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Abstract Divisible modules over general rings are considered and a general notion of divisibility is defined.
In order to study these divisible modules we generalize the notion of injectivity. One consequence is that rings
for which every principal right ideal is projective can be characterized. In addition, a characterization is given
of when a submodule of a projective module is projective.
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1 Generalizations of injective modules

All rings have an identity element and all modules are unitary right modules. Let R be a ring and M and X
be R-modules. Let 2 be a non-empty collection of submodules of M. The module X will be called A — M-
injective in case, for every submodule N in 2, every homomorphism ¢ : N — X lifts to M. For a related
concept see [2]. In particular, if 2 is the collection of all submodules of M then we shall call X M-injective,
as usual (see, for example, [19, Section 16]). Note that if & denotes the collection of essential submodules of
M, then every € — M-injective module is M-injective because every submodule of M is a direct summand of
an essential submodule. In [13] and [15], a module X is called finitely injective in case, for every R-module
M, X is §(M) — M-injective where §(M) denotes the collection of finitely generated submodules of M. If N
is a submodule of M, then N is {N} — M-injective if and only if N is a direct summand of M. It follows that if
G denotes the collection of direct summands of M, then for a given collection 2 of submodules of M, every
R-module is A — M-injective if and only if 2 € &. For any unexplained terminology see [19].

Again let R be aring, M and X R-modules and let 2 be a non-empty collection of submodules of M. It is
clear that X is 2 — M-injective if and only if X is {L} — M-injective for every submodule L of 2, and in this
case X is B — M-injective for every non-empty subfamily B of 2. Let 2(3,(X) denote the collection of all
submodules N of M such that X is {N} — M-injective. Then X is 20 — M -injective if and only if A C A3/ (X).
In particular, X is 2/ (X) — M-injective. Note the following simple fact.
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Proposition 1.1 Let R be any ring and let 1 : M — M’ be any epimorphism of R-modules. Let A be any
non-empty collection of submodules of M, each containing the kernel of 7, and let A denote the collection of
submodules of M’ of the form 7 (L) where L is any submodule of 2. Then every 2 — M-injective R-module
is A' — M'-injective.

Proof Let X be any 2l — M-injective module. Let L" be any submodule in 2" and let ¢ : L’ — X be any
homomorphism. There exists a submodule L in 2 such that L’ = 7w (L). Let 7’ : L — L’ be the homomor-
phism defined by 7/(x) = w(x) (x € X). Then ¢7’ : L — X is a homomorphism. By hypothesis, ¢’ can be
lifted to a homomorphism 6 : M — X. Let K denote the kernel of . Note that K € L and

0(K) = pr'(K) = ¢(0) = 0,

so that 6 induces a homomorphism 6’ : M’ — X defined by 6'(w(m)) = 6(m) for all m € M. For each
n’ € L' there exists n € L such that n’ = 7’(n) and hence

0'(n") = 60(n) = ' (n) = p(n').
Thus 6’ lifts ¢ to M’'. The result follows. ]
Next we consider some basic properties of 2l — M-injective modules.

Lemma 1.2 Let R be a ring and let 2 be any non-empty collection of submodules of an R-module M. Then
every direct product of A — M-injective R-modules is A — M -injective.

Proof Clear. O

Corollary 1.3 Let R be a ring and let 2 be any non-empty collection of finitely generated submodules of an
R-module M. Then every direct sum of A — M -injective R-modules is %A — M-injective.

Proof By Lemma 1.2. O

Lemma 1.4 Let R be a ring and let A be any non-empty collection of finitely generated submodules of an
R-module M. Let Y be any 28 — M-injective submodule of an R-module X. Then there exists a maximal
A — M-injective submodule Z of X containing Y.

Proof Let S denote the collection of all 2 — M-injective submodules of X containing Y. Clearly S is non-
empty. Let U; (i € I) be any chain in § and let U = U;¢;U;. Then U is a submodule of X containing Y. Let
N be any submodule in 2 and let ¢ : N — U be any homomorphism. Because N is finitely generated, there
exists j € I such that 9(N) C U; and hence ¢ lifts to M. It follows that U is 24 — M-injective. By Zorn’s
Lemma S has a maximal member. O

Let R be aring and X any R-module. Recall that an R-module M is X-projective provided that for every
R-module X', epimorphism 7 : X — X’ and homomorphism ¢ : M — X’ there exists a homomorphism
6 : M — X such that ¢ = 76.

Lemma 1.5 Let R be any ring and let X and M be R-modules such that M is X-projective. Let 2 be a
non-empty collection of submodules of M and let Y be a submodule of X such that Y and X/Y are both
A — M-injective. Then X is A — M-injective.

