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Abstract In this paperwe study the category of discreteG-spectra for a profinite group
G. We consider an embedding of module objects in spectra into a category of module
objects in discrete G-spectra, and study the relationship between the embedding and
the homotopy fixed points functor. We also consider an embedding of module objects
in terms of quasi-categories, and show that the two formulations of embeddings are
equivalent in some circumstances.
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1 Introduction

By the works of Morava [30], Miller et al. [29], Devinatz et al. [12], Hopkins and
Smith [19], Hovey and Strickland [23], andmany others, the stable homotopy category
is intimately related to the theory of formal groups, and the stable homotopy category
localized at a prime p has a filtration of full subcategories corresponding to the height
of formal groups. The nth full subcategory for non-negative integer n is realized as
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the E(n)-local category, that is, the Bousfield localization with respect to the nth
Johnson-Wilson theory E(n) at p. The nth subquotient of the filtration is equivalent
to the K (n)-local category, that is, the Bousfield localization of the stable homotopy
category with respect to the nth Morava K -theory K (n) at p, and we can consider
that the fundamental building blocks of the stable homotopy category are the K (n)-
local categories for various n and p. Therefore, studying the K (n)-local category
has central importance in stable homotopy theory. A basic tool to study the K (n)-
local category is the K (n)-local En-based Adams spectral sequence, where En is
the nth Morava E-theory at p. The E2-page of this spectral sequence for a K (n)-
local E(n − 1)-acyclic spectrum X is described as the continuous cohomology of the
extendedMorava stabilizer groupGn with coefficients in the discrete twisted En∗-Gn-
module (En)∗(X). This suggests that the derived category of discrete (or continuous)
twisted En∗-Gn-modules may be intimately related to the K (n)-local category.

An algebraic model of the E(n)-local category was constructed by Franke [14] for
sufficiently large primes p compared to n, after the pioneering work by Bousfield [6].
Although Franke’s theory gives an equivalence of categories between the derived
category of periodic chain complexes in E(n)∗(E(n))-comodules and the E(n)-local
category, it does not give an equivalence of model categories. Therefore, it does not
give amodel of the homotopy theory of E(n)-local spectra, andwewould like to have a
model of the homotopy theory of E(n)-local spectra, and of K (n)-local spectra. In this
paper we propose a model of the homotopy theory of K (n)-local spectra in the model
category of K (n)-local Fn-modules in the discrete symmetric Gn-spectra, where Fn
is a discrete model of En constructed by Davis in [9] and upgraded to a commutative
monoid object in the category of discrete symmetricGn-spectra by Behrens and Davis
in [4]. For this purpose, we shall formulate embeddings of module spectra in general
setting.

Let G be a profinite group. The theory of G-Galois extensions of structured ring
spectra was introduced by Rognes in [34], and he gave an interpretation of the results
in [11] in terms of G-Galois extensions. The category of discrete G-spectra was intro-
duced by Davis in [9], and G-Galois extensions were also studied by Behrens and
Davis in [4] in terms of discrete G-spectra. The algebraic Galois theory is related to
the descent theory, which has been important in algebraic geometry, number theory,
category theory and homotopy theory. The framework of homotopical descent theory
was developed by Hess [17] and Lurie [28]. The formulation of embeddings we dis-
cuss in this paper is some kind of homotopical descent related to G-Galois extensions
of spectra.

Let �Sp(G) be the model category of discrete symmetric G-spectra and let
�Sp(G)k be its left Bousfield localization with respect to a spectrum k. Suppose
we have a map A → B of monoids in discrete symmetric G-spectra, where G acts on
A trivially. There is a functor

Ex : ModA(�Spk) → ModB(�Sp(G)k)

from the categoryModA(�Spk)of A-modules in�Spk to the categoryModB(�Sp(G)k)

of B-modules in�Sp(G)k by the extension of scalars. This functor has a right adjoint,
which we can regard as a fixed points functor (−)G . Furthermore, the pair of functors
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is a �Sp-Quillen adjunction. We denote by LEx the total left derived functor of Ex
and by (−)hG the total right derived functor of the fixed points functor (−)G . The
functor (−)hG can be regarded as the homotopy fixed points functor. Let T be the full
subcategory of the homotopy category Ho(ModA(�Spk)) consisting of X such that
the unit map X → (LEx(X))hG is an equivalence. We show that the restriction of
LEx toT is fully faithful as an Ho(�Sp)-enriched functor (Proposition 4.5). Using the
K (n)-localGn-Galois extension LK (n)S → Fn formulated in [4, §8] and the result in
[10], we obtain the following theorem.

Theorem 1.1 (Theorem 4.12) The total left derived functor

LEx : Ho(�SpK (n)) −→ Ho(ModFn (�Sp(Gn)K (n)))

is fully faithful as an Ho(�Sp)-enriched functor.

Next we consider embeddings of modules in quasi-categories. Model categories
are models of homotopy theories and contain rich homotopy theoretic structures. But
they are sometimes rigid and hard to work with since they contain auxiliary structures
such as cofibrations and fibrations. Simplicial categories and topological categories
are also models of homotopy theories. But they are also sometimes rigid and hard to
work with since they have a strict associative composition law of mapping spaces.
Quasi-categories are yet other models of homotopy theories. Quasi-categories were
introduced by Boardman-Vogt [3] and developed by Joyal [25,26] and Lurie [27,28].
The definition of quasi-categories is a little strange at first glance but actually quasi-
categories are flexible, easy to work with, and well-developed. Therefore, to formulate
embeddings of modules in terms of quasi-categories is important and will be useful
for later applications.

Let Spk be the underlying quasi-category of the simplicial model category �Spk .
Suppose we have a map A → E of algebra objects in Spk . We have a functor from
the quasi-category ModA(Spk) of A-modules to the quasi-category ModE (Spk) of E-
modules by the extension of scalars. This defines a comonad� on the E-modules, and
we can consider the quasi-category of comodules Comod(E,�)(Spk) over the comonad
�. The extension of scalars functor factors through Comod(E,�)(Spk), and we obtain
a functor

Coex : ModA(Spk) → Comod(E,�)(Spk).

This functor has a right adjoint P , which is a homotopical analogue of the functor
taking primitive elements. LetT be the full subcategory ofModA(Spk) consisting of X
such that the unit map X → PCoex(X) is an equivalence.We show that the restriction
of the functor Coex to T is fully faithful (Proposition 5.2). This result is related to the
(effective) homotopic descent considered by Hess in [17, Def. 5.1], but the author is
not sure if this result can be formulated in terms of simplicial categories. There is amap
of quasi-categories from the simplicial nerve of the simplicial category of coalgebras
in ModE (�Spk) associated to the adjunction ModA(�Spk) � ModE (�Spk) to the
quasi-category of comodules Comod(E,�)(Spk), but it seems that this map may not
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be an equivalence in general since a comodule in Comod(E,�)(Spk) which satisfies
the comodule structure up to higher coherent homotopies may not be rectified as a
coalgebra in ModA(�Spk) which satisfies the comodule structure on the nose.

Finally, we compare the two formulations of embeddings in terms of model
categories and of quasi-categories. For this purpose we describe the underlying quasi-
categories of modules and algebras in discrete symmetric G-spectra for a profinite
group G in terms of the quasi-categories of modules and algebras in non-equivariant
symmetric spectra.

Let A → B be a map of monoids in discrete symmetric G-spectra, where G acts
on A trivially. LetU : �Sp(G)k → �Spk be the forgetful functor, which has the right
adjoint V = Mapc(G,−) (see Sect. 3.1 for the functor Mapc(G,−)). We have a map

�UB : B(UB, A,UB) −→ UMapc(G,UB),

where B(UB, A,UB) is the two-sided bar construction of the A-module UB (see
Sect. 6.4 for the construction of the map �UB). Let ModB(Sp(G)k) be the underly-
ing quasi-category of the simplicial model category ModB(�Sp(G)k). We show that
ModB(Sp(G)k) can be written as a quasi-category of comodules.

Theorem 1.2 (Corollary 6.16) Let G be a profinite group that has finite virtual
cohomological dimension. We assume that the localization functor Lk is given as
a composite LM LT of two localization functors LM and LT , where LT is a smashing
localization and LM is a localization with respect to a finite spectrum M. If �UB is a
k-local equivalence, then there is an equivalence of quasi-categories

ModB(Sp(G)k) � Comod(UB,�)(Spk).

As a corollary, we obtain that the functor Ex is equivalent to the functor Coex under
the equivalence between ModB(Sp(G)k) and Comod(UB,�)(Spk) (Corollary 6.17),
where we regard Ex as a functor of the underlying quasi-categories. This shows that
the two formulations of embeddings are equivalent. In particular, we show that the two
formulations are equivalent if A → B is a k-local G-Galois extension (Theorem 7.3)
under the assumptions of Theorem 1.2.

The organization of this paper is as follows: In Sect. 3we discuss themodel structure
on the category of discrete symmetricG-spectra.We show that the category of discrete
symmetricG-spectra is a proper, combinatorial, symmetric monoidal�Sp-model cat-
egory satisfying the monoid axiom. We also discuss the Bousfield localization with
respect to a spectrum with trivial G-action. In Sect. 4 we discuss embeddings of
modules into the category of discrete symmetric G-spectra. We also discuss the rela-
tionship between the embeddings and the homotopy fixed points functors. In Sect. 5we
consider embeddings of quasi-categories of modules in spectra. For an adjunction of
quasi-categories, we can consider the quasi-category of comodules over the comonad
associated to the adjunction. We show that some full subcategory can be embedded
into the quasi-category of comodules. In Sect. 6we study the quasi-category of discrete
G-spectra. We show that the quasi-category of discrete G-spectra can be described as
a quasi-category of comodules. Finally we show that the two formulations of embed-
dings of module categories are equivalent in some circumstances. In Sect. 7 we discuss
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embeddings associated to profinite G-Galois extensions. We show that the two for-
mulations are equivalent for profinite G-Galois extensions under some conditions.

2 Notation

For amodel categoryM, we denote byHo(M) the homotopy category ofM. For objects
X,Y ∈ M, we denote by [X,Y ]M the set of morphisms in Ho(M). For a simplicial
model category N, we denote by MapN(X,Y ) the mapping space (simplicial set) for
X,Y ∈ N (see, for example, [16,18,20] for these concepts). We denote by N◦ the full
simplicial subcategory of N consisting of objects that are both fibrant and cofibrant as
in [27]. The underlying quasi-category of N is defined to be N (N◦), where N (−) is
the simplicial nerve functor (see [27, 1.1.5] for the simplicial nerve functor).

We denote by �Sp the category of symmetric spectra constructed by Hovey-
Shipley-Smith in [24]. We give �Sp the stable model structure (see [24, §3] for
the definition of the stable model structure on �Sp). We denote by Sp the underly-
ing quasi-category of �Sp. For a spectrum k, we denote by �Spk the left Bousfield
localization of �Sp with respect to k (see, for example, [18, Ch. 3] for the defini-
tion of left Bousfield localization of a model category), and by Spk the underlying
quasi-category of �Spk . We denote by S the quasi-category of spaces, which is the
underlying quasi-category of the category of simplicial sets with the Kan model struc-
ture (see [27, 1.2.16]). For a quasi-category C, we have amapping space (simplicial set)
MapC(X,Y ) for X, Y ∈ C, which is well-defined up to weak homotopy equivalence
(see [27, 1.2.2]).

3 Model structure on the category of discrete symmetric G-spectra

Let G be a profinite group. In this section we discuss model structure on the category
of discrete symmetricG-spectra.We also study the Bousfield localization with respect
to a spectrum with trivial G-action.

3.1 Discrete symmetric G-spectra

Let G be a profinite group. In this subsection we recall the model structure on the
category of discrete symmetric G-spectra and study its properties. We show that
the category of discrete symmetric G-spectra is a proper combinatorial symmetric
monoidal �Sp-model category satisfying the monoid axiom. We also compare the
model category of discrete symmetric G-spectra with that of non-equivariant sym-
metric spectra.

First, we recall the definition of a discrete symmetric G-spectrum (see [4, §2.3]).
We denote by Set(G) the category of discrete G-sets. A simplicial discrete G-set
is a simplicial object in Set(G). The model structure on the category of simplicial
discrete G-sets was studied in [15]. We denote by sSet(G)∗ the category of pointed
simplicial discrete G-sets. Let sSet(G)�∗ be the category of symmetric sequences in
sSet(G)∗. We can give a closed symmetric monoidal structure on sSet(G)�∗ . Let S
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be the symmetric sequence given by S = (S0, S1, S2, . . .), where Sn is the n-sphere
with trivial G-action. The symmetric sequence S is a commutative monoid object in
sSet(G)�∗ . A discrete symmetric G-spectrum is a module object in sSet(G)�∗ over the
commutative monoid S. A map of discrete symmetric G-spectra is a map of module
objects. We denote by �Sp(G) the category of discrete symmetric G-spectra.

The category�Sp(G) is a complete, cocomplete, closed symmetric monoidal cate-
gory with S as the unit object. We denote the monoidal structure by X ∧Y = X ⊗S Y .
We have an adjoint pair

triv : �Sp � �Sp(G) : (−)G ,

where (−)G is the G-fixed points functor and the functor triv(−) associates to a
symmetric spectrum X the discrete symmetric G-spectrum X with trivial G-action.
Notice that the functor triv is a strong symmetric monoidal functor and the functor
(−)G is a lax symmetric monoidal functor.

Now we recall the model structure on �Sp(G) defined in [4, §2.3]. Let U :
�Sp(G) → �Sp be the forgetful functor. A map f : X → Y in �Sp(G) is said
to be

• a cofibration if U ( f ) is a cofibration of symmetric spectra,
• a weak equivalence if U ( f ) is a stable equivalence of symmetric spectra, and
• a fibration if it has the right lifting property with respect to all maps which are
both cofibrations and weak equivalences.

With these definitions, �Sp(G) is a left proper cellular model category by [4,
Thm. 2.3.2]. Recall that a model category is called left proper if every pushout of
a weak equivalence along a cofibration is a weak equivalence (see [18, Ch. 13]). A
cellular model category is a cofibrantly generated model category for which there are
a set I of generating cofibrations and a set J of generating trivial cofibrations such
that

• both the domains and the codomains of the elements of I are compact,
• the domains of the elements of J are small relative to I , and
• the cofibrations are effective monomorphisms

(see [18] for these concepts, in particular, [18, Ch. 12] for cellular model categories).
We shall show that�Sp(G) is a proper combinatorial model category. Recall that a

model category is called right proper if every pullback of a weak equivalence along a
fibration is a weak equivalence, and proper if it is both left proper and right proper (see
[18, Ch. 13]). Amodel category is said to be combinatorial if it is cofibrantly generated
as a model category and is locally presentable as a category (see, for example, [13,
§2] or [27, A.2.6] for combinatorial model categories). Since �Sp(G) is a cofibrantly
generated model category, it suffices to show that �Sp(G) is locally presentable in
order to show that �Sp(G) is combinatorial. Recall that a category is locally λ-
presentable for a regular cardinal λ if it is cocomplete and has a set C of λ-compact
objects such that every object is a λ-filtered colimit of objects in C . A category is
called locally presentable if it is locally λ-presentable for some regular cardinal λ (see
[1, Ch. 1] for locally presentable categories).
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Theorem 3.1 The category �Sp(G) is locally presentable. Hence �Sp(G) is a com-
binatorial model category.

