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Abstract We present the structure of symplectic cobordismring MSp,, in dimensions

up to 51 and give a construction of an infinite series of elements I';,i = 1, 3, 4, .

. ey

of order four in this ring, where dim I'; = 8i + 95. The key element of the series is

I'1 in dimension 103.
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0 Introduction

Traditionally it is considered that roots of cobordism are contained in the work of
Poincaré [27] where he introduced homology based on the notion of (what we would
say now) smooth manifold. Only some time later as an answer to the critics of Heegaar
Poincaré turned to definition of homology using simplicial subdivision. On the con-
temporary level cobordism theory started in the works of Pontriagin [28,29] and Rohlin
[34].

The principal possibility to consider cobordism of manifolds with a stable nor-
mal quaternionic bundle appeared in the work of Thom [39] when he first defined
cobordism for manifolds with an action of a subgroup of the orthogonal group G in
the stable normal bundle and proved the variant of Pontriagin-Thom theorem which
establishes connections between cobordism classes of such manifolds and homoto-
py groups of Thom complexes M G which he also constructed. The introduction of
cobordism theory associated with such group G gave a possibility to unify the known
cases of non-orientable (O (n)), orientable (S O (n)) and framed (trivial group e) cobor-
disms. It also raised a question about the other classical groups. The theory associated
to the unitary group was first studied by Milnor [21] and Novikov [24,25]. It actually
became one of the main objets of Algebraic Topology. Cobordism theories associated
with other groups, for example Spin(n), also found their applications in Mathematics
[37]. The question about the symplectic cobordism, which corresponds to the group
G = Sp(n) is very natural, in the same sense that we have real numbers R, com-
plex numbers C and quaternions H, so what constructions and facts that are valid for
the first two objects have any meaning for the third one. Unfortunately the case of
symplectic cobordism is very difficult. The present work is one of the illustrations to
this fact. Formally it was John Milnor who asked first the question about symplectic
cobordism in [21] and the initial results on this cobordism were obtained in the work
of Novikov [24,25]. The main method in the works of Milnor and Novikov was the
Adams spectral sequence. S. P. Novikov proved that for p > 2 this spectral sequence
is trivial, so the symplectic cobordism ring MSp,, is such that MSp, ® Z [%] is the
polynomial algebra over Z [%] with one 4k-dimensional generator for any natural
number k.

The next step after Novikov in the study of symplectic cobordism was made by
Liulevichius [19]. He also applied the Adams spectral sequence and calculated the
symplectic cobordism ring in dimensions up to 6. Then Stong [36] gave a construction
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Symplectic cobordism in small dimensions 33

of symplectic manifolds, in particular, mod p generators for odd primes p. Later
Nadiradze constructed free involutions on Stong manifolds, whose orbit spaces pro-
vide examples of symplectic manifolds [22].

The subsequent calculations in the Adams spectral sequence were continued by
Segal [35]. This spectral sequence is very complicated, even the calculation of its ini-
tial term is a nontrivial algebraic problem, it is studied in the work of Ivanovskii [13].

In the beginning of 1970-ties Ray [33] applied the Atiah-Hirzebruch spectral
sequence to the study of symplectic cobordism. He also constructed in [31] an infinite
series of elements of order two in the symplectic cobordism ring MSp,.. These ele-
ments ) € MSp, ®; € MSpg;_5,i = 1,2, ..., are multiplicatively indecomposable
and close under the action of operations S, from the Landweber—Novikov algebra
AMSP [18,26]. They will play the key role in our investigations.

The fundamental works of Kochman [14,15,17] summarize the application of the
Adams spectral sequence to the study of symplectic cobordism. In his works Kochman
computed E» and E3-terms, calculated the image of MSp,, in the unoriented cobordism
ring M O, found an element of order four in degree 111 and also computed the first
100 stems.

The other methods of Algebraic Topology were also applied to the study of symplec-
tic cobordisms. After the work of Quillen [30] the formal group techniques entered into
the Algebraic Topology. Later Buchstaber [10, 11] constructed the theory of multi-val-
ued formal groups and applied it to the study of symplectic cobordism. This direction
was developed further in the works of Nadiradze and Bakuradze [2-5,7].

Having in mind the very complicated work in the classical Adams spectral sequence
the second author turned to the Adams—Novikov spectral sequence [40,41]. The
arguments are evident: this spectral sequence is based on the complex cobordism,
which is “closer” to the symplectic cobordism than the ordinary homology the-
ory used in the classical Adams spectral sequence. This is not justified completely:
still the Adams—Novikov spectral sequence for the spectrum MSp is very compli-
cated. May be this depicts the nature of symplectic cobordism itself. Anyway, the
Adams—Novikov spectral sequence is the principal tool of calculations of the pres-
ent work. In [40] the second author studied the algebraic Novikov spectral sequence
that converges to the initial term of the Adams—Novikov spectral sequence and in
[41] calculated the symplectic cobordism ring up to dimension 31 where he found a
counter-example to Ray’s conjecture that “KO-theory decides symplectic cobordism”
[32].

The techniques of cobordism with singularities developed by Sullivan [38] and
Baas [1] was applied by the second author to the study of the symplectic cobordism
[42]. The main result is that if we take as a sequence of permitted “singularities types”
the following subsequence of Ray’s elements

=0, ®p,..., P, ),

then the corresponding cobordism theory will be without torsion: that is similar to the
complex cobordism. This result shows that the elements of the sequence (X) serve as
building blocks for construction of the whole torsion of symplectic cobordism.
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34 A. L. Anisimov, V. V. Vershinin

The classical cobordism graded rings consist of finitely generated abelian groups
in each dimension. The complex cobordism ring have no elements of finite order and
in the rings of the unoriented, oriented, special unitary and Spin cobordism all the
elements of finite order have order two [37]. So the natural question about the exis-
tence of elements of order four in symplectic cobordism arises. It is known [41] that
in small dimensions the ideal of the elements of finite order Tors MSp, contains only
elements of order two.

The main purpose of this work is to present the structure of MSp,, in dimensions up
to 51 (see Table 18 at the end of the work) and a construction of an infinite series of
elements I';,i = 1,3,4, ..., of order four in the symplectic cobordism ring, where
dim I'; = 8i + 95. The key element of the series is I'] in dimension 103. So, we are
proving (in Sect. 4) the following fact.

Main Theorem (i) There exists an indecomposable element Q21 € MSp 49 of order
two in the symplectic cobordism ring, such that the product 01 ¢4 21 # 0.
(i) LetT'; € (Pgyi,2,R21), fori = 1,3,4,.... Then the elements T'; have order
Sfour and 2Ty = 01 Pg4; 21 # 0.

Relations between the Ray’s elements and the free generators in low dimensions
are also given in Table 18. These relations were studied from the point of view of
characteristic classes by Bakuradze et al. [6].

