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Abstract We present a note on the paper by Brown and Wu (J Math Anal Appl 337:1326-1336, 2008). Indeed,
we extend the multiplicity results for a class of semilinear elliptic system to the quasilinear elliptic system of
the form:

—Apu+m(x)|u|1’_2u=ﬁ|u|“‘2u|v|ﬂ, x € Q,
—Apv 4 m(x) p|P~ 20 = ﬁ ul® [v|f~2 v, x€Q,

|VulP=28% = xa@)|ul’~2u, |Vo|P~23% = b)) v, x €dQ.
Here A, denotes the p-Laplacian operator defined by A ,z = div (|IVz|P~2Vz), p > 2, Q2 C R" is a bounded
domain with smooth boundary,« > 1,8 > 1,2 <a+ B <p <y < px*(px= A’,’—ivpifN > p, pkx = 00
if N < p), % is the outer normal derivative, (A, u) € R2\{(0, 0)}, the weight m(x) is a positive bounded
function, and a(x), b(x) € C(3S2) are functions which change sign in Q.
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1 Introduction

We are concerned with the existence and multiplicity of nontrivial nonnegative solutions to the quasilinear
elliptic system:

—Apu +m(x)|u|1’_2u=ﬁ|u|“‘2u|v|ﬁ, x e Q,
—Apv+mx) [p|P~2v = % lul® [v|f—2 v, xeQ, (1)

IVu|P=23% = ) a(x)lul” ~2u, |Vo|P~23L = pb(x)|ul” v, x € Q.

Here A, denotes the p-Laplacian operator defined by A,z = div (Vz|P2Vz),p > 2,Q c RV isa

bounded domain with smooth boundary, ¢ > 1,8 > 1,2 < a+8 < p <y < px(px = % if

N > p,px =00 if N < p), % is the outer normal derivative, (A, ) € R>\{(0, 0)}, the weight m(x) is a
positive bounded function and a(x), b(x) € C(3a2), with a* = max{+a, 0} # 0, and b* = max{+£b, 0} # 0.

Problems involving the s-Laplace operator arise in some physical models like the flow of non-Newtonian
fluids: pseudo-plastic fluids correspond to s € (1, 2) while dilatant fluids correspond to s > 2. The case
s = 2 expresses Newtonian fluids [6]. On the other hand, quasilinear elliptic systems like (1) has an extensive
practical background. It can be used to describe the multiplicate chemical reaction catalyzed by the catalyst
grains under constant or variant temperature, it can be used in the theory of quasiregular and quasiconformal
mappings in Riemannian manifolds with boundary (see [18,22]) and can be a simple model of tubular chemi-
cal reaction, more naturally, it can be a correspondence of the stable station of dynamical system determined
by the reaction-diffusion system, see Ladde and Lakshmikantham et al. [19]. More naturally, it can be the
populations of two competing species [16]. So, the study of positive solutions of elliptic systems has more
practical meanings. We refer to [8, 15] for additional results on elliptic systems.

We are motivated by the paper of Brown and Wu [13], in which Problem (1) was discussed when m =
Lp=2andl <y <2 <a+8 < 2* They have altogether proved that, there exists Co > 0 such

that if the parameter X, p satisfy 0 < |)L|2 4 4+ |l = < Co, then Problem (1) form = 1, p = 2, and
1 <y <2<a+ B < 2% has at least two solutions (u0 » Vg ) and (uq , vy ) such that u(j)[ >0, voi > 0in 2
and ua—L #0, vSE # 0. In this paper, the method of [13] is extended for the system (1) but withm # 1, p > 2,
and2 < @+ B < p <y < p*. The change in y completely changes the nature of the solution set of (1).
When p = 2, for a single equation, similar problems (for Dirichlet or Neuman boundary condition) have
been studied by Drabek et al. [7], Ambrosetti et al. [4], Brezis and Nirenberg [10], and Tehrani [20,21] using
variational methods and by Amman and Lopez-Gomez [5] by using global bifurcation theory.

