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Abstract We discuss three different frameworks for a general theory of factorization in integral domains:
t-factorization, reduced t-factorization and I'-factorization. Let D be an integral domain, D" the non-zero,
non-units of D, and t a symmetric relation on D*.Fora € D*,a = ha;---ay, »aunit,a; € D, n > 1, and
a;jtaj fori # j, is called a t-factorization of a and we say q; is a T-factor of a. Fora, b € D! a |: bifaisa
t-factor of b. Thena € D? is a T-atom if any t-factorization of @ has n = 1 and a is a T-prime (resp., | -prime)
ifa | Xay---a, (resp.,a |;  ay---ay), ay - - - a, a t-factorization, implies a | a; (resp., a |; a;) for some
i. The theory of reduced 7-factorization is developed similarly, except here we restrict ourselves to reduced
t-factorizations, that is, t-factorizations aj - - - @, where the leading unit is omitted (or is 1). The theory of
I'-factorization is as follows. For a € D, fact(a) (resp., tfact(a)) is the set of (resp., trivial) factorizations
ofa,a = Aay---a,, A aunit,n > 1 (resp,. n = 1) and fact(D) = U, p:fact(a), tfact(D) = U, petfact(a).
Let I' C fact(D) and I'(a) = I' N fact(a); the set of I'-factorizations of a. For a,b € D* a |r b if some
Arap---ap € I'(b) has a; = a for some i. We say a is a ['-atom if ['(a) C tfact(a) and that a is a ["-prime
(resp., |r-prime) if a | Aaj - - - a, (resp.,a |r Aay - --a,) where Aay ---a, € ', thena | a; (resp., a |r a;) for
some i.

Mathematics Subject Classification (2010) 13A05 - 13G05 - 13F15

D. D. Anderson (X))

Department of Mathematics, The University of lowa,
Iowa City, 1A 52242, USA

E-mail: dan-anderson @uiowa.edu

R. M. Ortiz-Albino

Department of Mathematics, University of Puerto Rico,
Mayaguez, 00681 Puerto Rico

E-mail: reyes.ortiz@upr.edu

@ Springer



2 Arab J Math (2012) 1:1-16

suadlall

dls P oS Todalat's (3N 7-dalad s op-dilas daaaal) clilad) 6 Jdaill dale 4yl ddliae jll 45305 (6l
S 1Y) DF e s Bl de T 3¢ D iy ealie (555 Y U A jiall yé ealiall A gane DF 5 chavaia
adr-diaij # j e q;7a; Gisysass pale 1 sn>15a; € D¥ Cus day o a,, e Wli (g € D¥
137553 g € D* 05 b 3 T-le g S 1Y a],b S Wl g, b € DF culS 1Y) g r-dale @ of st
alday -+ ay SSIY b Lo gaai 1) (sl e Wilk| ) Wikt a osSis on =1 o @ dr-dilas gl 8 Gans
ashl Qb el Y (J ) Je oal; a)) ala; o8 r-ddsi Aag - a, S (A Jeoal, Aag e ay)
d A ay e ay, T-eOlal ol ARl ¢ elad b ldl peas Wl oLl Jlae IS O3l 7oJidas 4 ki
tfact(a)) fact(a) Cus ca Y b LS T-cBllat 4y jlas jadli (1 o lie) ) 2130 sas gl yeaie Cada Lo
n>135da; paic ] Cua g = Aa; - ay o deand ((Jsill e 4gdlll) g Dldad de saas (sl e
[ € fact(D) ¢ .tfact(D)) = Ugept tfact(a) s fact(D) = Ugept fact(a) 5 (S n = 1)
Aay - a, €T(b) 235 a|ph O ¢a,b € D* <ilS 1) g J T-cdlide sane ['(@) = T' N fact(a)
Ssk|p ) G-I a o Jsiis T(a) € tfact(a) S 13 T30 a o Js i ad Y q; = a 0sS Cun
B Aa -y € T 2 (A el Ay - p) @Ay - @y IS i b 55 I 3 (D) o

(SN e alray) ala; Suss i s

1 Introduction

The purpose of this paper is to give three different approaches to a general theory of factorization in integral
domains. We isolate four important notions in factorization: a factorization, the related notion of divides, an
atom or irreducible element, and a principal prime element. Let D be an integral domain, U (D) the group
of units of D, and D¥ = D — ({0} U U(D)), the non-zero, non-units of D. Fora € D*,a = ay ---a,, or
more generally, a = Aaj---a,,n > 1,A € U(D), a; € D?, is a factorization of a and we say a; is a factor
of a. Fora,b € D%, a | bif a is a factor of b. Then a € D? is irreducible or an atom if for any factoriza-
tion a = Aaj - --a, of a, we have n = 1. Finally, a € DF is prime if whenever a | Aaj ---ay, raj ---a, a
factorization, then a | a; for some i.

Now classically, factorization theory considered factorization into atoms or atomic factorization. An inte-
gral domain D is atomic if each element of D is a product of atoms. One then studies atomic domains with
properties weaker than unique factorization. For example, an atomic domain D is a half-factorial domain
(HFD) if any two atomic factorizations of a € D have the same length and a (an atomic) domain D is a
bounded factorization domain (BFD) if for each a € D?, there is a natural number N (a) so that for any
(atomic) factorization a; - - - a, of a, we have n < N(a). See [2] and [5] for details. However, one can also
study non-atomic factorization. Instead of studying factorization into atoms, we could study factorization into
primary elements or other distinguished elements. See [1] for details.

Instead of just varying the a;s allowed in a factorization Aaj - - - a,, we can restrict the factorizations
allowed. McAdam and Swan [10] did this in their study of comaximal factorization. For a € D?, a comax-
imal factorization @ = ay ---a, of a is a factorization where for i # j, a; and a; are comaximal, that is,
(ai,aj) = D. They defined a € D% to be pseudo-irreducible if @ has no non-trivial comaximal factorization
a = bc (or equivalently, any comaximal factorization ¢ = Aaj ---a, of a has n = 1). They also defined
a € D" to be pseudo-prime if a | bc where (b, c¢) = D, thena | b or a | ¢ (equivalently, if a | Aa; ---ay, a
comaximal factorization, then a | a; for some 7). They then studied domains called comaximal factorization
domains (CFDs) with the property that every a € D* has a comaximal factorization into pseudo-irreducibles
and CFDs called unique comaximal factorization domains (UCFDs) in which comaximal factorization into
pseudo-irreducibles is unique up to order and associates.

In [3], the first author and A. Frazier introduced a general theory of factorization involving the notion of a
t-factorization. Let D be an integral domain and r a symmetric relation on D®. For a € D*, a t-factorization
of a is a factorization a = Aay - - -a, where a;ta; fori # j.Fora,b € Dﬁ, we say that at-divides b, denoted
a |¢ b, if b has a t-factorization b = Xaj - --a, where some a; = a. We say that a € D? is a t-atom or
t-irreducible if every t-factorization of a is trivial: ¢ = A(A~'a). Finally, a € D* is t-prime (resp., |, -prime)
if for any r-factorization Aaj - - - a, with a | lay - --ay (resp., a | Aay - --ay,), then a | a; (resp., a |; a;) for
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some i. For example, if we take 7 = D? x D?, we get the ordinary factorization into non-units, while if we
define atb < (a, b) = D, we get the comaximal factorization of McAdam and Swan. Section 2 reviews the
theory of t-factorization.

In the theory of t-factorization, the leading unit A in a t-factorization Aaj - - - a, turns out to play an
important role. However, we could have developed the theory of r-factorizations by taking a t-factorization of
a e Dtobea =ay - --a, where a;ta jfori # j. We call such a t-factorization a reduced t-factorization or a
~7-factorization. An element a € D is a reduced T-atom or a ,T-atom if @ has only the trivial . t-factorization
a = a and a is a reduced t-prime or ,t-prime if a | ay ---a,, a ,7-factorization, then a | a; for some i.
The notion of reduced z-divides is more subtle. For a, b € D¥, a reduced t-divides b, denoted a |,z b, if
b =aj---ay,, a,v-factorization, where some a; = a and a weakly reduced t-divides b, denoted a |, . b, if
al.:bora~b. Finally, a Dfisa |,--prime (resp., |, z-prime)ifa | r ai---a, (resp.,a |, - ar---ay),
a ,t-factorization, implies a |, a; (resp., a |, a;) for some i. The theory of reduced t-factorization is
developed in Sect. 3. We believe that the results of Sect. 3 bear out that the choice of allowing a unit in the
definition of a r-factorization is the proper one.

