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Abstract In this paper we study the warped product submanifolds of a Lorentzian paracosymplectic manifold
and obtain some nonexistence results. We show that a warped product semi-invariant submanifold in the form
M = M+ x y M of a Lorentzian paracosymplectic manifold such that the characteristic vector field is normal
to M is a usual Riemannian product manifold where totally geodesic and totally umbilical submanifolds of
warped product are invariant and anti-invariant, respectively. We prove that the distributions involved in the
definition of a warped product semi-invariant submanifold are always integrable. A necessary and sufficient
condition for a semi-invariant submanifold of a Lorentzian paracosymplectic manifold to be warped product
semi-invariant submanifold is obtained. We also investigate the existence and nonexistence of warped product
semi-slant and warped product anti-slant submanifolds in a Lorentzian paracosymplectic manifold.
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1 Introduction

Warped product manifolds were introduced by Bishop and O’Neill [7] in 1969 as a generalization of Rie-
mannian product manifolds. Warped products play some important roles in differential geometry as well as
physics.
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The geometry of slant submanifolds has shown an increasing development in the last two decades. The
theory of slant immersions in complex geometry was introduced by Chen [12,13] as a generalization of both
holomorphic and totally real submanifolds. Later slant submanifolds have been studied by many geometers in
various manifolds.

In 1996, Lotta [24] introduced the notion of slant submanifolds of an almost contact metric manifold. In
[10,11] the authors studied and characterized slant submanifolds of K-contact and Sasakian manifolds.

On the other hand, in [5] Bejancu initiated the study of CR-submanifolds of an almost Hermitian manifold
by generalizing invariant and anti-invariant submanifolds. Bejancu and Papaghiuc [6] extended this concept
to submanifolds of almost contact metric manifolds and they called such submanifolds as semi-invariant
submanifolds.

Recently, the study of semi-slant submanifolds was initiated by N. Papaghiuc as a generalization of CR-
submanifolds [30]. In [9] Cabrerizo et al. defined and studied a contact version of semi-slant submanifolds
(see also [1,20,23]).

Chen [14,15] initiated the study of CR-warped product in Kaehlerian manifolds and proved some nonexis-
tence theorems for warped product CR-submanifolds of Kaehlerian manifolds. Hasegawa and Mihai [19] and
Munteanu [26] studied the warped product contact CR-submanifolds in Sasakian manifolds.

As a generalization of warped product CR-submanifolds warped product semi-slant submanifolds are very
important in differential geometry. Since every structure on a manifold may not allow defining warped product
semi-slant submanifolds, the existence and nonexistence of these submanifolds are basic problems to study.
In [33] Sahin proved the nonexistence of semi-slant warped product submanifolds of a Kaehler manifold. In
[21] the authors studied the warped product submanifolds of a cosymplectic manifold which is locally product
of a Kaehler manifold and a one dimensional manifold. Warped product semi-slant submanifolds in locally
Riemannian product manifolds and Kenmotsu manifolds were studied by Atceken [2,3], respectively.

An almost paracontact structure (¢, &, 1)) satisfying > = I —n ® & and n(£) = 1 on a differentiable
manifold, was introduced by Satd [35]. The structure is an analogue of the almost contact structure [8,34]
and is closely related to almost product structure (in contrast to almost contact structure, which is related to
almost complex structure). An almost contact manifold is always odd-dimensional but an almost paracontact
manifold could be even-dimensional as well. In an almost paracontact manifold defined by Satd, the metric is
always a Riemannian metric. In addition, in 1989, Matsumoto [27] replaced the structure vector field & by — &
in an almost paracontact manifold and associated a Lorentzian metric with the resulting structure and called it a
Lorentzian almost paracontact manifold. Later on several authors studied Lorentzian almost paracontact man-
ifolds, their different classes, such as Lorentzian paracosymplectic manifolds and Lorentzian para-Sasakian
manifolds (see [25,31]) and their submanifolds (see [16,17,22,32,36,37]).

In [4], the author studied the warped product semi-invariant submanifolds in almost paracontact Riemann-
ian manifolds.

In this paper we study warped product submanifolds of a Lorentzian paracosymplectic manifold and obtain
to some nonexistence results. Section 2 is devoted to some basic definitions. In Sect. 3, we show that there
does not exist a proper warped product submanifold in the form M = N; x s N> in a Lorentzian paraco-
symplectic manifold such that the characteristic vector field £ is tangent to N;. In Sect. 4, we study warped
product semi-invariant submanifolds of a Lorentzian paracosymplectic manifold and give an example. We
prove that the distributions involved in the definition of a warped product semi-invariant submanifold are
always integrable. Also we obtain a necessary and sufficient condition for a semi-invariant submanifold of a
Lorentzian paracosymplectic manifold to be warped product semi-invariant submanifold in terms of the shape
operator. In Sect. 5, we show that there exist no proper warped product semi-slant submanifolds in the form
M = N1 x 7 Ng (resp., M = Ny x y N1) with & belonging to N1 (resp., § belonging to Ny) of a Lorentzian
paracosymplectic manifold where N7 is an invariant submanifold and Ny is a proper slant submanifold of the
ambient manifold. The last section contains some nonexistence results for the proper warped product anti-slant
submanifolds of a Lorentzian paracosymplectic manifold.

