < n. Suppose
aj, =---=a, =aj forsome 1 <r; <.--<ry <nk.Foralli; #i,,1 <t <k,let

o =le—a;g and « =le+ag +a,-25_g2 +- +aiks_1gk71,

where g € M and e is the identity element of M. Observe that oz{xozlf: = le = e and that g;_ is a product of
coefficients of Otl{S and ocg_ . Now, we can write the monomial as

ailaiZ o air|71aj0air1+l T airzflajo T airkflajoairk+l o aink'
Since alj‘.0 = 0, we have

€iy " €ip €yt (ajpe) - Ciryq1 """ Cipyy (ajye) - Cirys1 """ €l (ajye) - Cirpy1 """ g = 0, (1)

where

€| = €j, == eirl—l = eirﬁ—l — ... = eirk—l = eirk+l =-.-=¢,6 =e.
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By replacing each e;, by the product o] o], we have that

aha @] o (e, el =0, @
Now since R is M-Armendariz, by Lemma 2.2, we can choose a coefficient from each of the elements in
Equation (2) and the product will be 0. Hence a;,a;, - - - a;,, = 0. Therefore, we have proved that all monomi-
als appearing in the coefficients of &% are 0. Hence @ € nil(R[M]). Therefore nil(R)[M] C nil(R[M]) is
proved.

We next show that R is M-nil-Armendariz when R is M-Armendariz. Suppose that « = a1 g1 + axg> +
-o-4apgpand B = bihy+boho+- - -+ byhy, € R[M] are such that o € nil(R)[M]. Then aB € nil(R[M]).
Hence there exists some positive integer p such that (¢8)? = 0. Then by Lemma 2.2, we obtain a;b; € nil(R)
for each i, j. Therefore R is M-nil-Armendariz. O

The converse of Theorem 2.3 need not hold by the following example:

Example 2.4 Let R be an M-Armendariz reduced ring, and M a monoid with |M| > 2 and let

ajl ap - d
0 axp - ayp

T.(R) = .. . . |lajeR
0 0 - ap

Then T,,(R) is not M-Armendariz forn > 4 by [11, Remark 1.8]. But 7,,(R) is M -nil-Armendariz by Theorem
2.5 below. Hence an M -nil-Armendariz ring is not a trivial extension of an M-Armendariz ring.

The following results will give more examples of M -nil-Armendariz rings:

Theorem 2.5 Let M be a monoid with |M| > 2. Then the following conditions are equivalent:

(1) R is M-nil-Armendariz.
(2) T,(R) is M-nil-Armendariz.

Proof (1) = (2) Itis easy to see that there exists an isomorphism of rings 7,,(R)[M] — T,,(R[M]) defined
by

no no no
4 1 1
_ _ ) la 18i _Z:lalzgi Z:la]ngi
1 1 1= 1= 1=
ap ayp ay, noo noo
n . .
0 aZZZ e aZZn 0 Z axp8i - Z A, 8i
Z . . 8i —> i=1 i=1
i=1 : : .
0 0 a,’m n
0 0 2 Ang8i
i=1

Suppose that = A1g1 + A2go +---+ Apgn and f = Bihy + Boho + -+ 4+ Byhy, € T, (R)[M] are such
that af € nil(T,(R))[M], where A;, Bj € T,,(R). We claim A; B; € nil(T,(R)) for each i, j. Assume that

i i N Y
app ap o ap, by, b%z b%_n
0 a), - d 0 b, - b
22 2
A= . . R B; = 2 ,2" ,
i : : S
0 0 Tt Ay 0 0 byjln

andletay = D7, al g and By = Z';L:] bsjshj € R[M]. By observing that

nil(R) R . R
0 nil(R) --- R
nil Ry =, ] ,
0 0 coo nil(R)
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we have ;s € nil(R)[M] for each 1 < s < n. Since R is an M-nil-Armendariz ring, there exists some
positive integer m; ;s such that (aésbﬁs)mf-i»v = O for any s and any i, j. Let m;; = max{m;j; | 1 < s < n}.
Then ((A; Bj)™J)" =0, and so A; Bj € nil(T,(R)). Therefore, T, (R) is M-nil-Armendariz.

