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Abstract

Given a marked oco-category D (i.e. an co-category equipped with a specified col-
lection of morphisms) and a functor ¥ : D — B with values in an oco-bicategory,
we define colim® F, the marked colimit of F. We provide a definition of weighted
colimits in oco-bicategories when the indexing diagram is an oco-category and show
that they can be computed in terms of marked colimits. In the maximally marked
case D¥, our construction retrieves the oo-categorical colimit of F in the underlying
oo-category B C B. In the specific case when B = Caty,, the co-bicategory of oo-
categories and D" is minimally marked, we recover the definition of lax colimit of
Gepner—Haugseng—Nikolaus. We show that a suitable oco-localization of the associated
coCartesian fibration Unp (F') computes colim® F. Our main theorem is a character-
ization of those functors of marked oo-categories f : € — DT which are marked
cofinal. More precisely, we provide sufficient and necessary criteria for the restriction
of diagrams along f to preserve marked colimits

Keywords Infinity bicategories - Weighted colimits - Cofinality - localization

1 Introduction

The theory of oo-categories is, by now, well-established as an excellent way to treat
coherence and higher homotopical data. However, the mere presence of this higher
data means that many properties which can be explored most easily by explicit com-
putation in the ordinary categorical setting are best accessed by universal properties
in the oo-categorical setting. Consequently, general constructions exhibiting universal
properties take on an even greater importance in the study of higher category theory.
Among such constructions, the theories of limits and colimits form an essential core
around which many of the results in higher category theory are built. In the developing
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theory of co-bicategories, as in its strict 1-categorical analogue, these theories must
be extended to allow for laxness—Iloosely, allowing cones over a functor to commute
up to non-invertible 2-morphism.

This paper is a new entry in this story, dealing with lax colimits which depend
on a collection of marked morphisms in the source. These morphisms can be viewed
as “controlling the laxness” of the colimit in question. Such collections of marked
morphisms arise throughout the study of higher categories—in localizations, cartesian
fibrations, etc. The theory of marked colimits and marked cofinality developed in this
paper represents a new technology for treating such objects. Along the way to oco-
cofinality, we will also see that the theory of weighted colimits expounded in [6] can
be viewed as one instance of the general theory of marked colimits, and will note a
fundamental relation to the Grothendieck construction, generalizing extant results for
lax colimits and usual co-colimits.

A comment from the author (22/06/20): After completion of this work, a prepint [4]
appeared proving Theorem 3 below. This result was achieved independently by both
authors using completely different methods of proof. In this work, the definition of
marked colimit provided is characterized by a 2-dimensional universal property. By
the time the paper [4] was uploaded I was working in the proof of Proposition 2 in
order to show that the definition of weighted colimits appearing in [6] satisfies this
2-dimensional universal property. The reader not willing to take Proposition 2 on faith
can adapt the proof to the definition of lax colimit provided in the aforementioned
papers.

Update (28/09/20): The proof of Proposition 2 can be now found in [2].

Marked colimits in 2-categories. Let F : C — B be a 2-functor. A lax cone for F
with vertex point b € B is given by the following data

e For every object ¢ € C a morphism o, : F(c) — b.
e Forevery morphismu : ¢ — ¢’ in C a2-morphism 6, : a, = o o F(u) depicted
by a 2-commutative diagram

F(c) — 4 Py

614
\ %/
(073 o
b

These data must satisfy the following set of axioms
(I) Unitality: 6ig, = id, for every ¢ € C. (II) Composability: Given u : ¢ — ¢’ and
v : ¢’ — (" the following equation holds

Fie) 29 Fey 2D Fey Py —EY B

? — HUM
o - %
b b

(TIT) Compatibility with 2-morphisms: For every 2-morphism 71 : u = u’ in C the
following equation holds
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Fu)
P / /{)\\l /
F(e) —— F()  F(©) —— F(e)
= = =
N A N Oy o
b b

A morphism of lax cones {o¢}.cc = {Bc}eec With vertex point b is given by a
family of 2-morphisms {€ : ¢ = Bc}.cc suchthatforevery f : ¢ — ¢’ the following
equation holds

Ff) F(f)
F(c) ﬂﬁ F(c) F(c) /a_af F(c)
= A
ac 4 b /ﬂr/ N b (yﬁ

One can then show that this defines a category of lax cones for F' with vertex b.
Furthermore, we can arrange the previous definitions into a 2-functor with values in
the 2-category of categories

B — Cat; b — {category lax cones with vertex b}

The laxcolimit of F is then defined as an object colim!c F € B correpresenting the
functor above (see [7] for a classical reference on lax limits). In practice it is common
to work with a category C (resp. 2-category C) equipped with a collection of chosen
morphisms containing the identities (marked categories, resp. marked 2-categories)
that one wants to formally invert. It is thus desirable to have a theory of colimits
adapted to accomodate the extra information present in marked (2)-categories.