2 Preliminaries
Let M be an m-dimensional differentiable manifold equipped with a triple (¢, &, ), where ¢ is a (1, 1) tensor
field, & is a vector field, n is a 1-form on M such that [27]

nE) =-1, (2.1
' =1+nQE, 2.2)
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where I denotes the identity map of Tpﬁ and ® is the tensor product. Equations (2.1) and (2.2) imply that
nop =0, ¢&=0, rank(p) =m — 1. (2.3)

Then M admits a Lorentzian metric g, such that, for all X, Y € x (M),

8@X, oY) =g(X,Y) +n(X)n(¥), 24
and M is said to admit a Lorentzian almost paracontact structure (¢, £, 17, g). Then we get
8(X,§) = n(X), (2.5)
(X, Y) =g(X,9Y) =g(@X,Y) =2, X), (2.6)
(Vx®)(Y, Z) = g(Y. (Vxp)Z) = (VxP)(Z,Y), (2.7)

where V is the covariant differentiation with respect to g. It is clear that Lorentzian metric g makes £ a timelike
unit vector field, i.e, g(£, £) = —1. The manifold M equipped with a Lorentzian almost paracontact structure
(9, &, n, g) is called a Lorentzian almost paracontact manifold (for short, LAP-manifold) [27,28].

In Equations (2.1) and (2.2) if we replace £ by —&, we obtain an almost paracontact structure on M defined
by Sato [35].

A Lorentzian almost paracontact manifold endowed with the structure (¢, &, 1, g) is called a Lorentzian
paracontact manifold (for short LP-manifold) [27] if

1 — _
QX Y) = S(VxmY + (VymX). (2.8)

A Lorentzian almost paracontact manifold endowed with the structure (¢, &, n, g) is called a Lorentzian
para-Sasakian manifold (for short, LP-Sasakian) [27] if

(Vx@)Y = n(N)X + g(X, Y)§ + 2n(X)n(Y)§. (2.9)

In a Lorentzian para-Sasakian manifold the 1-form 7 is closed and Vx& = ¢ X, for any X € x (M).
A Lorentzian almost paracontact manifold is called a Lorentzian paracosymplectic manifold [31] if

Vo =0. (2.10)
A Lorentzian paracosymplectic manifold is locally isometric to the Lorentzian manifold
(M=RxM"'xM ,g=—dt>*+ g4 +g_), (2.11)
which is a direct product of the real line and Riemannian manifolds M and M ~. Moreover, if we put
§=0, n=-—dt, ¢=Idry, —ldru_,

then it can be easily shown that the structure (¢, &, ) is a paracosymplectic structure on the Lorentzian
manifold given by (2.11).

Let M be an isometrically immersed submanifold of a Lorentzian almost paracontact manifold M. We
denote the Levi—Civita connections on M and M by V and V, respectively. Then the Gauss and Weingarten
formulae are given by:

VxY =VxY +h(X,Y), (2.12)
VxN = —AyX + VN, (2.13)

forany X,Y e I'(TM) and N € (T M™), where V1 is the connection in the normal bundle T M=, h is the
second fundamental form of M and Ay is the shape operator. The second fundamental form 4 and the shape
operator Ay are related by:

8(ANX,Y) = g(h(X,Y), N), (2.14)

where the induced Riemannian metric on M is denoted by the same symbol g.
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__ Consider that M is an isometrically immersed submanifold of a Lorentzian almost paracontact manifold
M.Forany X € I'(TM) and N € I'(TM™1), we put

X =tX +nX, (2.15)
¢N = BN + CN, (2.16)

where t X (resp., nX) is tangential (resp., normal) part of ¢ X and BN (resp., CN) is tangential (resp., nor-
mal) part of ¢ N. The submanifold M is called an invariant submanifold if n is identically zero, that is,
pX =tX e I'(TM) for any X € I'(TM). On the other hand, M is called an anti-invariant submanifold if ¢
is identically zero, thatis, X =nX € [(TM%) for any X € I'(TM).

From (2.6) and (2.15), one can easily see that

8(X, 1Y) =g(X,Y), 2.17)

forany X,Y e I'(TM).

Now, assume that M is an isometrically immersed submanifold of a Lorentzian almost paracontact mani-
fold M such that the characteristic vector field £ belongs to the tangent bundle of the submanifold. Then M is
said to be a semi-invariant submanifold [6] if it is endowed with the pair of orthogonal distribution (D, D)
satisfying the conditions

(i) TM =D& D& (£),
(i1) the distribution D is invariant under ¢, i.e., p(D) = D,
(iii) the distribution D is anti-invariant under ¢, i.e., (DY) C TM*.

Let M be an isometrically immersed submanifold of a Lorentzian almost paracontact manifold
(M, @, &, 1, g) such that the characteristic vector field & is tangent to M. Hence, if we denote by D the
orthogonal distribution to & in 7 M, we can consider the orthogonal direct decomposition TM = D @ (§). In
this case, it is obvious that g(X, X) > 0 for any vector field X # 0 in D. For each nonzero vector X tangent
to M at the point p € M such that X is not proportional to &,,, we denote by 6 (X) the angle between ¢ X and
T, M. Since 9§ = 0, 0 agrees with the angle between ¢ X and D,. Then M is called slant submanifold if the
angle 6(X) is constant, which does not depend on the choice of p € M and X € T,M — (§,). The constant
angle 6 is then called the slant angle of M in M. The invariant and anti-invariant submanifolds of a Lorentzian
almost paracontact manifold are slant submanifolds with # = 0 and & = 7, respectively. A slant submanifold,
which is neither invariant nor anti-invariant is said to be a proper slant submanifold.