Proof The category Set(G) of discrete G-sets is locally ℵ0-presentable, where ℵ0 is
the first infinite cardinal. A discrete G-set is ℵ0-compact if and only if the underlying
set is finite. The full subcategory of finite discreteG-sets is essentially small.Wedenote
by A the opposite category of a skeleton of the full subcategory of finite discrete G-
sets. For a small category C and a category D, we denote by Fun(C,D) the functor
category and by FunLex(C,D) the full subcategory of finite-limit preserving functors.
By [1, Thm. 1.46 and its proof], we see that the Yoneda map Set(G) → Fun(A,Set)
given by X 
→ HomSet(G)(−, X) for X ∈ Set(G) induces an equivalence of categories
between Set(G) and FunLex(A,Set).

For a (discrete) symmetric (G-)spectrum Y , we denote by Yk,l the set of l-
simplexes of the kth simplicial set Yk of Y . We can define a functor F : �Sp(G) →
FunLex(A, �Sp) by

F(X)(A)k,l = HomSet(G)(A, Xk,l)

for A ∈ A and X ∈ �Sp(G) with obvious structure maps. We can verify that

the functor F is an equivalence of categories by using the equivalence Set(G)
�→

FunLex(A,Set).
Recall that the category �Sp of symmetric spectra is locally presentable. This

follows, for example, from [24, 1.2.10, 3.2.13, and 5.1.6]. See also [38, p. 474]. The
theorem follows from the fact that for any small category C and any locally presentable
categoryD, the category FunLex(C,D) is locally presentable by [1, 1.53 and 1.50(1)].

��
Proposition 3.2 The model category �Sp(G) is proper.

Proof It suffices to show that �Sp(G) is right proper. Since �Sp is right proper by
[24, Thm. 5.5.2], this follows from the fact that the forgetful functorU preserves fiber
products and detects weak equivalences. ��

Nextweconsider the compatibility of themonoidal structure and themodel structure
on �Sp(G). By the definition of the model structure on �Sp(G) and the fact that the
compositionU ◦ triv is the identity functor, the functor triv preserves cofibrations and
weak equivalences, and hence the adjoint pair of functors

triv : �Sp � �Sp(G) : (−)G

is a Quillen adjunction.
We shall recall the definition of a symmetric monoidal Quillen adjunction (see [20,

§4.2]) and show that the pair (triv, (−)G) is a symmetric monoidal Quillen adjunction.
LetM andN be symmetricmonoidalmodel categories. AQuillen adjunction F : M �
N : G is said to be a symmetric monoidal Quillen adjunction if the left Quillen functor
F is strong symmetric monoidal and the map F(q) : F(QI) → F(I) is a weak
equivalence, where I is the unit object inM and q : QI → I is a cofibrant replacement
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of I. We say that the left adjoint of a symmetric monoidal Quillen adjunction is a
symmetric monoidal left Quillen functor. Since the functor triv is strong symmetric
monoidal and the sphere spectrum is cofibrant in�Sp, we see that the pair (triv, (−)G)

is a symmetric monoidal Quillen adjunction.
Let C be a symmetric monoidal model category. We also recall the definitions

of a symmetric monoidal C-model category and a symmetric monoidal C-Quillen
adjunction (see [20, §4.2]). A model category M is said to be a symmetric monoidal
C-model category if it is a symmetric monoidal model category equippedwith a strong
symmetric monoidal left Quillen functor i : C → M. Let M1 and M2 be symmetric
monoidalC-model categories equippedwith symmetricmonoidal left Quillen functors
i1 : C → M1 and i2 : C → M2, respectively. A symmetric monoidal C-Quillen
adjunction between M1 and M2 is a symmetric monoidal Quillen adjunction F :
M1 � M2 : G together with a symmetric monoidal natural isomorphism between
F◦i1 and i2.We say that the left adjoint of a symmetricmonoidalC-Quillen adjunction
is a symmetric monoidal left C-Quillen functor.

Theorem 3.3 The category �Sp(G) is a symmetric monoidal �Sp-model category.
The adjoint pair (triv, (−)G) is a symmetric monoidal �Sp-Quillen adjunction.

Proof The model category �Sp(G) is a symmetric monoidal model category by [21,
Thm. 8.11]. The theorem follows from the fact that triv : �Sp → �Sp(G) is a
symmetric monoidal left Quillen functor. ��

Nowwe shall verify that the symmetric monoidal model category�Sp(G) satisfies
the monoid axiom. We recall the monoid axiom on a monoidal model category (see,
for example, [35, Def. 3.3]). LetM be a monoidal model category with tensor product
∧. For a class I of maps inM, we denote by I ∧ M the class of maps of the form

A ∧ Z −→ B ∧ Z

for A → B a map in I and Z an object ofM. For a class J of maps inM, we denote
by J -cofreg the class of maps obtained from the maps of J by cobase change and
transfinite composition (see, for example, [18, 10.2] or [20, 2.1.1] for the definition
of a transfinite composition). We say that a monoidal model category M satisfies the
monoid axiom if every map in

({trivial cofibrations} ∧ M)-cofreg

is a weak equivalence, where {trivial cofibrations} is the class of trivial cofibrations.
Proposition 3.4 The symmetric monoidal model category �Sp(G) satisfies the
monoid axiom.

Proof We have to show that every map in

({trivial cofibrations} ∧ �Sp(G))-cofreg
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is a weak equivalence. By the definition of the model structure on �Sp(G), it suffices
to show that the underlying map is a stable equivalence of symmetric spectra. Since
the underlying map of a trivial cofibration is a trivial cofibration of symmetric spectra,
the proposition follows from the fact that the category of symmetric spectra with stable
model structure satisfies the monoid axiom by [24, Thm. 5.4.1]. ��

Now we shall compare the category of discrete symmetric G-spectra with that of
non-equivariant symmetric spectra. For this purpose, we introduce a (non-discrete)
symmetric G-spectra. We denote by Gδ the group G with discrete topology. Let
�Sp(Gδ) be the category of symmetric spectra with (continuous) Gδ-action. The
continuous homomorphismGδ → G induces a functor (−)δ : �Sp(G) → �Sp(Gδ).
For X ∈ �Sp(Gδ), we denote by dX the largest discrete G-subspectrum of X , that
is,

dX = colimH XH ,

where H ranges over all open subgroups H of G. We can regard d as a functor
d : �Sp(Gδ) → �Sp(G). Notice that we have an adjoint pair

(−)δ : �Sp(G) � �Sp(Gδ) : d.

Let U : �Sp(G) → �Sp be the forgetful functor. The functor U is strong sym-
metric monoidal and has a right adjoint

V : �Sp → �Sp(G).

We shall explicitly describe the right adjoint V . For a symmetric spectrum Y (with
G-action), we denote by Yk,l the set of l-simplexes of the kth simplicial set Yk of Y .
For a set A, we denote byMap(G, A) theG-set of all maps fromG to AwithG-action
given by (g · θ)(g′) = θ(g′g) for g, g′ ∈ G and θ ∈ Map(G, A). For a symmetric
spectrum X , we can define an object Map(G, X) of �Sp(Gδ) by Map(G, X)k,l =
Map(G, Xk,l) with obvious structure maps. We define the discrete symmetric G-
spectrum Mapc(G, X) by

Mapc(G, X) = d(Map(G, X)).

The right adjoint V of the forgetful functor U : �Sp(G) → �Sp is given by

V (X) = Mapc(G, X).

We can easily verify the following proposition.

Proposition 3.5 The adjoint pair of functors

U : �Sp(G) � �Sp : V

is a symmetric monoidal �Sp-Quillen adjunction.
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Proof By the definition of the model structure on �Sp(G), the forgetful functor U
preserves cofibrations and weak equivalences, and hence the adjoint pair (U, V ) of
functors is Quillen adjunction. SinceU is a strong symmetric monoidal and the sphere
spectrum is cofibrant in�Sp(G), we see that the pair (U, V ) is a symmetric monoidal
Quillen adjunction. Since the composition U ◦ triv is the identity functor on �Sp, we
see that the forgetful functor U is a symmetric monoidal left �Sp-Quillen functor.
This completes the proof. ��
3.2 Bousfield localization of �Sp(G)

Let k be a symmetric spectrum. In this subsection we study the left Bousfield local-
ization�Sp(G)k of�Sp(G)with respect to k. We show that�Sp(G)k is a left proper
combinatorial symmetricmonoidal�Sp-model category satisfying themonoid axiom.
We also compare the model category �Sp(G)k with the left Bousfield localization
�Spk of non-equivariant symmetric spectra with respect to k.

First, we recall that there exists the left Bousfield localization on �Sp(G) with
respect to k. This follows, for example, from the fact that �Sp(G) is a left proper
cellular model category.We say that a morphism f in�Sp(G) is a k-local equivalence
if U ( f ) is a k-local equivalence in �Sp. Let Wk be the class of k-local equivalences
in �Sp(G). As in [4, p. 5015], there exists the left Bousfield localization �Sp(G)k
with respect to Wk , and �Sp(G)k is left proper and cellular.

Proposition 3.6 The left Bousfield localization �Sp(G)k is a left proper combinato-
rial simplicial model category.

Proof By Theorems 3.1 and 3.3, and [4, Thm. 2.3.2], we see that �Sp(G) is a left
proper combinatorial simplicial model category. As in [4, p. 5015], the class of k-local
equivalences are that of f -local equivalences for somemap f . Hence the left Bousfield
localization�Sp(G)k is a left proper combinatorial simplicial model category by [27,
Prop. A.3.7.3]. ��

In the following of this paper we assume that k is cofibrant for simplicity.

Theorem 3.7 The model category �Sp(G)k is a symmetric monoidal �Sp-model
category.

Proof First, we show that �Sp(G)k is a symmetric monoidal model category. Let
A → B be a cofibration and let X → Y be a trivial cofibration in �Sp(G)k . Since
k is cofibrant, we see that X ∧ k → Y ∧ k is a trivial cofibration in �Sp(G). By
Theorem 3.3, �Sp(G) is a monoidal model category, and hence the map

(A ∧ Y ∧ k)
∐

(A∧X∧k)
(B ∧ X ∧ k) → B ∧ Y ∧ k

is a trivial cofibration. We have an isomorphism

⎛

⎝(A ∧ Y )
∐

(A∧X)

(B ∧ X)

⎞

⎠ ∧ k ∼= (A ∧ Y ∧ k)
∐

(A∧X∧k)
(B ∧ X ∧ k),
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and hence the map

(A ∧ Y )
∐

(A∧X)

(B ∧ X) → B ∧ Y

is a trivial cofibration in �Sp(G)k . Therefore, we see that �Sp(G)k is a symmetric
monoidal model category.

Next, we show that�Sp(G)k is a symmetric monoidal�Sp-model category. Recall
that the functor triv : �Sp → �Sp(G) is a symmetric monoidal left Quillen functor.
Furthermore, the identity functor id : �Sp(G) → �Sp(G)k is a symmetric monoidal
left Quillen functor. Hence the composition id ◦ triv : �Sp → �Sp(G)k is also a
symmetric monoidal left Quillen functor. This shows that �Sp(G)k is a symmetric
monoidal �Sp-model category. ��
Proposition 3.8 The symmetric monoidal model category �Sp(G)k satisfies the
monoid axiom.

Proof Recall that Wk is the class of k-local equivalences. We let C be the class of
cofibrations in �Sp(G)k . Since the functor (−)∧ k preserves all colimits, we see that

(
((C ∩ Wk) ∧ �Sp(G))-cofreg

) ∧ k ⊂ ((C ∩ W ) ∧ �Sp(G))-cofreg,

where W is the class of weak equivalences in �Sp(G). By Proposition 3.4, �Sp(G)

satisfies the monoid axiom. Hence ((C ∩ W ) ∧ �Sp(G))-cofreg ⊂ W . This shows
that

((C ∩ Wk) ∧ �Sp(G))-cofreg ⊂ Wk .

This completes the proof. ��
Now we compare the model category �Sp(G)k with the left Bousfield localization

�Spk of non-equivariant symmetric spectra with respect to k.

Proposition 3.9 The adjoint pair of functors

triv : �Spk � �Sp(G)k : (−)G

is a symmetric monoidal �Sp-Quillen adjunction.

Proof It suffices to show that triv preserves k-local equivalences. Let f be a k-local
equivalence in�Sp. SinceU (triv( f )) = f , we see triv( f ) ∈ Wk . Hence triv preserves
k-local equivalences. ��
Proposition 3.10 The adjoint pair of functors

U : �Sp(G)k � �Spk : V

is a symmetric monoidal �Sp-Quillen adjunction.
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Proof By definition, U preserves weak equivalences and cofibrations, and hence the
pair (U, V ) is a Quillen adjunction. Recall that we have the symmetric monoidal left
Quillen functor triv : �Sp → �Sp(G)k . Since the compositionU ◦ triv is the identity
functor on �Sp, the functor U is a symmetric monoidal left �Sp-Quillen functor. ��
3.3 Filtered colimits in �Sp(G)k

In this subsectionwe shall show that anyfiltered colimit preservesweak equivalences in
�Sp(G)k . This follows from [32, Prop. 4.1] (see also [13, Prop. 7.3] and [8, Lem. 1.6]).

Proposition 3.11 Let � be a filtered category, and let F : X → Y be a natural
transformation of functors from � to �Sp(G)k . If F(λ) : X (λ) → Y (λ) is a k-local
equivalence for all λ ∈ �, then the induced map on colimits

colimit
λ∈�

X −→ colimit
λ∈�

Y

is also a k-local equivalence.

Proof We shall apply [32, Prop. 4.1] for �Sp(G)k . By Proposition 3.6, �Sp(G)k is a
combinatorial model category. Hence we have to show that there exists a generating
set of cofibrations between compact objects for �Sp(G)k . Let I be the set of maps
of the form (∂
m × G/N )+ → (
m × G/N )+ in sSet(G)∗, where m ≥ 0 and
N is an open subgroup of G. Let Evn : �Sp(G) → sSet(G)∗ be the evaluation
functor which assigns to a discrete symmetricG-spectrum X the nth pointed simplicial
discrete G-set Xn , and let Fn : sSet(G)∗ → �Sp(G) be its left adjoint. We can take
I� = ⋃

n≥0 Fn(I ) as a set of generating cofibrations of �Sp(G)k . We can verify that
Fn((∂
m × G/N )+) and Fn((
m × G/N )+) are compact objects in �Sp(G)k for
all n ≥ 0,m ≥ 0 and N since ∂
m and 
m are compact objects in the category of
simplicial sets. This completes the proof. ��
Corollary 3.12 For any functor X from a filtered category� to�Sp(G)k , the canon-
ical map

hocolim
λ∈�

X −→ colim
λ∈�

X

in Ho(�Sp(G)k) is an isomorphism.