In the final Sect. 4, we introduce the notion of I'-factorization. Let D be an integral domain anda € D*. By
a (trivial) factorization of @, we mean a = Aay - - -a, wheren > 1(n = 1), A € U(D), and a; € D* where the
order matters (see Remark 2 of Sect. 4 for a more formal definition). Let fact(a) (resp., tfact(a)) be the set of all
factorizations (resp., trivial factorizations) of a and let fact(D) = U, p:fact(a). Let I' C fact(D). An element
of I (resp., I'(a) := I" N fact(a)) is called a I'-factorization (resp., I'-factorization of a). For a, b € D, we
say that al'-divides b, written a |r b, if there is a Aay - - - a, € I'(b) with some @; = a. Then, a is a I"-atom
if I'(a) C tfact(a) and a is a ["-prime (resp., |r-prime) if whenever a | Aaj ---a, (resp., a |r Aap---ay),
rai---a, €T, thena | a; (resp.,a |r a;) for some i. Suppose that T is a symmetric relation on D?. If we take
I' =T'; (resp., I' = T', ;) to be the set of all T-factorizations (resp., reduced t-factorizations), we recover the
notion of t-factorization (resp., reduced t-factorization).

2 t-Factorizations

In this section, we give a brief review of the theory of r-factorizations. Proofs and examples for claims may
be found in Sect. 2 of [3] unless otherwise noted. Much of the material from [3] comes from [4]. The theory
of t-factorizations is further investigated in the dissertations [7,9,11] and [12].

Throughout D will be an integral domain with quotient field K. Let D* = D — {0}, U(D) the group of
units of D, and D* = D* — U(D), the non-zero, non-units of D. Also throughout this section (except in the
following definitions), T will be a symmetric relation on D*. However, in Sect. 4, we will consider ordered
t-factorizations, the case where t need not be symmetric. We next define three important properties that ©
may have. As usual, @ ~ b means that @ and b are associates.

Definition 2.1 Let D be an integral domain and t a relation on D*. We call t multiplicative (resp., divisive)
if for a, b, c € D* (resp., a,a’,b,b’ € D*), atb and atc imply atbc and bta and cta imply beta (resp.,
ath, a'la and b'|b imply a’tb’). We say that t is associate preserving if for a, b, b’ € D* with b ~ b, ath
implies ath’ and bra implies b'za.

We next give the fundamental definition of a t-factorization.

Definition 2.2 For a € D!, D be an integral domain and t a relation on D?, we define a = Aay - - “dp,n >
1,1 € U(D), a; € D, to be a t-factorization of a if a; taj foreachi # j. We say that a is a T-product of the
a; and that g; is a t-factor of a. For a, b € D?, we say that at-divides b, written a|. b, if a is a t-factor of b.
We call a = A(A"'a) a trivial T-factorization of a.

Note thatif a = Aaj - - - a, is a T-factorization, then so is each rearrangement a = Adg (1) - - - o (n), O € Sp.
Also, observe that for a, b € D*, the following conditions are equivalent: (1) ath, (2) ab is a t-factorization,
(3) Aab is a t-factorization for all A € U (D), (4) there is a T-factorization Aaj - - - a, where some a; = a and
aj =bfori # j.

We pause to give several examples.

Example 2.3 Throughout D will be an integral domain.
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(1) © = D" x DF. This gives the usual notions of a factorization and divides. Of course, 7 is both multiplicative
and divisive.

(2) T = @. Here a € D" has only the trivial r-factorization and a|;b < a ~ b. Vacuously, t is both
multiplicative and divisive.

(3) Let S be a non-empty subset of D* and take 7 = § x S, so ath < a,b € S. Here t is multiplicative
(divisive) if and only if S is multiplicatively closed (closed under non-unit factors). A non-trivial r-fac-
torization is up to unit factors just a factorization into elements from S. Thus, if we take S to be the set of
atoms of D, we get the usual factorization of an element into irreducible factors. In this case, every element
of D* is an atom or has a non-trivial -factorization if and only if D is atomic. We could also take S to be
the set of prime elements, prime power elements, primary elements, or other distinguished elements such
as rigid elements or 7-pure elements. These last examples are examples of non-atomic factorizations. See
[1] for details. We could also replace S by a subset S’ where for each s € S there exists exactly one s’ € S’
with s' ~ 5. For example, for D = Z, take S to be the set of prime elements and take S’ = {n € N|n
is prime}. Here, T is not associate preserving. Examples of this type are one of the reasons we chose to
include a unit factor in the definition of a t-factorization. Sometimes, it is of interest to replace S x §
by S xS — A = {(s,t) € § x S|s # t}. For example, if P = {p,} is a set of non-associate primes,
take S = {Pgl Po € P,k > 1}. Then forr = S x § — A, a non-trivial r-factorization is just a product

/\p{;g e pg’; where pgy,, ..., pa, are distinct elements of P and each k; > 1.

(4) Let I be an ideal of D and define atb <& a — b € I. A special case is D = Z and I = (n), so
at,b & a = b modn. Here, 7, is multiplicative or associate preserving only for n = 2 and is never
divisive. The relation 7, is investigated in [3,4,7] and [11].

(5) Let x be a star-operation on D and define az,b < (a, b)* = D, thatis, a and b are x-coprime or x-comax-
imal. (Recall that a star operation = on D is a closure operation on the set of non-zero fractional ideals of
D that satisfies (xA)* = xA* and D* = D, see [6]). It is easily checked that , is both multiplicative and
divisive. In the case where * = d (the d-operation A —> A; = A), we have the comaximal factorization
of McAdam and Swan [10]. Also of interest is the case where * is the v-operation (A — A, = (A=),

(6) Related to factorizations into v-coprime elements, we have factorizations into relatively prime elements.
Define fora, b € D’:ar[ 1b & la, b] =1, thatis, a and b have no common non-unit factor. While divisive,
71 1 need not be multiplicative. The relation 7 is investigated in [11] and [12].

The notion of a t-factorization on D like that of a topology on a set is very general. But part of the power
of the definition is its generality. Of course, in topology we usually have other axioms such as the separation
axioms. The analogy for r-factorization is the conditions that 7 is associated-preserving, divisive, or multipli-
cative. We have found the divisive condition to be the most useful and is powerful enough to obtain interesting
results such as Theorem 2.12.

Given a factorization, we often want to further factor certain terms or want to combine terms. In general,
neither action preserves t-factorizations. Our first proposition states that if 7 is divisive (resp., multiplicative),
then the refinement of a t-factorization obtained by r-factoring one or more terms (resp., combining terms in
a t-factorization) again gives a t-factorization. This good behavior was the main reason for introducing the
notions of multiplicative and divisive relations.

Proposition 2.4 Let D be an integral domain and let T be a relation on DF.

(1) Suppose that T is divisive. Leta, b, b’ € D* whereb ~ b'. Then atb < atb'. So t is associate preserving.
Thus a = Aay ---ay is a T-factorization of a if and only if a1 --- (ra;) - - - a, is a T-factorization of a.
Hence, when t is divisive, or more generally associate preserving, we can dispense with the unit A.

(2) Suppose that T is divisive. Leta = ay - - - ap be a t-factorization of a and let a; = b;y - - - b, be a T-factor-
ization of a; (possibly the trivial factorization a; = b;1). Thena = b1y - - - b1y, b21 -+ by -+ bp1 -+ - by,
is a T-factorization of a, called a t-refinement of a. Thus when t is divisive, a T-refinement of a t-factor-
ization is a T-factorization.

(3) Suppose that T is multiplicative. If {1,2, ..., n} = A1U---UAy (disjoint union) with each A; non-empty
and b; = l{aj|j € A;}, thena = Aby - - - by is a T-factorization of a.

We next discuss the relation |, in more detail. Let D be an integral domain and 7 a relation on D. Let
a,a’,b,b’,c € D' Certainly, a|.b = a|b, but the converse is false. We have (1) a|.a and (2) a|.b and
blra & a ~ b.Ifb ~ b, thenal|.b & alb'. If a ~ a’ and 7 is associate preserving, then a|.b < a’'|;b.
However, in general a ~ a’ and a|.b # a’'|.b. If 7 is divisive, then (3) a|;b and b|,c = a|.c. However, in
general this is also false. If 7 is both multiplicative and divisive, then a|.b and btc = ac|.bc.

@ Springer
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Definition 2.5 Fora € D, D an integral domain and 7 a relation on D%, a is t-irreducible or a t-atom if the
only t-factorizations of a are the trivial ones. Let 7’ be another relation on D*. By a t-atomic t'-factorization
for a € D*, we mean a t’-factorization of a into t-atoms. We say that D is 7-t" atomic if each a € D* has a
t-atomic 7’-factorization. When t = 7/, we simply say a t-atomic factorization or that D is T-atomic. We say
that a -factorization a = Aaj - - - a, is t-unrefineable or t-complete if it has no proper t-refinements. And D
is T-complete if every a € D has a T-complete factorization.