Proof Let N be any submodule in 2 and let ¢ : N — X be any homomorphism. Let 7 : X — X/Y denote
the canonical projection and ¢ : N — M the inclusion mapping. Then 7r¢ : N — X/Y is a homomorphism.
By hypothesis, there exists a homomorphism 6 : M — X /Y such that ¢ = 6. Because M is X-projective,
there exists a homomorphism 6 : M — X such that & = 76. Note that forallu € N,

Ou) =) +Y =0(u) +7,
and hence ¢ (1) — 6(u) € Y. Define a mapping o : N — Y by
a(u) = @) —6(u) (u € N).

Clearly « is a homomorphism. By hypothesis, there exists a homomorphism 8 : M — Y such that @ = Bu.
Let 1 denote the homomorphism 6 + 8 : M — X.Forallu € N,

Au) = 0@) + ) = 6(u) + o) = p).
It follows that X is 2l — M-injective. O
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Corollary 1.6 Let R be any ring and let X and M be R-modules such that M is X-projective. Let 2 be a
non-empty collection of finitely generated submodules of M and let Y be a submodule of X such that Y is
A — M-injective. Then there exists a submodule Z of X containing Y such that Z is A — M-injective and X /Z
has no non-zero A — M -injective submodule.

Proof By Lemmas 1.4 and 1.5. O

For any ring R and R-module M, the injective hull of M will be denoted by E(M). We now characterize
when a submodule of a projective module is projective.

Theorem 1.7 Let R be any ring. Then the following statements are equivalent for a submodule M of a pro-
jective R-module P:

(1) M is projective.

(i1) Every homomorphic image of an {M} — P-injective module is {M} — P-injective.
(iii) Every homomorphic image of a P-injective module is {M} — P-injective.
(iv) Every homomorphic image of an injective R-module is {M} — P-injective.

Proof (1) = (ii) Let X be any R-module which is {M} — P-injective and let ¥ be a submodule of X. Let
o : M — X/Y be a homomorphism. Let ¢ : M — P denote the inclusion mapping and let 7 : X — X/Y
denote the canonical projection mapping. Because M is projective, there exists a homomorphism g : M — X
such that 78 = «. But X is {M} — P-injective, so that there exists a homomorphism y : P — X with
B = yu. Note that 7y : P — X/Y is a homomorphism such that (ry): = 78 = «. It follows that X/Y is
{M} — P-injective.

(1) = (iii) = (iv) Clear.

(iv) = (i) Let N be any R-module and let L be a submodule of N. We can think of N as a submodule
of its injective hull E(N). Let ¢y : N — E(N) and (o : N/L — E(N)/L denote the inclusions and let
my : N - N/L and mp : E(N) — E(&N)/L denote the canonical projections. Let 6 : M — N/L be any
homomorphism. Since the module E(N)/L is {M} — P-injective it follows that there exists a homomorphism
i P — E(N)/L suchthat ut = 1,6, where againt : M — P denotes inclusion. But P is projective, so that
there exists a homomorphism v : P — E(N) such that mpv = . Let m € M. Then

v(im) + L = mv(m) = u(m) = 1,0(m) € N/L,

and it follows that v(m) € N. Thus v(m) € N for all m € M. Note that vt : M — N is a homomorphism
such that myve = pe = 6. It follows that the module M is projective. O

Corollary 1.8 Let R be a ring and A a non-empty collection of submodules of a projective R-module P. Then
the following statements are equivalent:

(1) Every submodule in 2 is projective.
(i) Every homomorphic image of an 2 — P-injective module is 4 — P-injective.
(iii)) Every homomorphic image of an injective R-module is 2l — P-injective.

Proof By Theorem 1.7. O
In particular, in Corollary 1.8 in case P = R we have the following immediate corollary:

Corollary 1.9 Let R be a ring and 24 a non-empty collection of right ideals of R. Then the following statements
are equivalent:

(1) Every right ideal in 2 is projective.
(i) Every homomorphic image of an A — Rg-injective module is 2l — Rg-injective.
(iii)) Every homomorphic image of an injective R-module is 2l — R g-injective.