A useful characterization of slant submanifolds in a Lorentzian almost paracontact manifold is given in
the following.

Theorem 2.1 Let M be an immersed submanifold of a Lorentzian almost paracontact manifold (M, ¢, &, 17, g)
such that & € T'(TM). Then M is slant if and only if there exists a constant A € [0, 1] such that

*=rI+n®E). (2.18)
Furthermore, in such case, if  is the slant angle of M, then A = cos> 0 [22].
As an immediate consequence of Theorem 2.1 and (2.17) we have:

Corollary 2.2 Let M be a slant submanifold of a Lorentzian almost paracontact manifold (M, ¢, &, 1, g) with
Eel(TM). Then

g(tX, 1Y) = cos2{g(X, Y) + n(X)n(Y)}, (2.19)
g(nX,nY) = sin?0{g(X, Y) + n(X)n(¥)}, (2.20)

forall X,Y € T'(T M), where 0 is the slant angle [22].

Furthermore, let M be a submanifold of a Lorentzian almost paracontact manifold M suchthaté € I'(TM).
If there exist two differentiable distributions D and D, on M such that TM = Dy & Dy & (£), D1 is an
invariant (resp., anti-invariant) distribution and D; is a slant distribution with the slant angle 8 # 0, then
M is called a semi-slant (resp., anti-slant) submanifold of M [30]. Particularly, if dim D; = 0 and 6 # %
then a semi-slant submanifold reduces to a proper slant submanifold. Thus, semi-slant submanifolds can be
considered as a generalization of slant submanifolds.
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Let M be a semi-slant submanifold of a Lorentzian paracosymplectic manifold. By using Gauss—Weingar-
ten formulae, (2.14) and (2.16) in (2.10) we have:

(Vxt)Y = A,y X + Bh(X,Y) (2.21)
and
(Vxn)Y = Ch(X,Y) — h(X, 1Y), (2.22)
forall X, Y e I'(T M). Here, the covariant derivatives of # and n are defined by:

(Vxt)Y =VxtY —tVyxY,
(Vxn)Y = VynY —nVxY.

3 Warped and doubly warped submanifolds

The notion of warped product manifolds was introduced by Bishop and O’Neill [7]. Let (B, gp) and (F, gr) be
two semi-Riemannian manifolds and b : B — (0, co) be a smooth function. The warped product M = B x;, F
of B and F is the product manifold B x F with the metric tensor
g =gpdbgr,
given by
g(X.Y) = gp(dn(X).dn(Y)) + (bom)’gr(do(X),do(Y)),

where X, Y e '(T(B x F))andrw : Bx F — Bando : B x F — F are the canonical projections.
For warped product manifolds we have the following proposition [29].

Proposition 3.1 Let M = B xj, F be a warped product manifold. If X,Y € I'(TB) and U,V € I'(T F) then

(i) VxY e I'(TB),
(i) VxU = VyX = X(nb)U,
(ii) VyV =V, V —¢g(U, V)grad(Inb),

where V and V' denote the Levi—-Civita connections on M and F, respectively.
In this case B is totally geodesic in M and F is totally umbilical in M [29].

As a generalization of the warped product of two semi-Riemannian manifolds, doubly warped product
manifolds were introduced by Ehrlich [18]. A doubly warped product of semi-Riemannian manifolds (B, gg)
and (F, gr) with warping functions b : B — (0,00) and f : F — (0, 00) is a product manifold B x F
endowed with a metric tensor

g=f2gp ®b’gr.
More explicitly, if X, Y € I'(T (B x F)) then
(X, Y) = (f 0o0)gp(dn(X),dn(Y)) + (bon)gr(do(X),da(Y)),

where w : B x F — Bando : B x F — F are the canonical projections. We denote the doubly warped
product of semi-Riemannian manifolds (B, gg) and (F, gr) by B x; F. If either b = 1 or f = 1, but not
both, then B x; F becomes a warped product of semi-Riemannian manifolds B and F. If both » = 1 and
f =1, then we have a product manifold. If neither b nor f is constant, then we have a proper (nontrivial)
doubly warped product manifold (see also [38]).

In this case we have

VxU =X(Mnb)U +U(n f)X, 3.1

forany X e I'(TB)and U € ['(TF) [38].
Now, we first give a useful lemma for later use.
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Lemma 3.2 Let M be an immersed submanifold of a Lorentzian paracosymplectic manifold (M, ¢, £, 1, g)
such that & € I'(TM). Then we have

Vyé =0, (3.2)
h(X,&) =0, (3.3)

forall X e T'(TM).
Proof Since M is a Lorentzian paracontact manifold, by using (2.10) we get

Vx& =0, (3.4)
for any X € I'(T M). From Gauss formula in the last equation we complete the proof. O

Let us consider a doubly warped product of two semi-Riemannian manifolds N; and N, embedded into

a Lorentzian paracosymplectic manifold (M, ¢, &, g) with the characteristic vector field £ belonging to the
submanifold M = ,N| x 5 Na.