The present work was finished in the middle of 90-ties and the main result was
announced in [44]. About the same time there appeared the works of Botvinnik and
Kochman [8,9] asserting the existence of higher torsion in MSp,. There is no inter-
section between these papers and the present work. Several years were spent for
verification of our calculations. At that time the interest to symplectic cobordisms
largely diminished, even the term “symplectic cobordism” is using now in a different
sense: as cobordism of manifolds with symplectic structure, i.e. closed non-degenerate
differential 2-form [12]. On the other hand there exists an opinion that our claim of
the series of order four is not justified by calculations. So finally we decided to submit
this text of our work. Otherwise a lot of labor would be lost.

The work is organized as follows. In Sect. 1 we prove the necessary facts about
the action of Landweber—Novikov operations on the Ray’s elements. This action
is the essential tool in our calculations. Results are placed in Table 9 at section Tables
of the work.

In Sect. 2 we study the so-called modified algebraic spectral sequence (MASS)
which converges to the initial term of the Adams—Novikov spectral sequence. First of
all we precise the projections of Ray’s elements in terms of the generators of MASS.
Together with the results of the previous section this gives the possibility to fix the
action of Landweber—Novikov operations on the generators of MASS. This action is
presented in Table 10. Then we study matrix Massey products in MASS and describe
the following cells of the MASS: Eg’l’t, Eg’o’t and Eé’l’t for t < 108, results are
given in Tables 11, 12 and 13. In Sect. 2.7 we prove a theorem that in these dimen-
sions there is no higher differentials and E; = E; relations for E, are presented in
Table 14.

In Sect. 3 we start with algebraic description of the initial term of the Adams—
Novikov spectral sequence for MSp for the topological dimensions up to 56. The
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graphical description of this term takes a lot of volume in Table 15. In Table 16 multi-
plicative relations are given. Section 2 is devoted to the calculations of the differential
dz. The main tool is the action of Landweber—Novikov operations. Results are pre-
sented in Table 17. After that we reconstruct the term E4 and see that it coincides with
E~ what gives the possibility to determine symplectic cobordism ring in dimensions
up to 51, Table 18 depicts the result.

In Sect. 4 we prove the Main Theorem based on the given calculations.

1 Action of Landweber-Novikov operations on the Ray’s elements

As we had already mentioned in the Introduction, Ray constructed in [31] a series of
elements in the symplectic cobordism ring 61 € MSp;, ®; € MSpg; _3,i = 1,2, ...,
which are multiplicatively indecomposable and close under the action of opera-
tions S, from the Landweber—Novikov algebra AMSP. For our purposes we need
exact values of these operations on the elements ®;. Kochman proved in [16] a for-
mula giving a possibility to calculate the action of an arbitrary Landweber—Novikov
operation S, on any Ray’s element ®;. Let us remind Kochman’s construction.
Denote by & : m.(MSp) — MSp,(M Sp) the generalized Hurewicz homomorphism,
{1, bo, ..., by, ...} is the canonical m,(MSp)-basis for MSp, (MSp); degb, = 4n,
then the equality 2 (x) = D" xgbg is equivalent to the following assertion: the action
of the Landweber—Novikov operation Sg on x is equal to Sg(x) = xg. Here we have
E = (el,...,en),e; € N,bgp = bfl --by" and x, xp € w.(MSp). The following
formula [16] is valid for n = 2m:

m m—i—1
h(®p) =Z[b2m_zi+ > bm(B)i’;f_é’h_z,} ®;

i=1 h=0
m—1

+ D bux (B ®o. (1.1)
k=0

Here B=1+b1+---4+b+---; Bllj_k denotes the component of B¥ of degree
4n — 4k; x is the conjugation in the Hopf algebra MSp, (M Sp):

t _ _ r+1 p4qr qr—1 CLLopit t
X(B)y_, = 2 ; 2 l, (=D Bﬂ—quqr—qr4 BQz—chh—t
r=0n>qr>-->q1>t

Let us calculate the value of some operations S, on the elements ®,,, using the formula

(1.1).
Lemma 1.1 (a) Let mk be even and mk < 2n — 1. Then the coefficient a;;k before

bl in x (B),%"m*km is equal to the expression:
n _ _ r4+1,~m—i, ir—ir—1
sk = Z Z =D o ik Con(m—i, )k
r>0m>i,>-->i;>0
ir—iy i
te C2n—(m—i1)kc2nfmk'

(Here C)' denote as usual the binomial coefficient, if m > n, then C};' = 0).
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36 A. L. Anisimov, V. V. Vershinin

(b) Ifmk = 2n — 1, then the coefficient yn’;;k before by in x (B)2r—1 is given by the
Sformula:

no_ r+1 ~m—iy ~ir—ir—1 i3—iy ~in—1
Yk = Z Z =D Ci, 1 Ck, 1 G 1 G -

r>=0m>i,>-->ir>1

Proof Consider the case (a). It is evident that the monomial ;" appears in the decom-

2n—km
km

position of x (B) only in the following expression:

+1 p2n—k(m—i,) p2n—k(m—i,_1) 2n—k(m—i1) p2n—km
2. 2 CUTBG IR I B L Y BT

r>0m>i,>--->i;>0
Analogous expression appears in the case (b). O

Lemma 1.2 The result of the action of the operation Sk (k is taken m times) on

the element ®,, is equal to:

,,,,,

(a) Ol;l,,.kcpn—mk/z, if k is even, m is even and mk < 2n — 1;

() (e, + ol 1) Pu—mks2, if k is even and mk < 2n — 1;
©) Yy b1, if mk =2n —1.

Proof is evident.

Remark 1.1 Tt follows from the equality C%r’fl_l = ﬁcg{‘n__ﬂ that

C ' =0 mod 2.

2m

Consider an arbitrary summand in the decomposition afn, o whenm =2s—1,k = 2q:

r+1 ,~m—i, Ip—ir—1 ip—I] i
(_1) C2n—k(m—i,<)C2n—k(m—ir,1) e C2n—k(m—i1)c2n—km‘

For this summand to be non-equal to zero mod 2 the fulfillment of the following
conditions is necessary:

i1=0 mod2, ip=0 mod2,....m=0 mod 2.

.. n .
But it is not true, so Ay 12g = 0 mod 2.

Corollary 1.1 Ifn > k then we have:
Skk®p=m — k)P, mod 2.

Proof For any k we have ., = _C%(n—k) + C21n—kC21(n7k) = (m—k) mod 2. If
k=25, thenaf,, = —Cy,_; =0 mod 2. o
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Corollary 1.2 The is the formula:

(n—k)®,—3s mod 2, ifk=2s,35s <n,
Sk xk®r=14 (n — k)01 mod 2, if2n + 1 = 3k,
0, in the other cases.

Proof Let k = 2s,3s < n then result of the action of the operation S x x on the
element ®,, is equal to (Ot3 ¢ T 062 ) ®n—3s. From the Corollary 1.1 we have a2 =
(n— k) mod 2, but Ol3 2 = Omod 2 according to the Remark 1.1. Let 3k = 2n + 1,

then yk = C2(n—k) C2n—kc2(n—k) = (n — k) mod 2. O

Definition 1.1 Let us define the following function of the integer arguments . (n; k)
by the formula:

(n: k) = 1, ifnisodd, k iseven,
pi k) = 0, in the other cases.