In recent years, several authors have used the Nehari manifold and fibering maps (i.e., maps of the form
t —> Jy (tu) where J, is the Euler function associated with the equation) to solve semilinear and quasilinear
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problems (see [1-3,9,11-14,17,23-26]). By the fibering method, Drabek and Pohozaev [17], Bozhkov and
Mitidieri [9] studied, respectively, the existence of multiple solution to a p-Laplacian single equation and
(p, g)-Laplacian system. Brown and Zhang [14] have studied the following subcritical semilinear elliptic
equation with a sign-changing weight function

—Au(x) = ra@)u +b@)|u@)|” 2ux), xeQ,
u(x) =0, x €012,

where y > 2. Exploiting the relationship between the Nehari manifold and fibering maps, they gave an inter-
esting explanation of the well-known bifurcation result. In fact, the nature of the Nehari manifold changes as
the parameter A crosses the bifurcation value. Recently, in [11], the author considered the above problem with
1 < y < 2. In this work, we give a variational method which is similar to the fibering method (see [17,14]
or [14]) to prove the existence of at least two nontrivial nonnegative solutions of Problem (1). In particular,
by using the method of [13], we do this without the extraction of the Palais—Smale sequences in the Nehari
manifold as in [1,3].

This paper is divided into three sections, organized as follows. In Sect. 2, we give some notation, prelimi-
naries, properties of the Nehari manifold and set up the variational framework of the problem. In Sect. 3, we
give our main results.

2 Variational setting

Let WO1 P = WO1 "P(Q) denote the usual Sobolev space. In the Banach space W = WO1 P WO1 "7 we introduce
the norm

G, )llw = /(IVMI”+M(X)|M|”)C1X+/(IVvIp+m(X)|v|”)dx
Q Q

which is equivalent to be the standard one. Throughout this paper, we set C; and C, be the best Sobolev

and the best Sobolev trace constants for the embedding of WO1 "P(Q) in LY (9R2) and WO1 P(Q) in L*P(Q),
respectively. First, we give the definition of the weak solution of (1).

Definition 2.1 We say that (#, v) € W is a weak solution to (1) if for all (w1, wy) € W we have

/|Vu|p_2Vu.Vw1dx+/m(x)|u|p_2uw1dx
Q Q

:A/a(x)|u|y_2u wy dx + L /|u|°‘_2u|v|ﬂ wy dx,
a+p
Q

Q2

/|VU|P_2VU.Vw2dx+/m(x)|v|p_2vw2dx
Q Q

:/L/b(x)|v|y_2vw2dx+ L/|u|0‘|v|‘6_zvu)2dx.
a+p
Q2 Q

It is clear that Problem (1) has a variational structure. Let Z; , : W — R be the corresponding energy
functional of Problem (1) is defined by

1 1 1
Thu=—Mw,v) — —Nw,v) — —— R(u, v),
= (u, v) > (u, v) py (u, v)
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where

M, v) = /(IWI” + m(lulP)dx +/(|Vv|f’ +m)l|P)dx,
Q Q

N(u,v)=A/a(x)|u|ydx+u/b(x)|v|7dx, and R(u,v) = /|u|°‘|v|'3dx.
Q2 Q2 Q

It is well known that the weak solutions of Eq. (1) are the critical points of the energy functional 7 . Let
J be the energy functional associated with an elliptic problem on a Banach space X. If J is bounded below and
J has a minimizer on X, then this minimizer is a critical point of J. So, it is a solution of the corresponding
elliptic problem. However, the energy functional Z; ,,, is not bounded below on the whole space W, but is
bounded on an appropriate subset, and a minimizer on this set (if it exists) gives rise to solution to (1).

Then we introduce the following notation: for any functional f : W — R we denote by f'(u, v) (hy, hy)
the Gateaux derivative of f at (u, v) € W in the direction of (ky, hp) € W, and

FO@, vhy = f'+ €hi,v) le=o, [P, v)ha = f'u, v+ 8hy) |s=0 .