Theorem 3.3 Let M = 7, N X g, N2 be a doubly warped product submanifold of a Lorentzian paracosym-
plectic manifold (M, ¢, £, g). Then

(1) f1is constant if &€ € I'(T N>),
(i1) f2is constant if ¢ € I'(T Ny).

Proof (1) Assume that & € I'(T N;). Then for any X € I'(T Ny) from (3.1) and (3.2) we get

X(In f1)§ +&(n f2)X =0.

This implies that X (In f1) = 0, VX € I'(T N1). Hence f} is constant.
(i) Similarly, for £ € I'(TNy) and Z € I'(T N,) we have

&(In f1)Z + Z(In f2)§ = 0,
which implies that f> is constant. This completes the proof. O
As an immediate consequence of the above theorem we have the following:

Corollary 3.4 There does not exist a proper warped product submanifold M = N| X y N, in a Lorentzian
paracosymplectic manifold (M, ¢, €, 1, g) such that £ is tangent to N».

Let M = N x y N3 be a proper warped product submanifold of a Lorentzian paracosymplectic manifold
(M, ¢, &, g) such that £ € I'(T M). Then we can write

§=6&6+&, § €l (TN, &§ el(TNy). (3.5)

From (3.2) we have
Vxé =0, VX eI (TN)), (3.6)
VzE =0, VZ eT'(TNy). (3.7

By using (3.5) and Proposition 3.1 in (3.6) we get
X(n f)& = 0. (3.8)

Since M is a proper warped product submanifold, (3.8) implies that &, = 0. Similarly, from (3.5), (3.6) and
Proposition 3.1 we get

¢(Z, &)grad(In ) =0, VZ e [(TN>). (3.9)

Since grad(In f) cannot be zero, then g(Z, &) = 0,VZ € I'(T N»), which implies that & = 0.
Thus we have proved the following:
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Corollary 3.5 There does not exist a proper warped product submanifold M = N| X y N, in a Lorentzian
paracosymplectic manifold (M, ¢, £, 1, g) such that &€ have both T N1 and T N> components.

Now, to study the warped product submanifolds M = N x y N> with the structure vector field§ € I'(T Ny),
we shall give some useful formulae.

Lemma 3.6 Let M = Ny X y N3 be a proper warped product submanifold of a Lorentzian paracosymplectic
manifold (M, ¢, £, 1, ) such that & € T'(T Ny). Then we have

£(In f) = 0, (3.10)

AnzX = —Bh(X, Z), (3.11)
g(h(X,Y),nZ) = —g(h(X, Z), nY), (3.12)
g(h(X, W), nZ) = —g(h(X, Z), nW), (3.13)

forany X,Y e I'(TNy) and Z, W € I'(T N>).

Proof From (3.2) and Proposition 3.1, Equation (3.10) is obvious. By using (2.10) and Proposition 3.1,
we have

X(n f)tZ +h(X,tZ) — ApzX +VynZ = X(In f)tZ +nVxZ
+Bh(X,Z) + Ch(X, Z)
and therefore
h(X,tZ) — AuzX + VinZ = Bh(X, Z) + Ch(X, Z), (3.14)

forany XeI'(T'N1) and Z € T'(T N;). From the tangential parts of (3.14) we get (3.11). By taking the product
in (3.11) by Y € I'(TNy) and W € I'(T N>), we obtain (3.12) and (3.13), respectively. This completes the
proof. O

4 Warped product semi-invariant submanifolds

Now, we shall investigate the warped product semi-invariant submanifolds of Lorentzian paracosymplectic
manifolds.

Theorem 4.1 Let M = Mt X ¢ M, be a warped product semi-invariant submanifold of a Lorentzian par-

acosymplectic manifold (M, ¢, &, g) such that My is an invariant submanifold, M| is an anti-invariant
submanifold of M and & € T'(T M*Y). Then M is an usual Riemannian product manifold.

Proof From Proposition 3.1, Gauss formula and (2.4) we have
§(VxZ, W) = g(VzX, W) = g(VzX, W) = g(¢VzX, pW),

for any X € ['(TM~) and Z, W € I'(T M ). Since M is a Lorentzian paracosymplectic manifold, by using
Gauss—Weingarten formulae, (2.14) and Proposition 3.1 in the last equation we get

X(In f)g(Z, W) = g(VzpX, oW) = g(h(Z, 9 X), o W)
=g(Vpx Z,pW) = g(Vyx9Z, W)
= —g(ApzpX, W) = —g(h(pX, W), 9pZ)

= —g(choX, 9Z) = —f(wﬁwX, ®Z)
= —¢(VwX, 2) = —g(VxW, 2)
=—X(n f)g(W, 2),

which implies that
X(In f)g(W, Z) = 0.

This completes the proof. O

Springer



384 Arab J Math (2012) 1:377-393

Theorem 4.2 Let M = Mt x s M, be a warped product semi-invariant submanifold of a Lorentzian par-

acosymplectic manifold (M, ¢, &, g) such that Mt is an invariant submanifold, M| is an anti-invariant
submanifold of M and & € T (T M ). Then M is a Lorentzian product manifold.