The equivalence (i) <> (iii) in Corollary 1.9, can be found in [6] in case 2 is the collection of principal right
ideals of R. Moreover, in case 2 is the collection of all right ideals of R then an R-module X is injective if and
only if it is A — Rg-injective by Baer’s Lemma (see, for example, [19, 16.4]). Thus Corollary 1.9 generalizes
the well-known fact that a ring is right hereditary if and only if every homomorphic image of an injective right
R-module is injective (see, for example, [19, 39.16]).
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Let R be aring and let M be a right R-module. For any non-empty subset T of R, anny; (T) will denote
the set of elements m € M such that m¢t = O for all + € T. Note that anny(T) is a subgroup of the Abelian
group (M, +). We now consider right R-modules X such that X is {A} — Rg-injective for some right ideal A
of R. Note that this occurs precisely when

Exth(R/A, X) = 0.
To see why this is the case, note that the exact sequence
0—-A—>R—->R/A—Q0
induces the exact sequence
Hom(R, X) — Hom(A, X) — Ext'(R/A, X) — Ext'(R, X) = 0.
Thus Ext! (R/A, X) = 01if and only if the homomorphism Hom(R, X) — Hom(A, X) is an epimorphism.
Theorem 1.10 Let A and B be right ideals of a ring R and let X be an R-module such that X is both
{A} — Rg-injective and { B} — Rg-injective. Then X is {A + B} — Rg-injective if and only if annx (AN B) =
anny(A) + anny(B).
Proof Suppose first that annxy (AN B) = annx(A) +annx(B).Let¢ : A+ B — X be any homomorphism.
Then ¢|4 : A — X lifts to R and hence there exists an element x in X such that ¢(a) = xa foralla € A. Sim-
ilarly, there exists an element y € X such that ¢(b) = yb (b € B). Letc € AN B. Note that ¢(c) = xc = yc
so that (x — y)c = 0. It follows that x — y € annx (A N B). By hypothesis, there exist elements u € anny(A)
and v € annx(B) suchthatx —y =u+v.Letz=x —u =y +v e X.Foreacha € A,
pa) =xa=(x—u)a = za.
Similarly,
b)) =yb=(y+v)b=1zb (b € B).

It follows that ¢ (@ +b) = z(a+b) foralla € A, b € B. Thus ¢ lifts to R. Hence X is {A 4+ B} — Rg-injective.

Conversely, suppose that X is {A + B} — Rg-injective. Clearly annx (A) € annx(ANB) and annyx(B) C
anny (A N B) sothat annyx(A) + annx(B) € annx(A N B). Now let w € anny (A N B). Define a mapping
a:A+B— Xby

a(a+b)=wa (a € A,b € B).
Note thatif « € Aand b € B suchthata +b = 0thena = —b € A N B so that wa = 0. It follows that the
mapping « is well defined. Clearly « is a homomorphism. By hypothesis there exists an element w’ € X such
that a(a + b) = w'(a + b) foralla € A, b € B. Now note that
wa =aa) =w'a(a € A),
so that w — w’ € annx(A). On the other hand, 0 = «(b) = w'b (b € B) so that w’ € annx(B). Thus
w=w—w)+w €anny(A) +annyx(B).

It follows that annx (A N B) C annyx(A) + annyx (B) and hence anny (AN B) = annx(A) + annx(B). O

Note that if R is a ring and A and B are right ideals of R such that a right R-module X is {A 4+ B} — Rp-
injective then it does not follow that X is {A} — Rr-injective. For example, let X be any R-module which is not

injective. Then there exists a right ideal A of R and a homomorphism ¢ : A — X which does not lift to R. In
other words, X is not { A} — Rg-injective. If B = R then A+ B = R and X is clearly {A 4+ B} — Rg-injective.
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2 n-Injective modules

Let R be any ring and let n be any positive integer. Let §, denote the collection of n-generated right ideals of
R and let § denote the collection of finitely generated right ideals of R. Note that §, € §,+1 for every positive
integer n and that § = U,,;>1 §,. Following [9, p. 103], we shall call a (right) R-module Xn-injective provided
itis §, — Rg-injective. Note that in [9], 1-injective modules are also called P-injective. Clearly (n+1)-injective
modules are n-injective for every positive integer n. However, it is pointed out in [9, Example 5.22] that an
example of Bjork [1] (see also [14]) is 1-injective but not 2-injective. We shall give more details of Bjork’s
example at the end of the paper. An R-module X will be called f-injective in case it is § — Rr-injective. Thus
amodule is f-injective if and only if it is n-injective for every positive integer .

It is easy to prove that a ring R is von Neumann regular if and only if every right (or left) R-module is
1-injective, and in this case every right (or left) R-module is f-injective. Clearly every direct sum of f-injec-
tive modules is f-injective. Therefore, by the Bass-Papp Theorem (see, for example, [16, Theorem 4.1]), a
ring R is right Noetherian if and only if every f-injective right R-module is injective. A ring R is called
right semihereditary provided every finitely generated right ideal is projective. Commutative semihereditary
domains are called Priifer domains. There is an extensive literature on Priifer domains. Note that Corollary
1.9 with & = § gives at once: a ring R is right semihereditary if and only if every homomorphic image of an
[f-injective right R-module is f-injective.