Let C" be a marked 2-category. We define a marked cone for F to be a lax cone
such that the 2-morphisms 6 are invertible whenever f is a marked morphism in C'.
Paralleling the construction above, we obtain the notion of the marked colimit of F.
This definition was already present in the literature under the name of o -colimits [5],
where it was succesfully applied to define a 2-dimensional theory of flat pseudofunc-
tors. Although similar in spirit, our definition of marked colimits presented in Sect. 3
will depart from that of Descotte et al. The main cause of this difference is our use of
weighted colimits as the jumping-off point of our theory, rather than using different
levels of laxness (see Definition 2.4.3 in [5]) in the natural transformation defining a
marked cone. We have opted for this approach since to our eyes is the one that is better
suited for developing the cofinality theory that we will now introduce.

Marked colimits in oco-bicategories. Let Cat, denote the oo-bicategory of oo-
categories. Let F : € — Band W : C°P — Cat, be functors where € is an co-category
and B is an oco-bicategory. In Sect. 3 we define W ® F, the colimit of F weighted
by W. Once this basic theory is established we embark upon the main construction
of this work, the definition of marked colimits, appearing in Sect. 4. Given a marked

@ Springer



4 F. Abelldn Garcia

oo-category CT we define a functor
QIJ(%/ :CP — Cateo; c — Ly (Gz/)

where Ly (Gl /) stands for the oo-localization of the slice category €., with respect

to the marking induced by €. This allows us to define the marked colimit of a functor
F:C— Bas Qfé ® F. The definition presented naturally extends the notion of co-
colimits appearing in [3,10], as demonstrated by the following result.

Theorem 1 Let F : @ — Band suppose that colim! ¢ F exists. Then the co-categorical
colimit of F in the underlying oo-category B C B exists and there is an equivalence

colim]@ F> colime F

In particular, both universal properties coincide if B = B.

The rest of Sect. 4 is devoted to computational results. First, we show that weighted
colimits indexed by an oco-category C can be computed in terms of marked colimits.
Let W : C°P — (ato, be a weight functor. Let us observe that its associated Cartesian
fibration W comes equipped with a canonical marking given by the Cartesian edges.
We denote this marked category by WW". With the aid of this observation, we can then
prove:

Theorem2 Let F : C — Band W : CP — Qatso. Let p : W — @ denote the Carte-
sian fibration classifying W. Suppose that W @ F exists. Then colim‘yy F o p exists
and there is an equivalence in B

W® F —= colim}y F o p.

We conclude Sect. 4 by providing a thorough analysis of marked colimits in Cat. To
achieve this goal, we will employ the Grothendieck construction in its co-categorical
incarnation as the unstraightening functor (see chapter 3 in [10]), as the “universal
recipe” to compute colimits of diagrams in co-categories. This is witnessed by two
results already known in the literature: in [6] the authors define lax colimits in oco-
categories and show in Theorem 7.4 that given a functor F' with values in co-categories
its associated coCartesian fibration computes the lax colimit. Let us remark that our
definition in the minimally marked case C” particularizes to that of Gepner et al. If
we focus our attention on the maximally marked case CF, we note that Corollary
3.3.4in [10] shows that the colimit of a functor F' with values in co-categories can be
computed as the oo-localization of its associated coCartesian fibration at the collection
of coCartesian edges.

Therefore, we observe that the two extremal cases C° resp. CE, are already well
understood. It is then natural to ask ourselves if there is a generalization of both results
which can be seen through the lens of marked colimits. We provide an affirmative
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answer to this question in the following result which can be found as Theorem 8 in
the main body of this article.

Theorem 3 Let T be a marked oo-category. Given F : C — Qato there is a equiva-
lence of co-categories

Lw (Unceo(F)t(T)> ~ colim'e F

where Ly (Unceo(F )”(T)) denotes the oo-localization at the collection of coCartesian
edges lying over marked edges of C.

A cofinality criterion: Theorem A" Let f : C" — DT be a marking-preserving func-
tor. We call f a marked cofinal functor if for every diagram F : D — B the canonical
comparison map!

colim®e Fo £ = colim®p F
is an equivalence in B. The main result of this work is a characterization of this higher

notion of cofinality.

Theorem 4 Let f : €7 — D' be a marking-preserving functor of co-categories. Then
f is marked cofinal if and only if for every d € D the canonical map G:;/ — ‘D:;/
induces an equivalence on localized co-categories,

L (€},) = Lw (D})).
As a corollary we obtain a generalization of Theorem A in [12] to marked oo-
categories.

Corollary 1 (Theorem A¥) Letr f : € — D' be a marking-preserving functor of oo-
categories. If the canonical map Ly (G;/) = Lw (DZ}/) is an equivalence of co-

categories for every d € D, then the induced functor on oo-localizations
fW . LW <GT> i) LW ('DT)

is an equivalence of co-categories.

In previous work, (see [1] for general background and notation) we generalized
Quillen’s Theorem A to (strict) marked 2-categories.

