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Abstract Lapin has constructed amultiplicative spectral sequence fromadeformation
of an A∞-algebra. In particular, as noted by the same author, one can apply this
construction to a deformation induced by a filtration of an A∞-algebra. A question that
naturally appears is whether this latter multiplicative spectral sequence is isomorphic
to the one that is canonically associated to the filtration and that typically appears in
basic textbooks on homological algebra. We provide a positive answer to the previous
question and we also explain the interesting constructions of Lapin in more structural
terms.
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514 E. Herscovich

1 Introduction

The notion of spectral sequence is due to Leray in his article [17], and it was presented
in more algebraic terms by Koszul in [10] (see also [11]). Later on, Massey introduced
the definition of exact couples (see [20,21]), as a more systematic mechanism to
produce spectral sequences. One of the main examples considered by Massey is an
exact couple coming fromafiltered complex. In thismanner, anyfiltered complex gives
rise to an exact couple, which in turn produces a spectral sequence (see for instance
[24], Part I, or [28], Ch. 5). We shall refer to this spectral sequence as the canonical
one associated to the filtration. According to [23], Leray’s work was closer to what we
would now call a multiplicative spectral sequence, i.e. a spectral sequence provided
with a product turning each page of it into a dg algebra. We recall that the underlying
algebra of each successive page of a multiplicative spectral sequence is obtained by
taking cohomology on the dg algebra given by the previous page. Notice that each of
these dg algebras is in fact given by taking the total construction of a bigraded complex
with a differential of a specific bidegree (depending on the index of the page of the
spectral sequence). We shall say in this case that any such dg algebra is provided with
a compatible bigrading (of a certain type). In case the filtered complex is a dg algebra
(or even an A∞-algebra) and the filtration is multiplicative, the standard procedure
recalled previously produces a multiplicative spectral sequence. Furthermore, Massey
studied in [22] the algebraic structure required on an exact couple in order to obtain
the corresponding algebraic structure on the associated spectral sequence.

On the other hand, Lapin has constructed in [13] a multiplicative spectral sequence
from a formal bigraded deformation of a dg algebra (or of an A∞-algebra) provided
with a compatible bigrading. Following [15], this in particular can be applied to the
formal bigraded deformation coming from a filtered dg algebra (or A∞-algebra). The
aim of this article is to show that the multiplicative spectral sequence constructed by
Lapin is isomorphic to the canonical one. Moreover, another objective of the article is
to explain the interesting constructions by Lapin in more structural terms. We would
like to remark that we also became interested in the problem for its applications to
persistent homology (see [5]).

The article is organized as follows. In Sect. 2 we recall the basic ingredients of the
two algebraic structures we will be dealing with: spectral sequences and A∞-algebras.
We present a result involving exact couples and spectral sequences that in our opinion
should be well-known among the experts (see Proposition 2.1), but for which we
could not find any precise reference. In Sect. 3 we recall the basic definitions and facts
about the deformation theory of A∞-algebras. This theory has been studied under
some specific situations by Fialowski and Penkava in [1], and by Wu in his Master
thesis [29], which we recall. Moreover, we introduce the notion of formal bigraded
deformation of a dg algebra (or an A∞-algebra) provided with a compatible bigrading
(see Definition 3.1). Roughly speaking, a formal bigraded deformation is like a formal
deformation where the indeterminate h̄ has bidegree (−1, 1) and the corresponding
completion (i.e. the inverse limit) is taken in the category of bigraded vector spaces.
In any case, we believe that the experts should be aware of all these definitions, but
since a precise reference is lacking, we provide them for clarity and completeness.
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Spectral sequences associated to deformations 515

We shall present grosso modo the main result of that section (where it appears under
the nameof Theorem3.7),which is just a reformulation of a result byLapin.We remark
that we have not explicitly stated some gradings in it for the sake of simplicity, so the
reader is advised to see the detailed version of this result in the corresponding section.

Theorem 1.1 (Lapin) Let k be a field, A be an A∞-algebra provided with a compat-
ible bigrading, and Ah̄ be a formal bigraded deformation of A. Let us consider H•(A)

provided with an A∞-algebra structure and f• : H•(A) → A a quasi-isomorphism
of A∞-algebras given by Kadeishvili’s theorem. Then there exists a formal bigraded
deformation H•(A)h̄ of H•(A) and a quasi-isomorphism f̃• : H•(A)h̄ → Ah̄ of for-
mal bigraded deformations of A∞-algebras, i.e. such that we have the commutative
diagram

H•(A)h̄
f̃•

Ah̄

H•(A)
f•

A

where the vertical maps are the canonical projections. Moreover, all these structures
of formal bigraded deformations on H•(A) are quasi-isomorphic.

Thus, roughly speaking, the previous result tells us that we may pull-back a formal
bigraded deformation of an A∞-algebra to its cohomology such that both deformations
are in fact quasi-isomorphic. We prove it by completely different methods to those
used by Lapin in [13], Thm. 3.1 and Cor. 3.1, since ours use obstruction theory, instead
of homological perturbation theory. The structure of the formal bigraded deformation
of the cohomology is unique up to noncanonical quasi-isomorphism, a typical source
of complications. Many of these constructions can be considered for algebras over
cofibrant resolutions of Koszul operads, but we deal with the strongly homotopy
associative case since it is the one considered by Lapin.

Section 4 includes how filtrations on A∞-algebras give rise to formal bigraded
deformations in the previous sense, by adapting the well-known Rees algebra con-
structions (see Lemma 4.1). The rest of the section is devoted to establishing that any
formal bigraded deformations in fact appears as the Rees A∞-algebra of a filtered
A∞-algebra (see Proposition 4.2), although this is not really required to prove the
main result of this work.

In the last section we recall the procedure introduced by Lapin in [13] to construct a
multiplicative spectral sequence from a deformation of an A∞-algebra provided with
a compatible bigrading. The previous construction is however rather hard to handle,
so we provide a much more manageable way to deal with it, and we show that our
procedure is “equivalent” to the one studied by Lapin. In any case, both constructions
involve the notion of formal bigraded deformation of A∞-algebras, which is analysed
in Sects. 3 and 4. In order to explain our results in more detail we describe very briefly
the main ideas of the procedure given by Lapin and the one we give, but omitting
the additional gradings for simplicity. Let (A,m•) be an A∞-algebra provided with a
compatible bigrading, and let (Ah̄, m̃•) be a formal bigraded deformation of A. On the
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516 E. Herscovich

onehand, the construction consideredbyLapin consists of a collection {(r Ah̄,
r A)}r∈N,

where r Ah̄ is a formal bigraded deformation of r A, for each r ∈ N0, 0Ah̄ = Ah̄ and
0A = A. This sequence is defined recursively, and each term (r+1)Ah̄ is deduced from
r Ah̄ in a two-step process: first, one takes cohomology on r A and uses Theorem 1.1
to get a formal bigraded deformation of that cohomology; and finally, one changes the
multiplications of the obtained deformation by a simple “shifting” process. It defines
a multiplicative spectral sequence whose r -th page is r A, for r ∈ N, that we will
call the L-multiplicative spectral sequence (see Definition 5.1). On the other hand,
we construct another collection {(r A′

h̄,
r A′)}r∈N, where r A′

h̄ is a formal bigraded
deformation of r A′, for each r ∈ N0, 0A′

h̄ = Ah̄ and 0A′ = A. The terms of this
sequence are completely explicit, without making use of Theorem 1.1. The first main
result of this article, Theorem 5.8, roughly states that these two constructions are in
fact equivalent, in the sense that, for each r ∈ N0, the corresponding formal bigraded
deformations are quasi-isomorphic. For the sake of simplicity we will now present it
but omitting some details, andwe refer to the previouslymentioned detailed statement.

Theorem 1.2 Let k be a field, and Ah̄ be a formal bigraded deformation of an A∞-
algebra A provided with a compatible bigrading. Let us consider the collection of
formal bigraded deformations of A∞-algebras {(r Ah̄,

r A)}r∈N defined by Lapin and
recalled in the previous paragraph, where 0Ah̄ = Ah̄ and 0A = A. Let (r A′

h̄,
r A′),

for r ∈ N0, be the sequence of formal bigraded deformations of A∞-algebras we
have introduced and also mentioned in the previous paragraph, where 0A′

h̄ = Ah̄

and 0A′ = A. Then, the formal bigraded deformations (r Ah̄,
r A) and (r A′

h̄,
r A′) are

quasi-isomorphic for all r ∈ N.

Our reason to introduce the new construction stated in the previous theorem is
justified by the following fact, whichwe shall state in the particular case of dg algebras.
If Ah̄ is the formal bigraded deformation given by the Rees dg algebra ReF•B(B) of
a filtered dg algebra B (see Lemma 4.1), the dg algebra s A′

h̄ is canonically identified
with the complex whose cohomology induces the upper terms of the s-th derived exact
couple associated to the filtration of B, and s A′

h̄/(h̄) = s A′ is canonically isomorphic
to the corresponding lower term (see Proposition 2.1 and Fact 5.6). From this result and
the previous theoremwe derive that the L-multiplicative spectral sequence constructed
byLapin fromafiltered dg algebra is isomorphic to themultiplicative spectral sequence
canonically associated to the filtration (see Corollary 5.9), which is the main objective
of the article. One interesting consequence of our detour is the corollary that any
spectral sequence over a field comes from a filtration on a complex (see Remark 5.2).

We would like to thank Henning Krause, Mariano Suárez-Álvarez and Pablo
Zadunaisky-Bustillos for several suggestions, and we would specially like to express
our gratitude to Andrea Solotar for her encouragement and advice. Finally, we also
thank the referee for all the comments and corrections.

2 Preliminaries on basic algebraic structures

We assume for the entire article that k is a field. We shall also use the following
convention throughout this article. If V = ⊕n∈NV n is a graded vector space over k,
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Spectral sequences associated to deformations 517

V [1] is the graded vector space over k whose n-th homogeneous component V [1]n is
given by V n+1, for all n ∈ Z, and it is called the shift of V .

Given a collection of elements {vi : i ∈ I } in a vector space over k, a sum of the
form

∑
(i∈I ) vi will always mean that the previous collection is finitely supported, i.e.

there exist a finite subset I ′ ⊆ I such that ai = 0, for all i ∈ I ⊆ I ′. This notation is
used in order to distinguish the previous situation from the usual convergent infinite
sums on a topological vector space or module. As usual, all unadorned tensor products
⊗ would be over k.

Finally, N will denote the set of (strictly) positive integers, whereas N0 will be the
set of nonnegative integers. Similarly, for N ∈ N (resp., N ∈ N0), we denote by N≤N

(resp., N0,≤N ) the set of positive (resp., nonnegative) integers less than or equal to N .
Of course, similar notation could be used for other inequality signs.

2.1 Basic setup on spectral sequences and exact couples

We recall the basic setup for spectral sequences and exact couples coming from filtra-
tions on a complex of vector spaces over k, with the main aim of fixing the notation
we shall follow. A standard exposition on these subjects can be found in [24], Part I,
or [28], Ch. 5, which we will partly follow. The main result we state, Proposition 2.1,
is in our opinion well-known among the experts, but we could not find any reference
for it.

We first introduce a the following convenient definition. Given a spectral sequence
(Er )r≥s starting at s and another spectral sequence (E ′

r )r≥s′ starting at s′ ≥ s, we shall
say that they are compatible if the induced spectral sequence (Er )r≥s′ is isomorphic
to (E ′

r )r≥s′ . In case the spectral sequences are multiplicative, the previous morphism
is supposed to respect the corresponding product structures.

Let (M, dM ) be a complex of vector spaces over k with a decreasing filtration
{F pM}p∈Z of the underlying graded vector space of M such that dM (F pM) ⊆ F pM ,
for all p ∈ Z. For s ∈ N0, we define the complex of vector spaces over k

sD =
⊕

p∈Z

((
F pM ∩ d−1

M (F p+sM)
) ⊗ k.h̄−p+s

)
⊆ M ⊗ k[h̄±1], (2.1)

provided with the differential given by (the restriction of) dM ⊗ idk[h̄±1]h̄−s , and

sE =
⊕

p∈Z

(
F pM ∩ d−1

M (F p+sM)

F p+1M ∩ d−1
M (F p+1+sM)

)

, (2.2)

with the induced differential by dM . It sends the class z+(F p+1M∩d−1
M (F p+1+sM))

to dM (z)+(F p+s+1M∩d−1
M (F p+2s+1M)), for z ∈ F pM∩d−1

M (F p+sM). Moreover,
these complexes are bigraded by setting

sD p,q =
(
F p+sM p+q ∩ d−1

M

(
F p+2sM p+q+1

))
⊗ k.h̄−p
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and

sE p,q =
(
F pM p+q ∩ d−1

M

(
F p+sM p+q+1

))
/
(
F p+1Mp+q ∩ d−1

M

(
F p+1+sM p+q+1

))
.