Let n be any positive integer and let a; (1 < i < n) be any collection of n (not necessarily distinct) elements
of R. Let X be an R-module. Then we shall denote by Cx (ay, .. ., a,) the set of elements (x, ..., x,) of the
direct sum X" of n copies of X with the property that

xiry + -+ xprp =0,
for all elements r; € R (1 <i < n) such that
ajry + -+ +apry, = 0.

In addition, we shall denote by X (ay, . .., a,) the set of elements (xay, ..., xa,) of X", where x runs through
the elements of X. Clearly,

X(ar,...,an) S Cx(ay, ..., an).

Theorem 2.1 Let R be a ring, let a; (1 < i < n) be elements of R, for some positive integer n and let
A be the right ideal aiR + --- + a,R of R. Then an R-module X is {A} — Rpg-injective if and only if
X(ai,...,ap) =Cx(ay,...,ay).

Proof Suppose first that X is {A} — Rg-injective. Let (x1, ..., x,) € Cx(ay, ..., a,), forsome x; € X (1 <
i < n). Define a mapping ¢ : A — X by

plarry + - +apry) = X111 + - - - + Xty

for any elements r; € R (1 <i < n). Because (x1,...,x,) € Cx(ay, ..., an), ¢ is well-defined and in this
case ¢ is clearly a homomorphism. By hypothesis, ¢ lifts to a homomorphism 8 : R — X. Let x = 6(1).
Then x; = ¢(a;) = 0(a;) = 0(1)a; = xa; forall 1 <i < n and hence

X1y .oy Xxp) = (xay, ..., xay) € X(ay, ..., ay).
Thus Cx(ai, ...,a,) < X(ay,...,a,) and hence Cx(ay, ...,a,) = X(ai, ..., a,).
Conversely, suppose that Cx(ay, ...,a,) = X(ay, ..., a,). Leta : A — X be any homomorphism. Let

vi=a(@g)eX(1<i<n).Ifs;e R(1 <i<n)andajs; +---+ ays, = 0then
V1St + -+ YnSn =a(ay)s) + - +alay)sy, = alaysy + -+ apsy) = a(0) =0.

Thus (y{,...,y,) € Cx(ay,...,a,) = X(ay,...,a,) and there exists y € X with y; = ya; (1 <i < n).
It follows that the homomorphism 8 : R — X defined by 8(t) = yt (¢t € R) lifts « to R. Thus X is
{A} — Rpg-injective. O

Corollary 2.2 Given a ring R and a positive integer n, an R-module X is n-injective if and only if
X(ay,...,ay) =Cx(ay,...,ay) forall elements a; (1 <i < n) of R.
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Proof By Theorem 2.1. O

Given a non-empty subset 7" of a ring R, r(T") will denote the set of elements r € R such that ¢ = 0 for
allt € T.Incase T = {t}, for some element r € R, we write r(7") simply as r(¢). Note that r(7) is a right
ideal of R for every non-empty subset 7" of R. If a is an element of R and X an R-module then we shall denote
by Xa the set of elements xa (x € X) of X. Theorem 2.1 has the following further consequence:

Corollary 2.3 Given an element a of a ring R, an R-module X is {aR} — Rpg-injective if and only if Xa =
anny (r(a)). Moreover, X is 1-injective if and only if Xb = annx (r(b)) for all b € R.

Proof By Theorem 2.1. O
The next result gives another characterization of n-injective modules, for any integer n > 2.

Theorem 2.4 Let R be any ring and let n > 2 be a positive integer. Then the following statements are
equivalent for an R-module X :

(1) X is n-injective.
(1) X is I-injective and annx (A N B) = annx(A) + annx (B) for all right ideals A and B of R such that
the right ideals A, B and A + B are all n-generated.
(iii) X is I-injective and for all elements a; € R (1 <i < n),

anny((@iR+---+a,-1R)Na,R) =annx(@ R+ ---+a,—1R) +annx(a,R).

Proof (i) = (ii) Clearly X is 1-injective. Moreover, if A and B are right ideals of R such that A, B and A + B
are all n-generated then X is {A} — Rg-injective, X is { B} — Rg-injective and X is {A + B} — Rg-injective.
By Theorem 1.10, annyx (A N B) = annyx(A) + annx(B).

(i1) = (iii) Clear.