Proof Let X ′ → X be a cofibrant replacement in the functor categoryFun(�,�Sp(G)k)

with the projective model structure. This model structure exists by [27, Prop. A.2.8.2]
since �Sp(G)k is a combinatorial model category by Proposition 3.6. The homotopy
colimit hocolim X is represented by colim X ′. The map colim X ′ → colim X induced
on the colimits is a k-local equivalence by Proposition 3.11. ��

4 Embeddings of modules into �Sp(G)k

In this section we discuss embeddings of certain full subcategories of module objects
in �Spk into categories of module objects in �Sp(G)k . Let A be a monoid object in
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�Spk . We regard A as a monoid object in �Sp(G)k with trivial G-action. For a map
ϕ : A → B of monoid objects in �Sp(G)k , we show that a certain full subcategory
of Ho(ModA(�Spk)) can be embedded into Ho(ModB(�Sp(G)k)) as an Ho(�Sp)-
enriched category. We also discuss the relationship between the embeddings and the
homotopy fixed points functors.

4.1 Model structure on module categories

In this subsection we define the model structure on the category of module objects
in a combinatorial symmetric monoidal �Sp-model category satisfying the monoid
axiom.We also study the adjunction ofmodule categories induced by amap ofmonoid
objects.

Let C be a closed symmetric monoidal category. First, we recall the definitions
of a closed C-module, a closed symmetric C-algebra, and an adjunction between
them. A category N is said to be a closed C-module if it is enriched, tensored, and
cotensored over C. For closed C-modules N1 and N2, an adjoint pair of functors
F : N1 � N2 : G is said to be an adjunction of closed C-modules if the left adjoint
F respects the tensor structures on N1 and N2 over C. A category A is said to be a
closed symmetric C-algebra if A is a closed symmetric monoidal category equipped
with a strong symmetric monoidal left adjoint functor i : C → A. Let A1 and A2 be
closed symmetric C-algebras equipped with strong symmetric monoidal left adjoints
i1 : C → A1 and i2 : C → A2, respectively. An adjunction of closed symmetric
C-algebras between A1 and A2 is an adjoint pair of functors F : A1 � A2 : G,
where F is a strong symmetric monoidal functor, together with a symmetric monoidal
natural isomorphism between F ◦ i1 and i2 (see [20, §4.1] for these concepts).

In this subsection we let M be a combinatorial symmetric monoidal �Sp-model
category with tensor product ⊗ satisfying the monoid axiom. For a monoid object R
in M, we denote by ModR(M) the category of left R-module objects in M and maps
between them. The category ModR(M) is a closed �Sp-module for a monoid object
R in M. If R is a commutative monoid object, then ModR(M) is a closed symmetric
monoidal category with tensor product ⊗R and unit object R, and furthermore, we
can regard ModR(M) as a closed symmetric �Sp-algebra by the functor R ⊗ (−) :
�Sp → ModR(M) that is a strong symmetric monoidal left adjoint functor.

Let R be a monoid object inM. A map f : M → N in ModR(M) is said to be

• a weak equivalence if it is a weak equivalence inM,
• a fibration if it is a fibration inM, and
• a cofibration if it has the left lifting property with respect to all maps which are
both fibrations and weak equivalences.

With these definitions, ModR(M) is a model category by [35, Thm. 4.1]. Note that the
unit object R is cofibrant in ModR(M).

Let C be a symmetric monoidal model category. Now we recall the definition of a
C-model category and a C-Quillen adjunction between C-model categories (see [20,
§4.2]). A model categoryN is said to be aC-model category if it is a closedC-module
and the action map ⊗ : N×C → N is a Quillen bifunctor, that is, for any cofibration
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f : U → V in N and any cofibration g : W → X in C, the induced map

(V ⊗ W )
∐

U⊗W

(U ⊗ X) −→ V ⊗ X

is a cofibration in N that is trivial if either f or g is (see [20, Def. 4.2.1] for the
definition of aQuillen bifunctor). AC-Quillen adjunction betweenC-model categories
is a Quillen adjunction which is also an adjunction of closed C-modules.

We can verify that ModR(M) is a �Sp-model category for any monoid object R in
M. If R is a commutativemonoid object inM, thenModR(M) is a symmetricmonoidal
model category satisfying themonoid axiom by [35, Thm. 4.1], and furthermore, since
the strong symmetric monoidal functor R⊗ (−) : �Sp → ModR(M) is a left Quillen
functor, ModR(M) is a symmetric monoidal �Sp-model category (see the paragraph
just before Theorem 3.3 for the definition of a symmetric monoidalC-model category
for a symmetric monoidal model category C).

Now we consider an adjunction between categories of module objects induced by
a map of monoid objects inM. Let ϕ : A → B be a map of monoid objects inM. We
have an adjoint pair of functors

B ⊗A (−) : ModA(M) � ModB(M) : ϕ∗,

where ϕ∗ is the restriction of scalars functor.We can verify that ϕ∗ preserves fibrations
and weak equivalences. Hence the pair (B ⊗A (−), ϕ∗) is a Quillen adjunction. We
have natural isomorphisms B ⊗A (M ⊗ K ) ∼= (B ⊗A M) ⊗ K in ModB(M) for
M ∈ ModA(M) and K ∈ �Sp which reduce to the canonical isomorphism when
K is the sphere spectrum, and are compatible with the associativity isomorphisms in
ModA(M) and ModB(M) with respect to the tensor structures over �Sp. Hence we
obtain the following lemma.

Lemma 4.1 The adjoint pair (B ⊗A (−), ϕ∗) is a �Sp-Quillen adjunction.

Now suppose that A and B are commutative monoid objects inM and ϕ : A → B
is a map of commutative monoid objects. The left Quillen functor B ⊗A (−) :
ModA(M) → ModB(M) is a strong symmetric monoidal functor between the sym-
metric monoidal categories. Since A is cofibrant in ModA(M), we see that B ⊗A (−)

is a symmetric monoidal left Quillen functor. Furthermore, B ⊗A (−) is a sym-
metric monoidal left �Sp-Quillen functor since there are natural isomorphisms
B ⊗A (A ⊗ K ) ∼= B ⊗ K for K ∈ �Sp. Hence we obtain the following lemma.

Lemma 4.2 If A and B are commutative monoid objects in M and ϕ : A → B is
a map of commutative monoid objects, then the pair (B ⊗A (−), ϕ∗) is a symmetric
monoidal �Sp-Quillen adjunction.

4.2 Embeddings of module categories

In this subsection we formulate embeddings of module categories in combinatorial
symmetric monoidal �Sp-model categories satisfying the monoid axiom. We show
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that a certain full subcategory of a category of module objects can be embedded into
another category of module objects as an enriched category over the stable homotopy
category of spectra.

First, we formulate the setting. LetM andN be combinatorial symmetric monoidal
�Sp-model categories satisfying the monoid axiom. We suppose that we have a sym-
metric monoidal �Sp-Quillen adjunction i : M � N : j . We take monoid objects A
inM and B in N. We suppose that there is a morphism of monoid objects

ϕ : i(A) −→ B.

By Lemma 4.1, the morphism ϕ induces a�Sp-Quillen adjunction (B⊗i(A) (−), ϕ∗).
Since i is strong symmetric monoidal, it induces a functor i : ModA(M) →
Modi(A)(N). We see that j induces a right adjoint j : Modi(A)(N) → ModA(M)

to i . Composing these two adjunctions, we obtain an adjoint pair of functors

Ex : ModA(M) � ModB(N) : Re.

Lemma 4.3 The pair (Ex,Re) is a �Sp-Quillen adjunction.

Proof By definition of the model structures, ϕ∗ and j are right Quillen functors.
Hence the composition Re = j ◦ϕ∗ is also a right Quillen functor. Since the pair (i, j)
is a symmetric monoidal �Sp-Quillen adjunction, we have natural isomorphisms
i(M ⊗ K ) ∼= i(M) ⊗ K for M ∈ M and K ∈ �Sp. These isomorphisms induce
natural isomorphisms Ex(M ⊗ K ) ∼= Ex(M) ⊗ K for M ∈ ModA(M) and K ∈ �Sp
which reduce to the canonical isomorphism when K is the sphere spectrum, and
are compatible with the associativity isomorphisms in ModA(M) and ModB(N) with
respect to the tensor structures over �Sp. This completes the proof. ��

The homotopy categories Ho(ModA(M)) and Ho(ModB(N)) are closed Ho(�Sp)-
modules by [20, Thm. 4.3.4]. Furthermore, Ho(ModA(M)) and Ho(ModB(N)) are
triangulated categories since ModA(M) and ModB(N) are stable model categories by
[36, Lem. 3.5.2]. ByLemma 4.3, we obtain an adjunction of closedHo(�Sp)-modules

LEx : Ho(ModA(M)) � Ho(ModB(N)) : RRe,

where LEx is the total left derived functor of Ex and RRe is the total right derived
functor of Re. Note that LEx and RRe are exact functors between the triangulated
categories.

Now we consider the case where A ∈ M and B ∈ N are commutative monoid
objects and ϕ : i(A) → B is a map of commutative monoid objects. In this case
ModA(M) and ModB(N) are symmetric monoidal �Sp-model categories. Since the
left adjoint Ex of the Quillen adjunction Ex : ModA(M) � ModB(N) : Re is strong
symmetric monoidal, the pair (Ex,Re) is a symmetric monoidal Quillen adjunction.
Furthermore, since there are natural isomorphisms B ⊗i(A) i(A ⊗ K ) ∼= B ⊗ K for
K ∈ �Sp, we obtain the following lemma.
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Lemma 4.4 If A ∈ M and B ∈ N are commutative monoid objects and ϕ : i(A) →
B is a map of commutative monoid objects, then the pair (Ex,Re) is a symmetric
monoidal �Sp-Quillen adjunction.

If A and B are commutative monoid objects, then the homotopy categories
Ho(ModA(M)) andHo(ModB(N)) are closed symmetricmonoidalHo(�Sp)-algebras
(see [20, §4.2]). Furthermore, if ϕ : i(A) → B is a map of commutative monoid
objects, then the induced pair (LEx,RRe) of functors is an adjunction of symmetric
monoidal Ho(�Sp)-algebras (see the second paragraph of Sect. 4.1 for the definition
of these concepts).

Now suppose A and B are monoid objects and ϕ : i(A) → B is a map of monoid
objects.We shall define a full subcategoryT of Ho(ModA(M)) and show thatT can be
embedded into Ho(ModB(N)) as an Ho(�Sp)-enriched category through the functor
LEx. Let T be the full subcategory of Ho(ModA(M)) consisting of X such that the
unit map X → RReLEx(X) is an isomorphism

T = {X ∈ Ho(ModA(M))| X ∼=−→ RReLEx(X)}.

It is easy to see that T is a thick subcategory of Ho(ModA(M)).

Proposition 4.5 The restriction of LEx toT is fully faithful as anHo(�Sp)-enriched
functor.

Proof This follows from the natural isomorphism

RMapModB (N)(LEx(X),LEx(Y )) ∼= RMapModA(M)(X,RReLEx(Y ))

in Ho(�Sp), where RMapModA(M)(−,−) and RMapModB (N)(−,−) are derived map-
ping spaces of ModA(M) and ModB(N), respectively. ��
4.3 Homotopy fixed points functor

In this subsection we shall discuss the relationship between the homotopy fixed points
functors and the embeddings considered in Sect. 4.2.We show that the full subcategory
T contains all dualizable objects in some appropriate settings.

First, we recall the definition of homotopy fixed points functors (see [4, §§3 and
5]). By Proposition 3.9, we have a symmetric monoidal �Sp-Quillen adjunction

triv : �Spk � �Sp(G)k : (−)G .

Let A be a monoid object in �Spk and we regard A as a monoid object in �Sp(G)k
with trivial G-action. Let ϕ : A → B be a map of monoid objects in �Sp(G)k . By
Lemma 4.3, we have a �Sp-Quillen adjunction

Ex : ModA(�Spk) � ModB(�Sp(G)k) : Re.
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This induces an adjunction

LEx : Ho(ModA(�Spk)) � Ho(ModB(�Sp(G)k)) : RRe

of closed Ho(�Sp)-modules. We define a homotopy fixed points functor (−)hG to be
the total right derived functor of Re:

(−)hG = RRe : Ho(ModB(�Sp(G)k)) −→ Ho(ModA(�Spk)).

Although the definition of the homotopy fixed points spectrum XhG depends on the
map ϕ, we shall show that the homotopy type of the underlying spectrum of XhG is
independent of ϕ and also agrees with the underlying notion of homotopy fixed points
on �Sp(G)k . There is a diagram

ModB(�Sp(G)k)
Re−−−−−−→ ModA(�Spk)

FB

⏐⏐⏐�

⏐⏐⏐�FA

�Sp(G)k
(−)G−−−−−−→ �Spk,

where FA : ModA(�Spk) → �Spk and FB : ModB(�Sp(G)k) → �Sp(G)k
are forgetful functors. This diagram is commutative on the nose since the func-
tor Re : ModB(�Sp(G)k) → ModA(�Spk) is the composition (−)G ◦ ϕ∗, where
ϕ∗ : ModB(�Sp(G)k) → ModA(�Sp(G)k) is the restriction of scalars functor
and (−)G : ModA(�Sp(G)k) → ModA(�Spk) is the fixed points functor on
ModA(�Sp(G)k) induced by the fixed points functor on �Sp(G)k . Since FA and
FB preserve weak equivalences, they induce functors hFA : Ho(ModA(�Spk)) →
Ho(�Spk) and hFB : Ho(ModB(�Sp(G)k)) → Ho(�Sp(G)k) between the homo-
topy categories, respectively. Furthermore, since FA and FB preserve fibrations, we
obtain a natural isomorphism

hFA(XhG)
∼=−→ (hFB X)hG

in Ho(�Spk) for any X ∈ Ho(ModB(�Sp(G)k)). This means the homotopy type
of the underlying spectrum of XhG is independent of ϕ and also agrees with the
underlying notion of homotopy fixed points on �Sp(G)k .

Since A is cofibrant inModA(�Spk), we have an isomorphismLEx(A) ∼= B. Hence
the unit of the adjunction (LEx,RRe) gives a map A → BhG in Ho(ModA(�Spk)).
Recall that T is the full subcategory of Ho(ModA(�Spk)) consisting of X such that
the unit map X → RReLEx(X) is an isomorphism. Hence A ∈ T if and only if the
map A → BhG is an isomorphism.

Now we suppose A ∈ �Spk and B ∈ �Sp(G)k are commutative monoid objects
and ϕ : A → B is a map of commutative monoid objects. In this case the pair
LEx : Ho(ModA(�Spk)) � Ho(ModB(�Sp(G)k)) : RRe of functors is an adjunc-
tion of symmetric monoidal Ho(�Sp)-algebras. In particular, Ho(ModA(�Spk))
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and Ho(ModB(�Sp(G))k) are symmetric monoidal categories and LEx is a strong
symmetric monoidal functor. We show that T contains all dualizable objects in
Ho(ModA(�Spk)) if A ∈ T.