Theorem 5 Let F : C' — DT be a functor of marked 2-categories. Suppose that,

1. For every objectd € D, there exists a morphism gq : d — F(c) which is initial in
both LW((CL\Z ) and LW(ID>jM ).

I See Sect.5 fora precise definition of the comparison map.
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6 F. Abellan Garcia

2. Every marked morphism d —e— F(c) isinitial in LW(CI} ).

/

3. For any marked morphism

f b —> d inD, the induced functors f* : LW(CZI ) preserve

) — LW((C:7

v v

initial objects.

Then the induced functor Fy : Lw(N2(C")) — Ly (No(D")) is an equivalence of
oo-categories.

We also claimed that the conditions of the previous theorem should control the
notion of higher cofinality for co-bicategories. This work can be understood as a
partial result towards proving the cofinality conjecture as stated in [1]. This will be
justified in Theorem 9 where we show that the hypotheses of Theorem 4 are equivalent
to the analogous conditions of Theorem 5 for co-categories.

The importance of Theorem 4 becomes apparent when combined with Theorem 2.
The use of weighted colimits permeates throughout category theory. Many essential
constructions, for example, Kan extensions, are best formulated in terms of weighted
(co)limits. However, to the author’s knowledge the general theory was lacking tools
that allow us to simplify the computations of weighted colimits. Marked colimits are
devised as an equivalent language to that of their weighted counterparts that allows for
transparent cofinality statements. Let us consider for example a functor f : € — D
between oco-categories. A common situation that we might encounter ourselves in is
to try to determine whether the restriction functor

f* : Fun(D, Caty,) — Fun(C, Caty)

is fully faithful. An elegant sufficient criterion to check is to show that for every d € D
the induced morphism is C4; — Dy is cofinal in the usual sense. Once our cofinality
theory is developed to its full 2-category potential such statements will be available
to the public allowing a better access to complicated constructions such as functor
oo-bicategories.

2 Preliminaries

In this section, we collect notation, definitions and background necessary for our
constructions and proofs. We assume basic familiarity with the theory of co-categories
asin [3,10]. We will use scaled simplicial sets as a model for co-bicategories following
[9]. We refer the reader to [8] for the basics of enriched category theory including
weighted (co)limits.

Notation 1 We will denote ordinary strict 1-categories by capital letters (A, B, C) and
oo-categories by caligraphic letters (A, 13, C). We will generally (see Remark 1 below
for an exception) denote co-bicategories by boldface letters (A, B, C).

Remark 1 Following the previous convention we will denote by Caty, the full sub-
category of the 1-category of simplicial sets consisting of co-categories. We will use
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Marked colimits and higher cofinality. . . 7

the notation Caty, to denote the oco-category of oco-categories. We will denote the
oo-bicategory of co-categories by Sato.

Notation2 We will extensively use marked simplicial sets as a model for oo-
categories. Given a simplicial set X we denote by X” € SetJAr the marked simplicial
set with only degenerate edges marked and by X* the marked simplicial set with all
edges marked.

Notation 3 Given a simplicial set X we denote by X}, € Set’y the scaled simplicial
set with only degenerate 2-simplices being thin and by X the scaled simplicial set
with all 2-simplices being thin. We will identify co-categories with maximally scaled
simplicial sets that are fibrant in the bicategorical model structure.

Notation 4 Given an oco-bicategory B and objects x, y € B, we denote by B(x, y) €
Cats, the mapping category. For every y € B we denote by B(—, y) the functor

B — Cateo; x = B(x, y).

Notation 5 Given oo-bicategories B, C and functors F', G : C — B we denote by
Natg (F, G) the mapping category of Fun (C, B). We denote by Natg (F, G) the under-
lying Kan complex.

Notation 6 Given an co-bicategory B we denote by Vg the co-bicategorical Yoneda
embedding

B — Fun (B, ot ) ; y > B(—, ).

Notation 7 Given a functor F : € — Catx we will denote by UnG’(F) the value of
the (coCartesian) unstraightening functor as defined (with the adequate dualization) in
3.2.1[10]. Since Unce" induces an equivalence of co-categories between Fun(C, Cat)
and the oco-category of coCartesian fibrations over € we will often call Unz(F) the
“coCartersian fibration associated to F”.

2.1 Marked oco-categories and localizations

Definition 1 Let U : SetZ — Seta be the forgetful functor. We define Catlo (see
Remark 1) as the full subcategory of SetjAL on those objects X' e SetZ such that
U(X") is an oo-category. We call the objects of Catj>o marked oo-categories and its
morphisms marked functors.

Definition 2 Let f : @ — DT be a marked functor. Givend € D we define a marking
on €4, by declaring an edge o : Al - ¢y ; to be marked if an only if its image under

the canonical map is marked in €. We denote this marked simplicial set by C?ji /€ Setz.

Notation 8 Given a marked co-category CT we denote its co-categorical localization
with respect to its marked edges by Ly (C€T). Given X € Caty, we define Fun'(C, X)
to be the full subcategory of Fun(C, X) on those functors mapping marked edges of C
to equivalences in X.
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8 F. Abellan Garcia

Remark 2 Note that the universal property of localizations implies that we have an
equivalence of co-categories Fun® (€, X) ~ Fun (LW(GT), f)C) We remind the reader
that a model for the localization of @ is given by its fibrant replacement in the model
structure on marked simplicial sets.