(iii) = (i) We prove that X is n-injective by induction on n. Let C be any 2-generated right ideal of R. Then
C = c1R+c2R for some elements c1, ¢2 € C. By hypothesis, annx(ciRNcaR) = annyx(c1R)+annx(c2R),
so that X is {C} — Rpg-injective by Theorem 1.10. It follows that X is 2-injective. Now suppose that n > 3.
By induction on n we can suppose that X is (n-1)-injective. Let D be any n-generated right ideal of R. Then
there exist an (n-1)-generated right ideal E and a principal right ideal F such that D = E + F. Now X is both
{E} — Rpg-injective and {F} — Rpg-injective and by hypothesis annx(E N F) = annyx(E) + annx(F). By
Theorem 1.10, X is {D} — Rg-injective. It follows that X is n-injective. O

Compare the final result of this section with the Ikeda—Nakayama Lemma (see, for example, [9, Lemma
1.37)).

Corollary 2.5 Let R be any ring. An R-module X is f-injective if and only if X is I-injective and annx (A N
B) = annx(A) 4+ annx (B) for all finitely generated right ideals A and B of R.

Proof By Theorem 2.4. O

3 Divisible modules

Given a non-empty subset S of an R-module M, anng(S) will denote the set of elements r € R such that
sr = 0 for all s € S. Note that anng(S) is a right ideal of R. In case S = {m}, for some element m of
M, anng(S) will be written simply as anng(m).

If R is acommutative domain then an R-module M is called divisible provided M = M c for every non-zero
element ¢ € R. There is an extensive theory of divisible modules over commutative domains stretching back
to [7]. More generally, in [16, p. 32] or [19, p. 132] given a (not necessarily commutative) ring R, a right
R-module M is called divisible provided M = M c for every element ¢ € R with r(c) = 0. Sharpe and Vamos
[16, Lemmas 2.4 and 2.5 and Proposition 2.6] note that every homomorphic image of a divisible module
is divisible, every direct product and every direct sum of divisible modules is divisible and every injective
module is divisible. Moreover, in case R is a commutative domain then every torsion-free divisible R-module
is injective (see [16, Proposition 2.7]). A commutative domain R is Dedekind if and only if every divisible
R-module is injective (see [16, Theorem 4.25]). Note the following simple fact:
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Lemma 3.1 Let R be any ring and let ‘R denote the collection of right ideals of R of the form ¢ R where ¢ € R
andr(c) = 0. Then a right R-module X is divisible if and only if X is R — Rg-injective.

Proof Suppose first that X is divisible. Let ¢ be any element of R such that r(c) = 0. Let ¢ : cR — X
be any homomorphism. Then ¢(c) = xc for some element x € X. It follows that ¢ lifts to R. Conversely,
suppose that X is 98 — Rg-injective. Let u € X and d € R with r(d) = 0. Define a mapping 6 : dR — X by
0(ds) = us for all s € R. It is easy to check that 6 is well defined and a homomorphism. By hypothesis, 6
lifts to a homomorphism o : R — X.Letv = o (1) € X. Then

u=0Wd)=o0(d) =oc(l)d =vd.
It follows that X = Xd and that X is divisible. O

Let R be any ring. There are various other notions of ’divisible module’ in the literature. Levy [4] calls an
R-module M divisible provided M = Mc for every element ¢ in R such that r(c) = 0 and 1(c) = 0 where
I(c) = {r € R : rc = 0}. In [5], an R-module X is called divisible provided it is 1-injective. Given an heredi-
tary torsion theory t on the category Mod-R of right R-modules, a right R-module X is called t-divisible in
[8] (or [10] or [17]) provided, for every right R-module M, X is ©® — M-injective. Here © is the collection of
t-dense submodules of M, where, as usual, a submodule L of M is t-dense when M /L is a T-torsion module.
However, in [18], t-divisible modules are somewhat different.

Let R be aring and let M be an R-module. Let n be a positive integer and let @; € R (1 <i < n). Then
we define

May +---+ Ma, = {miay +---+mpa, : mj e M (1 <i <n)}.
Note that Ma; + - - - + Ma, is, in general, merely a subgroup of the Abelian group (M, +). It is clear that
May+ -+ Ma, C annpy(r(Ra; + ---+ Ray)).
We shall call the module Mn-divisible in case
May +---+ Ma, = anny (r(Ra; + --- + Ray))

for all elements @; € R (1 < i < n). Note that the module M is n-divisible if and only if, givenm € M, m €
May + --- + Ma, for all elements a; € R(1 < i < n) with r(Ra; + --- + Ra,) C anng(m). We shall
call the module M f-divisible provided M is n-divisible for every positive integer n. It is clear that every
(n + 1)-divisible module is n-divisible for every positive integer 7.