Proposition 4.6 We assume that A ∈ �Spk and B ∈ �Sp(G)k are commutative
monoid objects and ϕ : A → B is a map of commutative monoid objects. If A → BhG

is an isomorphism, then T contains all dualizable objects in Ho(ModA(�Spk)).

Proof We put M = ModA(�Spk) and N = ModB(�Sp(G)k). The homotopy cat-
egories Ho(M) and Ho(N) are symmetric monoidal categories with tensor products
⊗L

A and ⊗L

B , respectively. We let X be a dualizable object in Ho(M) and denote by
DX its dual. Since LEx is strong symmetric monoidal and LEx(A) ∼= B, LEx(X) is
a dualizable object in Ho(N) and its dual is LEx(DX). For anyW ∈ Ho(M), we have
a natural isomorphism

[W,RReLEx(X)]M ∼= [LEx(W ) ⊗L

B LEx(DX),LEx(A)]N.

We have LEx(W ) ⊗L

B LEx(DX) ∼= LEx(W ⊗L

A DX). This implies the following
isomorphism

[LEx(W ) ⊗L

B LEx(DX),LEx(A)]N ∼= [W,RReLEx(A) ⊗L

A X ]M.

By the Yoneda lemma, we obtainRReLEx(X) ∼= RReLEx(A)⊗L

A X . By the assump-
tion, we have A ∼= RReLEx(A), and hence RReLEx(A) ⊗L

A X ∼= X . This shows
X ∼= RReLEx(X). ��
Remark 4.7 We note that A → BhG is an isomorphism under some conditions if B
is a consistent k-local G-Galois extension.

First, we recall the definition of k-local Amitsur derived completion (see, for
example, [34, Def. 8.2.1]). Let A be a k-local cofibrant commutative symmetric ring
spectrum. For a cofibrant commutative A-algebraC , the k-local Amitsur derived com-
pletion A∧

k,C is the homotopy limit of the cosimplicial spectrum LkC∧A•+1 given by

LkC
∧An+1 = Lk(

n+1︷ ︸︸ ︷
C ∧A · · · ∧A C)

with the usual cosimplicial structure, where Lk is the localization functor with respect
to k.

The k-local G-Galois extension ϕ : A → B in the sense of [4, Def. 6.2.1] is
said to be consistent if the coaugmentation of the k-local Amitsur derived completion
A → A∧

k,B is an equivalence (see [4, Def. 1.0.4(1)]).
We suppose the localization functor Lk is given as a composite of two localization

functors LMLT , where LT is a smashing localization and LM is a localization with
respect to a finite spectrum M (cf. [4, Assumption 1.0.3]). Furthermore, we suppose
G has finite virtual cohomological dimension. If ϕ : A → B is a consistent k-local

G-Galois extension, then ϕ induces an isomorphism A
∼=→ BhG by [4, Prop. 6.1.7(3)

and Cor. 6.3.2].
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4.4 Finite Galois extensions

In this subsection, as an example, we consider the case associated to a finite Galois
extension of symmetric spectra. Now suppose that G is a finite group and k is an
arbitrary symmetric spectrum. We assume that ϕ : A → B is a faithful k-local G-
Galois extension of symmetric spectra (see [34,Ch. 4]).Wehave a symmetricmonoidal
�Sp-Quillen adjunction Ex : ModA(�Spk) � ModB(�Sp(G)k) : Re and its derived
adjunctionLEx : Ho(ModA(�Spk)) � Ho(ModB(�Sp(G)k)) : RRe. In this casewe
shall show that the full subcategoryT is the whole category Ho(ModA(�Spk)), where
T consists of objects X inHo(ModA(�Spk)) such that the unitmap X → RReLEx(X)

is an isomorphism. Furthermore, we shall show that the adjoint pair (Ex,Re) is a
Quillen equivalence.

First, we recall that an A-module object M is said to be k-locally faithful if M ∧A

N ∼= 0 implies N ∼= 0 inHo(ModA(�Spk)). A k-localG-Galois extensionϕ : A → B
is said to be faithful if UB is a k-locally faithful A-module, where U : �Sp(G)k →
�Spk is the forgetful functor. By [34, Prop. 6.2.1], if ϕ : A → B is a k-local G-Galois
extension, then UB is a dualizable object in Ho(ModA(�Spk)).

For any N ∈ Ho(ModA(�Spk)), we have the unit map N → RReLEx(N ). Since
RRe = (−)hG is the homotopy fixed points functor, we can identify this map with the
map N → (B ∧A N )hG . We show that the map N → (B ∧A N )hG is an isomorphism
for any N ∈ Ho(ModA(�Spk)). This means the full subcategory T is the whole
category Ho(ModA(�Spk)).

Lemma 4.8 Suppose that G is a finite group and ϕ : A → B is a faithful k-local
G-Galois extension. The map N → (B ∧A N )hG is an isomorphism for any N ∈
Ho(ModA(�Spk)), and hence T = Ho(ModA(�Spk)).

Proof Since UB is k-locally faithful over A, it suffices to show that the map UB ∧A

N → UB ∧A (B ∧A N )hG is an isomorphism in Ho(ModA(�Spk)). Since UB is a
dualizable object, we have an isomorphism UB ∧A (B ∧A N )hG ∼= (UB ∧A B ∧A

N )hG in Ho(ModA(�Spk)). By the assumption that ϕ : A → B is a k-local G-
Galois extension, we have an equivalence UB ∧A B � Map(G,UB). This induces
an equivalence UB ∧A B ∧A N � Map(G,UB∧A, N ). Hence we see that (UB ∧A

B ∧A N )hG � UB ∧A N and the map UB ∧A N → UB ∧A (B ∧A N )hG is an
isomorphism in Ho(ModA(�Spk)). This completes the proof. ��

Next, we would like to show that the adjunction (Ex,Re) is actually a Quillen
equivalence. In order to show that the following lemma is useful.

Lemma 4.9 Suppose that G is a finite group and ϕ : A → B is a faithful k-local
G-Galois extension. For any Z ∈ Ho(ModB(�Sp(G)k)), if ZhG is trivial, then Z is
trivial.

Proof We may assume that Z is an object in ModB(�Sp(G)k) that is both fibrant
and cofibrant. We have a map UB ∧A Z → Map(G,UZ) in �Sp(G)k , which is
the adjoint of the UB-action map U (UB ∧A Z) ∼= UB ∧A U Z → UZ of UZ .
We shall show that this map is a weak equivalence. For this purpose, it suffices to
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show that UB ∧A U Z → UMap(G,UZ) is a weak equivalence. Using the fact that
UB ∧A U B � UMap(G,UB), we see that UB ∧A U Z � UMap(G,UZ) and the
map UB ∧A U Z → UMap(G,UZ) is a weak equivalence.

The weak equivalence UB ∧A Z → Map(G,UZ) implies that (UB ∧A Z)hG ∼=
Map(G,UZ)hG in Ho(ModA(�Spk)). Since UB is a dualizable object, we have
an isomorphism (UB ∧A Z)hG ∼= UB ∧A ZhG in Ho(ModA(�Spk)). Since
Map(G,UZ)hG ∼= UZ , we see that, if ZhG is trivial, UZ is trivial and hence Z
is trivial. ��

Using this lemma, we obtain the following proposition which says the adjunction
(Ex,Re) is a Quillen equivalence if it is associated to a faithful k-local finite Galois
extension.

Proposition 4.10 If G is a finite group and ϕ : A → B is a faithful k-local G-Galois
extension, then the adjoint pair

Ex : ModA(�Spk) � ModB(�Sp(G)k) : Re

is a Quillen equivalence.

Proof Let X be a cofibrant object in ModA(�Spk) and Y a fibrant object in
ModB(�Sp(G)k). Suppose that f : B ∧A X → Y is a weak equivalence in
ModB(�Sp(G)k). Then we can regard Y as a fibrant replacement of B ∧A X and
hence YG represents (B ∧A X)hG in Ho(ModA(�Spk)). By Lemma 4.8, the adjoint

map g : X → YG to f induces an isomorphism X
∼=→ (B ∧A X)hG in the homotopy

category Ho(ModA(�Spk)) and hence the map g : X → YG is a weak equivalence.
Conversely, suppose that g : X → YG is a weak equivalence in ModA(�Spk). We

have to show that the adjoint map f : B∧A X → Y to g is a weak equivalence. We let
Z be the cofiber of the map f in Ho(ModB(�Sp(G)k)). Note that Y hG is represented
by YG and (B ∧A X)hG ∼= X by Lemma 4.8. By the assumption that g : X → YG

is a weak equivalence, we see that the induced map f hG : (B ∧A X)hG → Y hG is
an isomorphism in Ho(ModA(�Spk)), and hence ZhG is trivial. By Lemma 4.9, Z
is trivial and hence f is an isomorphism in Ho(ModB(�Sp(G)k)). This shows that
f : B ∧A X → Y is a weak equivalence. This completes the proof. ��
4.5 The K (n)-local category

In this subsection we shall apply the results in Sects. 4.2 and 4.3 to the K (n)-local
category. Let En be the nth Morava E-theory spectrum and K (n) the nth Morava K -
theory spectrum at a prime p. We denote byGn the extended Morava stabilizer group.
In this subsection we shall show that the K (n)-local category can be embedded as
an enriched category over the stable homotopy category of spectra into the homotopy
category of module objects over a discrete model Fn of En in the category of K (n)-
local discrete symmetric Gn-spectra.

In [9, Def. 2.3] Davis constructed a discrete Gn-spectrum Fn by using results in
[11]. We shall review the construction of Fn . Devinatz-Hopkins [11] gave a functorial
construction of commutative S-algebras EdhU

n for open subgroups U of Gn which
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satisfy the desired properties of the homotopy fixed points spectra. The spectrum Fn
is defined by

Fn = colim
U

EdhU
n ,

where the colimit is taken over the open subgroupsU ofGn . Note that Fn is E(n)-local,
where E(n) is the nth Johnson-Wilson spectrum at p, since the Bousfield localization
LE(n) with respect to E(n) is smashing and Fn is the colimit of the E(n)-local spectra
EdhU
n , and that the spectrum En is recovered by the equivalence

En � LK (n)Fn

in the stable homotopy category of spectra by [9, Thm 6.3], where LK (n) is the Bous-
field localization with respect to K (n).

In [4, §8.1] Behrens–Davis showed that Fn can be taken as a commutative monoid
object in �Sp(Gn). Furthermore, they showed that Fn is a consistent K (n)-local
Gn-Galois extension of LK (n)S, where S is the sphere spectrum. Note the K (n)-
localization functor LK (n) is the composite LF(n)LE(n) of two localization functors,
where LE(n) is smashing and LF(n) is the localization functor with respect to any
finite spectrum F(n) of type n at p. By Remark 4.7, this implies that the unit map

ϕ : S → Fn induces an isomorphism S
∼=→ (Fn)hGn in Ho(�SpK (n)) since Gn has

finite virtual cohomological dimension.
We consider the adjunction

LEx : Ho(�SpK (n)) � Ho(ModFn (�Sp(Gn)K (n))) : RRe.

By Sect. 4.3, the right adjoint RRe is interpreted as the homotopy fixed points functor
(−)hGn . Hence the unit map of the adjunction is regarded as a map X → ((Fn ∧
X)K (n))

hGn for X ∈ Ho(�SpK (n)), where (−)K (n) is the K (n)-localization functor
on Ho(ModFn (�Sp(Gn)).

Now we shall show that the homotopy fixed points functor (−)hGn is compati-
ble with the K (n)-localization. We let M be an object in Ho(ModFn (�Sp(Gn))) and
denote byMK (n) the K (n)-localization ofM , which is represented by a fibrant replace-
ment in ModFn (�Sp(Gn)K (n)) of a representative of M in ModFn (�Sp(Gn)). Since
(MK (n))

hGn is K (n)-local, we have a natural map

LK (n)(M
hGn ) −→ (MK (n))

hGn

in the stable homotopy category of spectra.

Lemma 4.11 The natural map LK (n)(MhGn ) → (MK (n))
hGn is an isomorphism in

the stable homotopy category of spectra for any object M inHo(ModF(n)(�Sp(Gn))).

Proof Let F(n) be a finite spectrum of type n at p. To show that the map
LK (n)(MhGn ) → (MK (n))

hGn is an isomorphism, it suffices to show that F(n) ∧
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LK (n)(MhGn ) → F(n) ∧ (MK (n))
hGn is an isomorphism since LK (n)(MhGn ) and

(MK (n))
hGn are both K (n)-local.

First, note that M is E(n)-local since Fn is E(n)-local and LE(n) is smash-
ing. Since M and MK (n) are E(n)-local, the localization map M → MK (n)

induces an isomorphism F(n) ∧ M
∼=→ F(n) ∧ MK (n) in Ho(ModFn (�Sp(Gn)).

Hence a fibrant representative of F(n) ∧ M in ModFn (�Sp(Gn)) is also fibrant in
ModFn (�Sp(Gn)K (n)). Therefore, we see that the homotopy fixed points spectrum
(F(n) ∧ M)hGn taken on Ho(ModFn (�Sp(Gn))) is isomorphic in the stable homo-
topy category of spectra to the homotopy fixed points spectrum (F(n) ∧ MK (n))

hGn

taken on Ho(ModFn (�Sp(Gn))K (n)).
Since M is E(n)-local, MhGn is also E(n)-local. Using the facts that F(n) is

finite, MhGn is E(n)-local, and LK (n) � LF(n)LE(n), we have a natural isomorphism
F(n) ∧ LK (n)(MhGn ) ∼= (F(n) ∧ M)hGn . On the other hand, since F(n) is finite, we
have a natural isomorphism F(n) ∧ (MK (n))

hGn ∼= (F(n) ∧ MK (n))
hGn . Therefore,

we see that the map F(n)∧ LK (n)(MhGn ) → F(n)∧ (MK (n))
hGn is an isomorphism.

This completes the proof. ��

By [9, Thm. 9.7] and [10, Thm. 1.1], the natural map X → LK (n)((Fn ∧ X)hGn ) is
an isomorphism for any X ∈ Ho(�SpK (n)). Using Lemma 4.11, we see that the unit
map X → ((Fn ∧ X)K (n))

hGn is an isomorphism for any X ∈ Ho(�SpK (n)). Hence
we obtain the following theorem by Proposition 4.5.

Theorem 4.12 The functor

LEx : Ho(�SpK (n)) −→ Ho(ModFn (�Sp(Gn)K (n)))

is fully faithful as an Ho(�Sp)-enriched functor.

The theory of localizations in enriched categories was developed by Wolff [40].
Theorem 4.12 implies that the K (n)-local category Ho(�SpK (n)) is an Ho(�Sp)-
enriched coreflective subcategory of Ho(ModFn (�Sp(Gn))K (n)). By [40, Thm. 1.6],
we obtain the following corollary.

Corollary 4.13 Let W be the class of morphisms f in Ho(ModFn (�Sp(Gn)K (n)))

such that the induced morphism f hGn = RRe( f ) on homotopy fixed points spectra is
an isomorphism inHo(�SpK (n)). The K (n)-local categoryHo(�SpK (n)) is equivalent
to the localization of the homotopy category Ho(ModFn (�Sp(Gn)K (n))) with respect
toW as an Ho(�Sp)-enriched category

Ho(�SpK (n)) � Ho(ModFn (�Sp(Gn)K (n)))[W−1].