Corollary 1.3 Let 2k < n, then we have the formula:
SkkkkPn = (C3, o) + 14(n, k) Py mod 2.

Proof According to Remark 1.1 a’g ¢ = 0 mod 2, if k is even. In the decomposi-

tion of the number a4 ¢ all the summands except C2(n 2%) and C2(n k)C%(n n) =
(n — k)(n — 2k) are even. We have (n — k)(n —2k) = 1 mod 2 only if n is odd and
k is even. O

Corollary 1.4 (a) Ifk = 2s and 5k < 2n — 1, then we have the formula:
Stk je ke k P = (c;‘(n_z,() +n)®,_s, mod 2.
(b) IfSk =2n — 1, then we have the identity:
Sk k@n = Ciy 61 mod 2.

Proof (a) According to Remark 1.1 ag2 = 0 mod 2. We have, Sk rkx®Pn =

a4 «Pn—ss mod 2. According to Corollary 1.3 oz4 = (C2(n ) t (n—k)(n —2k))
mod 2. However for k = 25 we have (n—2s)(n —4s) =n mod 2.
(b) In the decomposition of the number yS”; « the majority of summands contain

factors Cl§+1 or C3k+1, Ck 1> and because k is even, these factors are even. So we

have y2, = (C},; — C2,,,CZ, ) mod 2. Let k = 25 — 1, then €3, CZ | =
2 2

C35-1)C2s = Bs = 1)s =0 mod 2. -

Corollary 1.5 Let 3k < n then we have the formula:

(n+1) (n—2)
2

Sk ke ke e ek P = ( w(n; k) + 2 (ks n)) ®,_3;r mod 2.
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38 A. L. Anisimov, V. V. Vershinin

Proof 1If k is even, then according to Remark 1.1 we have ag., =0 mod 2, and there
is the following comparison mod 2:

_ 6 4 2 2 4
e = —Cost) T Con—26)Cotn—30) T Cotnty Can—30)

- C%(n—k) C%(n —2k) C22(n—3k)
=3k —3k — ) —3k—2)  (n—2k)(n — 2k — 1)(n — 3k)
2 + 2

+(n —3k)(n — ;k — D —k) (n — k)(n — 2k)(n — 3k)

(—(n — 3k — 1)(n — 3k — 2)
+(n—=2k)(n — 2k — 1) + (n — 3k — D) (n — k) — pu(n; k)

n— 3k

n—3%k—-—Dk+1D24+m—-2k—1)(n—2)) — uhn; k)
=1/2(n —3k)(n — 2k — 1)(n — 2k) — u(n; k) mod 2.

There is also such a comparison mod 2:

(n—2k)/2, if n is even and k is odd,
(1/2)(n —3k)(n —2k)(n — 2k — 1) = 4 (n — 2k — 1)/2, if kiseven and n is odd,
0, in the other cases.

Hence we can write a6 =um; k) (n—2k—1)/2)+ulk; n)(n—2k)/2)—u(n; k) =
umn; ky(n+1)/2)— ,u(k n)((n—2)/2) mod 2. In all our calculations we supposed
that3k < n—3.Letnow3k = n—2, thenwehaveoz6 ¢ =2k+2)-3k+1)(k+2) =0
mod 2. It follows from the expression 3k = n — 2 that k = nmod 2. Let 3k = n — 1,
then: a6 = _C2(k T (k4 1) mod 2. Consider separately various cases. Letk = 1,
then: n = 4, a6 | = 1 mod 2. This coincides with the value given by the formula. Let
now k > 1. We have: oeﬁk =—(k+Dk/24+k+1=(k+1)(k—2) mod 2. If kis
even (then n is odd), this coincides with (k —2)/2 = (n —3)/2 = (n+1)/2 mod 2.
If k is odd (n is even), this is comparable with (k + 1)/2 =3k + 1)/2 = (n —2)/2
mod 2. O

Corollary 1.6 Let k = 25, 7k < 2n — 1, then there is the formula:
Sk.kkk ko k Pn = nl(n +1)/2]Py 7, mod 2,

([x] denotes the integer part of the number x).

Proof We have a7 5, = 0mod 2, and the formula for a6 », from Corollary 1.5 becomes
(because of relations wn;2s) = n mod 2, u(2s; n) = 0 mod 2), the following
comparison &g, = n[(n + 1)/2] mod 2. m]

Corollary 1.7 Let 4k < n, then we have the formula:

Skok ko kk k ke kPn = (u(ns k) + (n/2)u(n + 15 k) + C§(n74k))q>n74k mod 2.
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Symplectic cobordism in small dimensions 39

Proof Let us calculate the value of ozg; - Having in mind Remark 1.1 we have the
comparison mod 2 (if4k <n —4):

_ 8 6 2 4 4
agy = —Co_ay T Co—30Com—ay + Catn—2k) Cotn—an)
2 6 4 2 2
+C30—1 Cotn—ak) — Cotn—20 C2tn—30 Co(n—ak0)
2 4 2 2 2 4
—C—1 C21-30 Catn—41) — Cotn—ty Co2tn—20) Co(n—ak)

2 2 2 2 _ 8
+C2(n7k)CZ(n72k)C2(nf3k)c2(n74k) = C2(n74k)
Fun, k) + (n = 2k)(n — 2k — 1)(n — 2k + 1)(n — 4k) /4.

Ifn = 25 + 1, then =202k D=2 DO4) — (5 4 1) =0 mod 2. If n = 25,
then
(n—=2k)(n —2k — 1)(n — 2k + 1)(n — 4k)
4

= (n/2 —k)(n/2 — 2k)

_ n/2, if k is even,
— 10, ifkisodd.

So,(n —2k)y(n — 2k — 1)(n — 2k + 1)(n — 4k)/4=un+1; k)(n/2). Letn —4k =3,
we have

443 _ 6 4 2
ogr = Copysy + Congsy T Coiiss)

4 2 4 2 2 2
_C2(2k+3) C2(k+3) - CZ(k+3) C2(3k+3) - C2(2k+3) C2(3k+3)
2 2 2 — — .

Letn — 4k = 2, then
aeit? = Cio 2y = Coksn Caarsny = (k+ Dk + 1) =pu(n + 1: k)(n/2)  mod 2.
Finally, let n — 4k = 1, then we get
agtt =k +1=pm; k) mod 2.
Corollary 1.8 Ifk = 2s and 9k < 2n, then

Stk ko kok ko k kP = (04 (n+ D[n/2] + ng(n,4k))<1>n79s mod 2.

The proof follows directly form the previous formula because of the condition
k =2s.