Consider the Nehari minimization problem for (A, u) € Rz\{(O, 0)},
0‘0()\, M) - lnf {I)\,[L(u7 v) : (M, U) € S)\,M}’

where S, = {(t, v) € W\{(0,0)} : (Z]_, (1, v), (u, v)) = ("), (u, v)u, Z,?), (u, v), v) = O}. It is clear that

all critical points of Z ,, must lie on S;, ;, which is known as the Nehari manifold (see [16]). We will see below
that local minimizers of 7 , on S, are usually critical points of 7 ;. It is easy to see that (u, v) € Sy, if
and only if

M(u,v) — N(u,v) = R(u,v). 2)

Note that S, contains every nonzero solution of Problem (1).
Define

Gru(u, v) = (T, (u, v), (u, v)).
Then for (u, v) € Sy .,

(G, v), (,v)) = pM@u,v) — y Nu,v) — (¢ +B) R(u,v) 3)
=@P-a=PpM@u,v) + («+p—-y)Nu,v) “)
= (P —-y)M@u,v)+ (y —a— ) R(u,v) &)
=(@P-y)Nwu,v)+ (p—a—p) Ru,v). (6)

Now, we split Sy, into three parts:

St =1 €Sy (G] ,w v), (. v) > 0},
SY = {u €Sy (G) v, u v) =0}

S =weS (G, (u,v), (u,v)) <0}

. . . + 0 —
To state our main result, we now present some important properties of S; |, &, |, and S} .

g

Lemma 2.2 There exists {y > O such that for

_P_ _pP_
0 < (IAlllalloo) =7 + (Illlblloc) =7 < Lo,

0 _
we have S/\,u = .
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P

%, _ p—a—p
Proof Suppose otherwise, thus for ¢y = [ (p—a—p) ]y ! [ =p) i| , there exists (A, ) with

(y—a—B) CY (y—a—p)CytP
0 < (IMlllallss) ™7 + (Iuellbllo) 77 < go such that S, # ¢1. Then for (u, v) € S , we have

0=(G, ,u,v), W, v) = (p—a—PB)Mu,v) + (@+p —y) Nu,v) (7
=@-yYIM@u,v)+ (y —a—p) R(u,v). ®)
By the Sobolev trace imbedding theorem,

N(u,v) = A /a(x) lul” dx+u/b(x)|v|7’ dx

02 02

< Al llalloo llully, + [l 1Dlloo V13
< €Y M llalloo e}, + €7 lil 1Bloo 101},
¥ e 215" ¥
< ¢ [lall) ™7 + Al 161077 | 7 e 01 ©)
and
a+p a+p
R(u,v) < Gy " [|(u, v)|ly " (10)

Indeed, by condition @ + 8 < A‘;—ivp, we have

pN pN -0
a(N—p) pN-—BN—p)

So, there exists €y such that
pN pN
a(N=p) pN—B(N-p)’

0<e <

which implies

B (p* — a€p) N pN
——— < 2pF = .
p*—a(e+1) N-p

Then using the Holder inequality and the Sobolev inequality, we get

R(u,v) = / [u|® [v]? dx
Q

p*—(60+l)a

* 2*—ega

/[(Iul)"‘]pvfi_e0 dx /[(|v|)ﬁ]% dx
Q

IA

IA

I, o) 151

By using (9)—(10) in (7)—(8) we get

(p—a—p) ] !
P Y P 4 1/
V==L (a7 + (ul 16177 )

9

[, v)[lw Z[

and

(y—a—ﬂ)cgﬂ“lﬂ

II(u,v)Ilwi{
y—p
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) r_
This implies (JA|]lalloc) 77 + (It]l1bllcc)?=7 > &o, which is a contradiction. Thus, we can conclude that

there exists ¢y > 0 such that for 0 < (|)\|||a||oo)V%P + (|,u|||b||oo)V%” < &, we have SS’M =0. O

By Lemma (2.2), for each (%, 1) € R?\{(0, 0)} with 0 < (|k|||a||oo)ﬁ + (I/LIIIbIIOO)% < o, We write
Siu= SZM U S, , and define

ag (1) = inf o) ag ()= inf T u(u,v).