The first bigrading convention is the one induced by that of M ⊗ k[h̄±1], where Mn

lies in bidegree (0, n) and the bidegree of h̄ is (−1, 1). Consider now the short exact
sequence of complexes of vector spaces over k of the form

0 → sD
s ĩ→ sD

s j̃→ sE → 0, (2.3)

where s ĩ is the morphism given by multiplication by h̄, and s j̃ is the canonical projec-
tion multiplied by h̄−s . Note that s ĩ has bidegree (−1, 1) and s j̃ has bidegree (s,−s)
By considering the long exact sequence of cohomology groups of the previous short
exact sequence, which may be rearranged as a triangle

H•(sD)
H•(s ĩ)

H•(sD)

H•(s j̃)
H•(sE)

sδ•

(2.4)

we get an exact couple of s-th type, where we recall that sδ• is the delta morphism
obtained by means of the Snake lemma (see [28], Thm. 1.3.1, Example 5.9.3). It will
be called the exact couple of s-th type associated to the filtration of the complex,
and the corresponding spectral sequence starting at (s + 1) will be called the spectral
sequence starting at (s + 1) associated to the filtration of the complex.

If (M, dM ) is further a filtered dg algebra, adapting the ideas of [22], we introduce
a product on (2.1) as follows. For a ⊗ h̄−p+s, b ⊗ h̄−q+s ∈ sD, set a ⊗ h̄−p+s · (b ⊗
h̄−q+s) = a · b ⊗ h̄−(p+q)+s . Provided with this product the complex sD becomes
a dg algebra. The product on 2.2 is defined similarly. Moreover, it is straightforward
to check that the exact couple (2.4) is multiplicative (see [22], Section 5, for the
definition).

By the standard construction on spectral sequences coming from filtrations, one
sees that for any s, s′ ∈ N0, the previously constructed spectral sequence starting at
(s + 1) is compatible with the one starting at (s′ + 1). Moreover, the same arguments
show the following stronger result, which should be well-known among the experts,
but we give a sketch of the proof.

Proposition 2.1 Let (M, dM ) be a filtered complex of vector spaces over k as before.
Then, the exact couple (2.4) of s-th type is isomorphic to the s-th derived exact couple
of the one given by (2.4) for s = 0. If (M, dM ) is further a filtered dg algebra, the
previous isomorphism is of multiplicative exact couples.

Proof Let us denote by (E (s), D(s), i(s), j(s), k(s))s∈N0 the collection of exact couples
associated to the filtration of M , i.e. the one indexed by s = 0 is the exact couple of
0-th type associated to the filtration of M , and the one indexed by s ∈ N is the derived
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Spectral sequences associated to deformations 519

exact couple of the one indexed by (s−1). Furthermore, by a very simple computation
we have that

H•(sD) =
⊕

p∈Z

F pM ∩ Ker(dM )

dM (F p−sM ∩ d−1
M (F pM))

⊗ k.h̄−p+s

=
⊕

p∈Z

F pM ∩ Ker(dM )

F pM ∩ dM (F p−sM)
⊗ k.h̄−p+s,

where we have used the identity dM (F p−sM ∩d−1
M (F pM)) = F pM ∩dM (F p−sM).

On the other hand, the image of the action of h̄s on H•(0D) (which coincides with the
upper term D(s) of the s-th derived exact couple associated to the filtration of B) is

h̄s .H•(0D) =
⊕

p∈Z

(F p+sM ∩ Ker(dM )) + dM (F pM)

dM (F pM)
⊗ k.h̄−p

�
⊕

p∈Z

F p+sM ∩ Ker(dM )

F p+s ∩ dM (F pM)
⊗ k.h̄−p

=
⊕

p∈Z

F pM ∩ Ker(dM )

F p ∩ dB(F p−sM)
⊗ k.h̄−p+s,

where we have used the Second Isomorphism theorem in the second line.We have thus
an isomorphism t : D(s) → H•(sD) of bigraded vector spaces of bidegree (0, 0). In a
similar manner (see the description of the s-th page E (s) of a spectral sequence coming
from a filtration in [28], Chapter 5, Section 4), we have an isomorphism u : E (s) →
H•(sE) of bigraded vector space of bidegree (0, 0). The two maps t and u give us an
isomorphism between the exact couples of s-th type (E (s), D(s), i(s), j(s), k(s)) and

H•(sD)
H•(s ĩ)

H•(sD)

H•(s j̃)
H•(sE)

sδ•

If (M, dM ) is a filtered dg algebra, it is also straightforward to check that the isomor-
phism is of multiplicative exact couples. The proposition is thus proved. �
Remark 2.2 Let A be a filtered (graded complete) A∞-algebra (see Sect. 4 for the
definition). It is trivial to see that the canonical spectral sequence associated to the
underlying filtered complex of A is in fact multiplicative.

2.2 A∞-algebras and Kadeishvili’s theorem

The notion of A∞-algebra was introduced by Stasheff in [27] in his study of homotopy
theory of loop spaces. We refer the reader to [25], Chapitre 3, or also [16], Chapitre 1,
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520 E. Herscovich

for standard references. Our particular sign and grading conventions are explained in
detail in [4], Sects. 2 and 5, and even though they do not coincide with the references
mentioned in the previous sentence, they agree with several others in the literature
(see [18,19] and references therein). We introduce however some extra bigrading
conditions, which are not standard in the literature, but which are completely natural
from the point of view of spectral sequences, and required in order to prove the main
result of our article.

An A∞-algebra structure on a cohomological graded vector space A is a collection
of linear maps mi : A⊗i → A for i ∈ N of cohomological degree 2 − i satisfying the
Stasheff identities SI(n) given by

∑

(r,s,t)∈In
(−1)r+stmr+1+t ◦ (id⊗r

A ⊗ ms ⊗ id⊗t
A ) = 0, (2.5)

for n ∈ N, where In = {(r, s, t) ∈ N0 ×N×N0 : r + s+ t = n}. Given N ∈ N, if A is
provided only with the morphisms mi for i ∈ N≤N and satisfy the Stasheff identities
SI(n) for n ∈ N≤N , we say that it is an AN -algebra. Note that the first Stasheff identity
SI(1)means thatm1 is a differential of A, so we may consider the cohomology H•(A)

given by the quotient Ker(m1)/Im(m1).
Let N ∈ N ∪ {∞}, and let A be an AN -algebra. If N = ∞, we define N≤∞ =

N. There exists a (not necessarily counitary) dg coalgebra BN (A), called the bar
construction of A. If N = ∞, it is usually denoted just by B(A). Its underlying
graded coalgebra is given by the truncated tensor coalgebra ⊕i∈N≤N A[1]⊗i , where
A[1] denotes the shift of A. As usual, if n ∈ N≤N we will typically denote an element
sA(a1) ⊗ · · · ⊗ sA(an) ∈ A[1]⊗n in the form [a1| . . . |an], where a1, . . . , an ∈ A, and
sA : A → A[1] is the canonical morphism of degree −1 whose underlying map of
vector spaces over k is the identity. The coproduct is givenby the usual deconcatenation

�([a1| . . . |an]) =
n−1∑

i=1

[a1| . . . |ai ] ⊗ [ai+1| . . . |an].

Since BN (A) is a truncated tensor graded coalgebra, its differential BN can be defined
as follows. It is the unique coderivation determined by π1 ◦ BN , where π1 : BN (A) →
A[1] is the canonical projection (cf. [16], Lemme 1.1.2.2, and see [16], Section 1.2.2,
pp. 29–30), such that this composition map is given by the sum b = ∑

i∈N≤N
bi ,

where bi : A[1]⊗i → A[1] is defined as bi = −sA ◦ mi ◦ (s⊗i
A )−1. In fact, Eq. (2.5)

is precisely the condition for this coderivation to be a differential (cf. [16], Lemme
1.2.2.1, and see [16], Section 1.2.2, pp. 29–30).

An A∞-algebra is called (strictly) unitary if there is a map ηA : k → A of complete
degree zero such that mi ◦ (id⊗r

A ⊗ ηA ⊗ id⊗t
A ) vanishes for all i �= 2 and all r, t ≥ 0

such that r + 1 + t = i . We shall usually denote the image of 1k under ηA by 1A,
and call it the (strict) unit of A. Clearly, the flatness property may also be stated for
strictly unitary A∞-algebras. We say that a unitary or nonunitary A∞-algebra is called
minimal ifm1 vanishes. Note that all the previous definitions can be applied as well to
AN -algebras, for N ∈ N. We see that a (unitary) dg algebra (A, dA, μA) is a particular
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Spectral sequences associated to deformations 521

case of (unitary) A∞-algebra, where m1 = dA is the differential and m2 = μA is the
product.

Given s ∈ N0, we say that an A∞-algebra A has a compatible bigrading of s-th
type if A is provided with a bigrading A = ⊕p,q∈ZAp,q such that An = ⊕p∈ZAp,n−p,
and mn is a homogeneous morphism of bidegree (2 − n)(s,−s + 1), for all n ∈ N.
If A is unitary we further assume that 1A ∈ A0,0. Note that if A has a compatible
bigrading (of s-th type), then the cohomology H•(A) is provided with a canonically
induced bigrading.

A morphism of A∞-algebras f• : A → B between two A∞-algebras A and B is
a collection of morphisms of the underlying graded vector spaces fi : A⊗n → B of
cohomological degree 1 − i for i ∈ N satisfying the Stasheff identities on morphisms
MI(n) given by

∑

(r,s,t)∈In
(−1)r+st fr+1+t ◦

(
id⊗r

A ⊗ mA
s ⊗ id⊗t

A

)
=

∑

q∈N

∑

ī∈Nq,n

(−1)wmB
q ◦ ( fi1 ⊗· · ·⊗ fiq ),

(2.6)
for n ∈ N, where w = ∑q

j=1(q − j)(i j − 1) and Nq,n is the subset of Nq of elements

ī = (i1, . . . , iq) such that |ī | = i1 + · · · + iq = n. Given N ∈ N, if A and B are only
AN -algebras, a morphism of AN -algebras f• : A → B is a collection of morphisms
of the underlying graded vector spaces fi : A⊗n → B of cohomological degree 1− i
for i ∈ N≤N satisfying the previous identities MI(n) for n ∈ N≤N . If A and B are
unitary A∞-algebras, the morphism f• is called (strictly) unitary if f1(1A) = 1B , and
for all i ≥ 2 we have that fi (a1, . . . , ai ) vanishes if there exists j ∈ {1, . . . , i} such
that a j = 1A. Notice that f1 is a morphism of complexes for the underlying structures
on A and B. We say that a morphism of (resp., unitary) A∞-algebras f• : A → B is
a quasi-isomorphism if f1 is a quasi-isomorphism of the underlying complexes. We
say that a morphism f• is strict if fi vanishes for i ≥ 2. Note that all these definitions
also apply to morphisms of AN -algebras.

Given two (resp., unitary) A∞-algebras A and B provided with compatibles bigrad-
ings of s-th type, for some s ∈ N0, and a morphism f• : A → B of (resp., unitary)
A∞-algebras, we say that f• is compatible with the bigradings if fn is a homogeneous
morphism of bidegree (1 − n)(s,−s + 1), for all n ∈ N.

Let N ∈ N∪{∞}, and let A and A′ be two AN -algebras. Given f• : A → A′ a mor-
phism of AN -algebras, it induces a morphism of dg coalgebras BN ( f•) : BN (A) →
BN (A′) between the bar constructions as follows. Taking into account that BN (A′)
is a truncated tensor coalgebra, such a morphism of graded coalgebras FN is com-
pletely determined by the composition π ′

1 ◦ BN ( f•) : BN (A) → A′[1], where
π ′
1 : BN (A′) → A′[1] denotes the canonical projection. The latter composition is

given by a sum
∑

i∈N≤N
FN ,i , where FN ,i : A[1]⊗i → A′[1], which we define to be

FN ,i = sA′ ◦ fi ◦ (s⊗i
A )−1, for i ∈ N≤N . In fact, (2.6) is precisely the condition for

this morphism to commute with the differentials (see [16], Section 1.2.2).
The following result is well-known and due to Kadeishvili (see [7], Thm. 1, for the

case of dg algebras, or [8], Thm., for the case of plain A∞-algebras). We also consider
some extra conditions about the bigradings which are suited for our study of spectral
sequences.
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Theorem 2.3 Let (A,m•) be an (resp., a unitary) A∞-algebra and f1 : H•(A) → A
be the composition of a section of the canonical projection Ker(m1) → H•(A) and
the inclusionKer(m1) ⊆ A (resp., satisfying that f1 ◦ηH•(A) = ηA). Then there exists
a structure of (resp., unitary) A∞-algebra on H•(A) given by {m̄n}n∈N and a quasi-
isomorphism of (resp., unitary) A∞-algebras f• : H•(A) → A whose first component
is f1, such that m̄1 = 0 and m̄2 is the multiplication induced by m2. Moreover, all
these structures of (resp., unitary) A∞-algebras on H•(A) are quasi-isomorphic.
Any of these quasi-isomorphic (resp., unitary) A∞-structures will be called a model.
Furthermore, if A has a compatible bigrading of s-th type, for some s ∈ N0, then we
may choose among these models one that is compatible with the induced bigrading
on the cohomology H•(A), such that the quasi-isomorphism of (resp., unitary) A∞-
algebras f• : H•(A) → A can be chosen to be compatible with the bigradings. Any
of these models on H•(A) will be called compatible with the bigrading of A.