Proof Choose X € I'(T M) and note that £ € I'(T M ). From Proposition 3.1 and (3.2) we have
Vx§ =VeX = X(In /)§ =0,
which implies that f is constant. This completes the proof. O

Now we give an example for a submanifold of a Lorentzian paracontact manifold in the form M =
M, x¢ M.

Example 4.3 Let M be the 5-dimensional real number space with a coordinate system (x1, X2, y1, y2, 2). If
we define

g = (dx)* + (dy;))* —n®n,

on M, then (¢, £, 1, g) becomes a Lorentzian almost paracontact structure in M.
Now, assume that M is an immersed submanifold of M given by

Q(,0,B,u) = (vcosh, vsinb, vcos B, vsin f, \/Eu).
Then one can easily see that the tangent bundle of M is spanned by the vectors

Wi = (cos @, sin6, cos B, sin 8, 0),
Wy = (—vsinf,vcosb,0,0,0),
W3 = (0,0, —vsin 8, vcos 8, 0),
Wi = (0,0,0,0,v2).

On the other hand, since

oW = (cos b, sinf, —cos 8, —sin 3, 0),
eWp = (—vsinf, vcosb,0,0,0),

W3 = (0,0, vsin 8, —vcos 8, 0),

W4 =(0,0,0,0,0),

then ¢ W1 and ¢ Wy are orthogonal to M, ¢ W> and ¢ W3 are tangent to M and we can take
D1 = Span{W,, W3} and D, = Span{W;, W4}.

In this case, D; is an invariant distribution and D, is an anti-invariant distribution in M. Thus M becomes a
semi-invariant submanifold. Moreover, the induced metric tensor of M is given by:
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20 0 0
1020 0
£=1o00 2o |

00 0 -2

that is,

g = 2(dv? — du®) + v*(d6* + dB?) = 2gm, + v’ gum .

Thus M is a warped product semi-invariant submanifold of M with warping function f = v?.

Let M = M, xy M~ be a warped product semi-invariant submanifold of a Lorentzian almost parac-
osymplectic manifold, where M is an anti-invariant submanifold and M is an invariant submanifold of
M.

Now, we investigate the geometric properties of the leaves of the warped product semi-invariant submani-
folds of a Lorentzian paracosymplectic manifold.

Theorem 4.4 Let M = M| X y Mt be a warped product semi-invariant submanifold of a Lorentzian parac-
osymplectic manifold (M, ¢, £, g). Then the invariant distribution D1 and the anti-invariant distribution D»
are always integrable.

Proof From (2.10), Gauss formula, (2.15), (2.16) and Proposition 3.1 we have

vxgﬂU =(p§xU
VxtU + h(X,tU) =tVxU +nVxU + Bh(U, X) + Ch(U, X) 4.1)
X(n f)tU +h(X,tU) = X(In f)tU + Bh(U, X) + Ch(U, X),

forany X € I'(Dy), U € I'(Dy). By equating the tangential and the normal components of (4.1) we obtain

Bh(X,U)=0 4.2)
and
h(X,tU) = Ch(X, U). (4.3)
From (2.21) and (4.2) we have
ApxU = —X(In f)HtU. 4.4)

Since the distribution D is totally geodesic in M and it is anti-invariant in M, then from Gauss—Weingarten
formulae we have:

?x(pY = (p?xY
VynY = ¢VxY + oh(X,Y) 4.5)
—Any X + VinY = tVxY +nVxY + Bh(X,Y) + Ch(X,Y),
forany X, Y € I'(D>). By equating the tangential parts of the last equation we get
ApyX = —Bh(X,Y). (4.6)
By changing the role of X and Y in (4.6) we obtain
Apy X = ApxY. 4.7
Furthermore, since A is self-adjoint from Gauss formula and (2.6) we have
g(AnXY’ Z) = g(h(Yv Z)v }’lX)
=g(VzY, ¢X)
=g(VzeY, X)
=—8(AwZ, X)
= —g(Anr X, Z2), (4.8)
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forany X, Y € I'(D»), Z € I'(Dy). From (4.6) to (4.8) we obtain
A,xY =0 and Bh(X,Y)=0. 4.9)
On the other hand for any U, V € I'(D;) we have

VueV =¢VyV

VUIV = oVyV 4+ h(U,V)
h(U,tV)+ VgtV = go(VbV —g(U, V)grad(In f)) + Bh(U, V) + Ch(U, V)
h(U,tV)+ VytV = t(V;]V) —gWU, V)n(grad(In f)) + Bh(U, V) + Ch(U, V).

By equating the tangential and normal parts of the last equation we get

VitV — gV, U)grad(In f) = 1(V, V) + Bh(U, V) (4.10)
and
h(U,tV) = —g(U, V)n(grad(In f)) + Ch(U, V). (4.11)
(4.11) implies that
h(U,tV)=h(V,tU). (4.12)

Finally, from (2.22), (4.12) and the symmetry of & we have

n([V,U]) =n(VyU — VyV)

= VinU — (Vyn)U — VinV + (Vyn)V

= (Vyn)V — (Vyn)U

=ChU,V)—-hU,tV)—Ch(V,U)+ h(V,tU)

=0,

which implies that [V, U] € I"'(Dy).
By a similar way, from (2.21) and (4.7) we get
1([X,Y]) =1(VxY — VxY)

= VxtY — (Vxt)Y — VytX + (VyH)X
= (Vy)X — (Vx1)Y
= A,xY +Bh(Y,X)— A,yX — Bh(X,Y)
=0.