Note that an associate of a t-atom is again a t-atom. Of course, a T-atomic factorization is T-complete.
By Proposition 2.4(2) for t divisive, a T-complete factorization is the same thing as a r-atomic factorization.
This is not true in general. Hence for t divisive, D is T-complete if and only if it is T-atomic.

Definition 2.6 Let 7 be a relation on D?, D an integral domain. Then a € D?* is t-prime if whenever
aliay - - - a, where Aaj - - - a, is a T-factorization, then a|a; for some i. We call a € D a |,-prime if whenever
alg\ay - - - a, where Aay - - - a, is a t-factorization, then a|;a; for some i.

An associate of a T-prime element is again t-prime. If 7 is associate preserving, then an associate of
a |;-prime element is again |.-prime. However, in general an associate of a |;-prime element need not be
|- -prime.

Remark 1 Note that t-primes and |,-primes are a special case of what we might call a t;-12-13-prime (where
71, T2 and 3 are relations on Dﬁ): whenever a|,Aay - - - a, where Laj - - - a, is a T1-factorization, then a|,a;
for some i. For example, a T-prime is a 7-7'-7’-prime where 7’ = D* x D [Example 2.3(1)] and a |,-prime
is a T-T-T-prime.

Let D be an integral domain, 7 be a relation on D, and a € D*. Clearly if a is irreducible (resp., prime),
then a is t-irreducible (resp., T-prime) and if @ is T-prime or | -prime, then a is t-irreducible. If 7 is multipli-
cative and divisive, then at-prime implies a is | -prime (see Proposition 2.7 below). But in general, a prime
or t-prime element need not be |,-prime. Note that in the definitions of t-irreducible, T-prime, and |, -prime,
we did not restrict ourselves to the case of t-factorizations Aaj - - - a, of length n = 2 as is usual. We next note
that if T is multiplicative, we can restrict ourselves to the case n = 2. In general this is not the case.

Proposition 2.7 Let D be an integral domain and let T be a relation on D"

(1) Suppose that T is multiplicative and let a € D*. Then a is t-irreducible (resp., T-prime, |-prime) if
and only if a has no t-factorization a = Aajay (resp., for a t-factorization Aajas, a|layax = alay or
alay, alAaray = alcay or alcaz).

(2) If T is both multiplicative and divisive, then a t-prime element is | -prime.

Let D be an integral domain. For relations 71, 72 on Df, define 1] < 1) & 11 C D, thatis, atib = anb.
Observe that 7y < 17 if and only if each tj-factorization is a 7o-factorization. Let R be the set of relations
on D®. So R is partially ordered by <. Note that ¢ [Example 2.3(2)] is the least element of R and the usual
factorization is given by T = D x D [Example 2.3(1)], the greatest element. Suppose that | and » are two
star-operations on D with x| < %2, thatis, A*! C A*2 for all A € F(D). Then t,, < t.,. Suppose that 7, 72
are relations on D with 7; < 15. Then a 7;-factorization of « € D? is also a To-factorization of a. Thus if a is a
Tp-atom (resp., T2-prime), then a is a tj-atom (resp., 71-prime). Hence, we have the previously mentioned fact
that an atom (resp., prime) of D is a T-atom (resp., T-prime). Observe thatif 71 < 7, thena |, b = a |, b
for any a, b € D® and the converse is true if 7, is both multiplicative and associate preserving, but not in
general (define 71, 72 on 74 by atib & |a| = |b| = 2 and 2122, 210 — 2, —27122). However, a |,-prime need
not be a |, -prime.

There is a natural extension of the notion of a UFD to t-factorizations. Let D be an integral domain and
7 arelation on D¥. We say that D is a t-UFD if (1) D is t-atomic and (2) if Aaj - - -a, = ub; - - - by, are two
T-atomic factorizations, then n = m and after re-ordering, if necessary, a; ~ b; for each i. We leave it to the
reader to define a -t’-UFD using t-atomic t’-factorizations. The following lemma used to prove Theorem 2.9
shows the importance of |;-primes.

Proposition 2.8 Let D be an integral domain and t a relation on D®. Suppose that Apy - - - pn = Uq1 - - - qm
are two tT-factorizations where the p; are |;-prime and the q; are t-atoms. Then n = m and after re-ordering,
if necessary, p; ~ qi.
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Theorem 2.9 Let D be an integral domain and t a relation on D*.

(1) Suppose that every element of D* has a t-factorization into |.-primes. Then D is a T-UFD. Moreover,
a € D¥ is t-irreducible if and only if a is an associate of a | -prime.

(2) Suppose that t is divisive and that D is a T-UFD. Then a t-irreducible element of D is |-prime (and of
course the converse always holds).

(3) For T divisive, the following are equivalent:
(a) Disat-UFD,
(b) every element of D* has a t-factorization into |¢-primes, and
(c) D is t-atomic and every t-irreducible element of D is |,-prime.

In Theorem 2.9(3) if we replace |, -prime by 7-prime, we have (a)<=(b)<>(c), but (a)#-(b). The counterex-
ample for the implication (a)#-(b) is given in [9] which contains a thorough investigation of T-UFDs. However,
adomain D in which every element is a T-product of associates of |,-primes need not be a t-UFD. In a t-UFD
every element of D need not be a t-product of t-primes (resp., |;-primes).

We can also define the following t-factorization properties weaker than t-unique factorization. Let D be
an integral domain and t a relation on D*. We have already defined 7-atomic. We say that D satisfies T-ACCP
if for each infinite sequence {a,, }Ifoz | of elements of D* with ap+1|ran foreachn > 1, thereis an N (depending
on the sequence) with ax4+1 ~ a; for each k > N. The domain D is a t-half-factorial domain (t-HFD) if D
is T-atomic and whenever Aay - - -a, = ub; - - - by, are two t-atomic factorizations, then n = m.

We say that D is a t-bounded factorization domain (t-BFD) if D is T-atomic and for each a € D*, there
is a natural number N (a) so that if @ = Aa; - - - a, is a T-atomic factorization of a, then n < N (a). Note that
for t divisive, D is a t-BFD if and only if for each a € D*, there is a natural number N (@) so that for any
t-factorizationa = Aaj - - -a,, n < N(a). This follows from Proposition 2.4(2) which gives that for t divisive
a maximal length t-factorization is a T-atomic factorization. Thus for t divisive, a BFD is a 7-BFD.

We say that D is a t-idf-domain if each a € D* has at most finitely many non-associate -factors that are
t-atoms. D is a t-finite-factorization domain (t-FFD) if D is t-atomic and each ¢ € DF has only finitely
many t-factorizations (up to order and associates) into t-irreducibles. Clearly, a T-FFD is a -BFD. Suppose
that t is divisive. Then a modification of the proof of [2, Theorem 5] gives that the following are equivalent:
(1) D is a T-FFD, (2) D is a t-atomic t-idf-domain, (3) each a € D* has only finitely many t-factorizations
up to order and associates.

Theorem 2.10 Let D be an integral domain and t a relation on D*. If D is a t-UFD, then D is a T-HFD and
a t-FFD and either of these conditions implies that D is a t-BFD. If further t is divisive, then D a t-BFD
implies D satisfies T-ACCP and if D satisfies T-ACCP, then D is t-atomic.

Let D be an integral domain and t a relation on DF. Note that if D satisfies ACCP, then D satisfies T-ACCP.
Thus for 7 divisive, ACCP = t-atomic. So for t divisive, a UFD, FFD, HFD, and BFD are t-atomic. Thus a
FFD (resp., BFD) is a 7-FFD (resp., T-BFD) for 7 divisive. However, an atomic domain need not be t-atomic,
even if t is both multiplicative and divisive. For [8] gives an example of an atomic domain that is not a CFD.

We next note that for T divisive, a UFD is a T-UFD. Thus a UFD is a UCFD. The proof uses the following
lemma which states that for T divisive, a T-atomic factorization is a mix of atomic factorizations and coprime
factorizations.

Lemma 2.11 Let D be an integral domain and let T be a divisive relation on D*. Let a; - - - a, be a t-atomic
factorization. Then for i # j, either [a;,a;] = 1 or a; ~ a; are atoms.

Theorem 2.12 Let D be a UFD and t a divisive relation on D%. Then D is a t-UFD.

As the following example shows, D can be a t-UFD without t being divisive. This example also shows
that even in a 7-UFD, the t atoms do not determine |,.