In particular, an R-module X is 1-divisible if and only if Xc¢ = annx (r(c)) forall ¢ € R. Note that Facchini
[3, p. 387] calls a 1-divisible module (over a commutative ring) simply “divisible” (see also [12, p. 1225]).
This gives immediately by Corollary 2.3:

Lemma 3.2 Let R be any ring. Then an R-module X is 1-divisible if and only if X is 1-injective.

Note that every 1-divisible module is divisible in the sense of [16]. The converse is false, as the following
example shows:

Example 3.3 Let R be any commutative ring which contains a (non-zero) maximal ideal A with A not a
principal ideal and A> = 0. Then every R-module is divisible but the R-module R is not I-divisible.

Proof Let c € R withr(c) = 0. Then ¢ ¢ A and hence ¢ is a unit in R. It follows that every R-module is
divisible. However, let 0 # a € A. Then r(a) = A and hence anng(r(a)) = A # Ra. Thus the R-module R
is not 1-divisible. O

It is easy to give an example of a ring R satisfying the properties of Example 3.3. We offer one such. Let F
be any field and let V be any vector space over F of dimension at least 2. Let R denote the trivial extension of
V by F. Thus the elements of R are ordered pairs (f, v) with f € F and v € V. Addition and multiplication
are given by

(fr,v) + (f2,v2) = (fi + fo,vi +v2), and (f1,v)(f2, v2) = (f1f2, fov1 + fivo),

for all f1, f» € F and vy, vy € V. Itis easy to check that R has the required properties with A the set of
elements of R of the form (0, v) (v € V).
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Theorem 3.4 Let R be a ring, let n be a positive integer, let F denote the free R-module Ry and let € denote
the collection of cyclic submodules of F. Then an R-module M is n-divisible if and only if M is € — F -injective.

Proof Suppose first that M is n-divisible. Let f € F. Then f = (ay,...,a,) forsome a; € R(1 <i < n).
Let ¢ : fR — M be any homomorphism. Let m = ¢(f) € M. Thenr € r(Ra; + - - - + Ra,) implies that
fr =0andhence mr = o(f)r = ¢(fr) =0. Thus m € annpy(r(Ray +--- + Ra,)) = Ma; + - - - + May,,
by hypothesis. There exist elements m; € M (1 <i < n) suchthatm = ma| +- - - +mya,. Define a mapping
0:F — M by

O, ...,m) =miry + -« +myry,
forall7; € R (1 <i < n).Then @ is clearly a homomorphism. Moreover, for all s € R we have that
O(fs) =miars + - -+ muays = ms = (fs).

Thus 0 lifts ¢ to F.

Conversely, suppose that M is € — F-injective. Letc; € R(1 <i <n) and letu € annp (xr(Rcy +---+
Rcp)). Letg = (cy, ..., cy) € F.Define amapping @ : gR — M by a(gt) = ut (t € R). Note thatif gr =0
thent € r(Rcy +- - -+ Rc,) and hence ut = 0. Thus the mapping « is well-defined and it is not difficult to see
that « is a homomorphism. By hypothesis « can be lifted to a homomorphism g : F — M. For each integer
1 <i < n, let f; denote the element of F whose ith component is 1 and whose other components are all 0.
Then

u=oa(g) =B =pi,...,cn) = B(fict + -+ facu),
and hence
u=pB(fcr+---+B(fa)en € Mcy + -+ + Mcy,.

It follows that anny (r(Rcy + --- + Rey)) € Mcy + -+ - + Mc, and hence anny (r(Rc; + --- + Rcp)) =
Mcy + -+ Mc,. Thus M is n-divisible. O

Note the following result to be found in [11, Lemma 2.3] which is a generalization of [16, Proposition 2.6].
Corollary 3.5 Let R be any ring. Then every injective R-module is f-divisible.
Proof By Theorem 3.4. O

Combining Theorem 3.4 with the results in Sect. 1 we can immediately obtain a number of further corol-
laries.

Corollary 3.6 Let R be a ring and n a positive integer. Then every direct product and every direct sum of
n-divisible R-modules is n-divisible.

Proof By Lemma 1.2, Corollary 1.3 and Theorem 3.4.

Corollary 3.7 Let R be a ring and n a positive integer. Let Y be a submodule of an R-module X such that Y
and X /Y are both n-divisible. Then X is n-divisible.

Proof By Lemma 1.5 and Theorem 3.4. O
For any ring R and free R-module F, we let €r denote the collection of cyclic submodules of F.

Corollary 3.8 Let R bearing andlet G be the free R-module RI?;O. Then the following statements are equivalent
for an R-module X.