Thus [X, Y] € T'(Dy) for any X, Y € I'(D>). This completes the proof. O

Since the distributions Dy and D, are always integrable, we denote by M+ and M the integral submani-
folds of D and D;, respectively.

Theorem 4.5 Let M be a submanifold of a Lorentzian paracosymplectic manifold (M, ¢, £, g). Then M is a
semi-invariant submanifold if and only if nt = 0.

Proof Let M be a semi-invariant submanifold of a Lorentzian paracosymplectic manifold (M, ¢, £, 1, g). We
denote the orthogonal projections on the invariant distribution D and the anti-invariant distribution D, by P
and P,, respectively. Then we have:

Pi+Pr=1, (P)*=P, (P)’=P, PP=PP =0 (4.13)
If the characteristic vector field £ is tangent to M, then from

X + n(X)& = t>X + BnX

0=ntX +CnX
0=tBZ+ BCZ
Z =nBZ +C?Z, (4.14)
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forany X € ['(TM), Z € T(T M'). By using (2.15) we can write:
tX+nX=tPIX+tPhhX+nPiX+nhPX,
for any X € I'(T M). By equating the tangential and normal parts of the last equation we get:

tX =tPiX+tPX,
nX =nPiX+nbkP)X. (4.15)

Since D is invariant and D, is anti-invariant, we get

nPi=0 and tP, =0.
Thus from (4.15) we have:

tPp=t and nP, =n,
which implies that

ntX =nkPitX =nkPytP1X =0,
for all X € I'(TM). From the last equation and the second equation of (4.14) we also get
Cn=0. (4.16)

Conversely, assume that M be a submanifold of a Lorentzian paracosymplectic manifold (M, ¢, £, 1, g)
satisfying nt = 0. From (2.4), (2.6) and the second equation in (4.14) we have:

gX,02) = g(pX, Z)
g(X,BZ)=gnX,Z7)
gX,pBZ) = g(pnX, Z)
g(X,tBZ) = g(CnX,Z) =0,

forall X € T(T M), Z € T (T M™1Y). It is obvious from the last equation that B = 0 and so by using (4.14) we
get BC = 0. Moreover, from (4.14) we also have:

3=t and C*=C. 4.17)
By putting
Pi=t> and Py=1—1, (4.18)
we obtain
Pi+Py=1 (P)’=P, (P)>=Py, PPy=PP =0,

which implies that Py and P, are orthogonal complementary projections defining complementary distributions
D1 and D,. Since it is assumed that nt = O then from (4.17) and (4.18) we conclude

tPp=t, tP,=0,
PytPy =0, nP; =0,

which implies that D is an invariant distribution and D> is an anti-invariant distribution. This completes the
proof. O

Theorem 4.6 Let M be a semi-invariant submanifold of a Lorentzian paracosymplectic manifold (M, ¢, £, g).
Then M is a warped product semi-invariant submanifold if and only if the shape operator of M satisfies

ApxU = —X(weU, X el'(Dy),U eT'(Dy), 4.19)
for some function  on M such that W(u) =0, W € I'(Dy).
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Proof Let M = M x y M~ be awarped product semi-invariant submanifold of a Lorentzian paracosymplectic
manifold. From (4.4) we have:

AgxU = —X(n f)gU,

forany X € I'(Dy) and U € I'(Dy). Since f is a function on M , putting u = In f implies that W (x) = 0,
for all W € I'(Dy). o

Conversely, let M be a semi-invariant submanifold of M and u be a function on M satisfying (4.19) such
that W(u) = 0, for all W € I'(Dy). Since M is a Lorentzian paracosymplectic manifold, from (4.9) we have:

g(VxY,oV) = g(VxY,9V) = g(VxeY, V) = —g(A,y X, V) = 0,

forany X,Y € I'(Dy) and V € I'(Dy). So, the anti-invariant distribution D is totally geodesic in M. On the
other hand from (4.4) we have:
g(VuV, X) = g(VuV, X) = —g(V,VyX)

= -8V, VypX) = —g(V,VywX)
8(AuwxU, V)
—g(X(wWeU, V)

=—-X(wgW,V),
for any U, V € I'(D1) where i = In f. Since the distribution D of M is always integrable and W () = 0
for all W e I'(T M) then the integral submanifold of D; is a totally umbilical submanifold in M and its
mean curvature vector field is nonzero and parallel. Since a warped product manifold M = M| x; M

is characterized by the fact that M and M~ are totally geodesic and totally umbilical submanifolds of M,
respectively, we complete the proof. O

5 Warped product semi-slant submanifolds

Let M be a warped product semi-slant submanifold of a Lorentzian paracosymplectic manifold (M, ¢, £, g).
From Corollary 3.4, there do not exist warped product semi-slant submanifolds N x y Ng with & € I'(T Ng)

and Ng x ¢ Nt with § € I'(T Nt) of M where Nt is an invariant submanifold and Ny is a proper slant
submanifolds of M. Thus we have the following two cases:

(i) M =Nt xy Ngwithé € I'(TNry),
(i) M = Ng xy N1 with & € I'(T Np).