Example 2.13 Let D be a UFD and define T on D by ath < a and b are non-zero principal primes. So 7
is divisive. Now clearly D is a -UFD with the sets of t-atoms, T-primes, |;-primes, and non-zero principal
primes coinciding. Observe thata |; b < a is a prime witha | b ora ~ b. Suppose that T < t’; so t’ need not
be divisive. Then D is still a t/-UFD with the set of t’-atoms, t’-primes, |./-primes, and non-zero principal
primes coinciding. However, |- may change. For if p and ¢ are primes with p /£’Aq for any unit A, then

p |t pg,but p { pq.
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We have based our factorization theory on t-atomic factorizations. We could have instead used t-complete
factorizations. Let D be an integral domain. Define D to be a t-complete HFD (resp., T-complete UFD) if (1)
D is t-complete and (2) if a = Aa;y ---a, = ub;y --- by, are two t-complete factorizations of a € D?, then
n = m (resp., and after re-ordering, if necessary, a; ~ b; fori =1, ..., n). We say that D is a t-complete FFD
(resp., T-complete BFD) if for each a € DF there are only finitely many t-complete factorizations for a up
to units, order, and associates (resp., there is a natural number N (a) so that for each T-complete factorization
a=2May---ay,n < N(a)).

Now even in a T-UFD, a t-factorization cannot necessarily be t-refined to a t-atomic factorization. Let
us say that an integral domain D is t-atomizable (resp., T-completeable) if each t-factorization of D can be
t-refined to a t-atomic (resp., T-complete) factorization. We have the following implications:

T-atomizable = T-atomic

U Y
7-ACCP = t-completeable = t-complete.

Note that for 7 divisive, T-complete = t-atomizable, but T-complete need not imply 7-ACCP since an
atomic domain need not satisfy ACCP. In general, none of the implications can be reversed. The topics in the
previous two paragraphs are discussed in more detail in [9] in the context of I'-factorization.

3 Reduced t-factorization

We maintain the notation from Sect. 2: D is an integral domain and T a symmetric relation on D?. In a -
factorization a = Aaj - - - a, for a we allowed a leading unit A. In this section we consider t-factorizations
without the unit A, or equivalently, where A = 1.

Definition 3.1 Let D be an integral domain and 7, 71 and 7> be relations on D?. For a € D%, a reduced
t-factorization (,T-factorization) of a is a = ay - - - a, where a; € D" and ajtaj fori # j. The ,r-factor-
ization a = a is called the trivial ,T-factorization of a. So a € D" is a reduced t-atom or ,t-atom if a has
only the trivial , r-factorization. A reduced ti-atomic reduced t>-factorization (a ,ti-atomic ,Tr-factoriza-
tion) of a is a ,tp-factorization of a into ,7j-atoms. Likewise, we define a , tj-atomic ty-factorization and
T1-atomic ,Ta-factorization. A ,t1-atomic ,t1-factorization is a called a , t1-atomic factorization. We say that
D is ,11-,Ta-atomic if each a € D has a ,t1-atomic , 7»-factorization. Likewise, we define , 7| -t2-atomic and
T1-To-atomic. We say that D is ,t-atomic if D is ,t-,T-atomic.

The notion of a reduced t-factorization was introduced in [7] and investigated more fully in [11]. Much
of this material comes from [11]. The following proposition states some simple facts about reduced t-factori-
zations and reduced t-atoms.

Proposition 3.2 Let D be an integral domain and t, T1 and t) be relations on D

(1) A .t-factorization is a t-factorization.

(2) A t-atomis a rt-atom. So Dt1-12-atomic implies D is ,t|-T2-atomic.

(3) Suppose that T is associate preserving. Then a ,t-atom is a t-atom. So the following are equivalent: (a)
D is t-atomic, (b) D is ,t-t-atomic, (¢) D is T-,t-atomic, and (d) D is ,t-atomic.

(4) Fora € D%, a is a t-atom if and only if every associate of a is a ,T-atom.

Proof (1) Clear. (2) Suppose that a is a T-atom. Then a has only trivial r-factorizations and hence only the
trivial , t-factorization. So a is a ,T-atom. The second statement is clear. (3) Let a be a reduced t-atom. If a
is not a T-atom, we have a t-factorization a = Aa;---a, where n > 1. Butthena = (Aay) -a>---a, is a
non-trivial . t-factorization for @, a contradiction. So a is a r-atom if and only if it is a . t-atom. For a € DF,
if @ has a r-atomic factorization a = Xap - --ay, then a = (Aay) - ap - - - a, is a T-atomic ,t-factorization
and hence a ,7-atomic ,t-factorization. The equivalence of (a)—(d) easily follows. (4) (=) If a is a t-atom,
then each associate of a is a T-atom and hence a ,T-atom. (<) Suppose that each associate of a is a ,T-atom.
Suppose that is not a T-atom: so @ = Aqg - - - a,, a T-factorization with n > 1. But then 2 la=a;-- -ay is a
not a , T-atom; a contradiction. O

We next give some examples.

Springer
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Example 3.3 Throughout, D will be an integral domain.

(1) (An example of a ,t-atom with an associate that is not a ,7-atom and hence not a T-atom and a r-atomic
domain that is not , t-atomic.) Define t on 7F byartb & a,b>2,a=4,b=—4,0ora =—-4,b =4
Now each positive prime of Z is a t-atom; so Z is T-atomic. Here —4 is a , t-atom, but not a T-atom since
—4 = (—1)-2-2 and the associate 4 of —4 is not a , t-atom. Now —16 = —4 -4; so —16 is not a , T-atom.
But there is no , t-atomic factorization for —16 (as 4 = 2 - 2). Thus Z is not , t-atomic and hence not
T—, T-atomic.

(2) Define T on Z° by #p t 4 ¢ where p, ¢ are any positive primes and 474. So 7 is not associate preserving.
The t-atoms and ,t-atoms are £ p where p is a prime. Thus Z is t-atomic and , 7-atomic and each asso-
ciate of a ,T-atom is a ,T-atom; but 7 is not associate preserving. Note that Z is a -UFD and a , 7-UFD
(defined using , 7-factorizations).

(3) Define 7 on ZF by prq and —pt — g where p, g are any positive primes of Z. The t-atoms are £p, p
a non-zero prime. Now Z is a T-UFD. The ,t-atoms of Z are +p and —pj - - - p2, where p and p; are
positive primes. Note that Z is still a ,7-UFD. If we add —47 — 4, then —4- -4 =2.2-2-2, 30 Z is no
longer a ,t-UFD, but is still a 7-UFD.

Recall that a € D? is T-prime if whenever a | Aaj ---a,, a t-factorization, then a | a; for some i. We
define a € D? to be ,T-prime if a | aj - - - a,, a ,t-factorization, then a | @; for some i. Unlike the case for
T-atoms and , T-atoms, the notions of T-prime and , 7-prime coincide.

Proposition 3.4 Let D be an integral domain and T a symmetric relation on D*. Then a € D* is ,t-prime if
and only if it is T-prime. Hence a ,t-prime is a ,t-atom.

Proof (<) This is immediate since a , T-factorization is a t-factorization. (=) Suppose that a is a , T-prime.
Suppose that a | Aay - - - a,, a T-factorization. Then a | a; - - - @, where a; - - - a, is now a ,t-factorization. So

a | a; for some i. Thus a is a T-prime. O

We next want to consider “reduced |;-primes”. To do this, we need to define “reduced t-divides”. Now
for a,b € DF, the “natural” way to do this is to define a |, bif b = a1---a;—1 - a - aj4+1---a, where
ay---aj—1-a-ajy - - ay is a ,t-factorization. However, as we shall see, there are several problems with this

definition. So we make the following two definitions.

Definition 3.5 Let D be an integral domain and 7 a relation on D*. We say that a reduced t-divides b, denoted
al:b,ifb=ay---ai—1-a-aj+1---a, whereay---a;—1-a-ajy1---a, is a ,t-factorization of b. We say
that a weakly reduced t-divides b, denoted a |, b, if either (1)a |, bor (2)a ~ b.

Our next proposition concerns the relations |, |, and |

wrT*
Proposition 3.6 Let D be an integral domain and t a symmetric relation on D*. Let a, b € DF.

Dal:b=al,:b=al;b.
(2) The following are equivalent.
(@ al:bsalbforalla,be DY,
(b) al.b<al,:bforala,be D" and
(¢) Disa field or U(D) = {1}.
(3) Suppose that t is associate preserving and that a |; b, sob = lay ---ap—1a = (Aay) -az---an—1 - a, a
rT-factorization. Ifn > 1,a |, band hencea |, b. Ifn =1,b =Xa,soa |, b,buta | b < A =1
@) al,bsal,.bforalla,b e D' ift is associate preserving. If T is multiplicative, the converse is true.