Remark 4.14 In the forthcoming paper [39]wewill show that the symmetricmonoidal
�Sp-Quillen adjunction Ex : �SpK (n) � ModFn (�Sp(Gn)K (n)) : Re is a Quillen
equivalence.
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5 Embeddings of quasi-categories of modules over Spk

Let Spk be the underlying quasi-category of the simplicial model category �Spk . Let
ψ : A → E be a map of algebra objects in Spk . We have an adjunction of underlying
quasi-categories

E ∧A (−) : ModA(Spk) � ModE (Spk) : ψ∗.

In this section we discuss an embedding of certain full subcategory of ModA(Spk)
into the quasi-category of comodules associated to the adjunction.

5.1 Quasi-categories of comodules

In this subsection we shall introduce a quasi-category of comodules associated to an
adjunction of quasi-categories.

First, we fix notation. For a monoidal quasi-category M, we denote by Alg(M)

the quasi-category of algebra objects inM. For a quasi-categoryN left-tensored over
M and an algebra object T ∈ Alg(M), we denote by ModT (N ) the quasi-category
of left T -modules in N (see [28, 4.1.1 and 4.1.2] for these concepts).

Let C and D be quasi-categories. We denote by Fun(C,D) the quasi-category of
functors from C to D (see [27, 1.2.7]). We can regard the quasi-category End(C) =
Fun(C, C) as a monoidal quasi-category by the composition of functors (see [28, 4.7]).
A monad on C is defined to be an algebra object of End(C). If T is a monad on C, we
can consider the quasi-category of left T -modules ModT (C) in C.

For quasi-categories C and D, the quasi-category Fun(D, C) carries a left action of
the monoidal quasi-category End(C) by composition of functors, and we can regard
Fun(D, C) as left-tensored over End(C). Thus, we can consider the quasi-category of
left T -modules ModT (Fun(D, C)) in Fun(D, C) for a monad T ∈ Alg(End(C)). Let
R : D → C be a functor of quasi-categories. An endomorphism monad of R consists
of a monad T ∈ Alg(End(C)) together with a left T -module R ∈ ModT (Fun(D, C))

whose image in Fun(D, C) coincides with R, such that the action map a : T R → R
induces a weak equivalence of mapping spaces

MapFun(D,C)(F, R)
T−→ MapFun(D,C)(T F, T R)

a∗−→ MapFun(D,C)(T F, R)

for any F ∈ Fun(D, C) (see [28, 4.7.4]).
Now we recall the definition of an adjunction between quasi-categories (see [27,

Def. 5.2.2.1]). Let C and D be quasi-categories. An adjunction between C and D is
a map q : M → 
1 of simplicial sets which is both a Cartesian fibration and a
coCartesian fibration together with equivalences C → M{0} and D → M{1}, where
M{0} and M{1} are the fibers of q at {0} ∈ 
1 and {1} ∈ 
1, respectively (see [27,
2.4.2] for the definitions of a Cartesian fibration and a coCartesian fibration). In this
case we let L : C → D and R : D → C be functors associated to M, and say that L
is left adjoint to R and R is right adjoint to L .

We have a characterization of adjoint functors of quasi-categories in terms of map-
ping spaces as in classical category theory. Suppose we have a pair of functors of
quasi-categories
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L : C � D : R.

The functor L is left adjoint to R if and only if there exists a morphism u : idC → RL
in Fun(C, C) such that the composition

MapD(L(C), D)
R−→ MapC(RL(C), R(D))

u∗
C−→ MapC(C, R(D))

is a weak equivalence for any C ∈ C and D ∈ D (see [27, Prop. 5.2.2.8]).
We shall introduce a quasi-category of comodules associated to an adjunction

of quasi-categories. For a quasi-category X , we denote by X op the opposite quasi-
category of X (see [27, 1.2.1]). Suppose we have an adjunction of quasi-categories
L : C � D : R. This induces an adjunction of opposite quasi-categories

Rop : Dop � Cop : Lop.

We obtain an object LopRop in End(Dop), and we can lift LopRop to an endomorphism
monad of Lop by [28, 4.7.4]. In particular, we have a monad � ∈ Alg(End(Dop)) that
is a lifting of LopRop, and a left �-module object Lop ∈ Mod�(Fun(Cop,Dop)) that
is a lifting of Lop. We regard � as a comonad on D and we define the quasi-category
of left �-comodules

Comod�(D)

to be Mod�(Dop)op. Using an equivalence Mod�(Fun(Cop,Dop))
�→ Fun

(Cop,Mod�(Dop)), we obtain an object in Fun(Cop,Mod�(Dop)) corresponding to
Lop ∈ Mod�(Fun(Cop,Dop)). Hence we see that the functor L : C → D factors
through a functor

L̃ : C −→ Comod�(D)

so thatU L̃ � L , whereU : Comod�(D) → D is the forgetful functor. We say that L
exhibits C as comonadic over D if L̃ is an equivalence of quasi-categories.

5.2 Embeddings into quasi-categories of comodules

Recall that Spk is the underlying quasi-category of the simplicial model category
�Spk . Since �Spk is a simplicial symmetric monoidal model category, Spk is a sym-
metric monoidal quasi-category (see [28, 4.1.3]). In this subsection we shall formulate
embeddings of quasi-categories of modules into quasi-categories of comodules in Spk .

For an algebra object A in Spk , we have the quasi-category of left A-modules
ModA(Spk) in Spk . For a map ψ : A → E of algebra objects in Spk , we have an
adjunction of quasi-categories

L : ModA(Spk) � ModE (Spk) : R,

where L = E ∧A (−) and R = ψ∗. Hence we obtain a comonad � on ModE (Spk)
and a quasi-category of left �-comodules
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Comod(E,�)(Spk) = Comod�(ModE (Spk)).

The functor L factors through a functor

Coex : ModA(Spk) −→ Comod(E,�)(Spk)

so that UCoex � L , where U is the forgetful functor U : Comod(E,�)(Spk) →
ModE (Spk). We set

�′ = Coex R.

The functor �′ is informally given by �′(X) = �(X) with the obvious �-comodule
structure for X ∈ ModE (Spk). Note that �′ is a right adjoint to the forgetful functor
U .

Now we introduce a functor P : Comod(E,�)(Spk) → ModA(Spk) which is a
derived functor of taking primitive elements. The functor P is related to the derived
completion defined by Carlsson in [7] and the nilpotent completion considered by
Bousfield in [5]. For X ∈ Comod(E,�)(Spk), we have a cosimplicial object

C•(R,�,UX)

in ModA(Spk) by the cobar construction. We define a functor

P : Comod(E,�)(Spk) → ModA(Spk)

by PX = limC•(R,�,UX).
For Y ∈ ModA(Spk), we have a coaugmented cosimplicial object

Y → E•+1Y

in ModA(Spk) given by

Ek+1Y =
k+1︷ ︸︸ ︷

E ∧A · · · ∧A E ∧AY

with the usual cosimplicial structure, which is sometimes called the Amitsur complex
[2]. There is an equivalence of cosimplicial objects

C•(R,�,UCoex(Y )) � E•+1Y.

Note that the map Y → lim E•+1Y is an analogue of the derived completion of Y
at the A-algebra E in the sense of [7] (see Remark 4.7 for the k-local Amitsur derived
completion).

Furthermore, if k = A = S, then the map Y → lim E•+1Y is the E-nilpotent
completion of Y in Ho(Sp) in the sense of [5], where Ho(Sp) is the stable homotopy
category of spectra.
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We shall recall the B-nilpotent completion of spectra for a ring spectrum B in
Ho(Sp). A spectrum W ∈ Ho(Sp) is said to be B-nilpotent if W lies in the thick
ideal of Ho(Sp) generated by B. A B-nilpotent resolution of a spectrum Z is a
tower {Ws}s≥0 under Z in Ho(Sp) such that Ws is B-nilpotent for all s ≥ 0 and
the map colims HomHo(Sp)(Ws, N ) → HomHo(Sp)(Z , N ) is an isomorphism for any
B-nilpotent spectrum N . The B-nilpotent completion of Z is defined to be the homo-
topy inverse limit holimsWs for any B-nilpotent resolution {Ws}s≥0 of Z .

We can consider theTot tower {Tors E•+1Y }s≥0 associated to the cosimplicial object
E•+1Y . If k = A = S, then the cofiber of each map Tots+1E•+1Y → Tots E•+1Y
is an E-module, and hence E-nilpotent in Ho(Sp) for all s ≥ 0. By induction on s
and the fact that Tot0E•+1Y = E ∧ Y , we see that Tots E•+1Y is E-nilpotent for all
s ≥ 0. Furthermore, we let Fs be the fiber of the map Y → Tots E•+1Y for s ≥ 0. The
induced map Fs+1 → Fs is null in Ho(Sp) after tensoring with E for all s ≥ 0. This
implies an isomorphism colims HomHo(Sp)(Tots E•+1Y, N ) → HomHo(Sp)(Y, N ) for
any E-nilpotent spectrum N . Hence lim E•+1Y is the E-nilpotent completion of Y in
Ho(Sp).

We would like to show that a certain full subcategory of ModA(Spk) can be embed-
ded into Comod(E,�)(�Spk) through Coex. For this purpose, we show that Coex has
a right adjoint.

Proposition 5.1 The functor P is a right adjoint toCoex so that we have an adjunction
of quasi-categories

Coex : ModA(Spk) � Comod(E,�)(Spk) : P.

Proof Let X be the full subcategory of Comod(E,�)(Spk) consisting of X such that
the functor

MapComod(E,�)(Spk )
(Coex(−), X) : ModA(Spk) → S

is representable, where S is the quasi-category of spaces. We denote by P̃(X) the
representing object in ModA(Spk) for X ∈ X . In this case, P̃(X) is well-defined up
to canonical equivalence and we obtain a functor

P̃ : X → ModA(Spk).

In order to prove the proposition, we have to show that X is actually the whole
quasi-category Comod(E,�)(Spk). First, we shall show that �′Z ∈ X for any Z ∈
ModE (Spk). Since �′ is a right adjoint to U and UCoex � L is a left adjoint to R,
we see that there is a natural equivalence

MapComod(E,�)(Spk )
(Coex(Y ),�′Z) � MapModA(Spk )

(Y, RZ)

for any Y ∈ ModE (Spk), and hence �′Z ∈ X . We note that P̃�′Z � RZ .
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Next, we shall show that X ∈ X for any X ∈ Comod(E,�)(Spk). Let
C•(�′,�,UX) be a cosimplicial object in Comod(E,�)(Spk) given by the cobar con-
struction.By [28, 4.7.4],we see that limC•(�′,�,UX) � X . SinceCn(�′,�,UX) �
�′�nU X ∈ X for any n, we can construct a cosimplicial object P̃C•(�′,�,UX)

in ModA(Spk). We can verify that lim P̃C•(�′,�,UX) represents the functor
MapComod(E,�)(Spk )

(Coex(−), X), and hence X ∈ X .
Therefore, we obtain X = Comod(E,�)(Spk). Since there is an equivalence

P̃C•(�′,�,UX) � C•(R,�,UX) of cosimplicial objects, we see that P̃ X � PX
for any X . This completes the proof. ��

Let T be the full subcategory of ModA(Spk) consisting of X such that the unit map
X → PCoex(X) is an equivalence

T = {X ∈ ModA(Spk)| X �→ PCoex(X)}.

In the same way as in Proposition 4.5, we obtain the following proposition.

Proposition 5.2 The restriction of Coex to T is a fully faithful functor of quasi-
categories.

5.3 Examples

In this subsection we give some examples of embeddings into quasi-categories of
comodules.

1. (cf. [17, 6.1.2]) Let k = S and let ψ : S → MU be the unit map, where MU
is the complex cobordism spectrum. We have an adjunction MU ∧ (−) : Sp �
ModMU (Sp) : ψ∗. We denote by MU ∧ MU the comonad on ModMU (Sp) asso-
ciated to the adjoint pair (MU ∧ (−), ψ∗). If X ∈ Sp is connective, then the map
X → lim MU •+1X is an equivalence by [5, Thm. 6.5]. Hence X ∈ T . Let Sp≥0

be the full subcategory of Sp consisting of connective spectra. By Proposition 5.2,
the functor

MU ∧ (−) : Sp≥0 −→ Comod(MU,MU∧MU )(Sp)

is fully faithful.
2. Let k = E(n) be the nth Johnson-Wilson spectrum at a prime p and let

ψ : S → E(n) be the unit map. We have an adjunction E(n) ∧ (−) :
SpE(n) � ModE(n)(SpE(n)) : ψ∗. We denote by E(n) ∧ E(n) the comonad
on ModE(n)(SpE(n)) associated to the adjoint pair (E(n) ∧ (−), ψ∗). For any
X ∈ SpE(n), the map X → lim E(n)•+1X is an equivalence in SpE(n) since any
spectrum is E(n)-prenilpotent by [22, Thm. 5.3]. Hence the functor

E(n) ∧ (−) : SpE(n) −→ Comod(E(n),E(n)∧E(n))(SpE(n))

is fully faithful.
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3. Let k = K (n) and let ψ : S → En be the unit map. We have an adjunc-
tion LK (n)(En ∧ (−)) : SpK (n) � ModEn (SpK (n)) : ψ∗. We denote by
LK (n)(En ∧ En) the comonad on ModEn (SpK (n)) associated to the adjoint pair
(LK (n)(En∧(−)), ψ∗). For any X ∈ SpK (n), themap X → lim LK (n)E•+1

n X is an
equivalence in SpK (n) since any K (n)-local spectrum is K (n)-local En-nilpotent
by [11, Prop. A.3]. Hence the functor

LK (n)(En ∧ (−)) : SpK (n) −→ Comod(En ,LK (n)(En∧En))(SpK (n))

is fully faithful.
4. Let k = M(p) be the mod p Moore spectrum at a prime p. Let ψ : S → HFp

be the unit map, where HFp is the mod p Eilenberg-Mac Lane spectrum. We
have an adjunction HFp ∧ (−) : SpM(p) � ModHFp (SpM(p)) : ψ∗. We denote
by HFp ∧ HFp the comonad on ModHFp (SpM(p)) associated to the adjoint pair
(HFp ∧ (−), ψ∗). If X ∈ SpM(p) is connective, then the map X → lim MF

•+1
p X

is an equivalence in SpM(p) by [5, Thm. 6.5], and hence X ∈ T . The functor

HFp ∧ (−) : Sp≥0
M(p) −→ Comod(HFp,HFp∧HFp)(SpM(p))

is fully faithful, where Sp≥0
M(p) is the full subcategory of SpM(p) consisting of

connective spectra.

6 Quasi-category of discrete G-spectra

In this section we discuss the underlying quasi-categories of modules and algebras
over �Sp(G)k . We show that the formulations of embeddings of module categories
in Sects. 4 and 5 are equivalent under some conditions.