Corollary 1.9 Let 5k < n, then we have:

Stk k ek ke ko k ke kP = (u(n; k) + (n — k)Cg(,,,ALk))(anSk mod 2.
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40 A. L. Anisimov, V. V. Vershinin

Proof If Sk < n — 5, then we have

_ 10 8 2 6 4
ok = —Comosky + Con—ar) Cotn—sk) T C2n—36) Can—s)
4 6 2 8 6 2 2
+Co0-20C20—510 T Con—i0 Catn—31) — Co2tn—31) Co2tn—ak) Co(n—5k0)
4 4 2 4 2 2 2
—Com—20Cotn—41 Coatn—s1) — Co2n—20 C20n—31) C2(n—ak) Co(n—5k)
2 6 2 2 4 2 2
—Co—1 C2n—46) Catn—51) T Cotn—tc) C201—30 Co2(n—ak) Co(n—5k)
4 2 4 2 2 4 2
—Co-200 Cotn—300 Cotn—36) T Cotn—k) Cotn—20) C2n—41) C2n—50)
2 4 4 2 2 2 4
—Co—1 C21=36) C20n—=58) T Cotn—1) C2n—20 C2(n =30 Co(n—5k)
—C2, _,.C? C? C? C? —C2, _,.C? cs
21—k C2(n—20 C2(n =36 C2(n—46) C201—5k) — C21—1) Co(n—20) C2(n—50)

= (n = k)C 4y — 1(n: k)
+(n — 5k)(1/4)(n — 2k)(n — 2k + 1)(n — 2k — 1)(n — 4k) mod 2

We have:

(n—5k)(n —2k)(n — 2k + 1)(n — 2k — 1)(n — 4k)

4
n/2 -kyn/2=0, if n is even and k is odd,
=1 ((n+1)/2)((n—1)/2) =0, ifkisevenandn isodd,
0, in the rest cases.
Cases when n — 5k < 5 are considered by the direct substitution. O

Corollary 1.10 Let k = 2s and 11s < n, then we have the formula:
Skokokokkkkkk bk @ = (0 4 nCS 4 )Py_11s mod 2.

Proof 1f k = 2s, then o, = (nC5, ;) +n) mod 2, andef, , =0 mod 2. O

Corollary 1.11 Ler 6k < n, then we have the formula:

Skokkkee ko e ek P = (10 (n; K)(n? + 3) /4 + [n/2]([n/2] — k)
1
+50 - 2k)C_ 4 )®Pues  mod 2.
Proof Let us calculate the value af,.,, supposing that 6k < n — 6. Cases with 6k >
n — 6 are considered by the direct substitution.
— 12 2 2 2 2 2 2
2 = ~Cotust) T Cotn—i Catn—20) Cotn—30 Con-4) C2n—56) Cotn—60)
10 2 6 2 2 2
+C2(n75k) C2(n76k) + C2(nf3k) C2(n74—k) C2(n75k) C2(n76k)
8 4 4 4 2 2
+Con-a1 C20—61) T Can—20) C2n—a1) €258 C2(n—6k)

6 6 2 6 2 2
+C0-30 C2m—6k) T Con—i) Catn—ak) Catn—3sk) Con—6k)
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Symplectic cobordism in small dimensions 41

4 8 4 2 4 2
+Co0-200 Coti—60) T Catn—20) C201—31) C201—56) C2n—60)
2 10 2 4 4 2
+C0-1) Cotn—6k) T Cotn—1) C201-30 C2(1—58) Co(n—6k)
8 2 2 6 4 2
—Cot—410 Cotn—310 Cotn—6k) — C2tn—31) C2(n—56) Co(n—6k)
4 6 2 2 8 2
—C -2 C21—56) Cotn—6k) — Cotn—ty Con—35k) C2(n—6k)
6 2 4 4 4 4
—Co—300 Cotn—a) Cotn—6k) — Cotn—20 Co2(n—ak) Co(n—6k)
2 6 4 4 2 6
—Co—1 C2n—41 C2n—6k) — Catn—20) C2n—316) C2(n—60)
2 6 4 2 2 8
—Co—1) C2n—66) C201—=36) — Catn—1) C2tn—20) C2(n—6k)
2 2 6 2
50— Cotn—26) Co(n—5k) Co(n—6k)
4 2 2 4
+Co 01200 Cotn—310 Co(n—ak) Co(n—6k)
2 4 2 4
+C30—k) Catn—3k) Con—ak) C2(n—6k)
2 2 4 4
+C -1 Cotn—20 C2(n—41) C2n—6k0)
2 2 2 6
+C501-1) Catn—26) Co(n—3k) C2(n—6k)
4 2 2 2 2
—Co -2 Cotn—300 Cotn—a) Cotn—5) Con—6k)
2 4 2 2 2
—Co—1 C201—-36) C2 141 C2n—50) C2(n—6k)
2 2 4 2 2
—C3 -1 Ca -2 C21—41) C2 1500 C2n—600)
2 2 2 4 2
_CZ(n—k) C2(n—2k) C2(n—3k) C2(n—5k) C2(n—6k)
2 2 2 2 4
—Co—1 Catn—26) C2 =31 C2 410 C2n—600)
o 4 4 4
= ;5 k) + Coop Cotn—ai) Cotn—sk

+%(n — 2k 4+ 1)(n — 2k)(n — 2k + 1)(n — 4k)(n — 5k)(n — 6k)

—%6(;1 — 4k)(n — 4k — 1)(n — 4k + 1)
(n — 4k — 2)(n — 4k — 3)(n — 6k) mod 2.

We have the following comparisons mod 2:

41—‘(n —2k+ 1)(n —2k)(n — 2k + 1)(n — 4k)(n — 5k)(n — 6k)

_(n+1 n—1 )
= (") (") psm,
n—2k

%(n—4k)(n—4k—1)(n—4k+1)(n—4k—2)(n—4k—3)E( 5 )cg_4k+1,

4 4 4 _[n n
C2(n72k)c2(n74k)c2(n76k) = [5] ([5] - k) .

O
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Corollary 1.12 Ifk = 2s and 13s < n, then:

Sk,k,k,k,k,k,k,k,k,k,k,k,kq)n
= (n[(n* +3)/4]1 + (n/2)Cp ;| + [n/2) P13, mod 2.

Proof In the case k = 2s we have the following comparisons:

n —2k
2

mod 2, Cy_yy =Chyy mod 2, u(nik) =n mod 2.

ST

O

We put the obtained results in the Table 9 where only nonzero values are depicted.

2 Modified algebraic spectral sequence
2.1 Preliminary information

For the calculation of the initial term E; "* of the Adams—Novikov spectral sequence
converging to MSp,, the second author had built in the works [40,41] the so called mod-
ified algebraic spectral sequence (MASS) which converges to the initial term E; * of
the Adams—Novikov spectral sequence. He had also proved that its initial term E}"™*
in this case has especially simple structure: it is a three-graded algebra isomorphic to

the polynomial algebra over the field Z/2:
ES = Z/2[ho by, oo By Uy, 30Oy Cay e G

where i = 0,1,2,...;j = 1,2,...;n = 2,4,5,...,n # 2k — 1,deghy =
(2,0,0),degh; = (1,0,2(2" — 1)), degu; = (0, 1, 227/ — 1)), degc, = (0,0, 4n).