3 Deformations of A∞-algebras

The algebraic version of deformation theory for associative algebras was initiated
by Gerstenhaber in [2], and was further extended for dg algebras by the mentioned
author and C. Wilkerson in [3]. The theory for A∞-algebras is generalized more
or less straightforward, and was studied by Fialowski and Penkava in [1], but also
in the unpublished article [29] by Wu. There are however minor differences, as the
conventions we used differ from the ones of the mentioned references, where they do
not consider any completion as the ones appearing in this article. More precisely, we
shall first recall in the following three paragraphs the standard definitions given in [1]
about the deformation theory of an A∞-algebra over a finite dimensional k-algebra
R, but focusing on the cases R = k[h̄]/(h̄N+1). In the subsequent two paragraphs
we will explain some basic constructions of completed bigraded k[h̄]-modules, where
h̄ has bidegree (−1, 1), and we shall introduce then the notion of formal bigraded
deformation in Definition 3.1 (see also Remark 3.2). The rest of the section is devoted
to proving Theorem 3.7, which was first proved by Lapin in [13], Thm. 3.1 and Cor.
3.1, but using different methods.

Let (A,m•) be an A∞-algebra over k provided with a compatible bigrading of s-th
type, for some s ∈ N0, and let us consider the finite dimensional bigraded algebras
R = k[h̄]/(h̄(N+1)), for N ∈ N, where h̄ has bidegree (−1, 1), called basic test
bialgebras. In this brief section, a bigraded R-modulewill denote a symmetric bigraded
R-bimodule. Following [1], an R-deformation of A consists of the structure of A∞-
algebra over R on the (cohomologically) graded R-module A⊗R given bymorphisms
of R-modules

mR
n : (A ⊗ R)⊗Rn → A ⊗ R

of bidegree (2 − n)(s,−s + 1), for all n ∈ N, satisfying that (idA ⊗ εR) ◦ mR
n

restricted to A⊗n coincides withmn , for all n ∈ N. We remark that A⊗n is canonically
identified with a subvector space of (A⊗ R)⊗Rn by means of the map a1⊗· · ·⊗an �→
(a1 ⊗ 1R) ⊗R · · · ⊗R (an ⊗ 1R). Taking into account that (A ⊗ R)⊗Rn � A⊗n ⊗ R,
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using the previous identification we may rephrase the last condition for the definition
of deformation as mR

n ⊗R idk = mn , for all n ∈ N. If A has a unit 1A, we say that the
deformation preserves the unit if 1A ⊗ 1R ∈ A ⊗ R is a strict unit for the structure
maps {mR

n }n∈N. Given two R-deformations A′ and A′′ of the A∞-algebra A provided
of a compatible bigrading of s-th type, a (resp., strict) morphism of R-deformations
from A′ to A′′ is a (resp., strict) morphism f• of A∞-algebras over R from A′ to A′′
such that f• ⊗R idk is the identity of A. We suppose the usual condition that fn has
bidegree (1 − n)(s,−s + 1), for all n ∈ N. If A has a unit, and A′ and A′′ preserve
the unit, we shall further impose that f• is a morphism of unitary A∞-algebras over
R. Moreover, the R-deformation A′ and A′′ are said to be equivalent if there exists a
morphism f• : A′ → A′′ of R-deformations of A such that the induced morphism F
between the bar constructions B(A′) of A′ and B(A′′) of A′′ (where we remark that A′
and A′′ are (resp., unitary) A∞-algebras over R) is an isomorphism of dg coalgebras
over R.

If A and B are two (resp., unitary) A∞-algebras over k, and AR and BR are two
R-deformations of A and B, respectively, a morphism from AR to BR is the data of a
morphism f• of (resp., unitary) A∞-algebras from A to B, together with a morphism
of (resp., unitary) A∞-algebras over R given by a collection of maps

f̃n : A⊗Rn
R → BR,

for n ∈ N, such that f̃n ⊗R idk coincides with fn , for all n ∈ N, where we are making
use of the isomorphisms (A⊗R)⊗Rn � A⊗n ⊗R explained in the previous paragraph.
We shall say that a morphism ( f•, f̃•) of R-deformations is a quasi-isomorphism if
both f• and f̃• are quasi-isomorphisms.

Note that, if A′ is an R-deformation of the (resp., unitary) A∞-algebra A and let T
be a quotient of R, where both R and T are basic test bialgebras. Then A′⊗R T together
with the maps mR

n ⊗R idT is a T -deformation of A, called the deformation reduction
to T of A′. Given the family of all basic test bialgebras {Ri = k[h̄]/(h̄(i+1))}i∈N and a
collection of (resp., unitary) A∞-algebras {Ai }i∈N such that Ai is an Ri -deformation
of A, we say that this family is compatible if the deformation reduction of Ai+1
to Ri given by the (resp., unitary) A∞-algebra Ai+1 ⊗Ri+1 Ri over Ri and the Ri -
deformation Ai of A are strictly isomorphic. Amorphism from a compatible collection
of deformations of (resp., unitary) A∞-algebras {Ai }i∈N of A to another compatible
collection of deformations of (resp., unitary) A∞-algebras {Bi }i∈N of B is the data
of a morphism f• : A → B of (resp., unitary) A∞-algebras together with collection
of morphisms {( f•)i }i∈N, where ( f•)i is a morphism of (resp., unitary) A∞-algebras
over Ri from Ai to Bi , such that ( f•, ( f•)i ) is a morphism of R-deformations from
Ai to Bi , for all i ∈ N, satisfying that ( f•)i+1 ⊗Ri+1 idRi coincides with ( f•)i , for all
i ∈ N. In this case we say that a morphism ( f•, {( f•)i }i∈N) of compatible families
of deformation is a quasi-isomorphism if each ( f•, ( f•)i ) is a quasi-isomorphism of
Ri -deformations, for all i ∈ N.

We would like to provide the notion of formal deformation of a (unitary) A∞-
algebra. Since our interest comes from spectral sequences where there is a bigrading,
we shall deal with the case that our (unitary) A∞-algebra has a compatible bigrading.
Most of the results we present here are analogous to the standard ones on formal
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deformation theory, which can be found for instance in [9], Ch. XVI, Sections 1–4.
Some of the proofs are completely parallel to ones given there, and in that cases we
only give the corresponding exact reference. Our difference relies that we also want
to deal with the corresponding bigrading. For this reason, we will briefly explain the
corresponding analogous setting of our interest.Wewill thus consider the commutative
bigraded k-algebra in one indeterminate k[h̄], which is supposed to be bigraded by
setting h̄ in bidegree (−1, 1) (and k with trivial bidegree). As before, we have the
obvious augmentation map sending h̄ to zero which will be denoted by εk[h̄]. Given
any bigraded module M over k[h̄], the inverse limit in the category of bigraded k[h̄]-
modules

lim←N

bgrM ⊗k[h̄] k[h̄]/
(
h̄N

)
.

will be called the bigraded completion of M , and will be denoted by M̂bgr. There is a
canonical morphism

τ
bgr
M : M → M̂bgr

of bigraded k[h̄]-modules, and we will say that M is bigraded complete if this latter
map is an isomorphism. Also note that, given two bigraded k[h̄]-modules M and N ,
any homogeneous morphism (of bigraded k[h̄]-modules) f from M to N of bidegree
(p, q) automatically induces a homogeneous morphism (of bigraded k[h̄]-modules)
f̂ bgr from M̂bgr to N̂ bgr of the same bidegree, and it is usually called the bigraded
completion (morphism) of f . Given two bigraded modules M and N over k[h̄], the
bigraded completed tensor product is defined as the bigraded completion of the usual
tensor product M ⊗k[h̄] N , and it is denoted by

M⊗̂bgr
k[h̄]N .

Moreover, if V = ⊕p,q∈ZV p,q is a bigraded vector space over k, we may consider the
bigraded k[h̄]-module given by the tensor product V ⊗ k[h̄], and we regard V inside
it via v �→ v ⊗ 1k[h̄]. The bigraded completion of the previous k[h̄]-module would
be denoted by V [[h̄]]bgr (which does not coincide in general with the previous usual
tensor product). Notice that V [[h̄]]bgr coincides with the inverse limit in the category
of bigraded k[h̄] given by

lim←N

bgrV ⊗ k[h̄]/(h̄N ). (3.1)

We see that V [[h̄]]bgr is given in more in more explicit terms by the bigraded vector
space

⊕

p,q∈Z

⎛

⎝
∏

r∈N0

(V p+r,q−r ⊗ k.h̄r )

⎞

⎠ , (3.2)
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together with the obvious action of k[h̄]. Indeed, the inverse limit (3.1) is by very
definition the bigraded vector space with homogeneous (p, q)-th component

lim←N

(
V ⊗ k[h̄]/(h̄N )

)p,q = lim←N

⎛

⎝
N∏

j=0

V p+ j,q− j ⊗ k.h̄ j

⎞

⎠ =
∏

r∈N0

(V p+r,q−r ⊗ k.h̄r ).

If f : M ′ → M and f : N ′ → N are two homogeneous morphisms of bigraded k[h̄]-
modules of bidegrees (p, q) and (p′, q ′), respectively, the bigraded completion of the
morphism of k[h̄]-modules

f ⊗k[h̄] g : M ′ ⊗k[h̄] N ′ → M ⊗k[h̄] N

will be denoted by f ⊗̂bgr
k[h̄]g. Any bigraded k[h̄]-module M isomorphic to V [[h̄]]bgr

for some bigraded vector space V will be called h̄-topologically free. Furthermore,
it is easy to show that any bigraded k[h̄]-module M is h̄-topologically free if and
only if the canonical projection morphism M → M/h̄.M of bigraded vector spaces
has a section, it is bigraded complete and h̄-torsion-free, i.e. if h̄.m = 0 for some
m ∈ M , then m = 0 (the exact same proof as in [9], Prop. XVI.2.4, applies here
as well). Given two bigraded vector spaces V and W over k, we have a canonical
(homogeneous) isomorphism

(V ⊗ W )[[h̄]]bgr � V [[h̄]]bgr⊗̂bgr
k[h̄]W [[h̄]]bgr

of bigraded k[h̄]-modules of trivial bidegree (cf. [9], Prop. XVI.3.2). Indeed, by the
description of h̄-topologically free modules given in (3.2), we get that

(V ⊗ W )[[h̄]]bgr �
⊕

p,q∈Z

⎛

⎝
∏

t∈N0

( ⊕

p′,q ′∈Z
(V p′,q ′ ⊗ W p+t−p′,q−t−q ′ ⊗ k.h̄t )

)
⎞

⎠ ,

whereas

V [[h̄]]bgr ⊗k[h̄] W [[h̄]]bgr

�
⊕

p′,p′′,q ′,q ′′∈Z

⎛

⎝
( ∏

r∈N0

(V p′+r,q ′−r ⊗ k.h̄r )
)

⊗k[h̄]
( ∏

s∈N0

W p′′+s,q ′′−s ⊗ k.h̄s)
)
⎞

⎠

so

(V [[h̄]]bgr ⊗k[h̄] W [[h̄]]bgr) ⊗k[h̄] k[h̄]/(h̄(N+1))

�
⊕

p,q∈Z

⎛

⎝
∏

t∈N0,≤N

( ⊕

p′,q ′∈Z
(V p′,q ′ ⊗ W p+t−p′,q−t−q ′ ⊗ k.h̄t )

)
⎞

⎠ ,
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and the claim follows by taking inverse limit. Note that, if M is a bigraded complete
k[h̄]-module the canonical map Homk[h̄](V [[h̄]]bgr, M) → Homk(V, M) given by
restriction is an isomorphism of k[h̄]-modules, where we recall that Hom denotes
the corresponding internal space of morphisms in the category of bigraded vector
spaces (cf. [9], Prop. XVI.2.3. The exact same proof works here as well). Finally, we
remark that, given a bigraded vector space M , the canonical map M ⊗ k[h̄]/(h̄N ) →
M[[h̄]]bgr ⊗k[h̄] k[h̄]/(h̄N ) of right k[h̄]/(h̄N )-modules induced by the morphism
m ⊗ 1k[h̄]/(h̄N ) �→ (m ⊗ 1k[h̄]) ⊗k[h̄] 1k[h̄]/(h̄N ) is an isomorphism.

Definition 3.1 A formal bigraded deformation Ah̄ of an (resp., a unitary) A∞-algebra
(A,m•) over k provided with a compatible bigrading of s-th type, for some s ∈ N0,
is given by the h̄-topologically free bigraded k[h̄]-module A[[h̄]]bgr, where we recall
that h̄ has bidegree (−1, 1), provided with a collection of morphisms

mh̄
n : A

⊗̂bgr
k[h̄]n

h̄ → Ah̄,

for n ∈ N, of bidegree (2 − n)(s,−s + 1) for n ∈ N, such that the collection

{(Ah̄ ⊗k[h̄] k[h̄]/(h̄(N+1)),mh̄• ⊗k[h̄] idk[h̄]/(h̄(N+1)))}N∈N (3.3)

forms a compatible family of bigraded deformations of the (resp., unitary) A∞-algebra
Awith respect to the family of test bigraded algebras {k[h̄]/(h̄(N+1))}N∈N, considered
with the canonical projections. This implies that the restriction of the composition of
mh̄

n with (idA ⊗ εk[h̄]) to A⊗n coincides with mn , for all n ∈ N.

