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An algebraic study of the Klein Bottle
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Abstract We use symbolic computation (SC) and homological perturbation (HPT) to
compute a resolution of the integersZ over the integer group ring ofG, the fundamental
group of the Klein bottle. From this it is easy to read off the homology of the Klein
bottle as well as other information.
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1 Introduction

This paper has been derived from an example given in a graduate course in Symbolic
Computation (SC) given at Stockholm University in 1994. It is also an introduction to
Homological Perturbation Theory (HPT) and homological algebra of the Klein Bottle.
The material presented was originally a special case of a very general research project
using SCRATCHPAD by the author when he worked at IBM, Yorktown Heights, NY
with the SCRATCHPAD Group in the 1980s.
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2 Homological perturbation theory

A background reference for this subject is given in [8]. Suggested references for
chain complexes and homological algebra are [5] and [6]. For chain complexes and
homology, see [7].

2.1 Strong deformation retracts

Let X and Y be chain complexes over a ring k, ∇ : X � Y , f : Y � X be chain
maps and let φ : Y � Y be a degree one k-linear map such that f ∇ = 1X and
dφ + φd = 1 − ∇ f . Thus, f and ∇ compose to the identity, but the composition
the other way around is only chain homotopic to the identity. When these conditions
hold, we say that this collection of data forms a strong deformation retraction (SDR)
and we write

XY∇ f φ. (1)

Important for certain computations are the side conditions [1]

φ2 = 0, φ∇ = 0, and, f φ = 0. (2)

In fact, these may always be assumed to hold: if the last two do not hold, replace φ by
φ′ = D(φ)φD(φ) where D(φ) = φd + dφ and the last two conditions will now hold
with respect to φ′. If the first condition does not hold for φ′, replace it by φ′′ = φ′dφ′
and all three conditions will hold for the chain homotopy φ′′. We will always assume
that the side conditions hold when we talk about an SDR.

2.2 The perturbation Lemma

Given the SDR (1) and, in addition, a second differential d ′
Y on Y , let t = d ′

Y − dY .
The perturbation lemma, [2–4,8] states that if we set tn = (tφ)n−1t, n ≥ 1 and, for
each n, define new maps on X ,

∂n = d + f (t1 + t2 + · · · + tn−1)∇
∇n = ∇ + φ(t1 + t2 + · · · + tn−1)∇,

and on Y :

fn = f + f (t1 + t2 + · · · + tn−1)φ

φn = φ + φ(t1 + t2 + · · · + tn−1)φ,

then in the limits, provided they exist, we have new SDR data

(X, ∂∞)
∇∞�
�
f∞

((Y, d ′
Y ), φ∞).
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Note that the limits will certainly exist if tφ is nilpotent in each degree. Examples
relevant to this paper may be found in [9–13].

Remark 2.1 In setting up a situation as above, it is useful to think of the perturbation
as transferring the new differential d ′ on a larger complex to a smaller one. In this
sense, the data is said to be a transference problem and t is called the initiator. This
notation is from [4] and its use is continued here.

3 Resolutions

For a module N over an algebra A with ground ring k, we will generally consider
resolutions of N over A of the form X = A ⊗ X where X is free over k [5,6]. Such
complexes are called relatively free [5]. Furthermore, it will be assumed that there is
an explicit SDR

N
σ�

�
ε

(X, ψ)

where ε is an A-linear map, but generally, σ and ψ are only k-linear.

4 FriCAS

SCRATCHPAD was a research project at IBM, Yorktown Hts, NY which was bought
and productized by the Numeric Algorithms group in the early 1990s. At that time,
it was renamed AXIOM. An introduction, well suited to research mathematicians is
given in [14] and [15] while a general reference is given in [16]. The system has
subsequently become an open source project and several branches have formed. The
one this author works with is called FriCAS [17].

The main idea to take away from this paper is that one can represent the class func-
tion part of a functor from category theory as a “parameterized type” or “constructor”.
For example, if a monoid M and a ring R have been implemented, then there is a
constructor MonoidRing(R, M) giving the monoid ring of M over R. With this kind
of construct, it is convenient to implement, for example, the bar construction of a
monoid over an augmented ring using the data structure

Bar(R, M) = FreeModule(MonoidRing(R, M), List (M)).

So for example, one can get the integer bar construction of the free group on n elements
over the integers as bar = Bar(Z , FreeAbelian(n)). This constructor and several
others are used in our calculations below.