Theorem 5.1 There do not exist proper warped product semi-slant submanifolds M = Nt X r Ny of a Lo-

rentzian paracosymplectic manifold (M, ¢, £, 1, ) such that NT is an invariant submanifold, Ny is a proper
slant submanifold of M and & € I'(T NT).

Proof Let M = Nt Xy Ny be a proper warped product semi-slant submanifold of a Lorentzian paraco-

symplectic manifold (M, ¢, £, 5, g) such that £ € I'(T N1). From (2.10), Gauss formula, (2.15), (2.16) and
Proposition 3.1 we have

tX(n £)Z +h(Z,tX) = X(In f)tZ + X(In f)nZ
+Bh(Z, X) + Ch(Z, X), (5.1)

forany X € I'(T NT1) and Z € I'(T Ng). Equating the tangential and normal parts of (5.1) we get
tX(n /YZ=X(Un /HtZ+ Bh(Z, X) (5.2)
and
h(Z,tX)=X(n f)nZ+ Ch(Z, X). (5.3)
On the other hand by virtue of (3.13) we have
gh(X,Z),nZ) =0, 54
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which implies that
0=2g((X,2),9Z) =g(ph(X,Z),Z) = g(Bh(X, Z), Z),
forall Z € I'(T Ny). Thus we get
Bh(X,Z) e I'(TNT). (5.5)
From (5.2) we can write:
tX(n fg(Z,tZ)=X(n f)gtZ,tZ) + g(Bh(Z, X), tZ).
By using (2.19) and (5.5) in the last equation above we get
tX(In f)g(Z,tZ) = (cos* )X (In f)g(Z, Z). (5.6)
Moreover, from Proposition 3.1 we have

X(In f)g(Z.2) = g(VzX.Z2) =g(VzX,Z) = —g(X,V22)
= —g@X,oV2Z) + n(X)n(VzZ)
= —g(pX,Vz9Z)
= —g(pX,VztZ — Ayz2)
=—g(tX,VztZ)+g(tX, AyzZ)
=g(tX,g(Z,tZ)grad(In f)) + g(h(tX, Z),nZ). 5.7

Using (5.4) in (5.7) we get
X(In f)g(Z,Z) =tX(n f)g(Z,t2). (5.8)
Thus, making use of (5.6) and (5.8), we get
(sin® 0)X (In £)[| Z|*> = 0,

forall X € I'(T NT) and Z € ['(T Ny). The last equation implies that either 8 = O or f is a constant function
on Nt. Since M = Nt X s Ny is assumed to be a proper warped product semi-slant submanifold, f must be
constant on N. This completes the proof. O

Theorem 5.2 There do not exist proper warped product semi-slant submanifolds M = Ng x; Nt of a

Lorentzian paracosymplectic manifold (M, @, &,1, g) such that Ny is a proper slant submanifold, Nt is an
invariant submanifold of M and & € T'(T Np).

Proof Let M = Ny x y N1 be a proper warped product semi-slant submanifold of a Lorentzian paracosym-
plectic manifold (M, ¢, &,1n,g) such that & € I'(T Ng). From Proposition 3.1 we can write

VzX =VxZ =Z(n f)X, (5.9

for any Z € I'(T' Ng) and X € I'(T NT). Since M is a Lorentzian paracosymplectic manifold from (3.2) we
have

§(n f) =0. (5.10)
Making use of g(X, Z) = 0, the Gauss formula and (5.9) it is easy to see that
g(VxX,Z) = g(Vx X, Z) = —g(X, VxZ) = —=Z(In f)g(X, X). (5.11)
From (2.4), Gauss formula and (5.10) we get

g(VxX,Z) = g(VxX,Z) = gl¢VxX,9Z) —n(VxX)n(Z)
=g(VxpX,1Z) + g(h(X, 9X),nZ). (5.12)
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Then we have:

gh(X, fX),nZ) — (fZ2)(n flg(X,tX) = —Z(In f)g(X, X), (5.13)
by virtue of (5.11) and (5.12).

On the other hand, since N is an invariant submanifold by using (2.10), (2.15), (2.16) and Lemma 3.1 we
obtain

?Z(px = (p?zX

h(Z,tX) = Bh(Z,X)+ Ch(Z, X), (5.14)
which implies that
Bh(Z,X)=0 (5.15)
and
hWZ,tX)=Ch(Z, X). (5.16)

Similarly we have

§X¢Z = ¢§XZ
tZ(n )X +h(X,tZ) — ApzX + VynZ = Z(In f)tX
+Bh(Z,X)+ Ch(Z, X).