(u,v)eSkyu (u,v)eSW

Lemma 2.3 We have
1 If(u,v) e SZM, then R(u,v) > 0;
@Gi) If (u,v) € S):u’ then N (u, v) > 0.

Proof (i) We consider the following two cases:
Case (i-a): N (u, v) < 0. We have

R(u,v) = M(u,v) — N(u,v) > 0.
Case (i-b): N(u, v) > 0. Since (1, v) € S;,u’ by (6), we have
(p—=7)Nwu,v)+ (p—a—pB)Ru,v) >0,
which implies

Yy — P

R(u,v) > N(u,v) > 0.
p— B

(i) We consider the following two cases:
Case (ii-a): R(u, v) = 0. Since (u, v) € S, ;, we have
N(u,v) = M(u,v) > 0.
Case (ii-b): R(u, v) # 0. Since (u, v) € S):“, by (1), we have
(p—a—=B)M@u,v)+ (@«+p—y)N@u,v) <0,

which implies

N(u,v) > u M(u,v) > 0.
y—a—p
It follows that the conclusion is true. O

As proved in Binding et al. [7] or in Brown and Zhang [14], we have the following lemma.

Lemma 2.4 Suppose that (ug, vo) is a local minimizer for T, , on S ;.. If (uo, vo) & SS’M, then (ug, vo) is a
critical point of I, ,, .

Then we have the following result.
Lemma 2.5 7, , is coercive and bounded below on S;, ;.

Proof If (u, v) € S, it follows from (2) and the Sobolev embedding theorem

1 1 1 1
Ly (u,v) = (— - —) M (u,v) — (— - —) R (u,v)
p v 14

o+ B
1 1 1 1
(e () e
p Yy o+ 14
1

_(L_1 _ _ 1Y et @+8)/p
s

Thus 7, is coercive and bounded below on Sy .. |
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Lemma 2.6 Let ¢* = (“t0) 77 g, Then if 0 < ([Allalloc) 77 + (llblloe) 77 < £*, we have

() ag () <0;
(i) &y (h, ) = ko, for some ko = ko(a, B, v, C1, C2,a,b, 3, ) > 0.

Proof (i) Let (u,v) € S} 4By @

wM(u,v) > N(u,v),
y—a—p
and so
L, v) = (l——) M( v)+<;——) ON(u,v)
prth p u’ +8 ¥y -
- (a+/3 p) M(u,v)+(”_“_ﬁ) [(p—a—ﬁ) M(u,v)}
pla+B) y(a+B) (y—a—p)
z[aﬂ? P p—a—ﬂ] M. v)
pla+pB)  yl+p) ’
_y=p+B-p M. v) <0
py(a+p) ’ '
Thus T, <0.
(i1) Let (u, v) € S):ﬂ, by (4) and (9) we have
Mu,v) < MN(M v)
p—a—p
y—a—p P p 15E
< 5l [(311alloe) 77 + (utl WBllo0) 77 | 7 1t 0) -
This implies
1
p—a—p \rr 1 _
[, V)|lw > (f) p RN forall (u,v) €S, ,. (11)
== DT (a7 + (al 1612077 ) '

By the proof of Lemma (2.5) we have

@ I 1 o o 1 1
Thw(,v) > ||, v)|ly P [(;—;) 1, V)15 5—02” ( __)]

a+p

} ( p o — /3 )}’1’ 1
— _ Cy P P #
(y —a—p) 1 ((|)h|||g||oo)yfl’ + (el 16]lo0) V”’)

p=a=p

(y—p) p—a—p e 1
X
py J\y-a-pcl ( ( o o\

IMllalloc) =7 + (112 ||b||oo)V*")
_c¥th 1
2 a+p vy
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Thus, if
0 < (Alllalloe) 7 + (1l1bllao) 77 < £,
then
Ty, u > ko, forall (u,v) € 5):“,
for some ko = ko(a, B, y, C1, C2,a, b, A, u) > 0. This completes the proof. 0

For each (u, v) € W with N(u, v) > 0, we write

((p —a— ) Mu, v))‘“y‘f’)
fmax = > 0.
(y —a—B)N(u,v)

Then we have the following lemma.