Proof (1) Clear. (2) (¢) = (a), (b) Clear. (a) = (b), (c) Suppose that D is not a field, so there is an a € DF,
andlet A € U(D) — {1}. Thus a |; Aa and a |, Aa, buta {,; ra. (3) Clear. (4) The first statement follows
from (3). Suppose that 7 is multiplicative but not associate preserving. So there exista, b € D* and A € U (D)
with atb but a /& (Ab). Now certainly a |, (Aab). Buta {,,; (rab). Fora |, (rab) implies a |, (Lab)
ora ~ (Aab). Now if a |, (Aab), then Lab = a - ¢ where atc or hab = a. The first case Lab = ac gives
¢ = Ab, so atAb, a contradiction. The second case, Aab = a gives that b is a unit, also a contradiction.
Likewise a ~ Aab leads to a contradiction. O

wrT

wrT

If 7 is not multiplicative the converse of the first statement of (4) does not hold in general. Define 7 on Z*
by £27 £ 2, £27 £ 4, £218, +418, and bta whenever atb. Note that t is neither associate preserving nor
multiplicative, since (2, —8), (2, 16) ¢ 7. Howevera |; b < a | bforalla,b e Z°.

wrT
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Corollary 3.7 Let D be an integral domain and T a symmetric relation on DF.

(1) The ,t-factorization theory on D with |  coincides with the t-factorization theory on D if and only if D
is a field or U(D) = {1}.

(2) If D is associate preserving, then the . t-factorization theory on D with |, coincides with the t-factor-
ization theory on D. If T is multiplicative, the converse is true.

Recall that « € D is a |c-prime if whenever a |; Aaj ---ap, Aaj - - -a, a T-factorization, then a|,a; for
some i.

Definition 3.8 Let D be an integral domain and t a relation on D. We define a € D to be a (weakly)
reduced t-divides prime, | -prime (|, .-prime), if whenever a | ai---a, (a |, a1---ay), a1---a, a
T-factorization, thena | . a; (a |, a;) for some i.

Itis easily checked thata |, ;-prime or |, .-prime is a ,T-atom. In fact, a | . -prime is even a T-atom. How-
ever, a|.-primeneednotbea |, . -prime nor a |, -prime. For with the relation 73 on 7F definedby arsb < a = b
mod 3 (see Example 2.3(4)), 5 is a |;-prime (Example 3.9),but5 | -, 5-(5- 7% = (5-7)-(5-7), while
51,7 57 with similar relations holding for |,,. Also, 7is a |, r,-prime, but not a |, .,-prime and its associate
—7isnota|,,-prime. A | ,-prime need not be a |, . -prime. For example, define r on Z* by ath < a, b > 2.
Now —4 is vacuously a |, -prime, but —4 isnota |, .-prime since —4 |, 4 =2-2, but —4 {, ; 2. The same
example also shows that a | ;-prime need not be a |.-prime nor a T-atom and that an associate of a |, -prime
need not be a |, .-prime. Finally, a |, .-prime need not be a |, -prime. Define 7 on Z* by 2716, 1672, —478 and
87 — 4. Then 16is a |, .-prime but not a |.-prime as 16 |; 32 = (—1)(—4)8 but 16 {; 8, —4. The following
example illustrates the differences between t-factorizations and , t-factorizations.

Example 3.9 Let 13 be the relation on Z* defined by at3b < a = b mod 3. So 3 is not associate preserving.

(1) t3-factorizations
(a) The t3-atoms are +p, p a prime and +3n,n > 2,3 { n.
(b) The t3-primes are £p, p a prime and £3p, p a prime, p # 3.
(c) The |;-primes are £p, p a prime, p # 3.
(d) Z is t3-atomic, even a t3-HFD, but not a 73-UFD.
(2) ,t3-factorizations
(a) The ,t3-atoms are £p, p a prime; +3n,n > 2,3 { n; pg, p,q primes, p # g mod 3, p,q #
3; —pq, p, q primes, p = g mod 3, p, q # 3.
(b) The ,73-primes are £ p, p a prime and +3p, p # 3 a prime.
(c¢) The |,;-primes: none.
The |, ;-primes are p, a prime, p = 1 mod 3 and —p, p a prime, p = 2 mod 3.
(d) Zis ,t3-atomic, butitisnota,3-HFD as (7-2)-(7-2)-(7-2) = (—49)-2-2-2-(=7) are . t-atomic
factorizations of length 3 and 5.

The fact that there are no |, .;-primes is a special case of the following result.

Proposition 3.10 Let D be an integral domain with char(D) # 2 and let T be a reflexive, symmetric relation
on D®. Then D has no |, c-primes. Thus Z has no |, -primes for any n > Q.

Proof Leta € DP. Note that a # —a since char(D) # 2.Nowa |, a-a = (—a) - (—a), buta {.; (—a).
Hence a cannot be a |, .-prime. O

All of the material in Sect. 2 concerning t-factorization has an analog for , t-factorization (in fact, two
analogs in some cases since we can use either | ; or |, ). We have seen (Corollary 3.7) that for T associate
preserving, we can omit the leading unit in a t-factorization (that is, use ,t-factorization) once we replace
|,z by |, z. This, along with Proposition 3.10, suggests that when working with , t-factorizations we should
replace |,; by |, . But this in turn suggests that t-factorization is preferable over , T-factorization since we can
use the natural relation |,. As illustrated in Example 3.9, the theory of r-factorization is often “cleaner” than
the corresponding theory of , T-factorization. For example, having an associate of a t-atom remain a 7-atom is
certainly a desirable property. Finally, the leading unit in a t-factorization allows the flexibility in constructing
some natural factorizations as pointed out in Example 2.3(3).
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4 T -Factorizations

In this section we give an introduction to I'-factorizations. I"-factorizations were first studied in [11] and this
investigation is continued in [9]. Many results not stated here are given in [9] and [11] which reveal the power,
generality, and usefulness of the I'-factorization framework. Let D be an integral domain with quotient field
K . We maintain the notation from Sects. 2 and 3 with the exception that 7 need not be symmetric. Fora € D¥,
wecalla = daj---ap,n > 1,1 € U(D),a; € D* a factorization of a and a reduced factorization of a
isa=ay---ay,n > 1,a; € D?. Note that the order of the factors matters. In the case n = 1 we call the
(reduced) factorization a = A(A~'a) (a = a) a (reduced) trivial factorization. We will consider a reduced fac-
torization to be a factorization where A = 1, and conversely. For a € D* let fact(a) (resp., rfact(a)) be the set
of factorizations of a (resp., reduced factorizations of a). And let tfact(a) (resp., trfact(a)) be the set of trivial
factorizations of a (resp., trivial reduced factorizations of a). Finally, fact(D) = U,p:fact(a), rfact(D) =
U,epetfact(a), tfact(D) = U, prtfact(a) and trfact(D) = U, prtrfact(a).

Remark 2 We could have more rigorously defined a factorization in D to be the “formal word” (A, ay, .. ., ap,
1,1,...)whereA € U(D),n > landa; € Dﬁ.Areducedfactorization in Disafactorization (1, ay, ..., a,, 1,
1,...).Letfact(D) be the set of these factorizations in D. Define 77 : fact(D) — D*bym((A,ai, ..., an, 1,
1,..)) = Aay---a,. If A, ay,...,a,,1,1,...) € fact(D) with n((A,ay,...,a,,1,1,...)) = a we call
(A,ay,...,a,,1,1,...) afactorization of a and write a = Aay - - - a,.

Definition 4.1 Let ' € fact (D). An element of I (resp., I'(a) := ' N fact(a)) is called a I"-factorization
(resp., I'-factorization of a). Leta, b € D¥. We say thata (weakly) I'-divides b, writtena |r b (a |,r b),if there
exists a ['-factorization of b, b = Aay - - - a,, where some a; = a (or a ~ b). We also say that g; is a I'-factor
of b. An element a € D% is T-irreducible or a T-atom if T’ N fact(a) < tfact(a). We denote the set of I"-atoms
of D by atom(I"). A I"-atomic factorization of a is a I'-factorization a = Laj - - - a, where each qg; is a I'-atom
and D is said to be I"-atomic if each a € D* with I'(a) # @ has a I'-atomic factorization. An element a € D*
is a I'-prime (resp., |r-prime, | r-prime) if whenever a | Aajy - - -a, (resp.,a |r Aay---ay,a |,r Aay---ay),
a I'-factorization, then a | a; (resp., a |r a;,a |,r a;) for some i. A proper ideal I of D is called a I'-prime
ideal if whenever Aay---a, € I, ay---a, € I, we have a; € I for some i. We denote the set of I"-prime
ideals by Spec (D) and the set of I'-prime (resp., |r-prime, |, r-prime) elements of D by pSpecr-(D) (resp.,
pSpec.(D), pSpec|wr (D)).