(2) = (1) Suppose that T, (R) is M-nil-Armendariz. Note that R is isomorphic to the subring

a0 ---0
0a --- 0

|aeR
00 --- a

of T,,(R). Thus R is M-nil-Armendariz since each subring of an M -nil-Armendariz ring is also M -nil-Armen-
dariz. O

Let R be aring and let

a app --- dip
0 a cee Aoy
Sp(R) = .. . . | a, ajj € R,
00 a
and
a ap a,
0 al .. an_l
T(R,n) = L la; e R},
0O 0 --- a

and T'(R, R) be the trivial extension of R by R. Using the same method in the proof of Theorem 2.5, we have
the following results:

Corollary 2.6 Let M be a monoid with |M| > 2. Then the following conditions are equivalent:

(1) R is M-nil-Armendariz.

2) S, (R) is M-nil-Armendariz.

(3) T(R,n) is M-nil-Armendariz.

(4) T(R, R) is M-nil-Armendariz.

(5) RI[x]1/(x™) is M-nil-Armendariz for each n > 2.

Let M be a monoid with |M| > 2. Then by Theorem 2.5, we deduce that both the 2 x 2 upper trian-

gular matrix ring T>(R) = l(all ap

0 a22) | aij € R], and the 2 x 2 lower triangular matrix ring Ly(R) =

I(Z; 222) | ajj € R] are M-nil-Armendariz if R is M-nil-Armendariz. Let R be a ring and M a monoid.

a1 0 0
Let G3(R) = azy ax azz | | aij € R . Then G3(R) is a subring of 3 x 3 full matrix ring M3(R) under
0 0 asx

usual addition and multiplication. In fact, G3(R) possesses the similar form of both the ring of all lower trian-
gular matrices and the ring of all upper triangular matrices. A natural problem asks if the M-nil-Armendariz
property of such subrings of M, (R) coincides with that of R. This inspires us to consider the M -nil-Armendariz
property of G3(R).

Theorem 2.7 Let M be a monoid with |M| > 2. Then the following conditions are equivalent:

(1) R is M-nil-Armendariz.
(2) G3(R) is M-nil-Armendariz.
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nil(R) 0 0 a0 0
Proof (1) = (2) Wefirstshow thatnil(G3(R)) = | R nil(R) R .Suppose that | az; ax a3 | €
0 0 nil(R) 0 0 a3
nil(R) 0 0
R nil(R) R , and k is a positive integer such that a]fl = a’2‘2 = a§3 = 0. Then
0 0 nil(R)
a0 0 \* nil(R)0 0 a1 00
ary ay a3 =0.Hence | R nil(R) R C nil(G3(R)). Now assume that | a1 az ax3 | €
0 0 az 0 0 nil(R) 0 0 ass
a1 0 0
nil(G3(R)). Then there exists some positive integer k such that | az; ax a3 = 0. Hence a’l‘l =
0 0 az
an 0 0 nil(R) 0 0
a§2 = a]3‘3 = 0, and so | az1 ax a3 € R nil(R) R . Therefore, nil(G3(R)) =
0 0 axp 0 0 nil(R)
nil(R) 0 0
R nil(R) R . Then by analogy with the proof of Theorem 2.5, we can show that G3(R) is
0 0 nil(R)
M -nil-Armendariz.
(2) = (1) It is trivial. O

Let M be a monoid with |M| > 2. From Theorem 2.5 and Theorem 2.7, one may suspect that if R is
M -nil-Armendariz, then the n x n full matrix ring M, (R) is M-nil-Armendariz for n > 2. But the following
example erases the possibility:

Example 2.8 Let M be a monoid with |M| > 2 and R a ring. Let o = ((1) 8) e+ ((1) _01> gand B =

<(1) 8) e+ (i 8) g be two elements in M>(R)[M]. Then o = 0. But (é _01> ((1) 8) = (_01 8) is not
nilpotent. Thus M>(R) is not M-nil-Armendariz.

Theorem 2.9 Let M be a monoid with |M| > 2. Then the finite direct sum of M-nil-Armendariz rings is
M -nil-Armendariz.