Lemma 2.7 For each (u, v) € W with N (u, v)) > 0 and

. .
0 < (IAMllalloc) 7=7 + (Iuelllblloc) ¥=7 < &o,
we have

(1) if R(u,v) <O, then there is a unique t~ > tmax such that (t "u,t~v) € S;M and

Lyu@ u, t7v) =supl ,(tu, tv);
>0

(i) if R(u,v) > 0, then there are uniqgue 0 < t+ = tT(u,v) < tmax < t~ such that (t%u,tTv) €
S Tu 1) €Sy, and

T, Tu, ttvy = inf T, ,(tu,tv), T ,(t " u,tt " v) =supZy ,(tu, tv).

0<7<fmax >0
Proof Fix (u,v) € W with N(u, v) > 0. Let
E@t) =t P M@u,v) — " PN(u,v) fort>0.
Clearly, E(0) =0, E(t) - —oo ast — 00. Since
E'0)=(p—a—p" " P Mu,v) ~ (y —a = B’ P INu, v),

we have E'(t) = 0 at t = tyax, E'(#) > 0 for ¢t € [0, tmax) and E'(z) < O for t € (tmax, o). Then E(¢)
achieves its maximum at fi,x, increasing for ¢ € [0, fnax) and decreasing for ¢ € (fmax, 00). Moreover,

p=a=p y—a—p
(p—a—ﬁ)M(u,v)) =P M(mv)_((p—a—ﬁ)M(u,v)) r=p N v)
(y —a— p)N(u,v) (y —a—pB)N(u,v)

p—a—p

= w v y=p
= [, )| %FF (w) e (P—Ol—ﬂ) 7o G, ) Iy
o y—a—p y—a—p N(u, v))
— _a_IB P;g;ﬁ
v (22 ()
X 1 __ "

((Mlalle) 77 + Al 1610077 ) 7

E(tmax) = (

Springer
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(i) R(u,v) <O0:Thereisaunique ™ > fyax such that E(t7) = R(u, v) and E'(r7) < 0. Now,

(p—a—=B)ME u,t7v)—(y —a—B) N u,t"v)
=) [(p—a =BT TP MU, v) — (v —a = B T PTIN@, v)]
— (tf)lJrOlJrﬂ E/(tf) < 0’
and
Gap(t™u, t7v) = (t7)P M(u,v) — (7)Y N(u, v) — ()" R(u, v)
= )PP P M@, v) — ) PN, v) — R(u, v)]
= )P [E@t™) — R, v)] =0.
Thus, (t"u,t"v) € S;u. Since for t > tyax, We have
(p—a—pB)M(tu,tv) — (y —a — B) N(tu, tv) <0,

dZ
d?j;hu(tu, IU) < O,

and

d
ajx,u(tu, ) =tP" " M@, v) — " "N, v) =PV R(u,v) =0 forr=1".

Thus, 7, , (17 u, t7v) = sup,>o Ly u(tu, tv).
(i) R(u,v) > 0.By (12) and

E0)=0< R(u,v)
< SN, w5t

p—a—p
atp VP p—a—p AN
< ll(u, v)Ily, (y _a_ﬁ) (y - (&) )
X 1 p—a—p

_pr_ _pP_
((llalloo) 77 + (el 1B10) 77 )
< E(tmax)
for0 < (IAlllallee) 77 + (1| [1Bllsc) 77 < Co, there are unique #+ and 1~ such that 0 < 1+ < fymax <1~

E@") = R(u,v)=E("),
E'tT)>0>E@).