Let Ah̄ be a formal bigraded deformation of an (resp., a unitary) A∞-algebra
(A,m•) over k provided with a compatible bigrading of s-th type, for some s ∈ N0.
We remark that there is a canonical injection

A⊗n → A
⊗̂bgr

k[h̄]n
h̄

of bigraded subvector spaces by means of the map a1 ⊗· · ·⊗an �→ (a1 ⊗1k[h̄])⊗k[h̄]
· · ·⊗k[h̄] (an ⊗1k[h̄]). Note that by definition each of the deformations (3.3) are in fact
(resp., unitary) A∞-algebras provided with a compatible bigrading of s-th type (when
regarded over k).

Remark 3.2 We could have defined a formal bigraded deformation Ah̄ of an (resp.,
a unitary) A∞-algebra A as an h̄-topologically free bigraded k[h̄]-module provided
with a structure of (resp., unitary) A∞-algebra over k[h̄], such that the underlying
(resp., unitary) A∞-algebra over k has a compatible bigrading of s-th type, and the
reduction Ah̄ ⊗k[h̄] k is strictly isomorphic to A. We note that in this case the structure
maps m̃i of Ah̄ should be given by maps

m̃i : A
⊗k[h̄]i
h̄ → Ah̄
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instead of having as domain the completed tensor products appearing in the definition
of formal bigraded deformation. However, since Ah̄ is complete and m̃i is k[h̄]-linear,
it induces a structure map mh̄

i as in the definition of the previous paragraph. A similar
remark can be stated for the definition of morphisms in the next paragraph. We believe
however that the proper definition should always rely on an inverse system of the type
we considered, which is the usual manner one follows to handle the general case (e.g.
if h̄ is ungraded).

Remark 3.3 Our bigrading convention appearing in the definition of (formal bigraded
deformations of) A∞-algebras should not make the reader think that we are handling a
similar situation to that considered by Sagave in [26]. In that case the author is using a
(different) bigrading to introduce a new notion—that of derived A∞-algebras—which
allows him to prove a similar theorem to that of Kadeishvili over any commutative ring
K with unit. In his case, he gives however a minimal structure of derived A∞-algebra
on a K -projective resolution of the cohomology of a given derived A∞-algebra. This
result could be applied in our situation for K = k[h̄], which is roughly parallel to our
Theorem 3.7, even though not precisely the same, for we get an honest A∞-algebra
structure (over K ), instead of a derived one.

If A and B are two (resp., unitary) A∞-algebras over k provided with compatible
bigradings of s-th type, for some s ∈ N0, and Ah̄ and Bh̄ are two formal bigraded
deformations of A and B, respectively, a morphism from Ah̄ to Bh̄ is the data of
a morphism f• of (resp., unitary) A∞-algebras from A to B compatible with the
bigradings, together with a collection of maps

f̃n : (Abgr
h̄ )

⊗̂bgr
k[h̄]n → Bbgr

h̄ ,

for n ∈ N, of bidegree (1 − n)(s,−s + 1) for n ∈ N, such that the collection

{( f̃i ⊗k[h̄] k[h̄]/(h̄(N+1)))i∈N}N∈N (3.4)

forms a morphism of compatible collections a bigraded deformations of (resp., uni-
tary) A∞-algebras, with respect to the family of test bigraded algebras given by
{k[h̄]/(h̄(N+1))}N∈N, considered with the canonical projections.

Remark 3.4 Let Ah̄ and Bh̄ be formal bigraded deformations of the (resp., unitary)
A∞-algebra A and B, resp., where the two latter are provided with a compatible
bigrading of s-th type, for some s ∈ N0. Let ( f•, f̃•) be amorphism of formal bigraded
deformations from the deformation Ah̄ of A to the deformation Bh̄ of B. It is a quasi-
isomorphism if and only if the morphism f̃1 is a quasi-isomorphism between the
corresponding underlying complexes over k[h̄]. This follows from the easy fact, when
writing out the definition that the induced morphism between the cohomology groups
is an isomorphism, that the term corresponding to the zeroth power of h̄ gives exactly
the definition for f1 = f 01 to be a quasi-isomorphism.

We now state two lemmas required to ascertain the main theorem of this section.
For their proof, see the “Appendix”.
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Lemma 3.5 Let N ∈ N, and let (A, {mi }i∈N≤N ) and (A′, {m′
i }i∈N≤N ) be two AN -

algebras such that m′
1 = 0. Let N ′ ∈ N, and let Ah̄(N ′+1) be a bigraded k[h̄]/(h̄(N ′+1))-

deformation of A, and A′
h̄N

′ a bigraded k[h̄]/(h̄N ′
)-deformation of A′. Suppose given

a morphism { f̃i }i∈N≤N of AN -algebras over k[h̄]/(h̄N ′
) such that the diagram

A′
h̄N

′
( f̃•)•∈N≤NAh̄N

′

A′
( f•)•∈N≤N

A

commutes. Suppose f1 induces an injective map between the corresponding cohomol-
ogy groups. Define the map from (A′)⊗N to A given by

U N ′
N =

∑

(r,s,t)∈IN

∑

j∈Ns
0,≤(N ′)

(−1)r+st f̃ j
r+1+t ◦

(
id⊗r

A′ ⊗ (m′)N
′− j

s ⊗ id⊗t
A′

)

−
∑

q∈N

∑

ī∈Nq,N

∑

j̄∈(Nq+1,N ′
)∗
(−1)wm j0

q ◦
(
f̃ j1
i1

⊗ · · · ⊗ f̃
jq
iq

)
,

where j̄ = ( j0, . . . , jq),

N
s
0,≤N ′ =

{
N0,≤N ′ , if s �= N ,

N≤N ′ , else,

and

(Nq+1,N ′
)∗ =

{
N
q+1,N ′

, if q �= 1,

N
2,N ′ \ {(0, N ′)}, else.

Then m0
1 ◦UN ′

N vanishes.

Lemma 3.6 Let (M, dM ) be a complex of vector spaces over k, considered as an A1-
algebra, and provided with a compatible bigrading of s-th type, for some s ∈ N0. Let
Mh̄ be a formal bigraded deformation of (M, dM ), which is an A1-algebra over k[h̄]
as well. Consider the cohomology H•(M) of (M, dM ), and take f : H•(M) → M the
composition of a section of the canonical projection Ker(dM ) → H•(M), which we
suppose it exists, with the canonical inclusion Ker(dM ) → M. Suppose moreover we
have H•(M)h̄ a formal bigraded deformation of H•(M), which is just an A1-algebra
over k[h̄], together with a morphism f̃ : H•(M)h̄ → Mh̄ of complexes over k[h̄] such
that
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H•(M)h̄
f̃

Mh̄

H•(M)
f

M

commutes. Then f̃ is a quasi-isomorphism (of complexes over k[h̄]).
The following result is similar to the one proved by Lapin in [13], Thm. 3.1 and Cor.

3.1, but our proof follows the original Kadeishvili idea of obstruction theory, instead
that of homological perturbation theory. As a detail, we do not need k to be a field and
we also take into account the bigrading we introduced previously.

Theorem 3.7 Let A be an (resp., a unitary) A∞-algebra over k provided with a com-
patible bigrading of s-th type, for some s ∈ N0, and let Ah̄ be a formal bigraded
deformation of A. Let us consider H•(A) provided with a model compatible with
the bigrading of A and f• : H•(A) → A a quasi-isomorphism of (resp., strictly
unitary) A∞-algebras compatible with the corresponding bigradings. Then there
exists a formal bigraded deformation H•(A)h̄ of H•(A) and a quasi-isomorphism
f̃• : H•(A)h̄ → Ah̄ of formal bigraded deformations of (resp., strictly unitary)
A∞-algebras, i.e. such that the underlying morphism of (resp., strictly unitary) A∞-
algebras over k is compatible with the bigradings, and we have the commutative
diagram

H•(A)h̄
f̃•

Ah̄

H•(A)
f•

A

where the vertical maps are the canonical projections. Moreover, all these structures
of formal bigraded deformations on H•(A) are quasi-isomorphic.

Proof The proof will follow a similar pattern to the one of Kadeishvili’s theorem we
recalled at the end of the previous section, but with some subtleties coming from the
deformation part.

Let us consider the following setting. We fix N ∈ N, and we shall only regard
the underlying AN -algebra structures of A and H•(A). Moreover, given N ′ ∈ N, by
taking a quotient modulo h̄(N ′+1), we consider Ah̄(N ′+1) = Ah̄ ⊗k[h̄] k[h̄]/(h̄(N ′+1))

a k[h̄]/(h̄(N ′+1))-deformation of A. Assume we have defined a bigraded k[h̄]/(h̄N ′
)-

deformation H•(A)h̄N
′ of H•(A) and a morphism { f̃i }i∈N≤N of AN -algebras over

k[h̄]/(h̄N ′
) such that the diagram

H•(A)h̄N
′
( f̃•)•∈N≤NAh̄N

′

H•(A)
( f•)•∈N≤N

A
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commutes. The bigrading assumption on the deformation H•(A)h̄N
′ means that we

may write f̃i |H•(A)⊗i = ∑N ′−1
j=0 f̃ j

i h̄
j , where f̃ j

i : H•(A)⊗i → A is a homogeneous
map of bidegree (1− i)(s,−s+1)+ ( j,− j), for i ∈ N≤N and j ∈ N0,≤(N ′−1), where
we recall thatN0,≤p denotes the subset ofN0 of nonnegative integers less than or equal
to p. The previous commutativity means that f̃ 0i = fi , for all i ∈ N≤N . If {m̃i }i∈N≤N

and { ˜̄mi }i∈N≤N denote the structure maps of the AN -algebras over k[h̄]/(h̄(N ′+1))

and over k[h̄]/(h̄N ′
) given by Ah̄(N ′+1) and H•(A)h̄N

′ , resp., we will write m̃i |A⊗i =
∑N ′

j=0 m
j
i h̄

j and ˜̄mi |H•(A)⊗i = ∑N ′−1
j=0 m̄ j

i h̄
j , for i ∈ N≤N , wherem

j
i : A⊗i → A and

m̄ j
i : H•(A)⊗i → H•(A) are morphisms of bidegree (2 − i)(s,−s + 1) + ( j,− j),

for i ∈ N≤N , and j ∈ N0,≤N ′ or j ∈ N0,≤(N ′−1), respectively. Suppose moreover
that we have defined homogeneous maps m̄N ′

i : H•(A)⊗i → H•(A) of bidegree

(2−i)(s,−s+1)+(N ′,−N ′), for i ∈ N≤(N−1), andmorphisms f̃ N
′

i : H•(A)⊗i → A
of bidegree (1−i)(s,−s+1)+(N ′,−N ′), for i = 1, . . . , N−1 such that they provide
a morphism of AN−1-algebras between the reductions H•(A)h̄(N ′+1) and Ah̄(N ′+1) .
In order to prove the theorem it suffices to show the following statement: we may
extend the previously defined morphism from a (also to be defined) k[h̄]/(h̄(N ′+1))-
deformation H•(A)h̄(N ′+1) (extending H•(A)h̄N

′ ) to Ah̄(N ′+1) , regarded as AN -algebras

over k[h̄]/(h̄(N ′+1)). Indeed, suppose that we proved the previous statement.We apply
this procedure inductively as follows. First, for fixed N = 1,we prove it for any N ′ ∈ N

by induction. Then, each time we increase the value of N in one, we use only part
of the already constructed structure maps { ˜̄mi }i∈N≤N and morphisms { f̃i }i∈N≤N : those

involving terms m̄ j
i and f̃ j

i , with j ≤ (N ′ − 1), and apply the previous statement.
Let us now prove the statement. We consider the map from H•(A)⊗N to A of

bidegree (2 − N )(s,−s + 1) + (N ′,−N ′) given by

UN ′
N =

∑

(r,s,t)∈IN

∑

j∈Ns
0,≤N ′

(−1)r+st f̃ j
r+1+t ◦

(
id⊗r

H•(A) ⊗ m̄N ′− j
s ⊗ id⊗t

H•(A)

)

−
∑

q∈N

∑

ī∈Nq,N

∑

j̄∈(Nq+1,N ′
)∗
(−1)wm j0

q ◦
(
f̃ j1
i1

⊗ · · · ⊗ f̃
jq
iq

)
, (3.5)

where j̄ = ( j0, . . . , jq),

N
s
0,≤N ′ =

{
N0,≤N ′ , if s �= N ,

N≤N ′ , else,

and

(Nq+1,N ′
)∗ =

{
N
q+1,N ′

, if q �= 1,

N
2,N ′ \{(0, N ′)}, else.
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By Lemma 3.5 we have that m0
1 ◦ UN ′

N vanishes. We define m̄N ′
N as minus the com-

position of UN ′
N and the canonical projection π : Ker(m1) → H•(A). By the very

definition of UN ′
N we see that UN ′

N + f 01 ◦ m̄N ′
N = (idKer(m1) − f 01 ◦ π) ◦ UN ′

N lies in

the image of m0
1, so there exists a morphism f N

′
N : H•(A)⊗N → A (necessarily of

bidegree (1 − N )(s,−s + 1) + (N ′,−N ′)) such that

UN ′
N + f 01 ◦ m̄N ′

N = m0
1 ◦ f N

′
N , (3.6)

which is just the term of the restriction to H•(A)⊗N of the Stasheff identity on mor-
phisms MI(N ) of AN -algebras over k[h̄]/(h̄(N ′+1)) which is multiplied by h̄N ′

.
If we assumed A is unitary, then a trivial verification shows that we may choose

f̃N (ā1, . . . , āN ) satisfying that it vanishes if there exists j ∈ {1, . . . , N } such that
ā j = 1H•(A). We have that ˜̄mN together with the previously considered multipli-
cations ˜̄m1, . . . , ˜̄mN−1 satisfy the Stasheff identity SI(N − 1) as A(N−1)-algebras
over k[h̄]/(h̄(N ′+1)). Indeed, these Stasheff identities can be easily proved by con-
sidering the bar constructions of H•(A)h̄(N ′+1) and of Ah̄(N ′+1) up to tensor degree N

with their corresponding coderivations ˜̄BN and B̃N , constructed from ˜̄m1, . . . , ˜̄mN

and from m̃1, . . . , m̃N respectively. The morphism identities up to tensor degree N
are tantamount to show that the morphism F̃N induced by f̃1, . . . , f̃N between the
bar constructions of H•(A)h̄(N ′+1) and of Ah̄(N ′+1) up to tensor degree N satisfies that

B̃N ◦ F̃N = F̃N ◦ ˜̄BN . The fact that Ah̄(N ′+1) is an AN -algebra over k[h̄]/(h̄(N ′+1)) tells

us that B̃N ◦ B̃N = 0. Since f̃1 is injective, for f̃ 01 is also by definition (this follows
from a straightforward computation), which in turn implies that F̃N is injective (see

[6], Prop. 2.4.2), we get that ˜̄BN ◦ ˜̄BN = 0, which in turn implies the Stasheff identity
SI(N ) for H•(A)h̄(N ′+1) .