For the calculation of the symplectic cobordism ring MSp,,, the second author in the
papers [40—42] used the following scheme. At the beginning the modified algebraic
spectral sequence, MASS, for the spectrum MSp (or algebraic spectral sequence, ASS)
is calculated. The term E5."" (as well as the corresponding term of ASS) is associ-
ated to the initial term of the Adams—Novikov spectral sequence E; "*. This spectral
sequence in its turn converges to the ring MSp,.. Using this scheme the ring MSp, was
calculated up to dimension 31 [41]. In this section we make the calculations of the
term EL"" of MASS for # < 108.

Let d; denote the first differential of the MASS and ¢, (respectively 61) denote the
projection of the Ray’s element ®,, (respectively ®¢) in the term E ?’1’* of MASS. Let
us introduce the following notations. If n = 2m — 1 and m = 21172 4 ... 4 2l4—2
is the digital decomposition of the number m(2 < iy < --- < iy, q > 3), then the
generator ¢, we denote by ¢;;, . ; ” and the element ¢,, we denote by ¢;, _; . The
element ¢,i-1 we denote by ¢y ;.

The following facts were proved in the works [40-43]. The analogous facts for the
classical Adams spectral sequence were proved by Kochman [14].
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(1) On the generators ¢, the differential d; acts by the following way:
(a) if nis even and not a power of 2, then it is possible to choose the element
¢y, in such a way that it becomes an infinite cycle in MASS;

(b)
di(ci,j) = uihj +ujh;; 2.1

(©)

di(ciy,...iy) = E (i hig +uighi)criy -+ Clig -+ Cli, ** " Cliys
1<s<t<q

2.2)

(2) The generators ho, u; are infinite cycles and the following equalities hold in the
algebra E}"":

up =01, u; = @r-—2,1=2,3,...
Gil iy = UICi iy T Zuz,cl i Gl cLiy + D @gcs,, (23)
J
where the elements ¢, € Eg’o’* are infinite cycles, ¢, are the projections of the
elements ®, for g < m.
(3) Forall j =1,2,..., there is the formula:
d](hj) = h()uj.

Let us introduce the following notation according with the formula (2.3):
Pir....ig = Piy,.iy T zfﬂq%,

Then we can choose elements ¢, or elements ¢, as the generators in E? LS.
The differentials d,, r > 1, conserve the grading ¢, increase the grading s by 1 and
increase the grading g by r.
Initial term of the Adams—Novikov spectral sequence has the following description:
E3* = Extysr (BP*(MSP), BP¥).
There exists a filtration F49 Eé’t, such that we have an isomorphism

~ \8,1
F1EY" JFIT ES" = EL,

connecting the subfactors of term EE’I of the Adams—Novikov spectral sequence and
the term E gg” of MASS.
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2.2 Projections of Ray’s elements into the MASS and action of Landweber—Novikov
operations on the elements ¢;

It is proved in the work of the second author [41] that the projection of the Ray’s
element &3 can be chosen in the form:

@3 = u1Cs + uzcq + uscy. (2.4)

Lemma 2.1 [t is possible to choose the element cy,—o in such a way that for the
decomposition of the element ¢, from (2.3) the following condition holds:

Z ®qCJ, = u2cam—2 + u3(c2m—4 + decomposable ) + Z Pq'Ci,
I, Iy

(where q' > 3).

Proof From the condition Sy,,,—2¢m = uz (Som—a@m = u3z respectively) it follows
that in the decomposition ¢,, present the following summands u>cp;,—2 (U3C2,—4
respectively). If we take if necessary instead of ¢y, the element C/2m—2 = Com—2 +
(decomposable elements of power 2m — 2), we get the necessary equality. O

Let us precise the form of projections of some Ray’s elements ®; in MASS and also
calculate the action of Landweber—Novikov operations on the elements c. In all the
calculations given below in the subsections from 1 till 9 everything is made mod 2
and hence all the equalities are relations mod 2.

1. Applying the operation S; to the decomposition (2.4) we get that Sjp3 = 0 =
u1(Sics + c4). Hence Sics5 = c4.

Let us apply the operation S, to the decomposition (2.4). We get that S>3 = u3 =
ur(S2cq + c2) + u3Srcy. Hence, Socqy = ¢, Socn = 1.

Using the operation S3 we get that S3¢3 = 0 = u1(S3¢5 + ¢2), or S3¢5 = .

Applying the operation S » we have S> 2c4 = 0.

And finally using S5 we get an equality Ssc;5 = 1.

2. The projection @5 of the element ®s has the form:

@5 = uica + uzcs + uzce + uscr + Ppscs
Let us apply the operation S; > to this expression, we get
$2005 = @3 = U1522¢9 + U282 268 + U252¢6 + 3 + B3 + u2Be3.

Hence, S22c9 =0, S2.20c8 = S2c6, B = 0.
Finally the form of s is the following:

@5 = u1c9 + u2cg + U3Ce + U4C3.

Using the obtained decomposition let us calculate the values of the operations S, on
c9, cg and cg.
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3. The projection of the element ®¢ has the form:
@6 = uic11 + uacio + uscs + uscy + uz(Brci + Pacy) + Bapsce + Pauacs.

Applying the operation S4 4 we get: S4 4906 = 0 = Biuz. Hence, i = 0. Applying
the operation Sewe get:

Sewe = 3 = u1S6c11 + uaSecio + usca + uscs + P3pz + Pauacs.

Hence Sec1 = ¢s, B3 = 0, Sc10 = Pac.
Let us apply the operation S, 2, we get:

2
S$2206 =0 =wu1S20c11 +u2822¢10 + Uscacy + @3c2 + Paug + uzcs + usce.
Hence, $2,2¢11 = ca¢5, B4 = 0, S2.2¢10 = c6.

Let us apply the operation S» 222, we have: $222206 = u3 = Pruz. Hence,

B=1.
The final form of the projection ¢g of the element ®¢ is the following:

@6 = uic11 + uscio + uscs + uscs + uscy.
Using the obtained decomposition let us calculate the results of the action of the

operation S, on the elements ¢y, c1g.
4. The projection @7 of the element @7 has the form:

@7 = U1C13 + Uc4Cg + U3C2Cy + Uac2C4 + U2C12
+us(cio + Bict + Bacice) + @3(Bach + Bach) + Bsuace + Powscs.

Applying the operation S5 5 we have: S5s5¢7 = 0 = u3(1 + Bi), hence, 1 = 1.
Applying the operation S » we get:

S$2.207 = @5 = u182,2c13 + uz(cg + C§C4 + Sa2c12 + 642;(1 + B3)
+c (14 B + 1) + us(cacs + Pacs + 3)
+@3(ca + (1 + B3 + Bs + Bo)) + uaca + Bows.

It follows from this equality that B¢ = 0, B3 = s, $2.2c13 = cacs + C%Cs + c9,
B =1, 822¢12 = B3¢; + Pacs.
Applying the operation Sg we have:

Sep7 = ua = u1Sec13 + u2Seci2 + u2Bsce + Psua.