We have (r1Tu, tTv) € S;M, (tTu,t7v) €8, and T, (tTu, t7v) = L(tu, tv) > T (tTu, tTv) for each
tett,t7]and T, (¢t Tu, tTv) < I (tu, tv) foreach t € [0, tT]. Thus,

Louttu, tTvy = inf T ,(tu, tv), Tp ,(tu, t7v) =sup Ty, (tu, tv).

0=<t=<tmax t>0
This completes the proof. O

For each u € W with R(u, v) > 0, we write

- ((y —a—ﬁ)R(u,v))”(”“"‘ﬁ)
fmax = > 0.
(y — p) M(u, v)

(13)

Then we have the following lemma.
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Lemma 2.8 For eachu € W with R(u, v) > 0, we have

() ifN(u,v) <O, then there is a unique t+ < fmayx such that (tTu, tTv) S;M and
I;L,,L(ﬁu, ) = ingl}hu(tu, tv);
>

(i) if N(u,v) > 0, then there are unique 0 < t+ = tT(u) < fmax < t~ such that (tTu,t%v) €

fu,(t u,t v)eS)L and

ZA)M(tJru, ttvy = inf T, wu,tv), I ,(t u,t”v) =supZy ,(tu, tv).
0<t<fmax t>0

Proof Fix (u,v) € W with R(u, v) > 0. Let
E@) =t"7" M(u,v) — 1“7V R(u,v) fort > 0. (14)
Clearly, E(t) — —oc ast — 01, Since
E@)=@p-y)t" " Puv)— (@+p—y) P R, v),

we have E (t) = 0 at t = fiax, E (t) > 0 fort € [0, fmax) and E (t) < 0fort € (fmax, 00). Then E(f)
achieves its maximum at 7.y, increasing for ¢ € [0, 7nax) and decreasing for ¢ € (fmax, 00). Using the
argument in Lemma (2.7) we can obtain the result of Lemma 2.8 O

3 Existence of solutions

Now we can state our main results.

Theorem 3.1 Iftheparametersk wsatisfy 0 < (|A|||a||oo)V 4+ (|/L|||b||oo)1’ Po< then Problem (1) has
at least two solutions (u0 , Vg Y and (g , vy ) such that ug > 0, vy > 0in Q and u(jf # 0, v0 # 0.

Theorem 3.2 Suppose that a(x) > 0 (< 0), then there exists a positive constant {1 such that if . < 0 (> 0)
and p satisfies 0 < || < &1, then Problem (1) has at least two solutions (ug' , var ) and (u , vy ) such that

uy > 0,vy >0inQand uy # 0, vy # 0.
The proof of Theorem (3.2) is similar to that of Theorem (3.1) and for this reason, will be omitted here.

Remark 3.3 Our ideas can also be applied to the following elliptic system:

—Apu +m(x) lu|?~2u = 1 a(x)|ul’ 2u, x € Q,
—Apv +m(x) [v|P"2v = wb(x)|v]” v, x e,
|Vu|P~23 = o lule™ 2ulvlf, |Vo[P=23 = a+ﬂ lul® [v|P~2v, x € 992,

where p, «, B, ¥, m(x), a(x) and b(x) are as before. The results presented here have analogous statements for
the latter problem. The proofs of the multiplicity results are similar to the ones performed for Problem (1) so
we leave the details to the reader.

The proof of the Theorem (3.1) will be a consequence of the next two propositions.