6.1 The quasi-category Sp(G)k as a comodule category

By Proposition 3.10, we have a symmetric monoidal �Sp-Quillen adjunction U :
�Sp(G)k � �Spk : V , where U is the forgetful functor and V (−) = Mapc(G,−).
We denote by Sp(G)k the underlying quasi-category of �Sp(G)k . The adjoint pair
(U, V ) induces an adjunction of quasi-categories

Uk : Sp(G)k � Spk : Vk .

We denote by 
 the comonad on Spk associated to the adjoint pair (Uk, Vk). We have
the quasi-category of comodules

Comod
(Spk)

over 
. In this subsection we shall show that Uk exhibits Sp(G)k as comonadic over
Spk , that is, Sp(G)k is equivalent to Comod
(Spk) under some conditions.
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First, we consider the unlocalized version of the adjunction U : Sp(G) � Sp : V
and show that the forgetful functor U : Sp(G) → Sp exhibits Sp(G) as comonadic
over Sp. For this purpose, we shall apply the quasi-categorical Barr-Beck theorem
by Lurie [28, 4.7.4]. In particular, we have to show that U preserves the limit of any
cosimplicial object of �Sp(G) that is split in �Sp. Since the limit of a diagram in
the underlying quasi-category of a simplicial model category is represented by the
homotopy limit of the simplicial model category, we recall the homotopy limit of a
diagram in a simplicial model category.

We use a model of homotopy limits in [18, Ch. 18]. For a small category C and an
object α ∈ C, we denote by (C ↓ α) the category of objects of C over α. An object
of (C ↓ α) is a pair (β, σ ) where β is an object of C and σ is a map β → α in C.
A morphism from (β, σ ) to (β ′, σ ′) in (C ↓ α) is a map τ : β → β ′ in C such that
σ = σ ′τ . A map σ : α → α′ in C induces a functor σ∗ : (C ↓ α) → (C ↓ α′)
by composing with σ . For a small category C, we denote by BC its classifying space
(simplicial set), which is given by applying the nerve functor toC. LetM be a simplicial
model category. For an object Y ∈ M and a simplicial set K , we denote by YK the
power of Y by K . For a functor X : C → M such that Xα is fibrant for all α ∈ C, the
homotopy limit holimM

C X is defined to be the equalizer of the maps

∏

α∈C
(Xα)B(C↓α)

φ

⇒
ψ

∏

(σ :α→α′)∈C
(Xα′)B(C↓α),

where the projection of the map φ on the factor σ : α → α′ is the composition of
the projection on the factor α with the map (Xα)B(C↓α) → (Xα′)B(C↓α) induced by
the map Xσ : Xα → Xα′ and the projection of the map ψ on the factor σ : α → α′
is the composition of the projection on the factor α′ with the map (Xα′)B(C↓α′) →
(Xα′)B(C↓α) induced by the map B(σ∗) : B(C ↓ α) → B(C ↓ α′).

Next, we would like to compare the homotopy limit of a diagram in �Sp(G) with
that of the diagram in �Sp obtained by applying the forgetful functor U . For this
purpose, we shall describe the limits and powers in �Sp(G) in terms of those in �Sp.

For a small category C, we letX : C → �Sp(G) be a functor. We shall describe the
limit lim�Sp(G)

C X in �Sp(G). We have the induced functor UX : C → �Sp and the

limit lim�Sp
C UX in �Sp. By the functoriality of limit, we can regard lim�Sp

C UX as
an object in �Sp(Gδ). We also have the induced functor Xδ : C → �Sp(Gδ). We see

that lim�Sp
C UX can be identified with the limit of Xδ in �Sp(Gδ): lim�Sp(Gδ)

C Xδ ∼=
lim�Sp

C UX. Since d : �Sp(Gδ) → �Sp(G) is right adjoint, the functor d preserves

limits, and hence we obtain that the limit lim�Sp(G)

C X in �Sp(G) is isomorphic to

d(lim�Sp(Gδ)

C Xδ) and hence we obtain an isomorphism

lim�Sp(G)

C X ∼= d(lim�Sp
C UX).

Let X ∈ �Sp(G) be a discrete symmetric G-spectrum and K a simplicial set. We
shall describe the power XK of X by K in �Sp(G). Note that the copower X ⊗ K is
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given by X ∧ �∞+ K , where �∞+ K is the suspension spectrum of K with the disjoint
base point. This implies that the functor δ preserves copower, that is, there is a natural
isomorphism (X ⊗ K )δ ∼= X δ ⊗ K in �Sp(Gδ) for any X ∈ �Sp(G) and any
simplicial set K . By using the adjunction of power and copower, we see that the
functor d preserves powers, that is, d(Y K ) ∼= (dY )K for any Y ∈ �Sp(Gδ) and any
simplicial set K . By the functoriality of power, we can regard the power (UX)K of the
symmetric spectrumUX ∈ �Sp by K as an object of�Sp(Gδ) and identify the power
(X δ)K in �Sp(Gδ) with (UX)K . Using X ∼= d(X δ), we obtain an isomorphism

XK ∼= d((UX)K )

in �Sp(G) for any X ∈ �Sp(G) and any simplicial set K .
Using these descriptions of limits and powers in �Sp(G), we shall describe the

homotopy limit of a diagram in �Sp(G). Let C be a small category and let X : C →
�Sp(G) be a functor such that Xα is fibrant for all α ∈ C. By the functoriality of
the homotopy limit, we can regard the homotopy limit holim�Sp

C UX in �Sp of the
induced functorUX as an object of �Sp(Gδ). Note thatUXα is fibrant for all α since
U preserves fibrant objects by [4, Cor. 5.3.3]. Since d preserves limits and powers, we
obtain an isomorphism

holim�Sp(G)

C X ∼= d(holim�Sp
C UX).

We use the following notation for simplicity. For a cosimplicial object Y • in �Sp
such that Yr is fibrant for all r ≥ 0, we denote by

holim
 Y •

the homotopy limit holim�Sp

 Y • in �Sp, and for a cosimplicial object Z• in �Sp(G)

such that Zr is fibrant for all r ≥ 0, we denote by

holimG

 Z•

the homotopy limit of Z• in�Sp(G). By the above argument,we have an isomorphism

holimG

 Z• ∼= d(holim
 UZ•)

for any cosimplicial object Z• in �Sp(G) such that Zr is fibrant for all r ≥ 0.
We have a canonical map

U holimG

 Z• −→ holim
 UZ•

in �Sp. We give a sufficient condition to ensure that the canonical map is an equiva-
lence. The following lemmawill be used to show that the forgetful functorU preserves
the limit of any U -split cosimplicial object of Sp(G).
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Lemma 6.1 Let Z• be a cosimplicial object in �Sp(G) such that Zr is fibrant for all
r ≥ 0. We set Z = holimG


 Z• and W = holim
 UZ•. If G has finite virtual coho-
mological dimension, the coaugmentation map W → UZ• induces an isomorphism

π∗(W )
∼=→ π0π∗(UZ•), and π sπ∗(UZ•) = 0 for all s > 0, then the canonical map

U Z→W is a weak equivalence.

Proof SinceG has finite virtual cohomological dimension, as in the second paragraph
of the proof of [9, Thm. 7.4], we can choose a positive integer m and a fundamental
neighborhood system N of the identity element of G consisting of open normal sub-
groups N such that the cohomological dimension cd(N ) ≤ m. In the following of this
proof, we fix such a systemN . SinceN is a fundamental neighborhood system of the
identity, we have d(X) ∼= colimN∈N XN for any X ∈ �Sp(G). Hence we obtain an
isomorphism

holimG

 Z• ∼= d(holim
 UZ•)

∼= colimN∈N holim
 (Z•)N .

Since the discrete G-spectrum Zr is fibrant in �Sp(G), by [4, Prop. 3.3.1(2)], Zr

is fibrant in �Sp(N ) for any r ≥ 0 and any N ∈ N . Hence we see that the fixed
points spectrum (Zr )N is equivalent to the homotopy fixed points spectrum (Zr )hN

for any r ≥ 0 and any N ∈ N . Since N ∈ N has finite cohomological dimension, by
[9, Thm. 7.4], we have (Zr )N � holim
 Mapc(G

•+1, Zr )N . Hence we obtain

holimG

 Z• � colimN∈N holim
 holim
 Mapc(G

•+1, Z•)N .

Wefix N ∈ N and k ≥ 0, and consider the cosimplicial spectrumMapc(G
k+1, Z•)N .

The Bousfield-Kan spectral sequence abutting to the homotopy groups of
holim
Mapc(G

k+1, Z•)N has the form

I E
s,t
2

∼= π sπtMapc(G
k+1, Z•)N �⇒ πt−sholim
Mapc(G

k+1, Z•)N .

Since π∗Mapc(G
k+1, Zr )N ∼= Mapc(G

k+1, π∗(Zr ))N for any r ≥ 0, we see that

I E
s,t
2 = 0 for s > 0 and I E

0,t
2

∼= Mapc(G
k+1, πt (W ))N by the assumptions on

the cohomotopy groups of π∗(UZ•) and the fact that Mapc(G
k+1,−)N is an exact

functor from the category of discrete G-modules to the category of abelian groups.
Note that πt (W ) is a discrete G-module since it is a submodule of the discrete G-
module πt (Z0). Hence the spectral sequence collapses from the E2-page and we
obtain an isomorphism

π∗holim
Mapc(G
k+1, Z•)N ∼= Mapc(G

k+1, π∗(W ))N .

Now we consider the cosimplicial spectrum holim[r ]∈
Mapc(G
•+1, Zr )N . The

Bousfield-Kan spectral sequence abutting to the homotopy groups of
holim
holim[r ]∈
Mapc(G

•+1, Zr )N has the form

I I E
s,t
2

∼= π sπtholim[r ]∈
Mapc(G
•+1, Zr )N
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�⇒ πt−sholim
 holim[r ]∈
 Mapc(G
•+1, Zr )N . (6.1)

Sinceπtholim[r ]∈
Mapc(G
•+1, Zr )N ∼= Mapc(G

•+1, πt (W ))N ,we see that I I E
s,t
2

∼=
Hs
c (N ;πt (W )).
Since the cohomological dimension cd(N ) is uniformly bounded for N ∈ N , by

taking the colimit over N ∈ N of the spectral sequences (6.1), we obtain a spectral
sequence

I I I E
p,q
2

∼= colimN∈N H p
c (N ;πq(W )) �⇒ πq−p(Z)

as in the proof of [9, Thm. 7.4]. Since I I I E
0,q
2

∼= πq(W ) and I I I E
p,q
2 = 0 for p > 0,

we see that the inclusion map UZ → W is a weak equivalence in �Sp. ��
Let F : C → D be a functor of quasi-categories and X• a cosimplicial object of

C. We say that X• is F-split if FX• is a split cosimplicial object of D (see [28, 4.7.3]
for the definition of a split simplicial object).

We consider the forgetful functor U : Sp(G) → Sp and a U -split cosimplicial
object of Sp(G). Note that Sp(G) admits all small limits by [27, Cor. 4.2.4.8] since
Sp(G) is the underlying quasi-category of the combinatorial simplicial model cate-
gory �Sp(G). In particular, the limit of any cosimplicial object exists. We obtain the
following lemma by Lemma 6.1.

Lemma 6.2 If G has finite virtual cohomological dimension, then the forgetful functor
U : Sp(G) → Sp preserves the limit of any U-split cosimplicial object of Sp(G).

Proof We recall that M◦ is the full simplicial subcategory of a simplicial model cat-
egory M consisting of objects that are both fibrant and cofibrant, and that N (M◦) is
the underlying quasi-category ofM, where N (−) is the simplicial nerve functor.

Let X• be a cosimplicial object in Sp(G) that is U -split. By [27, Prop. 4.2.4.4],
there is a cosimplicial object Y • in �Sp(G)◦ such that N (Y •) � X•. Note that UY •
is a cosimplicial object in �Sp◦ sinceU is a left Quillen functor and preserves fibrant
objects by [4, Cor. 5.3.3]. In order to prove the lemma, we have to show that the map

ϕ : U (holimG

Y

•) −→ holim
 UY •

is a weak equivalence.
Since UX• is a split cosimplicial object in Sp, π∗(UX•) = π∗(UY •) is a split

cosimplicial object in the category of graded modules. In particular, the coaug-

mentation map induces an isomorphism π∗(holim
UY •)
∼=→ π0π∗(UY •), and

π sπ∗(UY •) = 0 for all s > 0. By Lemma 6.1, we see that the map ϕ is a weak
equivalence. This completes the proof. ��

Using Lemma 6.2, we obtain the following proposition which shows that Sp(G) is
comonadic over Sp.
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Proposition 6.3 If G has finite virtual cohomological dimension, then the forgetful
functor U : Sp(G) → Sp exhibits Sp(G) as comonadic over Sp, that is, we have an
equivalence of quasi-categories

Sp(G)
�−→ Comod
(Sp).

Proof We shall use the quasi-categorical Barr-Beck theorem by Lurie [28, 4.7.4]. We
have to show thatU is conservative, Sp(G) admits a limit for anyU -split cosimplicial
object, and the limit of any U -split cosimplicial object is preserved by U .

By the definition of theweak equivalences in�Sp(G),we see that the forgetful func-
tor U : Sp(G) → Sp is conservative. Since Sp(G) is the underlying quasi-category
of the simplicial model category �Sp(G), the quasi-category Sp(G) admits all small
limits by [27, Cor. 4.2.4.8]. By Lemma 6.2, the limit of anyU -split cosimplicial object
of Sp(G) is preserved by U . This completes the proof. ��

The following lemma is useful to show that other adjunctions are comonadic.

Lemma 6.4 Suppose we have a commutative diagram of quasi-categories

C′ F ′−−−−−−→ D′

p

⏐⏐⏐�

⏐⏐⏐�q

C F−−−−−−→ D.

We assume that F and F ′ are left adjoint functors, and that p and q are conservative.
Furthermore, we assume that, for any cosimplicial object X• in C′, if p(X•) admits a
limit in C, then X• admits a limit in C′ and that limit is preserved by p. If F exhibits
C as comonadic over D, then F ′ exhibits C′ as comonadic over D′.

Proof We shall use the quasi-categorical Barr-Beck theorem by Lurie [28, 4.7.4]. We
have to show that F ′ is conservative, C′ admits a limit for any F ′-split cosimplicial
object, and the limit of any F ′-split cosimplicial object of C′ is preserved by F ′.

First, we show that F ′ is conservative. Since F exhibits C as comonadic over D,
F is conservative. Combining this with the conservativeness of p, we see that F ′ is
conservative as well.

Next, we let X• be an F ′-split cosimplicial object of C′. By applying p, we obtain
an F-split cosimplicial object p(X•) in C since split cosimplicial objects are preserved
by any functor. Since F exhibits C as comonadic over D, p(X•) admits a limit and
that limit is preserved by F . By the assumption, X• admits a limit and the limit is
preserved by p. We see that the limit of X• is preserved by F ′ since the composition
Fp preserves the limit and q is conservative. ��

Next, we consider the localized version of the adjunctionUk : Sp(G)k � Spk : Vk
and would like to show that the forgetful functorUk : Sp(G)k → Spk exhibits Sp(G)k
as comonadic over Spk . For this purpose, we consider the following assumption on
the localization functor Lk .
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Assumption 6.5 (cf. [4, Assumption 1.0.3]) The localization functor Lk on the stable
homotopy category of (non-equivariant) spectra is given as a composite of two local-
ization functors LMLT , where LT is a smashing localization and LM is a localization
with respect to a finite spectrum M .