Hence, 85 = 1, Seci13 = 0, Sec12 = c6, B3 = 1.
Let us apply the operation S» 222, then we have:

$222207 =0 =u152222¢13 + u2(S$22.22¢12 + ¢3) + 93(1 + Ba).
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Hence, Bs = 1, $2222¢13 = 0, S2222¢12 = ¢3.
The final form of the projection of ®7 will be the following:
@7 = uic13 +uacacg +uzcacyg + uscacs + uzcn2
+uz(cio + 3 + c3¢6) + 93(c3 + €3) + uace.

Using this decomposition let us calculate the result of the action of the operation S,
on the elements c¢y3 and cq2.
5. The projection g9 of the element ®g has the form:

@9 = uic17 + uscie + usciy + uz(Bracicro + ﬂ13C§C§ + Bracice
+B15cic6) + @3(Bicin + Pacg + B3cS + Bacscy) + ua(Bses + Pocice
+B7¢10) + ¢5(Bsci + Poc3) + Browsce + Prigrcs + usc.

Choose the element c14 in such a way that 12, B13, B14, B15 = 0.
Applying the operation Sjgwe get:

Si099 = us = u1Sioc17 + ua(Siocie + Broce) + aca + uz(Sacia + Pr1c3) + Brua.

It follows from here that 87 = 1, Sjpc17 = cac5, Sioc16 = cacqa + Brocs, S10c14

= c3(1+ Bin).
Let us apply the operation S, we have:

S1209 = @3 = u1S12¢17 + u2(S12c16 + ,31165) + uzcx + BrgsSizcin.

It follows that B = 0, Siac17 = ¢s, Si2¢16 = ¢4 + P13
Let us apply the operation Sg e, then we have: Seepo = @3 = u1Sesci7 +
u2(Se,6¢16 + c3(Bs + B11)) + @3(B2 + Bro), that gives: B + Bo = 1, Sgc17 =
0, Se.6c16 = 5 (Bs + Bi1).
Let us apply the operation S,, we get:
S209 = us
= u182c17 + u2S2¢16 + uzcia + uzSacia
+@3cio0 + u4642; + u40§
@702 + us + uz(Bacg + Bacs + Bacicy) + ¢3(Bscs + Pocice)
+usBocs + us(Bscs + Pocs) + @sProce + wePrics = uilSrci7
+escio + cac13 + e3es + Bscl + Becscesce + cacies + Broceco
+c3e11(Bro + Bi)] + uzlSacie + c1a + caciz + cacio + cacacs
+e3cs + eaci + Pseact + Pocscace + Procecs + c3cio(Bio + Bin)l
+uslSacia + e2c3(1 + Bs) + c3es(1+ Bro + pin) + 3c(1 + o)
+cE (B2 + B10) + 51+ B3+ Bio + Bi1) + c3ci (1 + Ba)]
Fualsea(l + Bro + 1) + c3(1+ Bs) + ¢3(1 + s + Bo)
+cace(1 + Bro)] + us.
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We conclude from this that

Bs=1,B0=1B1=0,5=1,8=1,8 =0, =0;
$2C16 = €14 + €2€12 + c4C10 + C2c4C8 + 0304 + C4C§ + C§C4C6 + cocg + C%CIO
+6263;
_ 5 3 2 2 2.
S>c17 = cac13 + ¢sc10 + C5¢6 + €5 + ¢5¢5¢6 + c6C9 + ¢5C11 + CaC4Cs5;
2 6 22
Sa2c14 = cg + Bacy + (1 + Ba)cscy.

So, ¢g has the following form:

@9 = uic17 + uacie + uscia + @3(B3cs + Bacicy) + ualcio + ¢ + c3ce)
+<.05€421 + @6ce + usca.

To determine the coefficient B4 let us apply the operation S »:

S$2209 = @7 =u1S82,2c17 + u2(S2,2¢16 + Cé + C%Cﬁ) +u3S822c14
+93((B3 + Ba)cs + Bach) + ¢7.

We get Sroc17 = (B3 + Ba)cics + Bacics, Saacie = 2 + c3cq + Pacy + (B3 +
Ba)cscs, Saac1a = (B3 + Ba)es + Pacacy; and because of di(ci4) = 0, we have

B3, Ba = 0.
The final form of @9 will be the following:

2, 2 2
@9 = u1c17 + usci6 + usci4 + ug(cio + €5 + ¢5¢6) + @s5¢5 + Poce + Usca.

Let us calculate the result of the action of the operation S, on the elements c17, c16, C14.
6. The projection ¢ of the element ®1¢ has the form:

P10 = uic19 + Uzcis + uscie + uscs + uz(Bacg + Bc + Bach + Bscecio
+Bschc; + Brcscg + Bscicrn + Pocice) + 3(Brocia + Bricicio
+B12¢5¢2 + Biacics + Bracsce) + ua(Biscia + Biect + Prrcied)
+@s(Biscio + Brocs + Brcice) + g (Baich + Bc3) + Br3pice
+Boauscs + Bruacs.

Applying the operation Sg g, we get Sg gp10 = u3(1 + B2), hence, 2 = 0.
Let us apply the operation S4 4.4.4, we get S4 444910 = uz = usz(1 + B3 + Bis).

Hence, 3 = Bis.
Let us apply the operation Si4, then:

S14010 = @3 = u1S14¢19 + ua(S1acis + c4 + Prac3) + uzca + Brogs.

It follows from this that 819 = 0, S14¢19 = ¢5, S14¢18 = /324C§.
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Let us apply the operation Sj;, then we get:

S12¢10 = s = u1 Siac19 + ua(Siacis + Bazce) + u3c3 (Bs + Bas) + Pista.

Hence we have 815 = 1, B3 = 1, B3 = B4, S12c19 = 0, S12c18 = Ba3ce.
Let us apply the operation Sg ¢, this gives:

S6,6010 = 0 = u186,6c19 + u2(Se,6¢18 + c6(B15 + B23))
+u3¢3(B7 + Bao) + ua(Bro + B23).

Hence, 16 = B23, B7 = P20, S6,6¢18 = (B15 + P23)cs, Se,6¢19 = 0.
Applying the operation Sy 4 4, we have:

S4,4,4010 = 0 = 1154, 4,4c19 + u2(S4,4,4¢18 + (B13 + B23)C6)
Fusc(Bs + B17) + ua(Bis + Par).

Hence Bg = B17, Bi5 = P21, Sa,4,4¢19 = 0, S4.4,4c18 = (P13 + B23)cs.
Let us apply the operation S19, we have:

Si0910 = @5 = u1S10c19 + u2(S1oc1s + Baici + Paacy)
+uz(crcs + co(1 4 Bs + B23)) + @3(ca + c3(Bi1 + Baa)) + Bises.

Hence, B11 = Pos, Pis = 1, Bs + Boz = 1, Siocio = cacs, Siocis = (1 + Bar)el +
Baach.
Applying the operation S5 5 we have:

S5.5010 = @5 = u1Ss.5¢19 + u2(Ss.5¢18 + Barci + Paacy)
+uz(cacs + co(1+ Bs + Bo)) + @3(ca + c3(B11 + Bia + Paa))
+@s5(1 + B19).