2.2 Freefibrations

In this section, we review the main results of [6] regarding free Cartesian fibrations
and their relation to marked oo-categories.

Definition 3 Given C € Caty let Gatggr/te be the subcategory of the undercategory
Cato /@, whose objects are Cartesian fibrations, and whose morphisms are functors
which preserve Cartesian morphisms.

Remark 3 There is an obvious forgetful functor i : Gatfg/‘e — Catog /.

Notation 9 Given an oco-category € and two Cartesian fibrations
X—-0C Y- 0C

we denote by Fun™ (X, Y) the full subcategory of functors over C that preserve Carte-
sian morphisms.

Definition 4 Let C be an oco-category. For p : € — C any functor of co-categories,
let F(p) : F(E) — € denote the map € x¢e eal C, where the pullback is along
the target fibration ea' e given by evaluation at 1 € A, and the projection F(p)

is induced by evaluation at 0. We call the projection map € X ¢ eA' 5 € the free
Cartesian fibration on p. The Cartesian edges of §(p) are precisely those which are
mapped to equivalences under the projection to €. Then § defines a functor

§ 1 Catogje — Gatgg‘}e .

Remark4 Let p : £ — C. Then the objects of F(€) are given by edges of € of the
form ¢ — p(e) where e € £. A morphism is given by a commutative diagram in C

/

c— ¢
L
pe) 28 p(e)

where f is an morphism in €.

Remark 5 Composition with the degeneracy map sg : Al = A% induces a functor
1 . . . . .

C — G2 which is a section to both of the evaluation maps. Given a functor € — C,

this section gives a natural map

& &xeld
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Marked colimits and higher cofinality. . . 9

over C, inducing a unit natural transformation 7 : id = o §.

Proposition 1 Given a map of co-categories & — C then the unit natural transforma-
tion € — F(€) induces an equivalence of co-categories

Fun™ (§(€). X) — [~] Fune (€, U(X)

Proof This is Proposition 4.11 in [6]. O

Definition5 Let p : £ — C be a functor of co-categories. Suppose that € is a marked
oo-category and denote it by &T. We declare an edge of € x ¢ A" to be marked if and
only if its projection to € is marked. We denote this marked oco-category over C by
K{ENE

Remark 6 Observe that in the previous definition, we can identify the fibers F(&)" x (e}
C with the marked slice EZ / where we declare an edge marked if and only if it is marked
in&T.

Definition 6 Let p : £ — C be a functor of co-categories and assume further that €
is a marked co-category. Given a Cartesian fibration X — C we define FunTe (€, X)to
be the full subcategory on those functors mapping marked edges in €T to Cartesian
morphisms in X. If p is a Cartesian fibration we define Funcém‘T(E, X) to be the full

subcategory of FunTe (€, X) on those functors which also preserve the Cartesian edges
of &.

Lemma 1 Let &' be a marked oo-category together with a functor p : & — C. Con-
sider F(&)T as in Definition 5. Then the unit map 1 induces a commutative diagram
in Cate

Fung™ (§(€). %) = Funf (£, X))

l |

Fun™ (§(€). X) — Fune (€, U(X))

where the vertical maps are fully faithful and the horizontal maps are equivalences of
oo-categories.

Proof The vertical maps are fully faithful by definition. Since the bottom horizontal
map is an equivalence by Proposition 1 it will suffice to compute its essential image
when restricted to Fun%arm(&' (&), X). It is clear that the image of this restricted map
lands in FunE (&€, U(X)). Now suppose that we are given a functor of Cartesian fibra-
tions L : §(€) — X such that its image under the unit map lands in FunTG(E, U(X)).
Consider a marked edge in o : Al = F(&) represented by a commutative diagram

CL)C/

[

ple) 284 p(e))
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10 F. Abellan Garcia

where o : A — €& is a marked morphism. We claim that L (o) is a Cartesian edge
of X. First we observe that we have an inner horn 6 : A% — X given by

p(a)
c —— ple) — p(e)

i ! - i
ple) —» ple) 253 p(e)).

Using Proposition 2.4.1.7 in [10] we see that since both edges of the horn are
Cartesian in X it follows that any composite of those two edges must be Cartesian in
X. We consider another horn E : A? — X

c P s o —2— p(e)

A

pe) 24 pey — p(e).

First we observe that the restriction A2} — Al — [E]X is a Cartesian edge and
that the restriction of E to Al®!} is (o). Finally one notes that any composite of the
morphisms in 6 must be homotopic to any composite of the morphisms in E. Again
by Proposition 2.4.1.7 in [10] this implies that L (o) is Cartesian in X. O

Definition 7 Let 7 : X — C be a Cartesian fibration and assume that X' is a marked
oo-category. A fiberwise localization of m at the collection of marked edges of X
is a Cartesian fibration L%(NT) — C together with a map of Cartesian fibrations
1: X — L%(T[T) such that

e The map ¢ sends marked edges in X to Cartesian edges in L‘(}*’V(JTT).
e For any Cartesian fibration )V — C the induced functor
Funceart (L%(rﬂ), Y — Fun%m’T(f)C, Y) is an equivalence of co-categories.