(1) X is f-divisible.
(i) X is € — F-injective for every non-finitely generated free R-module F.
(1)) X is € — G-injective.
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Proof (i) = (ii) Let f € F. Then there exist a direct summand F’ of F and a positive integer n such that
F'=R%and f € F'.Lety : fR — X be any homomorphism. Because X is n-divisible, Theorem 3.4 gives
that ¢ lifts to F’ and hence also to F. It follows that X is € — F-injective.

(i) = (iii) Clear.

(iii) = (i) Suppose that X is €; — G-injective. For any positive integer m, X is €, — Rg-injective, where
¢, denotes the collection of cyclic submodules of R%. By Theorem 3.4, X is m-divisible for every positive
integer m and hence X is f-divisible. O

There are analogues of Corollaries 3.6 and 3.7 for f-divisible R-modules. A ring R is called a right PP-ring
provided every principal right ideal is projective. For example (not necessarily commutative) domains are right
and left PP-rings. Recall the following well-known lemma which is included for completeness:

Lemma 3.9 Let R be a right PP-ring. Then every cyclic submodule of every free R-module is projective.

Proof 1t is sufficient to prove the result for free R-modules of finite rank. Let F be a free R-module of rank
n > 1 and let C be a cyclic submodule of F.If n = 1 then F = Rg and hence C is projective. Suppose that
n > 2. There exists a free submodule G of F of rank n — 1 and a submodule L of F such that L = Ry and
F=G®L.Letw : F — L denote the canonical projection. Then 7 (C) is a cyclic submodule of L so that
7 (C) is projective. It follows that C = (C N G) & 7 (C). Because C N G is a homomorphic image of C, we
have that C N G is a cyclic submodule of the free module G. By induction on n, C N G is a projective module
and hence so too is C. O

In [6] it is proved that the following statements are equivalent:

(i) R isaright PP-ring.
(i) Every homomorphic image of a 1-injective right R-module is 1-injective.
(iii) Every homomorphic image of an injective right R-module is 1-injective.

Compare the following result.

Theorem 3.10 The following statements are equivalent for a ring R.

(i) R isaright PP-ring.

(i) Every homomorphic image of a 1-divisible right R-module is 1-divisible.
(iii)  For every positive integer n, every homomorphic image of an n-divisible right R-module is n-divisible.
(iv) Every homomorphic image of an f-divisible right R-module is f-divisible.

(v) Every homomorphic image of an injective right R-module is f-divisible.

Proof (1) < (i1) By Corollary 1.8, (i) holds if and only if every homomorphic image of a € — Rp-injective
module is € — Rg-injective, where € denotes the collection of cyclic submodules of Rg. Now apply Theorem
3.4.

(i) = (iii) Let n be any positive integer. Because R is a right PP-ring, Lemma 3.9 gives that every cyclic
submodule of R is projective. By Corollary 1.8 and Theorem 3.4, it follows that every homomorphic image
of an n-divisible R-module is n-divisible.

(>ii1) = (iv) Clear.

(iv) = (v) By Corollary 3.5.

(v) = (1) By Corollaries 1.8 and 3.8. O

Note that the ring R in Example 3.3 has the property that every homomorphic image of every divisible
module is divisible but R is not a PP-ring because aR is not a projective module for each 0 # a € A. If R
is a (not necessarily commutative) domain then it is clear that the following statements are equivalent for an
R-module X:

(i) X is divisible.
(i) X is 1-divisible.
(i) X is f-divisible.
Now we show more generally that if R is a right PP-ring then every 1-divisible R-module is f-divisible.

Theorem 3.11 Let R be a right PP-ring. Then every 1-divisible right R-module is f-divisible.
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Proof Let X be a 1-divisible R-module. We shall show that X is n-divisible, for every positive integer n, by
induction on n. Note that it is given that X is 1-divisible. Now suppose that X is n-divisible for some positive
integer n. Let F denote the free R-module Rgl+l). Leta e R(1 <i<n+1),leta= (ay,...,ap+1) € F
andlet g : aR — X be any homomorphism. Because a; R is a projective R-module, there exists an idempotent
e € R such that r(a;) = eR. Then it can easily be checked that aR = bR @ cR, where b = a(l —e) =
(ar,ax(l—e),...,a,41(1 —e)) and c = ae = (0, aze, ..., ayt1e). By hypothesis, X is n-divisible and hence
the homomorphism ¢|.g : ¢cR — X lifts to a homomorphism « : H — X by Theorem 3.4, where H is the
submodule 0 @ R, of F. Note that bR N H = 0. It follows that the mapping 8 : bR @ H — X defined by
Bbr + h) = obr) +a(h) forallr € R and h € H is a homomorphism such that B(as) = ¢(as) for all
s € R.