Proof 1t suffices to show that if Ry, R, are M-nil-Armendariz rings, then sois R1 @ R>. Leta = (a}, b{)gl +
(@, b)gr+ -+ (@l bl)gm. and B = (a}, bDhy + (@3, b)hy + -+ + (a2, b2)hy € (R1 & Ry)[M] be
such that a8 € nil(Ry @ Ry)[M]. Write f1 = allgl + a;gQ + ---a,l,lgm, g1 = b}gl + bégz + -4 b,lngm,
o = alhi+ashy+ - -athy, g = bihi+b3ho+- - -+b2h,. Then fi f> € nil(Ry)[M]and g1 &> € nil(R2)[M].
So by M-nil-Armendarizness of Ry and R», al.l a? e nil(Ry), bl.l b? € nil(R») for all i, j. Thus for each i, j,
(@, b))(@3,b3) € nil(R1 & Ry). Therefore, Ry & Ry is M-nil-Armendariz. O

Theorem 2.10 Let M be a u.p.-monoid and R an N1 ring. Then R is M-nil-Armendariz.

Proof Let o = ajg) + axgo + --- + ayg, and B = bihy + byhy 4+ - -+ + byhy, € R[M] be such that
af € nil(R)[M]. Thena B = 0, where @, B are the corresponding elements of o, 8 in (R /nil(R))[M]. Observe
that R/nil(R) is reduced and hence M-Armendariz by [11, Proposition 1.1]. Then we obtain a;b; € nil(R)
for each i, j. Therefore R is M-nil(R)-Armendariz. O

Let (M, <) be an ordered monoid. If for any g, g, h € M, g < g’ implies that gh < g’h and hg < hg’,
then (M, <) is called a strictly ordered monoid.

Corollary 2.11 Let M be a strictly totally ordered monoid and R an N1 ring. Then R is M-nil-Armendariz.

Corollary 2.12 Let R be an NI ring. Then R is Z-nil-Armendariz, that is, for any o« = a_,x~ " +
a_(m_l)x_(’"_l) + oo dapx?, Bo= b, x" + b_(,,_l)x_(”_l) + -+ byx? € Rix,x Y, if ap €
nil (R)[x, x~ 11, then aibj € nil(R) for —-m <i < pand —n < j < q.
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Taking M = {NU{0}, +} in Corollary 2.11, it follows that every N / ring is ni/-Armendariz. Thus Corollary
2.11 is a generalization of Antoine’s [2, Proposition 2.1].

It was shown in Liu [11, Proposition 1.4], that if M is a strictly totally ordered monoid and / a reduced ideal
of R such that R/ is an M-Armendariz ring, then R is M-Armendariz. The following result is a generalization
of [11, Proposition 1.4].

Theorem 2.13 Let M be a strictly totally ordered monoid and I an ideal of a ring R. If I is semicommutative
and R/I is M-nil-Armendariz, then R is M-nil-Armendariz.

Proof The proof is a simple mutatis mutandis argument using the proof of [11, Proposition 1.4]. O

Recall that a monoid M is called torsion-free if the following property holds: if g, h € M and k > 1 are
such that g¥ = h*, then g = h.

Corollary 2.14 Let M be a commutative cancellative and torsion-free monoid. If one of the following condi-
tions holds, then R is M -nil-Armendariz.

(1) Risan NI ring.
(2) R/I is M-nil-Armendariz for some semicommutative ideal I of R.

Proof If M is commutative cancellative and torsion-free, then by Ribenbiom [18], there exists a compatible
strict total order < on M. Now the results follow from Corollary 2.11 and Theorem 2.13. O

Anderson and Camillo [1, Theorem 2] have shown that aring is Armendariz if and only if R[x]is Armenda-
riz. For Armendariz rings relative to monoids, Liu [11, Proposition 2.1], have shown that if M is a monoid and
N au.p. monoid, and R a reduced M-Armendariz ring, then R[M]is N-Armendariz. As to a nil-Armendariz
ring relative to a monoid, we have the following result:

Theorem 2.15 Let M be a monoid and N a u.p.-monoid. If R is an M-Armendariz NI ring, then R[M] is
N-nil-Armendariz.