Note that according to our definition of a I'-atomic domain D, an element of D* need not to be a I'-prod-
uct of I'-atoms. In fact, if ' = @, every element of DF is a ['-atom, but no element of D¥ has a I"-atomic
factorization. We will give some examples of I'-factorizations later. For the moment we content ourselves
with two examples. Let 7 be a symmetric relation on D?, D an integral domain. Let 'y (resp., I".;) be the
set of all t-factorizations (resp., reduced t-factorizations) on D. So a I';-factorization (resp., I', . -factoriza-
tion) is just a T-factorization (resp., reduced t-factorization). We have a|r. b < al:b,a|r, b < a|..b and
al,r..b & al,,b. Similar statements hold for t-prime, , T-prime, |;-prime, |,;-prime and |, -prime.

Observe that a € D? is a [-prime if and only if (@) is a I'-prime ideal. Thus an associate of a I'-prime
is again a I"-prime. This is not true for I'-atoms or |r-primes as seen by taking I" to be I", ;. The notions of
["-atom, I"-prime and |r-prime are all special cases of a I'1-I"2-I"3-prime.

Definition 4.2 Let D be an integral domain. Let I', Iy, '3 C fact(D). We call a € D' a I'-I'2-I'3-prime
if for each I'i-factorization Aaj ---a,,a |r, Aaj---a, implies a |r, a; for some i. We denote the set of
I'1-T'2-I"3-primes by PSPeCrl-rz-r3 (D).

Thus a I'-fact(D)-fact(D)-prime is just a I'-prime and a I"-I"-I"-prime is a |r-prime. We next note that a
["-atom is just a I'-trfact(D)-tfact(D)-prime or I'-trfact(D)-fact(D)-prime.

Proposition 4.3 Let D be an integral domain and T C fact(D).

(0) Fora,be D*,a|rb=a |,rb=alb.

(1) tfact(D) C T < a,b € D witha ~ b implies a |r b.
(Ir) trfact(D) €T < a |r a forall a € D

(2) T C tfact(D) < fora,b € D?, a |r b implies a ~ b.
@r) T C trfact(D) < fora,b € D¥, a |r b implies a = b.
(3) T = tfact(D) < fora,b e D*,a ~b < a|r b.

Springer



Arab J Math (2012) 1:1-16 11

(3r) T = trfact(D) < fora,b € D¥,a=b < a|r b.
(4) Let a € D*. The following are equivalent:
(a) a is I'-irreducible,
(b) a is T-trfact(D)-I'3-prime for some I's C fact(D),
(¢) ais T-trfact(D)-tfact(D)-prime, and
(d) a is T'-trfact(D)-I'3-prime for every I's D tfact(D).
(5) The following are equivalent:
(@) I' € tfact(D),
(b) every element of D* is a I"-atom, and
(c) every element of D® is a T'-prime.

Proof (0) Clear. (1)(=) Suppose a ~ b; so b = Aa for some A € U(D). But b = Aa is a trivial factor-
ization of b and hence a I'-factorization of b. So a |r b. (<) Let b = Aa be a trivial factorization of b.
We need that Aa isin I". Now a ~ b, soa |r b. So b = pay ---a, is a I'-factorization where say a; = a.
Sola =b = pay---a,_,-a-a41---a,. If n > 1, cancelling a gives A = paj---a;—1ai41---ay, a
contradiction. Son = 1 and hence A = i, so b = Aa is in I". The proof of (1r) is similar.

(2)(=) Suppose a |r b; so b = laj ---a, a I'-factorization. But I' C ¢fact(D) givesn = 1 sob ~ a.
(<) Letb = Aaj - - - a, be a I'-factorization. Now a; |r b, so a; ~ b. Hence a; = ub where u € U(D). So
b= A(ub)-ay---a,.Son > 1forces ay, ..., a, to be units, a contradiction. Hence n = 1, so b = Aa;j €
tfact(D). The proof of (2r) is similar.

(3) This follows from (1) and (2). The proof of (3r) is similar.

(4) (b) = (a) Suppose that a is I'-trfact(D)-I"3-prime. Let a = Aaj ---a, be a I'-factorization of a.
Then a |ifact(p) A1 - --an. So a |ry a; for some i. Hence ala;, say a; = ba,b € D*. Soa = Aay ---a, =
Aayp---ai—y - (ba)-ajy;---a,. Hence n = 1; so a is I'-irreducible. (a) = (d) Suppose that a is I'-irreduc-
ible. Suppose that a |fact(p)y A1 - - - a, where daj - - - a, is a I'-factorization. By (3r) @ |ifacep) Aar---an
implies a = Aay - - - a,. Now al'-irreducible gives n = 1, so a = Aaj. Hence a ~ aj, soa |ry a;. Soais a
[-trfact(D)-I'3-prime. (d) = (¢) = (b) Clear.

(5) This follows from the definitions. O

Our next proposition gives some properties of UI'y, N T"y, and I'2\I'y for Iy, 'y,
'y € fact(D). Its simple proof is left to the reader.

Proposition 4.4 Let D be an integral domain, I'y, 2, 'y, C fact(D) and a, b € D?.

(1) (U (@) = Uly(a).
@ (Fw)@ = Ta(a).
(@) IfT'y €Iy, thena |r, b= a |r, b.

@ (T\I'N(a) = (T2(a)\(T1(a)).
(5) a lur,) b < alr, bfor some a.

6) a |(umra) b= alr, bforalla.

(7) Ifa |r, band a v, b, then a |(ry\r,) b.

Example 4.5 Let D be an integral domain and {/,} a family of ideals of D. Define at;,b < a — b € I,

(Example 2.3(4)) and let I';;  be the set of 7y, -factorizations. Then NI';, =T In particular, for D = Z
o

and natural numbers ny, ..., ng, wehave I'y, N---NTg =Tq, (or 7y, N -+ N 7y = Tjy) Where m is the
LCMofny,...,ns.

NI,
e

Example 4.6 Let I';, be the set of all t,-factorizations (Example 2.3(4)). Note that 2 |1"r1 14 and 2 |Fr5 14, but
2 J(rr2 . 14, or equivalently 2 hgls 14, hence the converse of (6) fails in general. The converse of (7) need
not to hold. For example, let I'; = {2 -2 -3} and I'; = {4 - 3} and note that 3 Ir; 12,3 |r, 12and 3 |p\ry 12

We next show how the various forms of “prime” elements behave with respect to U,y and Ny 'y,

Theorem 4.7 Let D be an integral domain and let Ty, T/, Ty, T2', T3, ['s’, Ty be subsets of fact(D). Then
the following hold.

(1) If Ty T, then Specr, (D) € Specy, (D).
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(2) Specyr, (D) = OSpecr, (D).
(3) IfT'1 S Ty, then pSpecr,r_p,-r, (D) € pSpecr, _p,-p (D).
@) pSpecr,)-r,-ry (D) = (pSpecr,-r,-ry (D).
(5) UpSpecr,r,.r; (D) < pSpecr,)-r,-rs (D).
o o
(6) If T2 € T, pSpecr,-ryr-ry (D) < pSpecr-r,-ry (D).
(7) pSpecrl—(gFQ)-m(D) = QPSpecl“l—l“a-F3(D)'
(8) UpSpecr,-r,-r; (D) € pSpecr,-r,)-rs (D).
(9) IfF3 - F3/7PSP€CI‘|-F2-F3 (D) < pSpeCFI'FZ‘ré(D)'
(10) UpSpecr,r,.r, (D) S pSpecr,r,-ur,) (D).
(1D pSpecr,-r,-@r,) (D) € OpSpecr,-r,-r, (D).

(12) pSpecr, (D)\pSpecr, (D) < pSpecr,\r, (D).
(13) atom(UT'y) = Natom(I'y).
o o

(14) Uatom(T'y) C atom(NI'y).
o o

(15) atom(I'z)\atom(I'1) C atom(I'2\I'1).
Proof (1)LetI € SpecFZ(D) andiay---a, € INT) C INT,, thena; € I forsomei. Hence l € Specr1 (D).

(2) (©) This follows from (1). (2) Let I € NSpecr (D). Let day ---an € IN(Uly); soray---a, € INTy

o o
for some «. Since I is a I'y-prime, some a; € 1. So I is a Ul -prime.
o
(3) The proof is similar to that of (1).
(4) () This follows from (3). (2) Suppose a € NpSpecr,.r,-r,(D), so a € pSpecr_r,.r,(D) for each
o ;
a. Leta |r, Aay - - - a,, a Ul y-factorization, that is, Aay - - - a, € Iy for some a. Hence a |r, a; for some i.
b ;

(5) and (12) follow from (3). The proof of (6) and (9) are similar to that of (3).
(7) (S) Follows from (6). (2) Suppose a € NpSpecy, 1, -, (D), then a € pSpecy, _r, ., (D) for each a.

Leta |ur, Mai ---ay, a I'y-factorization, which implies that a |Fa0 Aay - - - ay for some ay. Hence a |ry a; for
some i.

(8) Follows from (6).

(10) and (11) follow from (9).