We note that the K (n)-localization LK (n) satisfies Assumption 6.5, where K (n) is
the nth Morava K -theory at a prime p. Let E(n) be the nth Johnson-Wilson spectrum
and F(n) a finite spectrum of type n at p. The E(n)-localization LE(n) is smashing
by [33, Thm. 7.5.6], and the K (n)-localization is given as the composite LF(n)LE(n)

(see, for example, [23, Prop. 7.10]).
In order to compare the comonadicity of �Sp(G)k and �Sp(G), we consider the

functor

M ∧ (−) : Sp(G)k → Sp(G)

given by smashing with a (non-equivariant) finite spectrum M . The functor M ∧ (−)

is right adjoint to the functor (DM ∧ (−))k , where DM is the S-dual of M and (−)k
is the k-localization functor on Sp(G). We shall show that M ∧ (−) is conservative if
the localization functor Lk satisfies LMLk � Lk .

Lemma 6.6 If the localization functor Lk satisfies LM Lk � Lk for a finite spectrum
M, then the functor M ∧ (−) : Sp(G)k → Sp(G) is conservative.

Proof Suppose f : X → Y is a map in Sp(G)k such that M ∧ f is an equivalence
in Sp(G). We have to show that U f is a k-equivalence, where U : Sp(G)k → Sp is
the forgetful functor. Since M is finite and M ∧U f is an equivalence, M ∧ LkU f �
Lk(M ∧ U f ) is also an equivalence. Hence LMLkU f � LkU f is an equivalence.
This completes the proof. ��

The following theorem shows that Sp(G)k is comonadic over Spk under some
conditions.

Theorem 6.7 If G has finite virtual cohomological dimension and the localization
functor Lk satisfies Assumption 6.5, then the forgetful functor U : Sp(G)k → Spk
exhibits Sp(G)k as comonadic over Spk , that is, we have an equivalence of quasi-
categories

Sp(G)k
�−→ Comod
(Spk).

Proof Suppose Lk � LMLT , where M is a finite spectrum and LT is smashing. We
shall apply Lemma 6.4 for the following diagram

Sp(G)k
Uk−−−−−−→ Spk

M∧(−)

⏐⏐⏐�

⏐⏐⏐�M∧(−)

Sp(G)
U−−−−−−→ Sp,
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where the vertical arrows are given by smashing with the finite spectrum M .
First, we have to show that the diagram is commutative. Let X be an object of

Sp(G)k which is represented by a fibrant and cofibrant object Y in �Sp(G)k . Since
Uk X in Spk is represented by LkUY in �Sp, we have to show that the natural map
M ∧ UY → M ∧ LkUY is a weak equivalence in �Sp. This follows from the
assumption that Lk � LMLT and the fact that UY is T -local by [4, Prop. 6.1.7(2)].

The horizontal arrows are left adjoint functors, and the vertical arrows are conserva-
tive byLemma6.6. Since Sp(G)k is the underlying quasi-category of the combinatorial
simplicial model category �Sp(G)k , it admits all small limits by [27, Cor. 4.2.4.8].
Since M ∧ (−) : Sp(G)k → Spk is right adjoint, it preserves all limits by [27,
Prop. 5.2.3.5]. By Proposition 6.3, U exhibits Sp(G) as comonadic over Sp. Hence,
by Lemma 6.4, Uk exhibits Sp(G)k as comonadic over Spk . ��
6.2 The quasi-category of algebra objects in Sp(G)k

In this subsection we shall compare the quasi-category of algebra objects in Sp(G)k
with the underlying quasi-category of the simplicial model category of monoid objects
in �Sp(G)k . Furthermore, we shall show that the quasi-category of algebra objects in
Sp(G)k is comonadic over the quasi-category of algebra objects in Spk .

First, we recall a model structure on the category of monoid objects in �Sp(G)k .
We denote by Alg(�Sp(G)k) the category of monoid objects in �Sp(G)k , and let
F : Alg(�Sp(G)k) → �Sp(G)k be the forgetful functor. By [35, Thm. 4.1(3)],
Alg(�Sp(G)k) supports a model structure as follows. A map f : X → Y in
Alg(�Sp(G)k) is said to be

• a weak equivalence if F( f ) is a weak equivalence in �Sp(G)k ,
• a fibration if F( f ) is a fibration in �Sp(G)k , and
• a cofibration if it has the right lifting property with respect to all maps which are
both fibrations and weak equivalences.

By Proposition 3.6, Theorem 3.7 and Proposition 3.8, �Sp(G)k is a combinatorial
symmetric monoidal simplicial model category which satisfies the monoid axiom.
We see that Alg(�Sp(G)k) is a simplicial model category and the forgetful functor
F : Alg(�Sp(G)k) → �Sp(G)k is a simplicial right Quillen functor by [28, 4.1.4].

We compare the quasi-category of algebra objects in Sp(G)k with the underlying
quasi-category of the simplicial model category Alg(�Sp(G)k). Let Alg(Sp(G)k) be
the quasi-category of algebra objects in Sp(G)k . By [28, 1.3.4 and 4.1.4], there is an
equivalence of quasi-categories

N (Alg(�Sp(G)k)
◦) � Alg(Sp(G)k),

where Alg(�Sp(G)k)
◦ is the full simplicial subcategory of Alg(�Sp(G)k) consisting

of objects that are both fibrant and cofibrant, and N (−) is the simplicial nerve functor.
The forgetful functor U : �Sp(G)k → �Spk induces a functor U :

Alg(�Sp(G)k) → Alg(�Spk). We construct a right adjoint to the functor U :
Alg(�Sp(G)k) → Alg(�Spk). For Y ∈ Alg(�Spk), we have an object Mapc(G,Y )

in �Sp(G)k . We consider a map
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Mapc(G,Y ) ∧ Mapc(G,Y ) −→ Mapc(G,Y )

in �Sp(G)k , which is the adjoint to the map

U (Mapc(G,Y ) ∧ Mapc(G,Y ))

∼= U (Mapc(G,Y )) ∧U (Mapc(G,Y ))
ev(e)∧ev(e)−−−−−−−→ Y ∧ Y

m−−−−→ Y,

where ev(e) is the evaluationmap at the identity element e ∈ G andm is themultiplica-
tionmap on Y . By this map, we can regardMapc(G,Y ) as an object in Alg(�Sp(G)k).
Hence we obtain a functor

V : Alg(�Spk) −→ Alg(�Sp(G)k)

given by V (Y ) = Mapc(G,Y ). We see that V is a right adjoint to the forgetful functor
U .

Proposition 6.8 The adjoint pair of functors

U : Alg(�Sp(G)k) � Alg(�Spk) : V

is a simplicial Quillen adjunction.

Proof Let F : Alg(�Sp(G)k) → �Sp(G)k be the forgetful functor. We consider the
following commutative diagram

Alg(�Spk)
V−−−−→ Alg(�Sp(G)k)

F

⏐⏐⏐�

⏐⏐⏐�F

�Spk
V−−−−→ �Sp(G)k .

By Proposition 3.10, V : �Spk → �Sp(G)k is a right Quillen functor. This implies
that V : Alg(�Spk) → Alg(�Sp(G)k) is also a right Quillen functor. ��

By Proposition 6.8, we have an adjunction of quasi-categories

Uk : Alg(Sp(G)k) � Alg(Spk) : Vk .

This induces a map of quasi-categories

Alg(Sp(G)k) −→ Comod
(Alg(Spk)),

where 
 is the comonad on Alg(Spk) associated to the adjunction (Uk, Vk). The
following theorem shows that Alg(Sp(G)k) is comonadic over Alg(Spk).
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Theorem 6.9 Let G be a profinite group that has finite virtual cohomological dimen-
sion. We assume that the localization functor Lk satisfies Assumption 6.5. Then the
forgetful functor Uk : Alg(Sp(G)k) → Alg(Spk) exhibitsAlg(Sp(G)k) as comonadic
over Alg(Spk), that is, we have an equivalence of quasi-categories

Alg(Sp(G)k)
�−→ Comod
(Alg(Spk)).

Proof We shall apply Lemma 6.4 for the commutative diagram

Alg(Sp(G)k)
Uk−−−−→ Alg(Spk)

F

⏐⏐⏐�

⏐⏐⏐�F

Sp(G)k
Uk−−−−→ Spk .

The horizontal arrows are left adjoint functors and the vertical arrows are con-
servative. Since Alg(�Sp(G)k) is a combinatorial simplicial model category and
Alg(Sp(G)k) is its underlying quasi-category, Alg(Sp(G)k) admits all small limits
by [27, Cor. 4.2.4.8]. Since the forgetful functor F : Alg(Sp(G)k) → Sp(G)k is right
adjoint, it preserves limits by [27, Prop. 5.2.3.5]. ByTheorem6.7,Uk : Sp(G)k → Spk
exhibits Sp(G)k as comonadic over Spk . Hence the theorem follows from Lemma 6.4.

��
6.3 The quasi-category of module objects in Sp(G)k

In this subsection we shall show that the quasi-category of module objects in Sp(G)k
is comonadic over the quasi-category of module objects in Spk .

First, we compare the quasi-category of module objects in Sp(G)k and the
underlying quasi-category of the simplicial model category of module objects in
�Sp(G)k . Let B be a monoid object in �Sp(G)k . We assume that B is cofibrant
in �Sp(G)k . We denote byUB the underlying monoid object in �Spk . Note thatUB
is cofibrant in�Spk byProposition 3.10. By [28, 1.3.4 and 4.3.3], the underlying quasi-
categories of ModB(�Sp(G)k) and ModUB(�Spk) are equivalent to ModB(Sp(G)k)

and ModUB(Spk), respectively.
We have the forgetful functor U : ModB(�Sp(G)k) → ModUB(�Spk). We shall

construct a right adjoint to U . For M ∈ ModUB(�Spk), we regard Mapc(G, M) as
an object in �Sp(G)k . We consider a map

B ∧ Mapc(G, M) −→ Mapc(G, M)

in �Sp(G)k , which is an adjoint to the map

U (B ∧ Mapc(G, M)) ∼= UB ∧UMapc(G, M)
id∧ev(e)−−−−−−→ UB ∧ M

a−−−−→ M,

where ev(e) is the evaluationmap at the identity element e ∈ G and a is the actionmap
onM . This defines a B-module structure onMapc(G, M) andwe see thatMapc(G, M)

is an object in ModB(�Sp(G)k). Hence we obtain a functor
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V : ModUB(�Spk) −→ ModB(�Sp(G)k)

given by V (M) = Mapc(G, M). We see that V is a right adjoint to the forgetful
functor U , and hence we have an adjunction

U : ModB(�Sp(G)k) � ModUB(�Spk) : V .

Lemma 6.10 The adjoint pair (U, V ) is a �Sp-Quillen adjunction.

Proof This follows from Proposition 3.10. ��
The �Sp-Quillen adjunction (U, V ) induces an adjunction of quasi-categories

Uk : ModB(Sp(G)k) � ModUB(Spk) : Vk .

Let 
 be the comonad onModUB(Spk) associated to the adjoint pair (Uk, Vk), and let

Comod(UB,
)(Spk) = Comod
(ModUB(Spk))

be the quasi-category of comodules over 
. The following theorem shows that
ModB(Sp(G)k) is comonadic over ModUB(Spk) under some conditions.

Theorem 6.11 Let G be a profinite group that has finite virtual cohomological dimen-
sion. We assume that the localization functor Lk satisfies Assumption 6.5. Then the
forgetful functor Uk : ModB(Sp(G)k) → ModUB(Spk) exhibits ModB(Sp(G)k) as
comonadic over ModUB(Spk), that is, we have an equivalence of quasi-categories

ModB(Sp(G)k)
�−→ Comod(UB,
)(Spk).

Proof The theorem follows in the same way as the proof of Theorem 6.9 by applying
Lemma 6.4 for the commutative diagram

ModB(Sp(G)k)
Uk−→ ModUB(Spk)⏐⏐⏐�

⏐⏐⏐�

Sp(G)k
Uk−→ Spk,

where the vertical arrows are forgetful functors. ��
6.4 Equivalence of the two formulations

In this subsection we shall show that Propositions 4.5 and 5.2 are equivalent in some
circumstances.

First, we recall the relationship between functors of �Sp-model categories and
of the underlying quasi-categories. The homotopy category of the underlying quasi-
category of a �Sp-model categoryM is equivalent to the homotopy category ofM as
Ho(�Sp)-enriched categories. Let
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F : M � N : G

be a �Sp-Quillen adjunction between combinatorial �Sp-model categories. The
adjunction (F,G) induces an adjunction

F : M � N : G

of quasi-categories, whereM andN are the underlying quasi-categories ofM andN,
respectively. The adjunction (F ,G) induces an adjunction

Ho(F) : Ho(M) � Ho(N ) : Ho(G)

on the homotopy categories. The adjunction (Ho(F),Ho(G)) is identified with the
derived adjunction (LF,RG) under the equivalencesHo(M) � Ho(M) andHo(N) �
Ho(N ).

SinceM is a�Sp-model category,M is a stablemodel category by [36, Lem. 3.5.2],
and hence Ho(M) is a triangulated category. Suppose that T is a triangulated subcat-
egory of Ho(M). We have the corresponding full subcategory T of M. The total
left derived functor L(F) : Ho(M) → Ho(N) restricted to T is fully faithful as an
Ho(�Sp)-enriched functor if and only ifF : M → N restricted to T is fully faithful.

Let A be a monoid object in �Sp. We regard A as a monoid object in�Sp(G) with
trivial G action. Let ϕ : A → B be a map of monoid objects in �Sp(G). We assume
that A is cofibrant in �Sp and that UB is fibrant and cofibrant in �Sp. We have the
�Sp-Quillen adjunction

Ex : ModA(�Spk) � ModB(�Sp(G)k) : Re,

which induces the adjunction LEx : Ho(ModA(�Spk)) � Ho(ModB(�Sp(G)k)) :
RRe of the homotopy categories. The �Sp-Quillen adjunction (Ex,Re) also induces
the adjunction of quasi-categories

Ex : ModA(Spk) � ModB(Sp(G)k) : Re.

We can regard this adjunction as a lifting of the adjunction (LEx,RRe).
On the other hand, we have the adjunction of quasi-categories

Uk : ModA(Spk) � ModUB(Spk) : Vk,

which induces the adjunction of quasi-categories

Coex : ModA(Spk) � Comod(UB,�)(Spk) : P.