If A is assumed to be unitary, a trivial calculation shows that ˜̄mN (ā1, . . . , āN )

vanishes if there exists j ∈ {1, . . . , N } such that ā j = 1H•(A). Moreover, by Lemma
3.6, the map f̃1 is a quasi-isomorphism. The last statement of the theorem also follows
from the mentioned Lemma and the theorem is thus proved. �

4 Filtered deformations of A∞-algebras

We shall present in this section the canonical construction of a formal bigraded
deformation from a filtered A∞-algebra: the Rees A∞-algebra is a formal bigraded
deformation of the associated graded A∞-algebra (see Lemma 4.1). We shall also
prove that, under some graded completion assumption on the filtration, any formal
bigraded deformation of an A∞-algebra arises in this way (see Proposition 4.2), even
though this is not strictly necessary in order to prove the main result of this article.
All these results are well-known in the case of filtered associative algebras, but a pre-
cise reference for the strongly homotopy associative ones is lacking to the best of our
knowledge. We assume as usual that k is a field, though this hypothesis is not strictly
necessary for the main definitions of this section.
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A filtration on an A∞-algebra (A,m•) is a decreasing filtration {F p A}p∈Z of the
underlying graded vector space of A satisfying the compatibility condition

mn(F
p1 A ⊗ · · · ⊗ F pn A) ⊆ F p1+···+pn A, (4.1)

for all n ∈ N, and p1, . . . , pn ∈ Z. If A has a unit we further assume that 1A ∈ F0A.
We shall assume that the filtration is exhaustive and graded complete (so Hausdorff),
but not necessarily complete. We recall that the filtration is graded complete if A
is the inverse limit (in the category of graded vector spaces) of the inverse system
given by the quotients {A/F p A}p∈Z provided with the obvious morphisms. Note that,
given a filtered A∞-algebra A, the compatibility condition (4.1) tells us that the union
∪p∈ZF p A is also an A∞-algebra (such that the inclusion in A is a strict morphism of
A∞-algebras). Similarly, the structure maps {mn}n∈N of A naturally induce an A∞-
algebra {m̂gr

n }n∈N on the graded completion construction of the underlying filtered
graded vector space of A. Indeed, for any p1, . . . , pn consider the maps

(
Âgr

)⊗n →
⎛

⎝
n⊗

j=1

A/F pj A

⎞

⎠ → A/F p1+···+pn A

given by the composition of the tensor product of canonical projections and the mor-
phism induced by mn . It is easy to show any pair of these maps for p1, . . . , pn and
p′
1, . . . , p

′
n satisfying that p1 + · · · + pn = p′

1 + · · · + p′
n = p coincide, so we have

the collection of morphisms of graded vector spaces

qp : ( Âgr)⊗n → A/F p A

indexed by p. This collection forms a system, i.e. given any pair of integers p < p′,
the composition of qp′ with the canonical projection A/F p′

A → A/F p A coincides
with qp. It thus induces a morphism of graded vector spaces ( Âgr)⊗n → Âgr, which
we denoted by m̂gr

n . The Stasheff identities are immediate. If A has a unit 1A, its image
under the canonical map A → Âgr induces a unit on Âgr.

Given a filtered A∞-algebra (A,m•), the bigraded vector space GrF•A(A) has a
structure of A∞-algebra with structure mapsmgr

n , for n ∈ N, induced by those of A. It
will be referred as the associated graded A∞-algebra. If A has a unit 1A, its class (as
an element of F0A/F1A) induces a unit on the associated graded A∞-algebra. Note
that, if A is a filtered dg algebra, the dg algebra GrF•A(A) coincides with (2.2) for
s = 0. This A∞-algebra structure is in fact compatible with the bigrading of 0-th type.
Moreover, to a filtered A∞-algebrawemay associate theRees A∞-algebraReF•A(A),
given by ⊕

p∈Z
(F p A ⊗ k.h̄−p) ⊆ A ⊗ k[h̄±], (4.2)

with structure maps

mre
n (a1 ⊗ h̄−p1 , . . . , an ⊗ h̄−pn ) = mn(a1, . . . , an) ⊗ h̄−(p1+···+pn), (4.3)
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for n ∈ N. Note that the “polynomial part” is in some sense superfluous (and could be
dropped from the definition) but it helps keeping track of the index p coming from the
filtration. If A has a unit 1A, then ReF•A(A) has the strict unit 1A ⊗ h̄0. We remark
that, if A is a filtered dg algebra, ReF•A(A) coincides with (2.1) for s = 0.

On the other hand, the decreasing property of the filtration of A tells us that
ReF•A(A) has further the structure of bigraded k[h̄]-module such that the inclusion
(4.2) turns it into a k[h̄]-submodule of A ⊗ k[h̄±], provided with the regular action.
Furthermore, note that if A is unitary then ReF•A(A) has a canonical inclusion of the
bigraded algebra k[h̄] given by ch̄ p �→ 1A ⊗ ch̄ p, for c ∈ k. By definition of the
structure maps (4.3), it is direct to check that ReF•A(A) is in fact an A∞-algebra over
k[h̄]. We have moreover the following fact.

Lemma 4.1 Let A be a filtered A∞-algebra as before. The Rees A∞-algebra
ReF•A(A) is a formal bigraded deformation of GrF•A(A).

Proof For each p ∈ Z choose a graded subvector space X p of F p A such that F p A =
X p ⊕ F p+1A, for k is a field. Since the filtration of A is Hausdorff and A is graded
complete, the canonical morphism of graded vector spaces

F p A →
∏

q∈Z≥p

grXq

is an isomorphism, where we recall that the codomain denotes the product in the
category of graded vector spaces. Let us denote by π

p
q : F p A → Xq , for p ≤ q, the

composition of (any of) the previous morphism(s) and the canonical projection. Also
denote by projp : F p A → F p A/F p+1A the canonical projection which identifies the
vector space given by the codomain of the latter map and X p. We may thus consider
the k-linear map

ReF•A(A) → GrF•A(A)[[h̄]]bgr
∑

(p∈Z)

ap ⊗ h̄−p �→
∑

(p∈Z)

∑

q∈Z≥p

projq(π
p
q (ap)) ⊗ h̄q−p, (4.4)

where we recall that the parentheses for the index p means that the corresponding
sums are finitely supported. The previous map is clearly well-defined [see (3.2)] and
homogeneous k[h̄]-linear of bidegree (0, 0). By the graded completion assumption on
the filtration of A and (3.2) we see that in fact it is bijective, so an isomorphism of
bigraded k[h̄]-modules. �

Let (Bh̄, m̃•) be a formal bigraded deformation of an (resp., a unitary) A∞-algebra
(B,m•) provided with a compatible bigrading of 0-th type. Given p ∈ Z, set

F pB =
⊕

p′≥p

⊕

q∈Z
B p′,q .

It defines a decreasing filtration on B, which is exhaustive andHausdorff. Furthermore,
if we regard B as a graded vector space over k for the total degree, the previous
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filtration is of graded vector spaces. We may thus consider the graded completion B̂gr

of the graded vector space B with the previous filtration. By definition we see that the
underlying graded vector space of B̂gr is isomorphic to the subvector space of

⊕

n∈Z

⎛

⎝
∏

p∈Z
B p,n−p

⎞

⎠

formed by the elements

b̂ =
∑

(n∈Z)

∑

p∈Z
bp,n−p,

where bp,n−p ∈ B p,n−p, such that for each n ∈ Z there exists Pn ∈ Z satisfying that
bp,n−p vanishes for p < Pn . Moreover, for each n ∈ Z, we define the map

Pn :
⊕

n∈Z

⎛

⎝
∏

p∈Z
B p,n−p

⎞

⎠ → {−∞} ∪ Z ∪ {+∞},

given by

Pn(b̂) = inf{p ∈ {−∞} ∪ Z ∪ {+∞}: bp,n−p �= 0}

Note that the condition for b̂ of being an element of B̂gr implies that infn∈Z(Pn(b̂)) >

−∞. We shall denote the previous infimum by P(b̂), which defines a map with the
same domain and codomain as each Pn . Let us denote the canonical filtration of B̂gr

by {F p B̂gr}p∈Z. Recall that we have an identification (as bigraded k[h̄]-modules)
between Bh̄ and

⊕

p,q∈Z

⎛

⎝
∏

r∈N0

B p+r,q−r ⊗ k.h̄r

⎞

⎠ .

Let ι : B̂gr → Bh̄ be the map defined as

b̂ =
∑

(n∈Z)

∑

p∈Z
bp,n−p �→

∑

(n∈Z)

∑

r∈N0

bPn(b̂)+r,n−Pn(b̂)−r h̄
r .

Note that ι is in fact a morphism of graded vector spaces from B̂gr to the graded vector
space Bh̄ for the total degree.

On the other hand, since h̄ has total degree 0, the quotient Bh̄/(h̄ − 1), which we
shall denote by B̄, is a graded vector space over k. Note that the kernel of the canonical
projection Bh̄ → B̄ is given by Bh̄ .(h̄ − 1), formed by the set of elements given by
b.(h̄ − 1), for b ∈ Bh̄ , and that B̄ is an (resp., a unitary) A∞-algebra over k with
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structure morphisms induce by those of Bh̄ . Indeed, given n ∈ N, the map m̃n induces
a map m̄n : B̄⊗n → B̄, if given b1, . . . , bn ∈ Bh̄ such that there exists i ∈ N≤n with
bi = b′

i (h̄−1), then m̃n(b1, . . . , bn) ∈ Bh̄ .(h̄−1). This last statement follows directly
from the fact that m̃n is k[h̄]-linear.

The composition of the map ι : B̂gr → Bh̄ together with the canonical projection
Bh̄ → B̄ defines a homogeneous morphism ι′ of graded vector spaces of degree zero.
By taking into account the specific description of elements on both spaces we see
that this composition map is in fact an isomorphism of graded vector spaces. We see
that B̄ is provided with a decreasing filtration of graded vector spaces given by the
image of {F p B̂gr}p∈Z under ι′, which we denote by {F p B̄}p∈Z. It is exhaustive and
complete, for the same occurs to B̂gr. Furthermore, the filtration {F• B̄}•∈Z is respected
by the (resp., unitary) A∞-algebra structure, so B̄ becomes a filtered (resp., filtered
unitary) A∞-algebra. In order to prove this last claim, take nonvanishing homogeneous
elements b̄1 ∈ F p1 B̄,…, b̄i ∈ F pi B̄ of degree n1, . . . , ni , resp. In view of the fact that
ι′ is a bijection, we have the corresponding elements b̂1 ∈ F p1 B̂gr, …, b̂i ∈ F pi B̂gr

given by taking the inverse image under ι′ of the collection considered in the previous
statement. Note that P(b̂ j ) = Pn j (b̂

j ) ≥ pi , for all j = 1, . . . , i . We recall that

m̄i (b̄1, . . . , b̄i ) is the image of m̃i (ι(b̂1), . . . , ι(b̂i )) under the canonical projection
Bh̄ → B̄. By regarding the bidegrees of the elements ι(b̂1), . . . , ι(b̂i ) we see that
m̃i (ι(b̂1), . . . , ι(b̂i )) is an element of bidegree (

∑i
j=1 P(b̂ j ),

∑i
j=1(n j − P(b̂ j ))) in

Bh̄ , so it belongs to the image under ι of F
∑i

j=1 P(b̂ j ) B̂gr ⊆ F
∑i

j=1 p j B̂gr. Hence, we

get that m̄i (b̄1, . . . , b̄i ) lies in F
∑i

j=1 p j B̄, as was to be shown.
We have the following result.