Remark 7 Given 7 : X — C as above let X° denote the marked simplicial set over
@ where an edge is marked if it is Cartesian or if it is marked in X'. Then a fibrant
replacement in the model structure for Cartesian fibrations over € gives a model for
LE ().

w

Lemma2 Let & be a marked oo-category together with a functor p : & — €. Con-
sider (p)' : §(&)T — @ as in Definition 5. Then for every vertex ¢ € C there is an
equivalence of co-categories

L (8(") xe fe} ~Lw (£])).

Proof Let Ee, denote the functor classifying §(&). It is not hard to verify that this
functor maps each ¢ € C to the oo-category €., and that its action on morphisms is
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Marked colimits and higher cofinality. . . 1

induced by precomposition in €. Therefore we define @E ,to be the functor sending

each c to 8I St is clear that we have an equivalence of Cartesian fibrations

LS (s(p)T) ~LE (Un@ (ée/)) .

In addition, we observe that the right-hand side can be modeled by a fibrant replacement
of QETG / in the projective model structure of SetZ-valued functors. This finally implies

L§ (Une (€))) xe (e} = Lw (£]))

3 Weighted colimits in co-bicategories

Definition8 Let F : € — B and W : C°°? — Gat,,. We define a functor as the com-
posite

0] * op Nateop (W,—
Nateor (W, B(F(—), =) : B 2% @af® £ gou&® e WD o .

Definition9 Let F : € — Band W : C°P — Cato,. We say that an object b € B is the
colimit of F weighted by W if there exists an equivalence of functors

B(b, —) == Nateo (W, B(F (=), —)).

Remark 8 Since weighted colimits are unique up to equivalence we will often speak
of “the weighted colimit” and denote itby W ® F.

Definition 10 Let C be an co-category. The twisted arrow oo-category Tw(C) of C is
the simplicial set given by Homger, (A", Tw(C)) =~ Homge, (A"*(A™)°P, C). Note
that Tw(C) comes equipped with a projection functor Tw(C) — € x C° which is a
right fibration by Proposition 5.2.1.3 in [11], so that Tw(C) is an co-category.

We present now two of the main results obtained in [2] that will allow us to under-
stand weighted colimits in €ats,. The proofs can be found in the aforementioned
document as Theorem 4.3 and*** Theorem 4.28.

Proposition 2 Let C be a co-category and D an oo-bicategory. Then for every pair of
functors F, G : C — D there exists a equivalence of co-categories

Nat F, G)— 1 M F(-), G(—
ate( ) %H;np app(F (=), G(—))
which is natural in each variable.
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12 F. Abellan Garcia

Corollary 2 Let F : C — Qatoo and W : C°P — Qatoo. Then there is an equivalence of
oo-categories

W® F — colimpye) W x F.

We finish the section by relating conical weighted colimits, i.e. those with weight
constant on the terminal category, with ordinary colimits.

Proposition3 Let F : C — B and let x : CP? — Qatoo denote the constant functor
with value the terminal co-category. Suppose that x @ F exists. Then colime F exists
and there is an equivalence in B

*Q F = colime F

where the right-hand side is given by the co-categorical colimit of F in the underlying
oo-category B C B.

Proof Let E:B(xQ® F, —) 3 Nateop (x, B(F(—), —)) be the natural equivalence
exhibiting * ® F as the weighted colimit of F and let * E denote its restriction to B.
Observe that (*E factors through Cat,. We will abuse notation by viewing (*E as a
functor with target Cat,. Now we consider the following composite

BxAlgeatmgS.
where k denotes the underlying Kan complex functor. It is clear that we have produced

a natural equivalence B(x ® F, —) — Nateop (%, B(F(—), —)). Observe that due to
Proposition 2 we have the following natural equivalence of spaces for every b € B

Nateop (, B(F(—), b)) =~ T“}}IGH)OPS(*, B(F(-),b)) ~ T“}%IGI;QPB(F(—), b)

lim B(F(-),b) ~ Nate(F, b)
Tw(@)op

where b denotes the constant functor with value b € 3. We have thus produced
equivalences of functors

B(x® F, —) = Nateor (x, B(F(—), —)) — Nate (F, (5).

We note that B/4gF is the left fibration classifying the functor B(x ® F, —) and that
it has an initial object. Therefore the left fibration classifying Nate (F , @) has an
initial object. This exhibits x ® F as the colimit of F : C — B. O
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Marked colimits and higher cofinality. . . 13

4 Marked colimits
4.1 Definitions and general properties

Definition 11 Let € be a marked oo-category and consider F(ide) : ()" — € as
in Definition 5. Given the Cartesian fibration Lg, (3’ (id@)T) discussed in Definition 7
we let

QE E CP — Gato

be its associated functor. As we noted in Lemma 2, the functor QE / sends each ¢ € C

to the localized comma category Ly (GZ /)

Definition 12 Given a marked co-category €' and a diagram F : € — B we define
colim’e F::QZTG/ QF

and call it the marked colimit of F.