Proof By Theorem 2.3, we obtain nil(R)[M] C nil(R[M]) when R is M-Armendariz. Following Lemma
2.2, we get nil(R[M]) € nil(R)[M]. Hence nil(R)[M] = nil(R[M]). Thus it is easy to see that R[M] is an
N1 ring because R is an NI ring. Now the result follows from Theorem 2.10. O

Corollary 2.16 Let M be a monoid and R an M-Armendariz NI ring. Then R[M] is an NI ring and
nil(R)[M] = nil(R[M]).

Theorem 2.17 Let M be a monoid and N a u.p.-monoid. If R is an M -Armendariz 2-primal ring, then R[N ]
is M-nil-Armendariz.

Proof Since R is an M-Armendariz 2-primal ring, by Corollary 2.16, we obtain nil(R)[M] = nil(R[M]).

Now we show that ni/(R)[N] = nil(R[N]) when N is a u.p.-monoid and R is a 2-primal ring. Let
o =aig1+axg+---+ayg, € nil(R[N]). There exists some positive integer k such that ok = 0. Consider
B = of~1. Then ap = o* = 0 € nil(R)[N], and hence, since R is N-nil-Armendariz by Theorem 2.10,
aWb e nil(R) where a'V € Cy and b € Cg. Therefore for all al e C,,

aWg =aDo* 1 = aWaa*=2 € nil(R)[N].
Consider y = o*¥~2. Then
a(])ay = a(])ﬂ e nil(R)[N].

Since the coefficients of a P« are a(Pa® where a® is a coefficient of &, and because R is N-nil-Armendariz
by Theorem 2.10, we obtain aVa@e¢ e nil(R) where a®,a? e Cy and ¢ € C,,. Therefore, for alla®) e Cq,
a® e C,, we obtain

a(l)a(z)y =aPaPq . af3 ¢ nil(R)[N].

Repeating the same way as above, we obtain a(Va® ...a™ e nil(R) where a® € C, foreach 1 <i <k,
and so a; € nil(R) foreach 1 <i < n. Thus o € nil(R)[N], and so nil(R[N]) C nil(R)[N].
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Now we show that nil(R[N]) 2 nil(R)[N]. Assume that « = a1g; + axg> + -+ + angn € nil(R)[N].
Consider the finite subset {a1, az, ..., a,} € nil(R). Since R is a 2-primal ring, there exists a positive integer
p such that any product of p elements a;,a;, - - “aj, from {ay, as, ..., a,} is zero. Hence we obtain a? = 0,
and so nil(R)[N] C nil(R[N]). Therefore, nil(R)[N] = nil(R[N]) is proved.

Next we show that R[N ] is M-nil-Armendariz. Note that there exists an isomorphism of rings R[N][M] =
R[M][N] defined by

B e T

Now suppose that «;, 8; € R[N] are such that

(Zaig,-) D Bjhj | € nil (RINDIM],
i J

where g;, hj € M. We show that «;8; € nil(R[N]) for all i, j. Assume that o; = Zp ajpnp and B; =
Zq qun; where 7, n’q € N for all p and ¢g. Then

(Z(Zaipnp)gi) Z(men;)h,- € nil(R[N])[M] = nil(R)[N][M].
i p J q

Thus in R[M][N] we have

14 i q

(Z(Zaipgi)np) DD bighy | 7, | €nil (RIMIINT = nil (RIMDIN].
i

By Theorem 2.15, R[M] is N-nil-Armendariz. Thus

(Za,-,,gi) > bjghj | € nil(RIM]) = nil(R)[M]
i J

for all p, q. So a;pbj, € nil(R) forall i, j, p, g, since by Theorem 2.3, M-Armendariz rings are M-nil-Ar-
mendariz. Hence

aifj = (z a,-,,n,,) (Z qun;) € nil(R)[N] = nil(R[N])
q

p
for all i, j. Therefore, R[N] is M-nil-Armendariz. O
Corollary 2.18 Let M be a u.p.-monoid and R a 2-primal ring. Then nil(R)[M] = nil(R[M]).

Corollary 2.19 Let M be a monoid and R a 2-primal ring. If R is M-Armendariz, then R[x] and R|[x, x 1
are M -nil-Armendariz.

Proof Note that R[x] = R[N U {0}] and R[x, x~'] = R[Z]. o

Theorem 2.20 Let M be a monoid and N a u.p.-monoid. If R is an M-Armendariz NI ring, then R is
(M x N)-nil-Armendariz.