P P
Proposition 3.4 If 0 < (|A|llallcc) 77 + (Itllblloc)¥=7 < &, then the functional I, , has a minimizer

(ug, var) in S}T M and it satisfies

(i) I)L,u.(u() ) ) =0 ()L Ik
(i) (ua' , Y is a nontrivial nonnegative solution of Problem (1) such that ”(4)— > 0, v(')" > 0in Q and

ug #0,v5 #0.
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Proof By Lemma (2.5), Z,, is coercive and bounded below on Sy .. Let {(u,, v} € S;M be a minimizing
sequence for 7 ,, i.e.,

lim 7y ,(up,vp) = inf I ,(u,v).
n—oo MGS;M

Then by Lemma (2.5) and the Rellich theorem, there exist a subsequence {(u,, v,)} and (uar , v(‘)Ir ) € W such
that (uaL , var ) is a solution of Problem (1) and

up, = ug  weakly in W(}’p,
Uy — uar strongly in L” () and in L**F (),

vn—\var

Uy = va' strongly in L” (Q) and in L**#(Q).

weakly in WO1 P

This implies

R(u,, v,) — R(ua“, var) asn — 00,

N(uy, vy) — N(uj,var) asn — oo.

Since

Thul v)—(l—l)M( v)—(;—l)R( vy)
A uUUn, Un) = D ” Up, Un «+f ” Upn, Un),

and by Theorem 2.6 (i)
Ly (up, vp) — otar()», w) <0 as n— oo.

Letting n — oo, we see that R(uq, v9) > 0. In particular ua' %0, va” # 0. Now we prove that u,, — uaL
strongly in WO1 P, — var strongly in W(}’p . Suppose otherwise, then either

g . < Hminf a1 or Il 1, < Hminf [, 1, (15)
Fix (u, v) € W with R(u, v) > 0. Let
K () = E(t) = N(u, v),
where E (¢) is as in (14). Clearly, K(,,)(t) - —ococast — 0%, and
K@) — —N(u,v) ast — oo.

Since K (’u,v) (1) = f/(t), by an argument similar to the one in the proof of Lemma (2.8) we have that the func-

tion K (1) (¢) achieves its maximum at 7y, is increasing for 7 € (0, #imax) and decreasing for 7 € (fmax, 00),
where

, ((y —a —B) R, v))”("“ﬂ)
I'max = >0,
(y —p)M(u,v)

is asin (13). Since R(uar, v0+) > (, by Lemma (2.8) there is unique t(;r < Tmax such that (tgruar, tJvar) € S;M

and

Top(tgud o) = inf T, (tug, tvd).

0<t<fmax

Springer
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Then
Kt o) () = (77 M) — G0 R o) — NG i)
= () (Mg ud, tfvg) — Rt ud, tvg) — Nt ud, 15 v)))
=0. (16)
By (15) and (16) we obtain
Ku,,v,) () > 0 forn sufficiently large.
Since (u,, v,) € SIM, we have 7 nax (1,) > 1. Moreover,
K(u,l,v,,)(l) = M (uy, vp) — R(un, vp) — N(uy, vy) =0,

and K, v,)(?) is increasing for t € (0, fmax (4, vn)). This implies Ky, y,)(t) < 0 forallz € (0, 1] and n

sufficiently large. We obtain 1 < t(')" < Tmax (10, Vo). But (t(;"ua', ta' Ug') € S;:M and

+o 4+ oy : + .+
Tou(tyuy,tgvy) = 71anr . Lop(tug , tvg ).
Oftftmax(uo »UQ)
This implies
+ 4+ .+ 4 + 4 : +
Lutgug,tgvg) <apulug,vy) < nlngon(”m vp) =y (A, 1),
which is a contradiction. Hence

up — ug strongly in Wol’p,
v, — vy strongly in Wé P
This implies
Lo, vn) = T u(ug vg) = of (A, ) asn — oo.

Thus (u, vy) is a minimizer for Z; , on S;f“. Since T, ,, (ug . vg) = Zp u(ud |, [vg ) and (lug |, vy |) €

S-‘r

N by Lemma (2.4) we may assume that (uar , var ) is a nontrivial nonnegative solution of Equation (1). O

Next, we establish the existence of a local minimum for Z)_ ;, on S, u

»_ o
Proposition 3.5 If 0 < (|A|llallec) 77 + (Itllblloc)¥=7 < &, then the functional T, , has a minimizer
(g, vg ) in S}:M and it satisfies

D) Zapulug,vg) = oy (A, w;
(ii) (ug,vy) is a nontrivial nonnegative solution of Problem (1), such that uy > 0,vy, > 0in Q and
uy, #0,v, #0.