(13), (14) and (15) follow from (3)—(5) and Proposition 4.3(4). O

Example 4.8 Let 'y = {(—1)2 - 3} and I’y = {—2 - 3}, both subsets of fact(Z). Then 'y N T, = @, so
atom(I"{NI'2) = ZF. On the other hand, atom(I"; ) Uatom(I") = Z*—{—6}. So the reverse inclusion of (14) (and
hence of (5)) does not hold in general. Now let I'; = I'z, then atom(I";\I"1) = DF, but atom(I";)\atom(I"1) =
@. So the reverse inclusion of (15) [and hence of (12)] does not hold.

Proposition 4.9 Let D be an integral domain. Let T';, ;' C fact(D) fori =1,2,3with;’ C T, C Ty
and I's’ D T'3. Then a I'1-T'»-T3-prime is a T'y'-I'y’-T'3’-prime.

Proof Suppose a is I'\-I'2-I'3-prime. Suppose that a |r,y ray---a, € 't Now hay---a, € 'Y/ € Ty and
a |y Aay---ay and Y CTy=a Ir, Aay---ay. So al'1-I'2-I'3-prime = a |r, a; for some i. But then
a |r, a; since T's' 2 T3 O

Corollary 4.10 Let D be an integral domain and let t;, Ii’ ,i = 1,2, 3, be symmetric relations on DA, Suppose

thatty > 7', 10 > v’ and 3 < ©3/. If a is a 11-12-13-prime, then a is a t{-t}-T5-prime.

Corollary 4.11 Let D be an integral domain and let ', Ty C fact(D) with I'y C I';.

(1) A T'z-atomis a I'y1-atom.
(2) A I'z-prime is a I'1-prime.
(3) A T'y-prime is a I'1-atom.

Proof (1), (2) Clear. (3) Let a be a T'{-prime. Now a is I"{-prime if and only if a is I'1-fact(D)-fact(D)-prime.
So a is I'1-trfact(D)-fact(D)-prime, or equivalently, a is a I'1-atom, by Proposition 4.3.4. O
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We can define “the” I'-ged [a, b]r for a, b € D*. We say [a, blr = d if (1)d |r a and d |r b and (2) if
c|raandc|r b, then ¢ |r d. If there does not exist d € D* with d |r a and d |r b, we write [a, b]lr = 1.
This will be pursued in a future paper.

For t-factorization, we defined three additional conditions that the relation v may satisfy: associate pre-
serving, divisive, and multiplicative. These conditions on 7 lead to desirable factorization properties. We next
give several conditions that I' C fact(D) may satisfy. These properties (along with others) were introduced in
[11] and these properties (along with others) are further studied in [9].

Definition 4.12 Let D be an integral domain and I' C fact(D). Then we say I is

(1) symmetric if for any Aay ---a, € I'and o € S, we have Aag(1) - adgm) €T,
(2) reflexive if for any a € D" and n > 1, we have the n-fold producta---a €T,

(3) associate preserving if for any Aay - --a, € I, then paj - - - (n;a;) - - - a, is also a I'-factorization for any
u, ni € U(D),

(4) divisive if for any Aay---a, € ''anda | a; (a € D% fori € {1,...,n}, we have Aay---aj_1 - a -
ait1---ap €T,

(5) refinable if for any Aay---a, € I' and b;; - - by, a I'-factorization of a;, we have Abyy-- by, -
b21 "'b2m2"'bn1"'bnmn erl,

(6) combinableifforany Aay---a, e 'andk € {1,2,...,n—1},thenray - --ax—_1-(arak+1) -ak+2 -+ - an €
T,

(7) wunital if whenever Aaj ---a, € T, then uay - - - a, € I" for any unit u,

(8) divisible if forany Lay - - - a, € I, the subproduct Aa;,a;, - - -a;, € I'foreachl <ij <ip <--- <ij_1 <
ir <n,and

(9) (reduced) normal if (trfact(D) C I') tfact(D) C T'.

Let t be a (symmetric) relation on D?. Then I'; is symmetric, unital, divisible, reduced, and normal. If t
is reflexive (resp., associate preserving, divisive), then I'; is reflexive (resp., associate preserving, divisive). If
7 is divisive (resp., multiplicative), then I'; is refinable (resp., combinable).

Suppose that I' is combinable. Then any a € D with I'(a) # ¥ which is not a I"-atom has a I'-factorization
of length 2. If " is divisive and combinable, then it is divisible; and if I" is divisive and unital, then it is associate
preserving.

Proposition 4.13 Let D be an integral domain and let T be a unital subset of fact(D). For a € D", the
following are equivalent:

(1) aisaT'-atom,

(2) ra is a I'-atom for any A € U(D),

(3) a is a I'-tfact(D)-I'3-prime for some I's C fact(D), and

(4) Aa is a U-tfact(D)-I'3-prime for some I's C fact(D), for any A € U (D).

Proposition 4.14 Let D be an integral domain and I C fact(D). Then the following statements hold.

(1) If T is normal, then pa |r la for any u, » € U(D).

2) Ifa|r band b |r a, thena ~ b.

(3) Let " be unital. If » e U(D),a |r b < a |r Ab.

(4) Suppose T is associate preserving. If A\, u € U(D), thena |r b < pa |r Ab.
(5) Let I be refinable and associate preserving. If a |r b and b |r ¢, then a |r c.

Proposition 4.15 Let D be an integral domain and 'y, 2, 'y, C fact(D). The following hold.

(1) IfT'1 € I'y and Ty is reflexive (resp., normal, reduced), then T'; is reflexive (resp., normal, reduced).
(2) If each T, is reflexive (resp., symmetric, associate preserving, combinable, divisive, divisible, normal,
reduced, unital), so are Ul'y, and NTy,.
o o

(3) If each Ty is refinable, then NIy, is refinable.
o

Proof (1) Follows from the definition. (2) If each Iy is reflexive, (1) gives Ul'y is reflexive. Now, for any
o

a € D, the n-fold product a ---a € Ty. Hence NIy, is reflexive. The argument for normal or reduced is
o

similar.
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Suppose I'y is symmetric for each « and let Aa; - - - a, € N[y (resp., in UT'y), then Aay - - - a, € Ty forall
a (resp., for some o). So Adg (1) - - o) € Iy forall o (respt.x, for some «) gnd Ao (1) - Ao (n) € QFa (resp.,
Ag(1) Qo) € 'y € k&JFO,). The arguments for the other properties are similar.

(3) Suppose I'y is refinable for all «. Let Aay ---a, € NI’y and a; = b;1---biy, € NIy, then both
QFa-factorizations are I'y-factorizations for each «. Hence Kbll cbimy b2 by - -bo;l by, 18 a

"y -factorization for each «, thatis, Abyy - - b1y, - b21 -+ bomy =+ bpt -+ - by, € Nl O
o

The converse of (2) fails in general. For example consider I'y = {(—1)(—6),2-3, (=1)-(=2)-(=3), (—1)-
2-3}and I’y = {(—6),2-(=3),(-2)-3,(=1)-2-(=3),(=1) - (=2) - 3}. Now, I'1 N[y =V and "M U T, =
{(=6), (=1)(=6),2-3,2-(=3),(=2)-3(=1D-2-3, (=1 - (=2) - (=3), (=1) - 2- (=3), (=1) - (=2) - 3} are
both associate preserving (resp., divisive, unital), but neither I'| nor I'; is associate preserving (resp., divisive,
unital). We can construct similar examples in which the sets are pairwise disjoint by splitting the property
among the sets so the union has the desired property. We next give some examples of I"-factorizations.

Example 4.16 Let D be an integral domain.

(1) Let t be a symmetric relation on D*. I'; = {Aa; ---a, | a;jtaj fori # j}is the set of r-factorizations
and I',; = {ay ---ay | ajtaj fori # j} is the set of reduced t-factorizations. So |r,=|; and |r,,=|,¢.

(2) T = fact(D). We have the usual factorization, |r=|, I'-atom = atom, and |r-prime = I"-prime = princi-
pal prime. Note that I' = I'; where T = D? x DF. Of course I' satisfies all of the conditions given in
Definition 4.12.

(3) I' = . Here every element of D? is a -atom and a ["-prime. We never have a | b; so each element is
a |p-prime. Also, [a, b]r = 1. Note that I' # I'; for any relation 7. Here I" vacuously satisfies all of the
condition given in Definition 4.12 except (2) and (9).

(4) T = tfact(D). Here every element of D? is a I'-atom and a I'-prime. Also, a |r b < a ~ b. So each
a € D%is also a |r-prime. We have [a,blr = 1 < a # b. Note that ' = I'y where 7 = (. Here I'
satisfies all the conditions given in Definition 4.12 except (2).