5 The Klein bottle

The Klein bottle may be described using identifications of the sides of a rectangle as
shown in Fig. 1.
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Fig. 1 Klein bottle construction

Fig. 2 The Klein bottle
produced using the Asymptote
[18] software package for adding
graphics to LaTeX documents

The vertical identifications give a cylinder and if the horizontal identifications were
in the same direction, onewould have a torus, but since they are reversed, one has a sort
of “twisted torus”. Such an object cannot be embedded in three-space, but requires at
least four dimensions. However, Fig. 2 gives an emersion of the bottle in three-space.1

As mentioned above, the Klein Bottle K is a kind of twisted torus. As such, it is a
non-trivial circle fibration over a circle:

S1 � K

S1
�

(3)

Taking fundamental groups, one obtains a split exact sequence

Z � G � Z (4)

for the fundamental group G of K . Since K is a K (G, 1) [19,20], the homology of G
is the homology of K , but we will go further than that in the next section.

1 The author is grateful to the referee for supplying this graphic for the paper.
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6 A resolution of Z over the integer group ring of G

In this section, a transference problem will be set up. From above, G is a non-
trivial semi-direct product of Z with itself and the only non-trivial morphism from
Z � Aut (Z) is given by 1 � (n � − n), as a group, G is isomorphic to Z

2

with the operation

x · y = (x1 + (−1)x2 y1, x2 + y2) = x + y + P(x, y) (5)

where x = (x1, x2), y = (y1, y2) ∈ Z2 and P is a perturbation of the usual free
abelian group law.

Let A = Z(G) and A0 = Z(Z2). A well-known resolution of Z over A0 is given by
the Koszul–Tate resolution, where we consider Z2 as the free abelian group generated
by elements t1 and t2:

A0 ⊗ E[x, y] ε� Z. (6)

(one extends the A0-linear map x � t1 − 1 and y � t2 − 1 as a graded derivation
[21]). It can be shown that one has an SDR

A0 ⊗ E[x, y]A0 ⊗ B̄(A0)∇ f φ. (7)

where A0 ⊗ B̄(A0) is the bar construction (see [5] for the bar construction). This is a
special case of what is constructed in [11].

Now additively, i.e. as Z modules, B(A0) = A0 ⊗ B̄(A0) may be identified with
B(G) = A ⊗ B̄(A). Thus, we have a transference problem for the SDR (7) using
the initiator t = ∂G − ∂Z2 where ∂ denotes the differentials in the corresponding bar
constructions (both considered as being on B(A0)).

7 The algorithm and computation

7.1 The algorithm

Let z be an element in the Koszul-Tate resolution above and let b_ans_1, t_ans, ans
t_phi, and d_inf be in the bar construction above. Also let t_phi = tφ and d denote
the differential in the Tate-Koszul resolution. The following is pseudo-code for the
perturbation lemma:

d_infty (z) =
b_ans_1 = nabla z
t_ans = t (b_ans_1)
ans = ans + t_ans
while (not zero? t_ans) repeat

ans = ans + t_ans
t_ans = t_phi (t_ans)

return d(z) + rho(ans)
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7.2 The computation

The results of executing the algorithm above give the desired resolution. We have the
A-linear differential

d(1) = 0 (8)

d(x) = t1 − 1 (9)

d(y) = t2 − 1 (10)

d(xy) = (−t2 − t−1
1 )x + (−1 + t−1

1 )y. (11)

The reduced differential has only one non-zero term, viz.

d(u1u2) = −2u1 (12)

which gives the correct homology for the Klein bottle

H0(K ) = Z (13)

H1(K ) = Z ⊕ Z/2 (14)

Hn(K ) = 0, n > 1. (15)

Note that one can also obtain the contracting homotopy as well as cycle representatives
of the homology classes in the bar construction using this method. More details in
general are in [11].

Remark 7.1 The computation above obviously showed that the perturbation con-
verged, but an analytic proof is possible, in this case, due to the fact that we have
a closed formula for the homotopy [11]; however, such a computation “by hand” are
essentially equivalent to the computation above except that the computer automated it
and the program hid the details. This is applicable to a wider class of examples such as
the solvable group examples given in [11]. In general, one must examine other specific
classes on a case by case basis.

Remark 7.2 For alternate methods of computing resolutions and homology for certain
classes of groups the interested reader should see [23] and [22].
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