Proof Let {(u,, v,)} be a minimizing sequence for Z, , on S;,u’ ie.,

lim 7 ,(up,v,) = inf Iy ,(u,v).
n— 00 -

MEMA,;L

Then by Lemma (2.5) and the Rellich theorem, there exist a subsequence {(u,, v,)} and (u, vy) € W such
that (u , vy ) is a solution of Problem (1) and

up = u, weakly in Wol’p,

up — uy strongly in L” () and in Lo (),

vy — vy weakly in WO1 P

v, — v, strongly in LY () and in LOB(Q).
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This implies

R(up, vy) = R(uy,vy) asn — oo,

N(up,vp) = N(uy,vy) asn — oo.
Moreover, by (4) we obtain

N, ) > H M (i, vy (17)

By (11) and (17) there exists a positive number nq such that
N (un, va) > 10.
This implies
N(ug,vy) = no. (18)

In particular ua # 0,v, # 0. Arguing by contradiction, we may assume that, va’ = 0. Then as uar isa
nonzero solution of

—Au+mx)u =0, x €,
|VulP=23% = na(x)ul’~2u, x € g,

we have
M(ud,0) = N(ug,0) > 0.
Since ¢* = max{+a, 0} # 0, we may choose z € Wl*z\{O} such that
M(z,0) =N(0,z) > 0,
and
R(ug,z) > 0.
Now
N@ug,z) =Nug,0 +N@©O,z2) > 0,
and so by Lemma (2.8) there is a unique 0 < t* < 7imay such that (tTug, t7z2) € Szry .- Moreover,

—_(v—e-pRaG.2) '/(”“"”3)2(y—a_,s)l/@—a—ﬂ)>l
- (y = p) M(ug . 2) Yy—>p ’

and

Tiouttul, tT2)= inf T ,(tuf. t2).

0=t <fmax
This implies

Touttud , t72) < T (g, 2) < Topuug, 0) = af (A, p),

which is a con}radiction and hence u, # 0, v, # 0. Now we prove that u, — u, strongly in Wol’p Up = Vg
strongly in WO’P . Suppose otherwise, then either

Uy < liminf ||u or |v, < liminf ||v . 19
luglln.p < Himinf fluslr,p or lvg llr,p < Hminf vl (19)
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By Lemma (2.7) there is a unique ¢, such that (t; u, , #; vy) € S;M. Since (u,, v,) € Sk_,u’ Loy (Un, vy) =
Iy, u(tup, tvy) forall t > 0, we have

Lou(tgug,togvg) < n]i?goz)»,u(t()_unv fy Un) < nli)ngoz)»,u(unv vp) =g (A, 1),
and this is a contradiction. Hence
Uy —> ug strongly in Wol’p,
vp — v, strongly in Wé’p.
This implies
Lo, vn) = Dy (ug , vy ) =y (A, u) asn — oo.

Thus (u , var_) is a minimizer for Z , on Sk_,u' Since Zy, (g , vy ) = Lo u(lug |, lvg 1) and (Jug |, vy 1) €

S, w by Lemma (2.4) we may assume that (u, v, ) is a nontrivial nonnegative solution of Equation (1). O

Proof of Theorem 3.1 By Propositions (3.4), (3.5), we obtain that Equation (1) has two nontrivial nonnegative
solutions (u(")", v(‘)") and (u, , vy ) such that (u(")", v(')") € S;:M and (uy, vy) € S):M. It remains to show that the

solutions found in Propositions (3.4) and (3.5) are distinct. Since S;: unN S): w= @, this implies that (uar, var )
and (u , vy ) are distinct. This concludes the proof. O

Open Access This article is distributed under the terms of the Creative Commons Attribution License which permits any use,
distribution, and reproduction in any medium, provided the original author(s) and the source are credited.
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