Remark 9 Using Corollary 2 we see that if B = Caty, and the marking of € consists
only of equivalences our definition coincides with the definition of lax colimit given
in [6].

Theorem 6 Let F : C — Band suppose that colim! ¢ F exists. Then the oo-categorical
colimit of F in the underlying oo-category B C B exists and there is an equivalence

colim’e F = colime F

Proof Lett : Q:ﬁe = x denote the unique map to the terminal functor. By Proposition
3 it will suffice to show that ¢ is a levelwise equivalence. This follows immediately
from Lemma 2 and the fact that slice categories €, are all contractible. O

Remark 10 1t is natural to ask ourselves, whether Theorem 6 admits a converse. The
answer to this question is no and it is already well documented (see for example 3.54
in [8]). For the sake of completeness we will include an example here. Let B be the
following 2-category

Then it is clear that ¢ is the coproduct of a and b in the underlying 1-category B.
However c fails to satisfy the 2-dimensional universal property because the identity
morphism on ¢ has no non-trivial 2-morphisms.
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14 F. Abelldn Garcia

Corollary 3 Let C be a marked co-category and consider a functor F : €T — B with
B an co-category. Then colim® ¢ F exists if and only if the colimit of F exists and there
is an equivalence in B

colim%e F = colim¢ F

Proof Tt follows from Theorem 6 after noting that since the mapping categories in B
are Kan complexes then any natural transformation Qé ;= B(F (), b) must factor

through Qé /- Thus concluding that both universal properties are the same. O
Proposition4 Let 7 : X — C be a Cartesian fibration where we view X as a marked

category (denoted by X°) by marking the Cartesian edges. Consider the base change
adjunction

12 Catgdy == ¢ Catgde 1 w*

Then for every Cartesian fibration Y — C there is an equivalence of co-categories
Funga (L%CV (§(dx)?) . n*‘j) — [~] FunS™ (X0, Y)

natural in Y. In particular, there is an equivalence of Cartesian fibrations ) L%

(FGdx)?) ~ X
Proof We can produce the following natural equivalences
Fun§e™ (L3} (SGida)?) , 7*Y) = Funfy (X, 46r*Y)) = Funf (X, 1(H) = Funfi™ (X, Y)

where the third equivalence is given by the non-Cartesian base change adjunction. The
result follows. O

Theorem?7 Let F : C — Band W : CP — Qatso. Let p : W — @ denote the Carte-

sian fibration classifying W. Suppose that W @ F exists. Then colimq/v exists and
there is an equivalence in B

W®Fi>colim5/vFop.

Proof Let Qﬁq/\, / denote the weight functor in the definition of the colimit of F o p.
By Proposition 4 we know that pnﬁﬂw ;= W. This shows that there is a map

Nator (W, B(F (), =) = Natyyeo (20}, B((F 0 p)(=), =)
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which is levelwise an equivalence on the underlying Kan complexes. Combining
Proposition 2 and Proposition 6.9 in [6] we obtain for every b € B the following
commutative diagram

Naton (W, B(F (=), b)) — Natyyw (203, B (F 0 p)(-), b))

I =

Fun§™ (. ) ——=—— Fun§if (L} (3(idw)?) . p*Y)

where Y is the Cartesian fibration classifying B(F (—), b). Since the bottom horizontal
map is an equivalence due to Proposition 4 we conclude by 2-out-of-3. O

4.2 Marked colimits in the co-bicategory of co-categories.

In this section we show how to compute marked colimits of functors with values in co-
categories. Our strategy will be a direct generalization of the arguments presented in
[6] where the authors show that the unstraightening functor (see Notation 7) computes
the lax colimit of a functor.

Definition 13 Let F : € — Caty, be a functor and denote by F — C its associated
coCartesian fibration. Given X € Catn, we define a simplicial set @; over C via the
universal property Home (K, CI>§) ~ Hom(K x¢e JF, X).

Remark 11 As a special case of (the dual of) Corollary 3.2.2.12 in [10] we see that
<I>§ — @ is a Cartesian fibration. An edge A! — <D§ is Cartesian if and only if the
associated functor A! x e F — X maps coCartesian edges in A! x ¢ F to equivalences
in X.

Proposition 5 The Cartesian fibration @% — C classifies the functor
Fun(F(—),X) : C°? — Catye .