(5) Let T be a not necessarily symmetric relation on D, Then Aaj ---a, € fact(D) is an ordered t-fac-
torization if a;ta; for i < j and a|‘§rdb if b = Mlap---a, is an ordered t-factorization where some
a; = a. Take ' to be the set of all ordered t-factorizations. So a|%b < a |pera b. In a similar man-
ner we can define a reduced ordered t-factorization, |f§d and |2§‘1T. If we let T be the set of reduced
ordered t-factorizations, then |j’;d =|ro and |i,r,dr =, re. As a concrete example, define 7 on D[x]*

by ftg < deg(f) < deg(g). Then an ordered t-factorization is a factorization Afj - - - f, where X is a
unit and f; € D[x]* with deg(f1) < deg(f2) < --- < deg(f,). Note that I'; is not symmetric, divisive,
refinable, nor combinable, but satisfies the other conditions given in Definition 4.12. As a second example
we could consider factorizations in Z of the form (£1)2"! - 3"2 ... p ™ where p; is the ith prime.

(6) Let S be a non-empty subset of D and take T = S x S, so ath < a,b € S (Example 2.3(3)). Take
I's ={Aa;---a, | a; € S,n > 1}. Note that for any unit A anda € D*, la e I';,but ha € 'y & a € S.
In fact, I'y = I's U tfact(D). Suppose a ~ b. Then a |; b, buta |ry< a € S. Here we have ¢ |; d &
¢ |,rg d. Note that Specp_(D) = Specrs (D), atom(I';) = atom(I"g), pSpec (D) = pSpech (D), and
pSpecm (D) = pSpec|wrs (D).

We next define the I" analogs of 7-UFD, t-HFD, t-BFD, t-FFD and 7-ACCP. Note that these definitions
agree with the t-factorization definitions in the case where I' = I';.

Definition 4.17 An integral domain D is called a I'-unique factorization domain (I'-UFD) if D is I'-atomic
and whenever Aaj ---a, = ub; ---b,, are two I'-factorizations into I"-atoms, then n = m and after reorder-
ing (if necessary) a; ~ b;. We say D is a I'-half-factorial domain (I'-HFD) if D is I'-atomic and for any
two I'-atomic factorizations Aaj - --a, = uby - - - b, we have m = n. The domain D is called a I'-bounded
factorization domain (T-BFD) if D is I'-atomic and for each a € DF there is a positive integer Nr(a) so that
for any I"-factorization Aaj - - - a, of a, n < Nr(a). We say that D is a I"-finite factorization domain (I'-FFD)
if D is I'-atomic and each a € D* has only finitely many I'-factorizations (up to order and associates) into
["-atoms. We say that D satisfies the I'-ascending chain condition on principal ideals (I'-ACCP) if for any
infinite sequence {a;}7°, such that ¢; 1 |r a; there is a positive integer N (depending on the sequence) with
ag+1 ~ ay foreachk > N.

Springer



Arab J Math (2012) 1:1-16 15

Note that I'-UFD = I'-HFD and I'-FFD, and that I'-HFD or I'-FFD = I"-BFD. If I" is divisive, unital
and refinable, we have I'-BFD = I'-ACCP = I'-atomic (see Theorem 4.19). We next give a I" analog of
Proposition 2.8 that will be used in proving Theorem 4.19(4).

Theorem 4.18 Let D be an integral domain and I' C fact(D) be divisible, divisive and unital. Suppose
Pl Pn = q1 - qm are two I'-factorizations so that each p; is a I'-atom and each q; is a T'-prime (resp.
Ip-prime). Then n = m and after reordering (if necessary) p; ~ q;. Moreover, if each a € D has a T'-factor-
ization into I'-primes (resp. |r-primes), D is a I'-UFD.

Proof First, let us assume that each ¢g; is a |p-prime. Without loss of generality, say g, |t pn. So p, =
aay---qm---ax € I'. Since p, is a I'-atom, k = 0 and p,, = ag,,. Cancelling gives two I"-factorizations
Aq1--qm—1 = (U -a)p1--- pn—1 (here we use divisible and unital). By induction, m — 1 = n — 1 and after
reordering (if necessary) ¢q; ~ p; for each 1 < i < n. Therefore, n = m and after reordering (if necessary)
each p; ~ g;.

Now suppose that each ¢; is a I'-prime. Then ¢ | p; for some i, say p; = aiq1. So p1--- pi—1 - (aiq1) -
Pi+1°**Pn = q1 -~ qm- Cancelling q| gives py -+ pi—1 - @ - piy1-+* Pn = q2 - qm Where both sides are
again I'-factorizations since I" is divisive and divisible. Now either g | p; for some j # i or q2 | a;. In
the first case p; = a;q> and as before py---a;---a;j--- p, = q3---gn where both are I'-factorizations. If
92 | a;, then a; = a;'q> for some a;". So p; = a;'q1q2. Inthis case p1---pi—1-a;" - piv1-- Pn =q3- - qm
where both are again I' factorizations. Continuing in this manner, we can partition ¢, g2, ..., gm (as an
ordered set) into {g;;} so that p; = a;q;1 - - - qir, (need not be a I'-factorization). Hence [[¢ij = q1---gm.
Thus g1 ---gm = p1---pn = (1911 q1ky) - - @Gn1 -+ - Guk,) = @1---anq1 - - - . Hence each g; is a
unit. Since I is divisive and unital p; = a;q;1 - - - g, is a I'-factorization of the I'-atom p;. Hence k; = 1.
Therefore n = m and after reordering (if necessary) p; ~ g;. O

We end with the following theorem. Note that Theorem 4.19(4) gives a proof for Theorem 2.12 (which is
much simpler than the proof given in [3]).

Theorem 4.19 Let D be an integral domain and T' C fact(D).

(1) If D has ACCP, then D has I'-ACCP.

(2) Suppose T is divisive, unital and refinable. If D satisfies I'-ACCP, then D is I"-atomic.
(3) Suppose T is divisive, unital and refinable. If D is a I'-BFD, then D satisfies T'-ACCP.
(4) Suppose T is divisive, divisible, unital and refinable. If D is a UFD, then D is a I'-UFD.

Wz

Proof (1) If there is an infinite sequence {a;};2; witha; 11 |r a; that does not stabilize, then the same sequence
contradicts the fact that D has ACCP. Hence, there is a positive integer N such that foreachk > N, ax ~ a4
and D has I'-ACCP. (2) Let @ € D*, and suppose that it is not a I'-atom and has no I'-atomic factoriza-
tion. So there is a I"-factorization, say a = by - - - b,, which is not a ["-atomic factorization. So some b;,
say by, is neither a I'-atom nor has a I'-atomic factorization. Say that by = by - - - by, is neither a I'-
atom nor a ['-atomic factorization of by. So a = byy -+ by, b2 --- b, is not a I'-atomic factorization of a.
Again, we may suppose that bj; = by - - - byy, is neither a I'-atom nor a I'-atomic factorization of by;.
Soa = by1---byn, - b12---bim b2 - - - by is not a I'-atomic factorization of a. Continuing in this fashion,
and we obtain the infinite sequence {b1, b11, b21, b31, ...} with byy |r by and b11)1 Ir b1 that does not
stabilize. This contradiction shows that every element is either a I"-atom or has a I"-atomic factorization.
Therefore D is I'-atomic. (3) Let D be a I'-BFD. Suppose that there is an infinite sequence {a;}7°, with
aj+1 |r a; that does not stabilize. Now a; |r ay, soa; = Aby---bj—1-ay - bjy1---b, € ' where n > 1
since a; 7 ap. Since a3 |r az, we have ap = pucy---cj1-az-cjp1---cy € I' where m > 1 since
az 7 az. Since I is divisive and unital, (ucy) - c2---cj—1-a3 - cjr1---cp € I'. Thus I' refinable gives
ay = Aby---bi_1 - (ucy) -ca--cj_1-a3 - Cjy1--+Cy - biy1---b, € I'. Continuing this process, we get
arbitrarily long I"-factorizations for a1. This contradiction gives that D satisfies I"-ACCP. (4) Since a UFD has
ACCP, D is I'-atomic by (2). Now, we show that each I'-atom is a I"-prime and by Theorem 4.18 D will be
a I'-UFD. Suppose that a € D% is a I'-atom and a | by---b, € T. Since D is a UFD, it is a GCD domain

and so @ = ay ---ay, where each a; € D* and a; | b;. Now collect all those a;s that are non-units. Say
ai1, a2, - . . , ajx are non-units and say that the product of the rest of them is «. Then a = wa;ia;2 - - - ajx is a
["-factorization of a, which implies that k = 1. Hence a | b;1 and a is a I'-prime. O

Open Access This article is distributed under the terms of the Creative Commons Attribution License which permits any use,
distribution, and reproduction in any medium, provided the original author(s) and the source are credited.
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