Next note that bR @ H = dR & H where d = (a1,0,0,...,0) € F. Because X is l-injective, the
homomorphism B|sg : dR — X lifts to a homomorphism y : G — X, where G is the submodule R & 0"
of F. But F = G @& H and the homomorphism 6 : F — X defined by 6(g + h) = y(g) + a(h), for all
g € G, h € H, lifts B, and hence also ¢, to F'. By Theorem 3.4, X is (n + 1)-divisible. Finally, by induction,
X is f-divisible, as required. O

Next we shall give another situation in which a 1-divisible module is n-divisible, for some positive integer
n>2.

Proposition 3.12 Let R be any ring, let n be a positive integer and let X be a 1-divisible R-module such that
X isr(Ra; + -+ -+ Ra,) — Rgr-injective for all elements a; € R (1 <i <n). Then X is n-divisible.

Proof We prove the result by induction on . It is given that X is 1-divisible. Suppose that n > 2 and the result
holds for n — 1. Clearly the module X is r(Raj + - - - + Ra,—1) — Rg-injective for all elements a; € R (1 <
i <n—1).Byinduction, X is (n - 1)-divisible. Letb; € R(1 <i <n)andlet B = Rb; +---+ Rb,—_1. Then

Xby+---+ Xb,—1 =annx(x(Rby1 + ---+ Rb,_1)) = annx(r(B)),
and hence
Xby+ -+ Xby—1 + Xb, = annx (r(B)) + annx (r(Rby)).
By the proof of Theorem 1.10,
anny(r(B)) + annx(r(Rb,) = annx (r(B) Nr(Rby))
and hence
Xby 4+ -4+ Xb, = annx(r(B + Rb,)) = annx(xr(Rb; + --- 4+ Rby)).

It follows that X is n-divisible. O

For any non-empty subset 7" of a ring R we denote by 1(T") the set of elements » € R such that rr = 0 for
all t € T. Note that I(7T') is a left ideal of R. A left ideal L of R is called a left annihilator provided L = I(T')
for some non-empty subset 7 of R. Note the following simple fact:

Proposition 3.13 Given a ring R and a positive integer n, the module Ry is n-divisible if and only if every
n-generator left ideal of R is a left annihilator:

Proof The module Rp is n-divisible if and only if foralla; € R (1 <i < n),
Ray + -4+ Ra, = anng(r(Ra; + - - -+ Ra,)) =1(r(Ra; + - - - 4+ Ray)),
and the result follows by well-known standard arguments. O

Finally we give more details of Bjork’s example mentioned above. Let F be any field such that there exists
a monomorphism « : F — F such that «(F) # F. Let R denote the ring whose elements are the ordered
pairs (a, b), with a, b € F, with addition and multiplication being defined by

(a,b) +(c,d)=(a+c,b+d) and (a,b)(c,d) = (ac,ad + ba(c)),

Springer



Arab J Math (2012) 1:127-137 137

for all a,b,c,d € F. It is easy to check that R is a ring with identity (1, 0) and with Jacobson radical
J ={@©,b) : b € F}. Moreover, R/J = F, J2 =0and J = R(0, 1) is a minimal left ideal of R. Thus the
left ideals of R form a composition series R O J D 0. It is not difficult to check that the right R-module R
is 1-injective but the left R-module R is not (see [9, Example 5.22] for more details). Moreover, if f, g € F
such that «(F) f Na(F)g = 0 then (0, /) RN (0,g)R = 0in Randifw : (0, /)RD (0,g)R — R is
the homomorphism given by projection onto the first component then 7 does not lift to R. Thus Rg is not
2-injective. Not also that this shows that 2z (Rg) is not closed under taking direct sums. Now we prove

Corollary 3.14 With the above notation, R is not a right PP-ring, the right R-module R is f-divisible but not
2-injective. Moreover the left R-module R is not 1-divisible.

Proof We have already remarked that Rg is not 2-injective. The only left ideals of R are 0, J and R, each of
which is clearly a left annihilator. By Proposition 3.13, Ry is f-divisible. Now consider the element (0, 1) of
R.Notethat (0, 1)R = {(0, h) : h € a(F)}. However,1((0, 1)R) = J and hencer(1((0, 1)R) = J # (0, )R.
Again using Proposition 3.13, we see that g R is not 1-divisible. It is easy to check that the only idempotents
in R are (0,0) and (1,0) and r(0, 1) = {(0, f) : f € F} so that (0,1)R is not projective. Thus R is not a right
PP-ring. O

We do not know an example of a 1-divisible module which is not 2-divisible.

Open Access This article is distributed under the terms of the Creative Commons Attribution License which permits any use,
distribution, and reproduction in any medium, provided the original author(s) and the source are credited.
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