By equating the tangential parts of the last equation and using (5.15) we obtain:
tZ(n )X — ApzX = Z(n e X. (5.17)
Thus from (2.19) and (5.17) we have:
g(h(X,tX),nZ) =tZ(n f)g(X,1X) — (cos’ ) Z(In f)g(X, X). (5.18)
By writing (5.18) in (5.13) we conclude
(sin*6)Z(In NIX|* =0,

which implies that either & = 0 or Z(In f) = 0, for all Z € I'(T Ny). Since Ny is a proper semi-slant
submanifold then 6 = 0 is impossible. Hence, f must be constant on Ny. This completes the proof. O

6 Warped product anti-slant submanifolds

Let M be a warped product anti-slant submanifold of a Lorentzian paracosymplectic manifold (M, ¢, £, g).
From Corollary 3.4, there do not exist warped product anti-slant submanifolds of type N1 x s Ng with & €

['(T Ng) and Ng x y N with& € T'(T N1) of M where N is an anti-invariant submanifold and Ny is a proper
slant submanifold of M. Thus we have the following two cases:

() M =Ny x; Npwithé € (TN)),
(i) M = Ny X f N with & € T'(T Ny).

Theorem 6.1 There do not exist proper warped product anti-slant submanifolds M = N, Xy Ng of a

Lorentzian paracosymplectic manifold (M, @, &,1n,g) such that Ny is an anti-invariant submanifold, Ng
is a proper slant submanifold of M and & € T'(T N ).
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Proof Let M = N, x r Ny be aproper warped product anti-slant submanifold of a Lorentzian paracosymplectic

manifold (M, ¢, &, n, g)suchthat & is tangentto N} and X € ['(TN_), Z € I'(T Ny). From Proposition 3.1,
Gauss—Weingarten formulae, (2.4) and (2.10) we get

X(In f)g(Z,Z) = g(VzX,Z) =g(VzX, Z)
=—g(X,Vz2)
= —8(pX, ¢V2Z) +n(X)n(VzZ)
= —g(pX,VzpZ)
= —g(@pX.h(Z.1Z) + VynZ),
which implies that
X(In f)g(Z,Z) =—gnX,h(Z,tZ)) — gnX, V%nZ). (6.1)
On the other hand, by using (2.15) and (2.16) we have:
ngDZ = <pVZZ
VtZ + W(Z,tZ) — Az Z +VgnZ = tVh' Z +nV)i z
—8(Z, Z)n(grad(ln f))
+Bh(Z,Z)+ Ch(Z, 2), (6.2)
where V¢ denotes the Levi-Civita connection on Ny. From the normal parts of (6.2) we obtain:
ge(VznZ,nX) = —g(h(Z,1Z),nX) + g(nVy’Z, nX)
—g(Z, Z)g(n(grad(In f)),nX) + g(Ch(Z, Z), nX),
which implies that
g(Vé nZ,nX)=—gh(Z,tZ),nX) — (sin® 0) X (In ez, 7Z)
+g(h(Z, Z), X) + n(h(Z, Z))n(X)
= —g(h(Z,12),nX) — (sin® )X (In [)g(Z, Z), (6.3)
by virtue of (2.4) and (2.20). From (6.1) and (6.3) we conclude
(cos> )X (In )1 Z)*> = 0.

Hence, either § = 5 or X(In f) = 0. Since Nj is a proper slant submanifold then # # %. So X(In f) = 0,
for all X € I'(T N ), which implies that f is constant on N . The proof is complete. O

Theorem 6.2 There do not exist proper warped product anti-slant submanifolds M = Ny x5 N1 of a Lo-

rentzian paracosymplectic manifold (M, ¢, &,1,8) such that Ny is a proper slant submanifold, N is an
anti-invariant submanifold of M and & € T'(T Nyp).

Proof Assume that M = Ny Xy N is a proper warped product anti-slant submanifold of a Lorentzian
paracosymplectic manifold (M, ¢, &, 1, g) with & € T'(T Ny). Let X € T'(TN1), Z € I'(TNy). Then we

have:
gx(pz = ¢§XZ
tZ(n X +h(X,tZ) — Az X + V)JgnZ =Z(n f)nX 4+ Bh(Z, X)

+Ch(Z, X). (6.4)
From the normal components of (6.4) we get
h(X,tZ)—i—V)%nZ =Z(n f)nX +Ch(Z, X), (6.5)
which, by using (3.13), implies that
¢(V¥nZ,nX) = Z(n f)g(nX,nX) + g(Ch(Z, X), nX). (6.6)
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By a similar way we have:

?Z(pX = gl)sz
—AuxZ 4+ VinX = Z(In f)nX + Bh(Z, X) + Ch(Z, X), (6.7)

which gives
VZLnX =Z(n f)nX +Ch(Z, X). (6.8)
Thus, from (3.13), (6.5) and (6.8) we obtain
¢(Vy¥nZ,nX) = g(VynX,nX).
Since N is anti-invariant then by taking into account the Proposition 3.1 we reach

g(V)J(‘nZ, nX) = g(V%‘nX,nX) = g(vZnX,nX)

= g(Vz9X, ¢X)
= Z(n f)g(X, X). (6.9)

If we write (6.9) in (6.6) and use (2.20 ) we get

Z(n f)g(X, X) = Z(n f)g(nX, nX) + g(Ch(Z, X), nX)
= (sin*0)Z(In f)g(X, X) + g(ph(Z, X), ¢X)
= (sin’0)Z(In f)g(X, X).

Thus we conclude
(cos®0)Z(In f)[|X||* = 0,

which implies that either § = 7 or X (In f) = 0. Since N is a proper slant submanifold then 6 # Z. So f
must be constant on Nyg. The proof is complete. O
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