Proof This is Proposition 7.3 of [6]. O

Definition 14 Let C' be a marked oo-category and consider a Cartesian (resp. coCarte-
sian) fibration X — €. We equip X with a marking by declaring an edge marked if
and only if it is Cartesian (resp. coCartesian) and its image in € is marked. We will
denote this marked co-category over C by X",

Remark 12 Let CT be a marked oo-category and consider a functor F : C — Catye.
Denote its associated coCartesian fibration by F. Then given X € Cat,, we have a
natural equivalence of oco-categories

Fun (LW (3"”“)) , :)c) ~ FunD(F, X) ~ Fun, €, ).

where the first equivalence is the universal property of the localization (see Notation
8) and the second is given by the universal property of <I>§.
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16 F. Abellan Garcia

Proposition 6 Let C be an co-category. Given F, G : CP — Caty, classified by the
Cartesian fibrations F and G respectively, there is a natural equivalence of oco-
categories

Fun@"(F,§) = lim Fun(F(-), G(-))
Tw(C)oP

Proof See Proposition 6.9 in [6]. m]

Theorem 8 Let C' be a marked oo-category. Given F : C — Qato, there is a equiva-
lence of co-categories

Lw (Unceo(F)m')) ~ colim'e F

Proof We fix the notation Ung (F )i = F9 We have a natural equivalence of
oo-categories provided by Lemmas 1 and 12

Fun (LW (sﬁm) , x) ~ Funf,(€, &) ~ Fun' (§(€), &) ~ Funii™ (L%(E(idef), @i)
Propositions 5 and 6 in turn imply
Funirt <L‘§V(g(id@)n, c1>§) ~ Jim Fun(C},. Fun(F(~), X)) ~ Fun (colimTW((g) €L, x F, x)

Combining these two natural equivalences, the result follows from the Yoneda lemma
and Corollary 2. O

Corollary 4 Let C be an oo-category. Given F : C — Qato there is an equivalence of
oo-categories

Un% (F) = colim, F

Proof This follows by observing that a coCartesian edge lying over a degenerate edge
must be an equivalence. O

As a consequence of Theorem 8, we obtain an alternative proof of Corollary 3.3.4.3
in [10].

Corollary 5 Let F : C — Catyo then there is an equivalence of oco-categories
Ly (Un§(F)*) ~ colime F
Proof Combine Theorem 8 with €% and Proposition 3. O
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5 A cofinality criterion

The goal of this section is to extend the preexisting theory of cofinality to the setting of
marked colimits. Our main result, Theorem 9, is a generalization of the characterization
of cofinal functors appearing in Theorem 4.1.3.1 in [10]. As an immediate corollary
we obtain a generalization of Quillen’s theorem A for marked oco-categories.

Definition 15 Let f : C" — DT be a marked functor and consider F(f) : F(€) — D
as in Definition 5. We denote by

€l 1 D® > Gateg

the functor classifying the Cartesian fibration L) (§(f)7).

Remark 13 Observe that we have a natural transformation A  : QZD ;= o)l D/ . We will
abuse notation by also denoting by A the associated map of Cartesian ﬁbratlons

Proposition 7 Let f : €T — DT be a marked functor and let f - f* denote the base
change adjunction

f eatcart @ atcart . f *

Then there is a natural equivalence of co-categories
Fun&t (Le ( (1de)1) 7 x) = Fungt (L93 (s( f)T) : :x)

In particular, we have f Lg, (S'(id@)f) > L% (S(f)T)-

Proof Let X — D be a Cartesian fibration. We observe that we have natural equiva-
lences

Fun¢™ (L@ (S(ide)T) , f*:x:) ~ Fun, (€, £(£*X)) ~ Funk (€, 4(X))
where the second equivalence is given by the non-Cartesian base change adjunction

fi 4 f*. Itis clear that the right-hand side is equivalent to Fun$¥™ (LY (§(£)7), X)
and the result follows. O

Given a marked functor f : €7 — DT it follows that for every functor G : D —
Catso we can produce the following natural transformations

Natpor (D}, G) == Natpor (€], , G) == Nat(€}, *G).

where the last map is a natural equivalence by virtue of Proposition 7. It follows that
when G = B(F(—), b) for some diagram F : D — B, we obtain a map

colim’e F o f — colim'p F
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18 F. Abellan Garcia

which we will call the canonical comparison map whenever both are defined.

Definition 16 A functor f : €7 — DT of marked oco-categories is said to be marked
cofinal if for every functor F : D — B, the following conditions hold:

e The marked colimit F exists if and only the marked colimit of (F o f) exists.

e The canonical comparison map colime F o f —= colim’p F is an equiva-
lence in B.

Proposition8 Let f : C" — DT be a marked functor. For every diagram F : D —
Catoo we have a commutative diagram in Cato, given by

Ly (Un®(F o £)*P) —= colim’e F o f

l |

Ly (Un$3(F)*") —=— colim’p F
where the leftmost vertical map is induced by pullback along f.

Proof This follows as a corollary of Theorem 8. O

Proposition 9 A functor f : C' — DT of marked oco-categories is marked cofinal if
and only if the natural transformation

. T
'Af'Q:D/:}@fD/

is a levelwise equivalence.

Proof Suppose f is marked cofinal. Given an object d € D we define the composite
Yi:D— S C Caty

where first functor is given by Map, (d, —) and the second functor is the inclusion of
the full subcategory of spaces. Then using Corollary 8 we obtain an equivalence of
oo-categories

Lw(ej,/) = LW(DZI/).