Proposition 4.2 Let (Bh̄, m̃•) be a formal bigraded deformation of an (resp., a uni-
tary) A∞-algebra (B,m•) providedwith a compatible bigrading of 0-th type. Consider
the filtered (resp., filtered unitary) A∞-algebra B̄ for the filtration {F• B̄}•∈Z defined
in the previous paragraph. Then the (resp., unitary) A∞-algebras over k[h̄] pro-
vided with compatible bigradings of 0-th type given by Bh̄ and the Rees A∞-algebra
ReF• B̄(B̄) are strictly isomorphic. Moreover, the formal bigraded deformations over
B they define are strictly isomorphic, such that the induced map on B is in fact the
identity.

Proof Taking into account that Bh̄ is a formal bigraded deformation of B, we shall
write as usual m̃i |B = ∑

j∈N0
m j

i h̄
j . We will utilize the identification as filtered

graded vector spaces between B̂gr and B̄ given by ι′. In particular we shall write an
element b̄ ∈ B̄ in the form

b̄ =
∑

(n∈Z)

∑

p∈Z
bp,n−p,

where bp,n−p ∈ B p,n−p, such that for each n ∈ Z there exists Pn ∈ Z satisfying
that bp,n−p vanishes for p < Pn , and may also apply the maps Pn and P to elements
of B̄. By this identification, we shall that identify F• B̄ with the respective filtration
of B̂gr. So we may identify the (p, q)-th homogeneous component of the bigraded
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k[h̄]-module ReF• B̄(B̄)with F p(B̂gr)p+q . Under this identification, the structuremap
mre

i of ReF• B̄(B̄) are given by composing

mre
i |B̂gr = m̃i ◦ ι⊗i (4.5)

together with canonical projection Bh̄ → B̄.
We define an explicit map χ : ReF• B̄(B̄) → Bh̄ as follows. Let b̄ ∈ F p B̄ of degree

n, which we regard by the identifications explained in the previous paragraph as

∑

p′∈Z≥p

bp′,n−p′ .

The mapping χ is defined as the k-linear extension of the map

b̄ ⊗ h̄−p �→
∑

r∈N0

bp+r,n−p−r h̄
r .

Note that it is a morphism of bigraded k[h̄]-modules, and that the restriction of χ to the
homogeneous component of bidegree (p, n− p) of ReF• B̄(B̄) coincides with the k[h̄]-
linear map induced by the restriction to F p(B̂gr)n of ι. It also coincides with the map
(4.4), after the obvious identification of (resp., unitary) A∞-algebras over k provided
with compatible bigradings between B and GrF• B̂gr (B̂gr). The map is clearly seen to
be an isomorphism of graded k[h̄]-modules, for its inverse is the k-linear extension of

∑

r∈N0

bp+r,q−r h̄
r �→

⎛

⎝
∑

r∈N0

bp+r,q−r

⎞

⎠ ⊗ h̄−p.

We claim that χ is a strict morphism of (resp., unitary) A∞-algebras over k[h̄], i.e.
m̃i ◦ χ⊗k[h̄]i = χ ◦ mre

i , for all i ∈ N. This follows immediately from identity (4.5).
Since we regard the Rees A∞-algebra ReF• B̄(B̄) as a formal bigrading deformation
of B by means of the map (4.4), the comments in the previous paragraph tells us that
χ : ReF• B̄(B̄) → Bh̄ gives in fact a strict isomorphism of formal bigraded deforma-
tions inducing the identity on B. The proposition is thus proved. �

5 Formal deformations of A∞-algebras and spectral sequences

We shall consider in the forthcoming two paragraphs the following two definitions,
which were studied by Lapin in [13], but were already known and had appeared in the
literature in some particular cases. They will be described in terms of two functors,
which we call P and T. We moreover adapt them in our context of bigraded objects.
From these constructions and from Theorem 3.7 we will then recall the procedure
introduced by Lapin which produces a multiplicative spectral sequence from a formal
bigraded deformation of an A∞-algebra. Since this construction is however rather hard
to handle, we shall provide later an equivalent but much more manageable manner
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to deal with it. In particular, the new description will allow us to prove that, if the
deformation comes from a filtration of the A∞-algebra, then themultiplicative spectral
sequence introduced by Lapin is isomorphic to the canonical multiplicative spectral
sequence associated to the filtration.

Let (A,m•) be a minimal (resp., minimal unitary) A∞-algebra provided with a
compatible bigrading of s-th type, for some s ∈ N0, and let (Ah̄, m̃•) be a formal
bigraded deformation of A. The minimality assumption means that m0

1 vanishes. We
first define the projected dg algebra P(Ah̄) of Ah̄ as the (resp., unitary) dg algebra over
k whose underlying bigraded vector space is A, togetherwith themultiplicationm2 and
the differential m̃1

1. It is a trivial verification that P(Ah̄) is a (resp., unitary) dg algebra
provided with a compatible bigrading of (s + 1)-th type. We may in fact regard P as
a functor from the category of formal bigraded deformations to the category of (resp.,
unitary) dg algebras. Let Ah̄ and Bh̄ be formal bigraded deformations of the (resp.,
unitary) A∞-algebras A and B provided with compatible bigradings of s-th type, for
some s ∈ N0, and let ( f•, f̃•)•∈N be a morphism of formal bigraded deformations
from Ah̄ to Bh̄ . Its image under P is the morphism of (resp., unitary) dg algebras
from P(Ah̄) to P(Bh̄) given by f1. Note that this functor sends quasi-isomorphisms to
isomorphisms.

On the other hand, define the translated deformation T(Ah̄) of Ah̄ as the (resp.,
unitary) A∞-algebra over k[h̄] whose underlying bigraded k[h̄]-module coincides
with that of Ah̄ but with structure maps given by m̃T

i = m̃i h̄i−2. Note that m̃T
1 is

well-defined because m0
1 = 0. Furthermore, by the homogeneity of the definition on

the structure maps, the Stasheff identity SI(n) of T(Ah̄) is equivalent to the Stasheff
identity SI(n) of Ah̄ multiplied by h̄(n−3). If A is assumed to be unitary the identity
axioms are straightforward. By a simple calculation the underlying (resp., unitary)
A∞-algebra over k of T(Ah̄) has a compatible bigrading of (s + 1)-th type, and it
is in fact a formal bigraded deformation of the projected (resp., unitary) dg algebra
P(Ah̄). We can regard T as a functor from the category whose objects are formal
bigraded deformations of (resp., unitary) A∞-algebras provided with a morphisms
of formal bigraded deformations to itself. Indeed, let Ah̄ and Bh̄ be formal bigraded
deformations of the (resp., unitary) A∞-algebras A and B provided with compatible
bigradings of s-th type, for some s ∈ N0, and let ( f•, f̃•)•∈N be a morphism of formal
bigraded deformations from Ah̄ to Bh̄ . The image of this morphism under T is given
by the pair ( f1,T( f̃ ))where we define the morphism T( f̃ ) from T(A) to T(B), whose
i-th component T( f̃ )i is defined as f̃i h̄i−1, for i ∈ N. The Morphism identity MI(n)

of T( f̃ )• is equivalent to the Morphism identity MI(n) of f̃• multiplied by h̄(n−2). If
A is assumed to be unitary the identity axioms are straightforward. Notice that this
functor preserves quasi-isomorphisms.

Note now that we may combine Theorem 3.7 with the preceding definitions to pro-
duce a collection deformation as follows. Suppose (0A, 0m•) is an (resp., a unitary)
A∞-algebra provided with a compatible bigrading of 0-th type, and let (0Ah̄,

0m̃•)
be a formal bigraded deformation of 0A. By the previous theorem, we have a quasi-
isomorphic deformation given by the (resp., unitary) A∞-algebra (H•(0A), 0m̄•), also
provided with a compatible bigrading of 0-th type, and the formal bigraded deforma-
tion deformation (H•(0A)h̄,

0 ˜̄m•), which satisfies by construction that 0m̄0
1 = 0, so
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we may consider the new formal bigraded deformation T(H•(0A)h̄) of the projected
(resp., unitary) dg algebra P(H•(0A)h̄), which has a compatible bigrading of first type.
Let us call them 1Ah̄ and 1A, respectively. By iteration we obtain thus a collection
of (resp., unitary) dg algebras {r A}r∈N, such that r A is provided with a compatible
bigrading of r -th type together with a formal bigraded deformation r Ah̄ , for each
r ∈ N, and they satisfy that T(H•(r A)h̄) = (r+1)Ah̄ and P(H•(r A)h̄) = (r+1)A,
where H•(r A)h̄ is the formal bigraded deformation of H•(r A) given by Theorem
3.7. We note that the collection of (resp., unitary) dg algebras {r A}r∈N is in fact a
multiplicative spectral sequence.

Definition 5.1 (Lapin) Let (0A, 0m•) be an (resp., a unitary) A∞-algebra provided
with a compatible bigrading of 0-th type, and let (0Ah̄,

0m̃•) be a formal bigraded
deformation of 0A. A spectral sequence {r A}r∈N constructed as in the previous para-
graph will be called the L-multiplicative spectral sequence associated to the formal
bigraded deformation 0Ah̄ of 0A. The collection of formal bigraded deformations
produced will be called the associated family of formal bigraded deformations.

It would be an interesting question to precisely translate some of the typical prop-
erties that the L-multiplicative spectral sequence may fulfil (e.g. vanishing patterns at
a particular step) in terms of the properties of a model structure on the deformation
1Ah̄ .

Remark 5.2 Suppose (0A, 0d) is a complex of vector spaces, regarded as an A∞-
algebra with vanishing multiplications mi , for i ∈ N≥2, provided with a compatible
bigrading of 0-th type, and let (0Ah̄,

0m̃•) be a formal bigraded deformation of 0A. By
dropping if necessary all the multiplications 0m̃i , for i ∈ N≥2, we shall view 0Ah̄ as a
complex over k[h̄], which gives a formal bigraded deformation of the complex 0A. By
forgetting if necessary at each step of the procedure explained in the previous paragraph
all the involvedmultiplications indexed by i ∈ N≥2, forwe consider only deformations
of the differentials, one obtains a spectral sequence {r A}r∈N, which will be called the
spectral sequence associated to the underlying deformation of complexes of the formal
bigraded deformation 0Ah̄ of0A. By using a direct transference argument, Lapin has
showed in [12], Prop. 3.2, that in fact any spectral sequence can be obtained in this
way (though he does not considers any bigrading, this can be incorporated verbatim
in his proof). By combining this together with Proposition 4.2 we can conclude that
any spectral sequence over a field k can be obtained from a filtration on a complex.
This result does not seem to have been observed so far.

Wewant to observe that the procedure giving the L-multiplicative spectral sequence
associated to the formal bigraded deformation 0Ah̄ of 0A is rather complicated to
deal with, for the operations of taking cohomology at each step are in general very
complicated to manage. We shall provide an equivalent but in our opinion simpler
manner to handle with it. Let us explain this in more detail. Our new procedure will
also consists of a sequence of formal bigraded deformations which we shall construct
bymeans of a functor we shall now introduce andwhich we denote byD. Each of these
formal bigraded deformations will be in fact quasi-isomorphic to the corresponding
formal bigraded deformation in the definition of A∞-enhancement, which justifies our
use for the word equivalence (see Proposition 5.5 and Theorem 5.8).
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Suppose (A,m•) is an A∞ algebra over k with a compatible bigrading of s-th type,
for some s ∈ N0, and let (Ah̄, m̃•) be a formal bigraded deformation. We define in
this case the A∞-algebra D(Ah̄) over k[h̄] whose underlying bigraded vector space is

{a ∈ Ah̄ : there exists b ∈ Ah̄ such that m̃1(a) = h̄.b},

togetherwith the structuremaps m̃D
i = h̄i−2m̃i |D(Ah̄), for i ∈ N. Note that the structure

maps are well-defined, by definition of D(Ah̄), i.e. the image of m̃D
i lies inside D(Ah̄).

The previous construction is in fact functorial as stated in the following result.

Lemma 5.3 The operator D defined before induces a functor from the category of
formal bigraded deformations of A∞-algebras provided with a compatible bigrading
of s-th type, for some s ∈ N0, to itself. Indeed, if Ah̄ and Bh̄ are formal bigraded
deformations of the (resp., unitary) A∞-algebras A and B provided with compatible
bigradings of s-th type, for some s ∈ N0, and let ( f•, f̃•)•∈N be a morphism of formal
bigraded deformations from Ah̄ to Bh̄. The image of this morphism underD is the pair
( f1,D( f̃ )) with the morphism D( f̃ ) from T(A) to T(B) whose i-th component D( f̃ )i
is given by h̄i−1 f̃i |D(Ah̄), for i ∈ N.

Proof Wehave to prove thatD(Ah̄) is in fact a formal bigraded deformation. Following
the arguments given in the second paragraph of this section for proving that T(Ah̄) is
an A∞-algebra over k[h̄], we see that D(Ah̄) is also. Furthermore, D(Ah̄) is h̄-torsion-
free and bigraded complete, as one may conclude by a simple convergence argument
(because Ah̄ is bigraded complete and h̄.Ah̄ ⊆ D(Ah̄) by definition), so it is an h̄-
topologically free bigraded k[h̄]-module, by the comments in the second paragraph
before Remark 3.2. By the explanation in the latter remark we see that D(Ah̄) is in
fact a formal bigraded deformation. In fact, it is easily seen that is a formal bigraded
deformation of an A∞-algebra provided with a compatible bigrading of (s + 1)-th
type. �

The previously defined functor satisfies the following properties.