Proof By analogy with the proof of [11, Theorem 2.3]. O
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3 Weak annihilator ideals of M-nil-Armendariz rings

Let R be a ring. For a subset X of a ring R, we define Ng(X) = {a € R | xa € nil(R) for all x € X}, which
is called the weak annihilator of X in R. If X is singleton, say X = {r}, we use Ng(r) in place of Nr({r}).
Obviously, for any subset X of aring R, Nr(X) ={a € R | xa e nil(R)forallx e X} ={be R | bx €
nil(R) for all x € X}, and rr(X) € Ng(X) and [g(X) C Ngr(X). If R is reduced, then rg(X) = Nr(X) =
[Rr(X) for any subset X of R. It is easy to see that for any subset X C R, Ng(X) is an ideal of R in case nil(R)
is an ideal.
Given aring R, we define

NAnng(2®) = {Ngr(U) | U C R}
and
N Anngpan QMY = (Ngpan (V) | V € RIM1).

For an element « € R[M], C,, denotes the set consisting of coefficients of « and for a subset V of R[M], Cy
denotes the set Uyey Cy.

Theorem 3.1 Let M be a monoid and R an M-Armendariz N1 ring. Then
¥ 2 NAnng(2®) — N Anngppn RM)
defined by (1) = I[M] for every I € N Anng(2%) is bijective.

Proof As usual we shall identity R with the subring R - ¢ € R[M] and identity M with 1 - M C R[M].

Let I = Ngr(U) € NAnng(2R) where U C R. We show that I[M] = Ng(U)[M] = Ngim(U). For any
o =aig+axgr+ -+ aygy € NrR(U)[M] and any u € U, we have ua; € nil(R) forall 1 <i < n. Then
uo € nil(R)[M]) and so uc € nil(R[M]) by Corollary 2.16. Hence Ng(U)[M] € Ngmj(U). Conversely,
letow = ajgr +axga + -+ angn € Nrpay(U). Then ua = uay g1 + uaxgs + - - - +uapg, € nil(R[M])
for all u € U. Then by Corollary 2.16, we obtain ua; € nil(R) for all 1 <i < n. Thus aq; € Ng(U) for all
I <i <nandsoa € Nr(U)[M].Hence Ny (U) € Nr(U)[M], andso Ngipy(U) = Nr(U)[M] = I[M].
Therefore, ¥ is well defined.

Suppose there exist U € R and U’ C R such that I = Ng(U) € NAnng(2®), and I' = Ng(U’) €
NAnng(2®) and I # I'. Then it is easy to check that /[M] # I'[M]. Hence v is injective.

Now it is only necessary to show that v is surjective. Let « = ajg1 +axg2 + -+ - + angn € Nrmj(V)
with Ngiar)(V) € NAnngp(2RIM)). Then we have o € nil(R[M]) = nil(R)[M] for any B = b1hy +
byhy + - -byhy, € V. Thus bja; € nil(R) forall1 <i <mand1 < j < n since M-Armendariz rings are
M-nil-Armendariz. Hence a; € Ng(Cy) forall 1 < j < n, and so o € Nr(Cy)[M]. Now it is easy to see
that Npipm (V) = Nr(Cy)[M] = ¥ (Ng(Cy)). Therefore, v is surjective. O

By [15], a ring R is said to be a nilpotent p.p.-ring if for any element p ¢ nil(R), we have Ng(p) is
generated as a right ideal by a nilpotent element.

Theorem 3.2 Let M be a monoid and R an M-Armendariz N1 ring. If R is a nilpotent p.p.-ring, then so is
R[M].