Using Lemma 2 we identify this map with the fiber of the map .A; over d. Since
equivalences of Cartesian fibrations can be detected fiberwise it follows that A is an
equivalence. The converse follows immediately. O

Remark 14 Suppose f : C* — DF is cofinal for the maximal marking. Since f is
cofinal we obtain an equivalence after co-groupoid completion

Lw (€},) ~Lw (D))

Then it follows that f satisfies the hypothesis of Theorem 4.1.3.1 in [10] and so
pullback along f preserves all co-limits.
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Corollary 6 (Theorem AY) Let f : €T — DT be a marked cofinal functor. Then there
exists an equivalence of co-categories

Lw (€') > Lw (D)
Proof By Theorem 8 we can identify Ly (DT) with the marked colimit of the constant

point valued functor. The result then follows from Corollary 8. O

Remark 15 For the rest of this section, we will abuse notation by denoting the Cartesian
fibration L% (S (f )T) by QIT@ / and similarly for the other fiberwise localizations of free
fibrations already mentioned.

Lemma3 Let D' be a marked oo-category and consider the Cartesian fibration
)N | = D. Then the following hold

e Foreveryd € D there exists an initial object in Z);D/ xp {d}.
e Every object in Z)TD/ X p {d} represented by a marked morphism is initial.

Proof The proof is analogous to the proof of Lemma 4.0.3 in [1]. O

Proposition 10 Let m : X — D be a Cartesian fibration of simplicial sets. Assume
that for each vertex ¢ € @, the co-category X4 has an initial object. Denote by X' C X
the full simplicial subset of X spanned by those x which are initial objects in Xy (x).
Then

Tl : X' = €
is a trivial Kan fibration of simplicial sets. Moreover, a section s of 1 : X — C is
initial in the oo-category Fune(C, X) if and only if s factors through X'.
Proof See Proposition 2.4.4.9 in [10]. O

Theorem 9 Let f : @7 — DT be a functor of marked oo-categories. Then f is marked
cofinal if and only the following conditions hold

1. Foreveryd € D there is a morphism g4 : d — f(c) which is initial in Ly (C‘?;/)
and in Ly (D;/).

2. Every object in Ly (GZ, /) represented by a marked morphism in DT is initial.

3. There exists a Cartesian morphism providing a solution to the lifting problem

o

1 i
aAl 2 ¢

[

(ahF —— D

if the image of o consists in two initial objects in their respective fibers.
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Proof By Proposition 9 it will suffice to show that .4 is an equivalence of Cartesian
fibrations precisely when the conditions above are satisfied.

Suppose that A is an equivalence and pick an inverse & : @;D — QSJ | over D.
First we see that the first 2 conditions can be checked by noting that A ¢ induces an
equivalence of co-categories upong passage to fibers. The existence of E implies the
existence of a section sy : D — & / mapping each object of D to an initial object
in the fiber and mapping marked edges to Cartesian edges. To finish the proof of this
implication we will show that condition (3) holds. We start by picking a Cartesian lift of
u denoted by & such that (1) = o (1). Then since o (0) is initial we obtain a morphism
from o (0) — #(0). Note that if we show that #(0) is initial its corresponding fibre
then we can finish our argument by picking an adequate composite o (0) — #(0) —
(1) = o(1). Since Ay is an equivalence it will suffice that A7 (i1(0)) = y is initial.
We note that y is equivalent to the morphism u viewed as an object of CDTD / therefore
the conclusion follows from Lemma 3.

To show the converse we first observe that condition (1) together with Proposition 10
imply the existence of a section sy : D — QTD / such that for every d € D both s (d)
and Ay (sy(d)) are initial in their respective fibers. We claim that s ; maps marked
edges to Cartesian edges in C;D . To see this given & : (A")? — DT we denote by &
the Cartesian lift provided by condition (3). One immediately checks that there exists
an equivalence in A! 5 Q% / such that s s (o) ~ u o @ and thus s 7 (e) is Cartesian. In
particular we obtain a map of Cartesian fibrations

g9 i
Ol Qg/ — QD/'
We fix the notation
I'p :Fun%n(@;/, ’Di;D/) = Fungj(ﬂ), ’DTD/)

and observe that both the identity functor on @TD and Ay o E get mapped under I'p
to sections landing in initial objects in the fibers. It follows from Proposition 10 that
Afo B ~id.

Similarly we consider

Pe : Fun"(€h, , €l ) = Funly (€, €l )

and observe that I'e (E o Af)(c) = s7(f(c)) which is initial in the fiber by construc-
tion. Similarly the image of the identity functor under I'e sends ¢ € C to an object
represented by a marked morphism. Condition (2) implies that this object is initial.
Since both maps can factored through the pullback

f*(€p)) — C%/

| |

C——D
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we can apply Proposition 10 to their factorizations. This shows that E o .4y ~ id and
thus finishes the proof. O

Remark 16 Let Q;D = DOP — (aty,. Note that condition (3) in Theorem 9 holds if and

only if for every marked edge d —é- d’ in D the functor QifD /(u) preserves initial
objects.
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