We get from this: 19 = 0,812 = 0,85 + Bo = 1,8s55c19 = cacs, S5.5C18
(1+ B21)c + Baacy.
Let us apply the operation Sg, then:

Ss@10 = @6 = u1Ssci9 + ua(Sscis + Piscio + P03 ce)
+uzlcs + ca(l + Ba1) + Bracs)
+ Bazgsce + ualcs + Paacs).

We get: Sscio = c11 + Basesce, Sgcis = (14 Big)cio + Procsce, foz = 0, Pos
0,801 =1,80=18=1,8=0,817=0,8 =0, Bi1s =0.
Applying the operation S4 4, we see:

Sa.4910 = 0 = u1Ss.4c19 + u2(Ss.ac18 + €10 + P20¢3¢6)
+u3fscs + @3Piace + ucs.
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We conclude that 813 =0, 6 = 1, Ss.4c19 =0, Ss.4c18 = c10 + ,3206'%6‘6.
Using the operation S 2 2 2 gives the following:

$2222010 = 96 = U152.2.2.2¢19 + 12(S2.2.2.2¢18 + B20caCs)
+u3c3(B7 + Bra + B20) + ¢3(Bia + Bro) + Bruacs + ge.

We conclude from this that 814 = B2 =0, 87 =0, 81 =0, $22.2.2c18 =0.
For the definition of B4 let us use the operation $222.2,2.2.2,2:

82,2,2,2,2,22,2010 = u3 = uz(l + Bs4).

We get that B4 = 0.
The final form of ¢ is the following:

©10 = U1C19 + Uzc1g + uscig + u3(c§ + cf{ + coc10 + cgci)
+uscia + ¢sc10 + 9s(cy + ¢3) + usca.
Using the obtained decomposition let us calculate the results of the action of the

operations S,, on cj9 and cg.
7. Let us precise the form of the projection ¢ of the element ®;:

@11 = U121 + u2c4C16 + U3C2C16 + Uscacq + uzcxo + uz(c1g + ,316’3
+Bac3c14 + B3ceciz + Pacscio + Pscres + Bocscies + PrcScs
+Bsce + Pocicio + Brocied) + g3 (Biici + Biach + Biacicia + Prach
+B15¢6c10 + Bi6cace + Bircect + Biscicd) + ua(Brocia + Baocscio
+Ba103¢5 + Paacice + Brschce) + ¢s(Baacia + Pasce + Pascrcs
+B21¢3) + w6 (Bascio + Baocs + Baocice) + @1(B3ics + P3ac3)
+usB33ce + 9oB3acs.

Applying the operation Sg 9 we get So 9¢11 = 0 = u3(f; + 1), hence: g1 = 1.
Applying the operation Sj¢, we arrive to the equality:

Si6p11 = @3 = u1S16c21 + uzcs + uzca + uz(S16c20 + B34¢3),

which gives S]GC21 = C5, S16620 = ,3346‘%.
Using the operation Sg g, we obtain:

S.8011 = @3 = u1S3.8¢21 + Uacq + uzca + ua(Ss.8c20 + B3ac3) + Br1gs.,

50 B11 = 0, Sg 321 = cs, Sg.8¢20 = Paac3.
Using the operation S4 4,4 4, we have:

S4.4.44011 =0 = u1S84.4,4.4c21 +u2S4,4.4,4c20 + @3(B12 + Poa + B31)
+us(Bi3 + Bas + Bra)e3,
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Hence, B12 + Bos + B31 = 0, S44.4.4¢20 = (B13 + Bas + B3a)c3. S 44,421 = 0.

sssssss

$22222222011 = @3 = U152222.2,222021 + U2¢3 (B3 + Pa + Bo + Bs
+ B13 + Bis + Bic + Bis + Poa + Bag + Bas + B3a)
+ @3(B14 + Bi6 + B2z + Bos + Bo7 + B3a)
+u2522.22.2.22220-

This means that

822222222020 = ¢3(B3 + Ba + Bo + Bs + P13 + Bis
+ Bi6 + Bis + Bra + Bas + Bag + B3a),
Bia+ Bie+ Bas+Pas+ P+ Baa=1, 822222222021 =0.

Applying the operation S14, we get:
S1a@11 = us = u1S1aca1 + ua(S1ac20 + B33ce) + uzcs (1 + B2 + B3a) + usPio,

Hence, B19g = 1, S1ac21 = 0, S14c20 = B33ce, B2 + P3a = 1.
Let us apply the operation S, we get:

S12¢11 = @5 = u1S12¢21 + u2(S12¢20 + 3 (1 + B31) + B32c3) + @sPoa
+u3(B3 + Ba3)ce + 93(B13 + Baa)cs.

So, Bos = 1, B3 = B33, i3 = P34, S12c20 = (1 + B31) + Baach.
Let us act by the operation Sg 6, we get a relation:

S6.6011 = @5 = U1S6.6¢21 + U2c5cq + u3c3 + u2(S6.6¢20 + 3 (B1o + P2
+B31) + ¢3(B23 + B32)) + uzce(1 + B3 + Bs + Boa)
+@5(Bas + B33) + @3¢5 (Bio + Bro + Bra).

Hence: Sg 621 = c5¢3, Bio+ B30+ Bsa = 1, B3+ Bs + aa = 1, Se.6¢20 = 3 (B1o +
B2+ B31) + 5 (B3 + B32), Bos + B3z = L.
Let us apply the operation S4 4 4, we get:

S4,4.4011 = @5 = U1S4,4,4C21 + U2 (54,4,4620 + 31+ B31) + 3 (Boa + /332))
Huzcs (B3 + Ba2) + @363 (B13 + Bao + B3a) + @5 (Baa + B31).

Hence, S44.4c01 = 0,824+ B31 = 1,83+ B2 = 0,831 =0, B12 = 1, B13 + Bos
+ B34 =0, Saa4c20 = c3(1 + B31) + 5 (Boa + B32).
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Applying the operation Sj¢, we arrive to the following:

S10¢11 = w6 = u1S10c21 + Mzczc?; + uszcsce + M3C§C4
+uzcace + 93¢acs + ua(S10c20 + Pascio + Paoci + P30c3ce)
+us(c5(1+ B2+ Ba + B32) + ¢3(Bo + B31))
+@3c6(Bis + B33) + uach (1 + Bao + B3a) + e Pos.

It follows from this: fog = 1, B9 = 0, Ba+Ba+ B2 =1, fis+ B33 = 1, oo+ B34 =
1, S10c21 = cs5¢6 + c2¢4¢6, S10€20 = 10 + B2oc2 + B30c3ce.
Let us act by the operation Ss 5, we get:

Ss.s¢11 = 0 = u1 S5 521 + U225 + Uncace + U3C3Ca + U3C2ce + P302¢4
+12 (85,5020 4 Bascio + Prock 4 Baocsce)
Huz(c5(Ba + Ba + Bs + 1) + c3(Bo + Bio)
+@3c6(Bis + P17 + B33) + uacs (Bao + Ba1 + 1)
+96(1 + Bro).