Lemma 5.4 Let (A,m•) be an A∞-algebra over k with a compatible bigrading of
s-th type, for some s ∈ N0, and let (Ah̄, m̃•) be a formal bigraded deformation. If A
is minimal, so m1 vanishes, then D(Ah̄) = T(Ah̄). On the other hand the functor D
preserves quasi-isomorphisms.

Proof The first statement is trivial so we shall only prove the second one, which is
in fact a direct computation, but we provide it nonetheless for clarity. Suppose that
( f•, f̃•)•∈N is a quasi-isomorphism of formal bigraded deformations from (Ah̄, m̃•)
to (A′

h̄, m̃
′•). To prove that D( f̃ )1 induces an injective map in cohomology means that

given a ∈ Ah̄ such that m̃1(a) = 0 (or, equivalently, a ∈ D(Ah̄) such that m̃D
1 (a) = 0),

and given a′ ∈ D(A′
h̄) such that f̃1(a) = h̄−1m̃′

1(a
′), there exists α ∈ D(Ah̄) such

that a = h̄−1m̃1(α). The equality f̃1(a) = h̄−1m̃′
1(a

′) can be rewritten as

m̃′
1(a

′) = h̄ f̃1(a) = f̃1(h̄a).
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Now, since f̃1 is a quasi-isomorphism from Ah̄ to A′
h̄ , we see that there exists α ∈ Ah̄

such that h̄a = m̃1(α). This in particular implies that α ∈ D(Ah̄) and the required
equality, which proves the previously claimed injectivity. Let us now show that D( f̃ )1
induces a surjective map in cohomology. This is equivalent to prove that given a′ ∈ A′

h̄
such that m̃′

1(a
′) vanishes (or, equivalently, a′ ∈ D(A′

h̄) such that (m̃′
1)

D(a′) = 0),
there exists a ∈ Ah̄ such that m̃1(a) = 0 (or, equivalently, an element of a ∈ D(Ah̄)

satisfying that m̃D
1 (a) = 0) and an element α′ ∈ D(A′

h̄) such that f̃1(a) = a′ +
h̄−1m̃′

1(α
′). However, since f̃1 is a quasi-isomorphism from Ah̄ to A′

h̄ , we get that,
given a′ as before, there exists a ∈ Ah̄ such that m̃1(a) = 0 (so a fortiori an element
of D(Ah̄)) and α′′ ∈ A′

h̄ such that f̃1(a) = a′ + m̃′
1(α

′′). By taking α′ = h̄α′′,
which clearly belongs to D(A′

h̄), we get the desired identity which shows the claimed
surjectivity. The quasi-isomorphism property of D( f )01 follows directly (see Remark
3.4). �

We obtain the following consequence of the previous results.

Proposition 5.5 Let (A,m•) be an A∞-algebra over k with a compatible bigrading
of s-th type, for some s ∈ N0, and let (Ah̄, m̃•) be a formal bigraded deformation. The
formal bigraded deformations D(Ah̄) and T(H•(A)h̄) are in fact quasi-isomorphic.

Proof By Theorem 3.7, there exists a formal bigraded deformation H•(A)h̄ , which
is quasi-isomorphic to Ah̄ . Then the formal bigraded deformations D(H•(A)h̄) and
D(Ah̄) are also quasi-isomorphic. In view of the fact that D(H•(A)h̄) coincides with
T(H•(A)h̄), for H•(A)h̄ is a deformation of aminimal A∞-algebra, the claim follows.

�
In particular, this implies that we may build the associated family of formal

bigradeddeformations (up to quasi-isomorphism) in amore simple fashion, bydefining
(r A′

h̄,
r m̃′•), for r ∈ N0, as the application of the composition functor Dr to Ah̄ , where

D0 is the identity functor.We shall call this collection of formal bigraded deformations
the reduced associated family of formal bigraded deformations. We note furthermore
that our construction is easier to handle, due to the fact that, for instance D produces
dg algebra deformation out of dg algebra deformations, unlike the usual associated
family of formal bigraded deformations.

Our main reason to introduce the functor D relies on the following simple property.

Fact 5.6 Let B be a filtered (graded complete) A∞-algebra, and Ah̄ = ReF•B(B)

be the Rees A∞-algebra associated to B. Given s ∈ N0, the underlying complex of
Ds(Ah̄).h̄s coincides with the dg k[h̄]-module provided with a compatible bigrading
given in (2.1) for the filtered complex B, and the underlying complex of Ds(Ah̄)/(h̄)

coincides with the corresponding associated graded complex of B given in (2.2). The
previous identifications are also compatible with the corresponding product structures
given by m2.

Remark 5.7 The identifications in the previous fact allow us to introduce A∞-algebra
structures on the the complexes (2.1) and (2.2).

From the previous proposition we also derive one of our main results.
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Theorem 5.8 Let Ah̄ a formal bigraded deformation of an (resp. a unitary) A∞-
algebra A provided with a compatible bigrading of 0-th type. Let us consider the
collection of (resp., unitary) A∞-algebras {r A}r∈N0 , where

r A is provided with a
compatible bigrading of r-th type, together with a formal bigraded deformation r Ah̄ ,
for each r ∈ N0, defined as follows. First, we set 0Ah̄ = Ah̄ and 0A = A. Recur-
sively, define (r+1)Ah̄ = T(H•(r A)h̄) and (r+1)A = P(H•(r A)h̄), where H•(r A)h̄
is the formal bigraded deformation of H•(r A) given by Theorem 3.7. On the other
hand, define (r A′

h̄,
r A′), for r ∈ N0, where r A′

h̄ is the application of the composition
functor Dr to Ah̄ , D0 denotes the identity functor, and r A′ = r A′

h̄/(h̄). Then r A′ is an
A∞-algebra provided with a compatible bigrading of r-th type, and r A′

h̄ is a formal
bigraded deformation of r A′. Moreover, the formal bigraded deformations (r Ah̄,

r A)

and (r A′
h̄,

r A′) are quasi-isomorphic for all r ∈ N.

We obtain now the following result, which is the main objective of the article, as a
direct consequence of Theorem 5.8, Proposition 2.1 and Fact 5.6.

Corollary 5.9 Let B be a filtered (graded complete) A∞-algebra, and Ah̄ =
ReF•B(B) be the Rees A∞-algebra associated to B, which is a deformation of the A∞-
algebra A = GrF•B(B) provided with a compatible bigrading of 0-th type. Then the
L-multiplicative spectral sequence associated to the deformation Ah̄ of A and recalled
in Definition 5.1 is isomorphic to the canonical multiplicative spectral sequence asso-
ciated to B.

Appendix

We shall provide in this last part the proofs of the lemmas mentioned in Sect. 3.

Proof of Lemma 3.5 Choose any homogeneous maps (m′)N ′
N : (A′)⊗N → A′ of

bidegree (2 − N )(s,−s + 1) + (N ′,−N ′) and f̃ N
′

N : (A′)⊗N → A of bidegree
(1− N )(s,−s + 1) + (N ′,−N ′). By the explanations on the bar construction of AN -
algebras given in the third paragraph of Sect. 2.2, themaps {m̃′

i }i∈N≤N given by m̃′
i |A′ =

∑N
j=0(m

′) ji h̄ j induce a coderivation B̃ ′
N on the tensor coalgebra BN (A′

h̄(N ′+1) ). As

A′
h̄(N ′+1) is not an AN -algebra over k[h̄]/(h̄(N ′+1)) this is in fact an abuse of notation,

and we should probably write instead something like T̄ c,≤N

k[h̄]/(h̄(N ′+1))
(A′

h̄(N ′+1)[1]), but
we will allow our notation for the sake of simplicity, and because it is completely
clear that we are not assuming that B̃ ′

N ◦ B̃ ′
N vanishes. However, since A′

h̄(N ′+1) is an

AN -algebra over k[h̄]/(h̄N ′
), (π ′) j1 ◦ B̃ ′

N ◦ B̃ ′
N ◦ (ι′)0p vanishes for p = 1, . . . , N − 1

and j = 0, . . . , N ′ − 1, where (ι′)0p : (A′[1])⊗p → BN (A′
h̄(N ′+1) ) denotes the canoni-

cal inclusion, and (π ′) j1, for j = 0, . . . , N ′, denotes the composition of the canonical
projections BN (A′

h̄(N ′+1) ) → A′
h̄(N ′+1) and A′

h̄(N ′+1) → A′, where the latter map is

given by
∑N ′

l=0 al h̄
l �→ a j . We use the analogous notation without primes for A.

By following the recipe on the bar construction of a morphism of AN -algebras, the
maps { f̃i }i∈N≤N induce a morphism of graded coalgebras F̃N from BN (A′

h̄(N ′+1) ) to
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BN (Ah̄(N ′+1) ). Define Ũ N ′
N as sA ◦UN ′

N ◦ (s⊗N
A′ )−1. It is direct to show that

Ũ N ′
N =

∑

(r,s,t)∈IN

∑

j∈Ns
0,≤(N ′)

F̃ j
N ,r+1+t ◦

(
id⊗r

A′ ⊗ (b′)N
′− j

s ⊗ id⊗t
A′

)

−
∑

q∈N

∑

ī∈Nq,N

∑

j̄∈(Nq+1,N ′
)∗
b j0
q ◦

(
F̃ j1
N ,i1

⊗ · · · ⊗ F̃
jq
N ,iq

)
.

It is clear that that the vanishing ofm0
1◦UN ′

N is tantamount to the vanishing of b01 ◦Ũ N ′
N .

Moreover, it is easy to see that

Ũ N ′
N = πN ′

1 ◦ (F̃N+1 ◦ B̃ ′
N+1 − B̃N+1 ◦ F̃N+1) ◦ (ι′)0N − F̃0

N ,1 ◦ (b′)N ′
N + b01 ◦ F̃ N ′

N ,N .

Then

b01 ◦ Ũ N ′
N = b01 ◦ πN ′

1 ◦ (F̃N ◦ B̃ ′
N − B̃N ◦ F̃N ) ◦ (ι′)0N

= B̃N ◦ (F̃N ◦ B̃ ′
N − B̃N ◦ F̃N ) ◦ (ι′)0N

= B̃N ◦ F̃N ◦ B̃ ′
N ◦ (ι′)0N ,

where we have used in the first equality that b01 ◦ b01 = 0 and b01 ◦ F̃0
N ,1 = 0, for

m0
1 ◦ m0

1 = 0 and m0
1 ◦ f̃ 01 = 0, and in the second equality that the image of (F̃N ◦

B̃ ′
N − B̃N ◦ F̃N ) ◦ (ι′)0N is included in the image of ι01h̄

N ′
, by the hypothesis that

{ f̃i }i∈N≤N is a morphism of AN -algebras over k[h̄]/(h̄N ′
). In the last equality we have

used that B̃N ◦ B̃N = 0, for Ah̄(N ′+1) is an AN -algebra. Since the image of B̃ ′
N ◦ (ι′)0N

is included in BN (A′), because (b′)01 vanishes, the restriction to BN (A′
h̄N

′ ) of the

morphism F̃N from BN (A′
h̄(N ′+1) ) to BN (Ah̄(N ′+1) ) coincides with the morphism F̃N

from BN (A′
h̄N

′ ) to BN (Ah̄N
′ ), and F̃N ◦ B̃ ′

N = B̃N ◦ F̃N , we see that b01 ◦Ũ N ′
N coincides

with

B̃N ◦ F̃N ◦ B̃ ′
N ◦ (ι′)0N = F̃N ◦ B̃ ′

N ◦ B̃ ′
N ◦ (ι′)0N .

Note that B̃ ′
N ◦ B̃ ′

N ◦ (ι′)0N = πN ′
1 ◦ B̃ ′

N ◦ B̃ ′
N ◦ (ι′)0N , because A′

h̄N
′ is an AN -algebra

over k[h̄]/(h̄N ′
) (see [16], Lemme B.1.1, a), and thus b01 ◦ Ũ N ′

N coincides with

F̃ N ′
N ,1 ◦

(
πN ′
1 ◦ B̃ ′

N ◦ B̃ ′
N ◦ (ι′)0N

)
.