Proof By Corollary 2.16, we have nil(R[M]) = nil(R)[M].Leta = a1g1+axg>+---+angn € nil(R[M]),
and B = bihy 4+ bahy + - -+ + byyhyy € Npmy(a). Then o € nil(R[M]) = nil(R)[M]. Thus we have
a;b; € nil(R)foreachi, j since R is M-nil-Armendariz by Theorem 2.3. Since o ¢ nil(R[M]) = nil(R)[M],
there exists some 1 < i < n such that a; ¢ nil(R). So there exists some ¢ € nil(R) such that Ng(a;) =c- R
because R is a nilpotent p.p.-ring. Now we show that Ngriyj(a) = ce - R[M]. Since bj € Ng(a;) for
alll < j <m,bj = crj withr; € R. Hence B = ce(rihy +r2ha + -+ + rphy) € ce - R[M], and so
Ngm(@) € ce-R[M]. Conversely, forany y = viej+uvaex+---+vpe, € R[M],sincec € nil(R) andnil(R)
of an N1 ring is an ideal, we obtain a;cv; € nil(R) foreachi, j,andsoa-ce-y € nil(R)[M] = nil(R[M]).
Hence we obtain ce - R[M] € Ngim(«). Therefore, Ngiy(o) = ce - R[M] where ce € nil(R[M]). O

Theorem 3.3 Let M be a monoid and R an M -Armendariz NI ring. If for any nonempty subset X Z nil(R),
Ngr(X) is generated as a right ideal by a nilpotent element, then for any nonempty subset U € nil(R[M)),
Nprim(U) is generated as a right ideal by a nilpotent element.
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Proof Let U be anonempty subset of R[M]with U & nil(R[M]). Suppose 8 = bihi+bha+---+byhy, €
Ngim(U). Then af € nil(R[M]) = nil(R)[M] for eacha = a1g1 +axg> +--- +angn € U. Thus a;b; €
nil(R) for each 7, j since R is M-nil-Armendariz by Theorem 2.3. Hence b; € Ng(Cy) foreach1 < j < m.
If Cy C nil(R), then U C nil(R)[M] = nil(R[M]), a contradiction. Thus there exists ¢ € nil(R) such that
Ngr(Cy) = c- R. Now we show that Ng(y(U) = ce- R[M]. Since b; € Nr(Cy) =c-Rforall1 < j <m,
thereexistsr; € Rsuchthatb; = crjforalll < j < m.Hence B = ce(rihy+r2ho+---+rphy) € ce-R[M],
and so Ngiy(U) € ce - R[M]. Conversely, for any y = vie; + v2ex + --- + vpep, € R[M], and any
o = aigr +axg+ -+ apgn € U, since ¢ € nil(R) and nil(R) of an NI ring is an ideal, we obtain
ajcvj € nil(R) foreachi, j,andsoa-ce-y € nil(R)[M] = nil(R[M]) by Corollary 2.16. Hence we obtain
ce - RIM] € Ngim(U). Therefore, Ny (U) = ce - R[M] where ce € nil(R[M]). O

Using the same method in the proof of Theorem 3.2 or Theorem 3.3, we obtain the following result:

Theorem 3.4 Let M be a monoid and R an M -Armendariz NI ring. If for any principally right ideal p - R £
nil(R), Nr(p - R) is generated as a right ideal by a nilpotent element, then for any principally right ideal
o - RIM] € nil(R[M]), Nrim (o - RIM]) is generated as a right ideal by a nilpotent element.

Theorem 3.5 Let M be a u.p.-monoid and R a 2-primal ring. Then we have the following:

(1) If R is anilpotent p.p.-ring, then so is R[M].

(2) If for any nonempty subset X Z nil(R), Nr(X) is generated as a right ideal by a nilpotent element, then
Sfor any nonempty subset U £ nil(R[M]), Nrim(U) is generated as a right ideal by a nilpotent element.

(3) If for any principally right ideal p - R  nil(R), Nr(p - R) is generated as a right ideal by a nilpotent
element, then for any principally right ideal o - RIM] € nil(R[M]), Nrim(« - R[M]) is generated as
a right ideal by a nilpotent element.

Proof Tt is trivial. O

Corollary 3.6 Let M be a strictly totally ordered-monoid and R a 2-primal ring. Then we have the following:

(1) If R is a nilpotent p.p.-ring, then so is R[M].

(2) Iffor any nonempty subset X & nil(R), Nr(X) is generated as a right ideal by a nilpotent element, then
for any nonempty subset U € nil(R[M]), Nrim(U) is generated as a right ideal by a nilpotent element.

(3) [Iffor any principally right ideal p - R  nil(R), Nr(p - R) is generated as a right ideal by a nilpotent
element, then for any principally right ideal o - RIM] & nil(R[M]), Nrim(a - R[M]) is generated as
a right ideal by a nilpotent element.
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