In this subsection, under some conditions, we shall show that Comod(UB,�)(Spk) is
equivalent toModB(Sp(G)k) and the functorEx is equivalent toCoex under this equiv-
alence. This implies that the right adjointRe is equivalent to P , and the full subcategory
T ofModA(Spk) corresponds to the thick subcategoryT of Ho(ModA(�Spk)), where
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T is the full subcategory of ModA(Spk) consisting of objects X such that the unit map
X → PCoex(X) is an equivalence and the thick subcategory T of Ho(ModA(�Spk))
consists of objects Y such that the unit map Y → RReLEx(Y ) is an isomorphism
in the homotopy category. This means that the formulation of embeddings of mod-
ule categories in terms of model categories in Proposition 4.5 and that in terms of
quasi-categories in Proposition 5.2 are equivalent.

We begin with constructing a map which compares the two-sided bar construction
with the functor Mapc(G,−). For M ∈ ModUB(�Sp), we denote by

B(UB, A, M) = |B•(UB, A, M)|

the geometric realization of the bar construction B•(UB, A, M). We define a map

�M : B(UB, A, M) −→ UMapc(G, M)

by applying U to the map B(B, A, M) → Mapc(G, M) in �Sp(G) that is adjoint to
the map UB(B, A, M) ∼= B(UB, A, M) → M induced by the action of UB on M .
In particular, we have a map

�UB : B(UB, A,UB) −→ UMapc(G,UB).

We set ψ = Uϕ : A → UB. Recall that there is a Quillen adjunction

UB ∧A (−) : ModA(�Spk) � ModUB(�Spk) : ψ∗,

which induces an adjunction

UB ∧L

A (−) : Ho(ModA(�Spk)) � Ho(ModUB(�Spk)) : Rψ∗

between the homotopy categories, where UB ∧L

A (−) is the total left derived functor
ofUB ∧A (−) and Rψ∗ is the total right derived functor of ψ∗. The following lemma
shows that the bar construction B(UB, A,−) is a model of the composition UB ∧L

A
(Rψ∗(−)) of the functors.

Lemma 6.12 If M is a fibrant and cofibrant object in ModUB(�Spk), then
B(UB, A, M) represents U B ∧L

A (Rψ∗M) in Ho(ModUB(�Spk)).

Proof SinceM is fibrant inModUB(�Spk),M representsRψ∗M inHo(ModA(�Spk)).
If QAM → M is a cofibrant replacement in ModA(�Spk), then UB ∧L

A (Rψ∗M)

is represented by UB ∧A QAM . By [37, Lem. 4.1.9], we have an equivalence

B(UB, A, QAM)
�→ UB ∧A QAM .

We shall show that there is an equivalence B(UB, A, QAM)
�→ B(UB, A, M).

For any r ≥ 0, UB ∧ A∧r is cofibrant in �Sp. This implies an equivalence UB ∧
A∧r ∧QAM

�→ UB∧ A∧r ∧M by [24, Lem. 5.4.4]. Hence we obtain an equivalence

|B•(UB, A, QAM)| �→ |B•(UB, A, M)| by [37, Cor. 4.1.6]. ��
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The following lemma shows that it suffices to show that�UB is a k-local equivalence
in order to ensure that �M is a k-local equivalence.

Lemma 6.13 Let M be a cofibrant and fibrant object inModUB(�Spk). If �UB is a
k-local equivalence, then �M is also a k-local equivalence.

Proof We have an isomorphism between B(UB, A, M) and B(UB, A,UB)∧UB M ,
and an equivalence betweenUMapc(G, M) andUMapc(G,UB)∧UB M . Since M is
cofibrant inModUB(�Sp), the k-local equivalence�UB induces a k-local equivalence

B(UB, A,UB) ∧UB M
�k−→ UMapc(G,UB) ∧UB M

by [24, Lem. 5.4.4]. This completes the proof. ��
There is an adjunction of quasi-categories

UB ∧A (−) : ModA(Spk) � ModUB(Spk) : ψ∗,

and hencewe obtain a comonad� onModUB(Spk) and a quasi-category of comodules

Comod(UB,�)(Spk) = Comod�(ModUB(Spk)).

To ease notation, we set

C = ModUB(Spk)
op,

C(G) = ModB(Sp(G)k)
op,

D = ModA(Spk)
op.

We have an adjunction of quasi-categories V : C � C(G) : U . By [28, 4.7.4], there
is an endomorphism monad of U , and hence we have a monad 
 ∈ Alg(End(C)) and
a left 
-module U ∈ Mod
(Fun(C(G), C)). Note that 
 is a lifting of UV and U is a
lifting of U .

We set

H = UB ∧A (−) : D → C,

H ′ = B ∧A (−) : D → C(G),

F = ψ∗ : C → D.

Note that H = UH ′ is the right adjoint to F . Hence there is an endomorphism
monad of H , which consists of a monad � ∈ Alg(End(C)) together with H ∈
Mod�(Fun(D, C)) that is a lifting of H . We note that the functor H = UH ′ lifts to a
left 
-module UH ′ ∈ Mod
(Fun(D, C)).

We would like to show that the monad 
 together with the left 
-module object
UH ′ is an endomorphism monad of H . For this purpose, we consider the composite
map



id
×u−−−−→ 
HF

a×idF−−−−→ HF,
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where u is the unit of the adjoint pair (F, H) and a is the action of 
 on H . For any
M ∈ ModUB(Spk), this map induces a natural map

UMapc(G, M) ←− UMapc(G,UB ∧A M) ←− UB ∧A M

in ModUB(Spk).

Lemma 6.14 If�UB is a k-local equivalence, then the compositemap
 → 
HF →
HF is an equivalence of functors.

Proof It suffices to show that the induced map UB ∧A M −→ UMapc(G, M) is an
equivalence for any M in ModUB(Spk). This follows from Lemmas 6.12 and 6.13. ��

If �UB is a k-local equivalence, by Lemma 6.14 and [28, 4.7.4], we see that the
monad 
 ∈ Alg(End(C)) together with the object UH ′ ∈ Mod
(Fun(D, C)) is an
endomorphism monad of H . Hence we obtain an equivalence of quasi-categories

Mod�(Fun(D, C))
�−→ Mod
(Fun(D, C))

compatible with the forgetful functors to Fun(D, C), and the object H ∈ Mod�

(Fun(D, C)) corresponds to the object UH ′ ∈ Mod
(Fun(D, C)) under this equiva-
lence. Since the pair (
,UH ′) is an endomorphism monad of H , in particular, there is

an equivalence 

�→ � in Alg(End(C)). This equivalence of algebra objects induces

an equivalence

Mod�(E)
�−→ Mod
(E)

for any quasi-category left-tensored over End(C). Taking C as E , we obtain the fol-
lowing theorem.

Theorem 6.15 If�UB is a k-local equivalence, then there is an equivalence of quasi-
categories

Comod(UB,
)(Spk) � Comod(UB,�)(Spk).

By Theorems 6.11 and 6.15, we obtain the following corollary.

Corollary 6.16 Let G be a profinite group that has finite virtual cohomological dimen-
sion. We assume that the localization functor Lk satisfies Assumption 6.5. If �UB is a
k-local equivalence, then there is an equivalence of quasi-categories

ModB(Sp(G)k) � Comod(UB,�)(Spk).

Now we would like to show that the two formulations of embeddings of module
objects in terms of model categories and in terms of quasi-categories are equivalent
under some conditions.
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First, we shall compare the mapD → Mod�(C) given by H ∈ Mod�(Fun(D, C))

with the map C(G) → Mod
(C) given byU ∈ Mod
(Fun(C(G), C)). The evaluation
functor E × Fun(E, C) → C is a map of quasi-categories left-tensored over End(C)

for any quasi-category E . This induces a map

E × ModT (Fun(E, C)) � ModT (E × Fun(E, C)) −→ ModT (C)

for any monad T ∈ Alg(End(C)). By adjunction, we obtain a map

d(E, T ) : ModT (Fun(E, C)) −→ Fun(E,ModT (C)),

which is an equivalence for any quasi-category E .
We assume that�UB is a k-local equivalence. In particular, we have an equivalence



�→ � inAlg(End(C)). By the naturality of the construction,weobtain a commutative

diagram

Mod�(Fun(D, C))
d(D,�)−−−−−−→ Fun(D,Mod�(C))⏐⏐⏐�

⏐⏐⏐�

Mod
(Fun(D, C))
d(D,
)−−−−−−→ Fun(D,Mod
(C)),

(6.2)

where all the arrows are equivalences.Wedenote by H̃ ∈ Fun(D,Mod�(C)) the image
of H ∈ Mod�(Fun(D, C)) under the map d(D,�) and by Ũ ∈ Fun(C(G),Mod
(C))

the image of U ∈ Mod
(Fun(C(G), C)) under the map d(C(G), 
). Since H cor-

responds to UH ′ under the equivalence Mod�(Fun(D, C))
�→ Mod
(Fun(D, C)),

we see that H̃ corresponds to Ũ H ′ under the equivalence Fun(D,Mod�(C))
�→

Fun(D,Mod
(C)) using commutative diagram (6.2).
The functor Ex = B ∧A (−) : ModA(�Spk) → ModB(�Sp(G)k) of �Sp-model

categories induces a functor

Ex : ModA(Spk) → ModB(Sp(G)k)

of quasi-categories. We can identify the functor Exop : ModA(Spk)
op →

ModB(Sp(G)k)
op induced on the opposite quasi-categories with H ′ : D → C(G).

Recall that we have the functor

Coex : ModA(Spk) → Comod(UB,�)(Spk)

of quasi-categories. We can identify the functor Coexop : ModA(Spk)
op →

Comod(UB,�)(Spk)
op induced on the opposite quasi-categories with H̃ : D →

Mod�(C). Furthermore, we recall that we have the map ModB(Sp(G)k) →
Comod(UB,
)(Spk), which is an equivalence under the assumptions of Theorem 6.11.
We can identify the opposite of this map with Ũ : C(G) → Mod
(C). Since H̃ corre-

sponds to Ũ H ′ under the equivalence Fun(D,Mod�(C))
�→ Fun(D,Mod
(C)), we

obtain the following corollary.
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Corollary 6.17 Let G be a profinite group that has finite virtual cohomological dimen-
sion. We assume that the localization functor Lk satisfies Assumption 6.5. If �UB is a
k-local equivalence, then there is an equivalence of functors

Ex � Coex

under the equivalence ModB(Sp(G)k) � Comod(UB,�)(Spk).

This corollary shows that the formulation of embeddings of module categories in
terms of model categories in Proposition 4.5 and that in terms of quasi-categories in
Proposition 5.2 are equivalent.

7 Embeddings over profinite Galois extensions

We assume that G is a profinite group which has finite virtual cohomological dimen-
sion. Furthermore,we assume that the localization functor Lk satisfiesAssumption 6.5.
In this section we show that the two formulations of embeddings of module categories
are equivalent if ϕ : A → B is a k-local G-Galois extension.

First, we show that a k-local G-Galois extension gives an embedding of module
categories. Let ϕ : A → B be a k-local G-Galois extension. We have a symmetric
monoidal �Sp-Quillen adjunction

Ex : ModA(�Spk) � ModB(�Sp(G)k) : Re

by Lemma 4.4, which induces an adjunction of symmetric monoidal Ho(�Sp)-
algebras

LEx : Ho(ModA(�Spk)) � Ho(ModB(�Sp(G)k)) : RRe.

Let T be the full subcategory of Ho(ModA(�Spk) consisting of X such that the unit
map X → RReLEx(X) is an isomorphism

T = {X ∈ Ho(ModA(�Spk))| X
∼=−→ RReLEx(X)}.

Proposition 7.1 If ϕ : A → B is a k-local G-Galois extension, then the restriction
of the functor

LEx : Ho(ModA(�Spk)) −→ Ho(ModB(�Sp(G)k))

to the full subcategoryT is fully faithful as anHo(�Sp)-enriched functor. Furthermore,
if ϕ is a consistent k-local G-Galois extension, then the full subcategory T contains
all dualizable objects.

Proof The first part follows from Propositions 4.5. If B is a consistent k-local G-
Galois extension of A, then A → BhG is an equivalence by [4, Prop. 6.1.7(3) and
6.3.1]. Hence the second part follows from Proposition 4.6. ��
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In the following of this section we shall show that the underlying quasi-category of
the model category ModB(�Sp(G)k) is equivalent to Comod(UB,�)(Spk). Now we
recall the construction of the map

�M : B(UB, A, M) → UMapc(G, M)

for M ∈ ModUB(�Sp). The map �M is obtained by applying U to the map
B(B, A, M) → Mapc(G, M) in �Sp(G) that is adjoint to the map UB(B, A, M) ∼=
B(UB, A, M) → M induced by the action of UB on M .

Lemma 7.2 If ϕ : A → B is a k-local G-Galois extension, then the map �M :
B(UB, A, M) → UMapc(G, M) is a k-local equivalence for any cofibrant and
fibrant object M inModUB(�Spk).

Proof By the definition of k-local G-Galois extensions [4, Def. 6.2.1], we have a
fundamental neighborhood system {Uα} of the identity element ofG consisting of open
normal subgroups and a directed system of finite k-local Gα-Galois extensions Bα of
A, where Gα = G/Uα . By the definition of finite Galois extensions [4, Def. 1.0.1],
we have a k-local equivalence

Bα ∧A Bα
�k−→ Map(Gα, Bα).

Furthermore, we have an isomorphism B(Bα, A, Bα) ∼= B(Bα, A, A) ∧A Bα and an

equivalence B(Bα, A, A)
�→ Bα . Since A → Bα is a cofibration in the category

of commutative symmetric ring spectra, we obtain an equivalence B(Bα, A, Bα)
�→

Bα ∧A Bα by [31, Prop. 15.12]. Hence we obtain a k-local equivalence

B(Bα, A, Bα)
�k−→ Map(Gα, Bα).

Let rα : QαM → M be a cofibrant replacement in ModBα (�Spk) such that rα is
a trivial fibration. We obtain a k-local equivalence

B(Bα, A, QαM)
�k−→ Map(Gα, QαM)

as in Lemma 6.13. Since A and Bα are cofibrant commutative symmetric ring
spectra, we see that rα induces a k-local equivalence between B(Bα, A, QαM)

and B(Bα, A, M) by using [31, Prop. 15.12]. Since rα is a trivial fibration,
Map(Gα, QαM) → Map(Gα, M) is also a trivial fibration. Hence

B(Bα, A, M) −→ Map(Gα, M)

is a k-local equivalence. Since �M is the colimit of the above maps over the directed
system, the lemma follows from Proposition 3.11. ��
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Theorem 7.3 If ϕ : A → B is a k-local G-Galois extension, then there is an equiva-
lence of quasi-categories

ModB(Sp(G)k) � Comod(UB,�)(Spk).

Under this equivalence, there is an equivalence of functors

Ex � Coex.

Proof By Theorem 6.11, we have an equivalence between ModB(Sp(G)k) and
Comod(UB,
)(Spk). We can show that Comod(UB,
)(Spk) is equivalent to
Comod(UB,�)(Spk) as in Theorem 6.15 by using Lemma 7.2. This completes the
proof. ��

Theorem 7.3 shows that the two formulations of embeddings of module categories
are equivalent if ϕ : A → B is a k-local G-Galois extension.
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