Choose any ω ∈ (A′[1])⊗N , and consider a′ = (πN ′
1 ◦ B̃ ′

N ◦ B̃ ′
N ◦ (ι′)0N )(ω). It is a

cocycle in A′[1], because (b′)01 vanishes. As F̃ N ′
N ,1 induces an injection between the

cohomology groups, and the image of a′ under F̃ N ′
N ,1 is the coboundary (b01 ◦ Ũ N ′

N )(ω),
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a′ has to be itself a coboundary, but as (b′)01 is zero, this means that a′ vanishes, so the
same occurs to (b01 ◦ Ũ N ′

N )(ω), for ω arbitrary. The lemma is proved. �

Proof of Lemma 3.6 Before we begin the proof let us set some notation that will be
useful. Let us write f̃ |M = ∑

i∈N0
f i h̄i . Accordingly, if we denote by d̃ and d̄

the differentials of Mh̄ and H•(M)h̄ , respectively, we have the expressions d̃|M =∑
i∈N0

di h̄i and d̄|M = ∑
i∈N0

d̄i h̄i , where we recall that d̄0 = 0. For an element
m̃ ∈ Mh̄ of the form

∑
i∈N0

mi h̄i , and N ∈ N0, we shall denote by m̃≤N the finite sum
∑N

i=0 mi h̄i in the quotient Mh̄ ⊗k[h̄] k[h̄]/(h̄N+1). Analogously, we shall write f̃ ≤N

the finite sum
∑N

i=0 f i h̄i , which is a morphism of complexes from H•(M)h̄ ⊗k[h̄]
k[h̄]/(h̄N+1) toMh̄⊗k[h̄]k[h̄]/(h̄N+1), and the same for d̃≤N and d̄≤N , as differentials
of Mh̄ ⊗k[h̄] k[h̄]/(h̄N+1) and H•(M)h̄ ⊗k[h̄] k[h̄]/(h̄N+1), respectively. As before,
we may denote the two latter deformations by Mh̄(N+1) and H•(M)h̄(N+1) , respectively.

In order to prove the lemma we shall prove that for N ∈ N, the map f̃ ≤N induces
a quasi-isomorphism between the corresponding bigraded deformations. We will pro-
ceed by induction. Note that it is true for N = 0, by the construction of f . We shall
now assume that the statement holds for 0, . . . , N −1, and we shall prove it for N , i.e.
we shall show that f̃ ≤N induces a quasi-isomorphism from H•(M)h̄(N+1) to Mh̄(N+1) .
It is easy to see that the statement implies the lemma.

Let us first prove that the cohomology map induced by f̃ ≤N is injective. We
have to prove that given h = ∑N

j=0 h j h̄ j ∈ H•(M)h̄(N+1) such that d̄≤N (h) = 0

and f̃ ≤N (h) = d̃≤N (α), for α = ∑N
j=0 α j h̄ j ∈ Mh̄(N+1) , then there exists β =

∑N−1
j=0 β j h̄ j ∈ H•(M)h̄(N+1) such that h = d̄≤N (β). However, since d̄≤N (h) = 0

implies in particular that d̄≤(N−1)(h≤(N−1)) = 0, and f̃ ≤N (h) = d̃≤N (α) yields
f̃ ≤(N−1)(h≤(N−1)) = d̃≤(N−1)(α≤N−1), by inductive hypothesis we have that there
existsβ ′ = ∑N−2

j=0 β j h̄ j ∈ H•(M)h̄N such that h≤(N−1) = d̄≤(N−1)(β ′). By regarding
β ′ in H•(M)h̄(N+1) , we see that h′ = h − d̄≤N (β ′) = h′

N h̄
N , for some h′

N ∈ H•(M),
and

f̃ ≤N (h′) = f̃ ≤N
(
h − d̄≤N (β ′)

)
= d̃≤N

(
α − f̃ ≤N (β ′)

)
.

Hence it suffices to prove our injectivity statement for h′ = h′
N h̄

N , or, equiva-
lently, to assume that h is of the form hN h̄N , for hN ∈ H•(M). In this case,
we have that d̃≤(N−1)(α≤(N−1)) vanishes, so by the surjectivity of the cohomology
map induced by f̃ ≤(N−1) we have that there exists β = ∑N−1

j=0 β j h̄ j ∈ H•(M)h̄N

and γ = ∑N−1
j=0 γ j h̄ j ∈ Mh̄N such that d̄≤(N−1)(β ′) = 0 and f̃ ≤(N−1)(β) =

α≤(N−1) + d̃≤(N−1)(γ ). We shall now regard β in H•(M)h̄(N+1) and γ in Mh̄(N+1) .
We claim that d̄≤N (β) = h. The vanishing of d̄≤(N−1)(β ′) tells us that

d̄≤N (β) =
N∑

j=1

d̄ j (βN− j )h̄
N ,
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so we must show that hN coincides with
∑N

j=1 d̄
j (βN− j ). Seeing that f = f 0 is

injective, it suffices to prove that f 0(hN ) and f 0(
∑N

j=1 d̄
j (βN− j )) coincide. This

follows from the following computations. We first consider

f 0(hN ) =
N∑

i=0

di (αN−i ) = d0(αN ) +
N∑

i=1

di (αN−i )

= d0(αN ) +
N∑

i=1

di

⎛

⎝
N−i∑

j=0

f j (βN−i− j ) −
N−i∑

j=0

d j (γN−i− j )

⎞

⎠

= d0(αN ) +
N∑

l=1

l∑

i=1

di f l−i (βN−l) −
N∑

l=1

l∑

i=1

didl−i (γN−l),

wherewehave used f̃ ≤N (h) = d̃≤N (α) in the first equality, f̃ ≤(N−1)(β) = α≤(N−1)+
d̃≤(N−1)(γ ) in the second equality, and we have only re-indexed the terms of the last
two sums in the last member. Using that f̃ ≤N is a morphism of complexes and d̃≤N is
a differential, the last member of the previous collection of equations coincides with

d0(αN ) −
N∑

l=1

d0 f l(βN−l) +
N∑

l=1

l−1∑

i=0

f i d̄l−i (βN−l) +
N∑

l=1

d0dl(γN−l)

= f 0
(

N∑

l=1

d̄l(βN−l)

)

+ d0
(

αN −
N∑

l=1

(
f l(βN−l) − dl(γN−l)

)
)

+
N−1∑

l=1

f l

⎛

⎝
N−l∑

j=1

d̄ j (βN− j−l)

⎞

⎠

= f 0
(

N∑

l=1

d̄l(βN−l)

)

+ d0
(

αN −
N∑

l=1

(
f l(βN−l) − dl(γN−l)

)
)

,

where the first and last terms of the second member are obtained from splitting and
re-indexing the third term of the first member, and we have used in the last equality
that the last term of the second member vanishes, since, for each l = 1, . . . , N − 1,∑N−l

j=1 d̄
j (βN− j−l) = 0, for this latter identity is tantamount to d̄≤(N−1)(β) = 0. We

have that

f 0
(

hN −
N∑

l=1

d̄l(βN−l)

)

= d0
(

αN −
N∑

l=1

(
f l(βN−l) − dl(γN−l)

)
)

.

Taking into account that f 0 induces a quasi-isomorphism from H•(M) to M , but the
differential of H•(M) is zero, we get that f 0(hN − ∑N

l=1 d̄
l(βN−l)) vanishes, which

by the injectivity of f 0 implies that hN = ∑N
l=1 d̄

l(βN−l), which was to be shown.
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Let us now prove that the cohomology map induced by f̃ ≤N is surjective. Let
m = ∑N

j=0 m j h̄ j ∈ Mh̄(N+1) such that d̃≤N (m) = 0. We want to show that there

exist h = ∑N
j=0 h j h̄ j ∈ H•(M)h̄(N+1) and n = ∑N

j=0 n j h̄ j ∈ Mh̄(N+1) such that

d̄≤N (h) = 0 and f̃ ≤N (h) = m + d̃≤N (n). Note that, from d̃≤N (m) = 0 we have in
particular that d̃≤(N−1)(m≤(N−1)) = 0. Hence, by the inductive hypothesis there
exist h′ = ∑N−1

j=0 h j h̄ j ∈ H•(M)h̄N and n′ = ∑N−1
j=0 n j h̄ j ∈ Mh̄N such that

d̄≤(N−1)(h′) = 0 and f̃ ≤(N−1)(h′) = m≤(N−1) + d̃≤(N−1)(n′). We shall regard
h′ as an element of H•(M)h̄(N+1) , and n′ as an element in Mh̄(N+1) . We see that

d̄≤N (h′) = (
∑N

j=1 d̄
j (hN− j ))h̄N . We shall first show that it vanishes. In order to

do so, we consider the identity f̃ ≤(N−1)(h′) = m≤(N−1) + d̃≤(N−1)(n′), which can
be equivalently rewritten as a collection of identities

j∑

i=0

f i (h j−i ) = m j +
j∑

i=0

di (n j−i ), (5.1)

for j = 0, . . . , N − 1. We apply dN− j to the j-th of the preceding equations and we
add up to get

N−1∑

j=0

j∑

i=0

dN− j f i (h j−i ) =
N−1∑

j=0

dN− j (m j ) +
N−1∑

j=0

j∑

i=0

dN− j di (n j−i ).

By re-indexing the sum in the first member and the last sum in the second one we get

N∑

l=1

l∑

i=1

di f l−i (hN−l) =
N−1∑

j=0

dN− j (m j ) +
N∑

l=1

l∑

i=1

didl−i (nN−l).

Using that f̃ ≤N is a morphism of complexes and d̃≤N is a differential, we rewrite the
previous identity as

−
N∑

l=1

d0 f l(hN−l) +
N∑

l=1

l−1∑

i=0

f i d̄l−i (hN−l) =
N−1∑

j=0

dN− j (m j ) −
N∑

l=1

d0dl(nN−l).

By splitting and re-indexing the second summand of the first member, we obtain the
equivalent identity

− d0
(

N∑

l=1

f l(hN−l)

)

+ f 0

⎛

⎝
N∑

j=1

d̄ j (hN− j )

⎞

⎠ +
N−1∑

l=1

f l

⎛

⎝
N−l∑

j=1

d̄ j (hN− j−l)

⎞

⎠

=
N−1∑

j=0

dN− j (m j ) −
N∑

l=1

d0dl(nN−l).
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Since, for each l = 1, . . . , N − 1,
∑N−l

j=1 d̄
j (hN− j−l) = 0, for this latter identity is

tantamount to d̄≤(N−1)(h) = 0, we get that

−d0
(

N∑

l=1

f l(hN−l)

)

+ f 0

⎛

⎝
N∑

j=1

d̄ j (hN− j )

⎞

⎠ =
N−1∑

j=0

dN− j (m j ) −
N∑

l=1

d0dl(nN−l).

Using that d̃≤N (m) vanishes we conclude that

f 0

⎛

⎝
N∑

j=1

d̄ j (hN− j )

⎞

⎠ = d0
(

N∑

l=1

f l(hN−l) − mN −
N∑

l=1

dl(nN−l)

)

.

As f 0 induces a quasi-isomorphism from H•(M) to M , but the differential of H•(M)

is zero, we get that f 0(
∑N

j=1 d̄
j (hN− j )) vanishes, which by the injectivity of f 0

implies that
∑N

j=1 d̄
j (hN− j ) also vanishes, which was to be shown.

We will finally prove the surjectivity statement. We need to show that there exist
hN ∈ H•(M) and nN ∈ M such that, for h = h′+hN h̄N and n = n′+nN h̄N elements
in H•(M)h̄(N+1) and Mh̄(N+1) , respectively, d̄≤N (h) = 0 and f̃ ≤N (h) = m + d̃≤N (n).
In view of the fact that d̄0 is zero, we see that d̄≤N (h) = 0 holds no matter what
value of hN we choose. We need only to deal with the second equation. Moreover,
as f̃ ≤N−1)(h′) = m≤(N−1) + d̃≤(N−1)(n′), the identity f̃ ≤N (h) = m + d̃≤N (n) is
tantamount to

f 0(hN ) +
N∑

i=1

f i (hN−i ) = mN +
N∑

i=1

di (nN−i ) + d0(nN ).

Hence, it suffices to prove that

mN +
N∑

i=1

di (nN−i ) −
N∑

i=1

f i (hN−i )

belongs to the kernel of d0, for in that case it can uniquely written as a sum of an
element in the image of f 0 and a coboundary, i.e. elements f 0(hN ) and d0(−nN ),
which in our case shows the existence of the required hN and nN . We shall thus
compute

d0
(

mN +
N∑

i=1

di (nN−i ) −
N∑

i=1

f i (hN−i )

)

= −
N∑

i=1

di (mN−i ) −
N∑

i=1

i∑

j=1

d jdi− j (nN−i ) +
N∑

i=1

i∑

j=1

d j f i− j (hN−i )
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−
N∑

i=1

i−1∑

j=0

f j d̄ i− j (hN−i )

= −
N∑

i=1

di

⎛

⎝mN−i +
N−i∑

j=0

d j (nN−i− j ) −
N−i∑

j=0

f j (hN−i− j )

⎞

⎠

−
N−1∑

j=0

f j

⎛

⎝
N− j∑

i=1

d̄i (hN−i− j )

⎞

⎠ ,

where we have used that d̃≤N (m) = 0, d̃≤N ◦ d̃≤N = 0, and that f̃ ≤N is a morphism
of complexes in the first identity, and we have re-indexed the sums of the second
member in the last identity. By the inductive hypothesis we have that f̃ ≤(N−1)(h′) =
m≤(N−1) + d̃≤(N−1)(n′), which is tantamount to the vanishing of the arguments of di

(for i = 1, . . . , N ) appearing in thefirst sumof the last chain of identities. Furthermore,
the vanishing of d̃≤(N−1)(h′) is equivalent to the vanishing of the arguments of f j

(for j = 0, . . . , N − 1) appearing in the last sum of the previous chain of identities.
This proves thatmN +∑N

i=1 d
i (nN−i )−∑N

i=1 f i (hN−i ) belongs to the kernel of d0,
which in turn proves the surjectivity claim. The lemma is proved. �
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