We get from this fog = 1, B2 + fa + B5s = 1, fo = Bio = 0, Bis + B17 + B33 = 1,
hence, B17 = 0, Boo+PBa1 = 1, Ss,5¢21 = cacacs+csce, S5,5¢20 = cro+c2+B30c3ce.
Let us apply the operation Sg, we get the following:

3 2
Ss@11 = @7 = u1Sgca1 + uzcacg + uzcrcg + uscy + uzcarcy + uscacy

2 22 6 2

+uz(Sgc20 + c12 + Bascg + Bascrcy + Borcy) +us(cio + c5

+B30¢5¢6) + 03¢5 B2 + uace P33 + @53 Paa.

Hence, B34 = 0,83 = 1, B33 = 1, B30 = 1, Ssca1 = ci3 + ¢sc3, Sgca0 = Posc?
+ ,326c%c£ + ,827c§ , using the previous relations we get from this: Ss, 83, B22, B2, P4,

Bao. Bs are all equal to 1, and B13, Bis, Bie. B2s, P21, Pas all are equal to 0.
Let us apply the operation Sg, then we have:

Se@11 = us = u1Sec21 + ucqa(cace + cac8) + uzcar(cace + c2c8) + @scac4
+uz(Sec20 + c14 + C%Cw + C42LC6 + ﬂ236306) + u3(C§C¢21(1 + Be)
+Cg(/37 + B27)) + M4C§(1 + B23) + (PGC%-

We get that B = 1, B7 4 Ba7 = 1, B3 = 1, Seca1 = cs(ci0 + ¢2 + c3¢6) + cacaco
+ c3eit, Seca0 = cia + €5 ce.
Let us calculate the action of the operation Sy:

Sa@11 = @9 = u1S4¢21 + uzci6 + uzcs(ci2 + c2c10 + cacg + C4C§)
+uscy +usca(crz + cac0 + cacs + C4C§) + @6Cc2c4 + P6Co
+us(cia + €3c10 + ¢ice) + ua(Sacao + ¢ + Brac + Biscrcd)
+@3(c12 + SB27) + uslcio + ¢3 + c3c6).
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It follows from this that o7 = 0,87 = 1,B1sa = 0,S4c20 = (1 + Big)cics
+ Ci, S4c21 = c17 + cacsc011 + C9Cﬁ + cs¢2.
To determine the coefficient 813, let us use the operation Sy 4:

S4,4011 = @7 = u1S4,4¢21 + ua(S4,4c20 + c12 + cac10 + cacg + C4C‘21 + Ci)
+us(cach + 1o + €3 + c3c6) + 9363 Pis + Uace + Poca.

Hence, B1g = 0, Sy4c21 = c13 + ¢5(cj + ¢3) + caci1, Sa.4¢20 = c1a.
The final form of the projection ¢11, will be the following:

2, 4
@11 = U121 +uzcacie + uszcaCie + uscacy + uzcao + uz(crg + ¢ + ¢ (co
+c2 + c3c6) + 3 (c1a + chee) + co(cia + c)) + g3ch + ualcra + c3ero
2 4 2, 2 4
+cice + ¢3¢6) + @sci2 + @e(cio + ¢5 + ¢5¢6) + @705 + usce.
Using the obtained decomposition let us calculate the result of the action of the oper-

ations S,, on the elements c¢;1, ¢20.
8. Let us precise the form of projection in MASS ¢1; of the element ®5:

@12 = u1c3 + uc + uscie + uscg +uz(co + /316%0
+Bacs + Bacicio + Bacaeg + Bscicy + oy’ + Brcrcscio + Pscace
+Boche1n + Brocscies + Pricse; + Pracscia + Pracict + Pracicrr)
+@3(Biscis + Biecd + Prrcicia + Piscscia + Procscio + Paocsc?
+Ba1ciec6 + PaacScs + Bascy + Paacicio + Pascies)
+us(Baocg + Barch + Pasch + Procscio + Baocacg + Baicicr
+B3c5¢t + Byscice) + @s(Baacia + Bascacio + Biocics + Barcice
+B3sc3c6) + @6 (B3ociz + Paocg + ParcS + Barcicy)
+@7(Bazcio + ,344C§ + Bascace) + us(Bascs + Barc)
+9oBasce + 910Bs9C3.

It follows from the action of the operation Sjg, 10 that

S10,10012 = 0 = u3(B1 + Ba3), B1 = Pa3. (2.5)

We get from the action of the operation S5 5 5 5:

Sss555012=u3 =u3(B1+PB2+B3), Bi+ B +B=1 (2.6)

Applying the operation S;g, we get the relation:
Si8912 = @3 = u1S18¢23 + u2S13¢22 + Pis@s + uscsPao,

50, Sigc23 = 0, S13c20 = Paoc3, Pis = 1.
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Let us act by the operation Sg 9, we get the equality:
S0.0012 = ¢3 = U150,0C23 + U250,0¢22 + u2Bs9c3 + ¢3(1 + Bie).

S0, S9.9¢23 = 0, S9.9c20 = Pagc3, Pi6 = 0.
Using the operation Sj¢, we get:

Si6@12 = s = u1S16¢23 + u2(S16¢2 + Bagcs) + ua + uzPagcs.

So, S16¢23 = 0, S16¢22 = Bagce, Pag = 0.
From the action of the operation Sg g, we conclude that:

Ss.8012 = 0 = u1S3.8¢23 + u2(Ss.8¢22 + Basce) + usfacs + uafe.

So, 88,8¢23 =0, Sg,8¢22 = Pagcs, Pa =0, Pas = 0.
Using the operation S4 4,4 4, We arrive to the equality:

S4.4.449012 = 0 = u184.4.4,.4¢23 + u2(S4,4,4,4¢22 + (B37 + Pag)ce)
+uscy (Bs + B31) + ua(B + Bro).

It follows from this that:
S4.4.44623 =0, S44.44c20 = (B37+ Bag)cs, Bs = P31, P21 = P3o.  (2.7)
Applying the operation S14, we conclude that:

S1a@12 = @5 = u1S14¢23 + uacs + uzce(1 + Pra + Pag) + usca + @3 17¢3
+uz(S14¢20 + Basch + Barcd) + @sBa.

Hence,
Siaca3 = cs, Siacon = Pascs + Barci, P17 =0, B3 =0, f1o = fas. (2.8)
From the action of the operation S, it follows that:

S12012 = @6 = u1S12¢23 + uzcs + ugcs + uz(S12¢2 + Bazcio + Paac?
+Bascice) + uz(ci(1+ Bra + Paz) + 3 (1 + Po + Bas))
+@3ce(Brs + Bas) + uaB3ics + poPo.

We get from this

S12¢23 = c11, S12¢22 = (Baz + Do + /344C§ + Basces,
B31 =0, B39 =0, Bra+ Ba7 =1, By = Bas, P18 = Puas. (2.9

From the formulas (2.7), (2.9) it follows that 5 = 0, 27 = 0.
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Let us apply the operation Sg 6, then we have:

S6,6012 = 0 = 1u1S6,6c23 + ua(cacg + cacq) + @sca + @3c6(1 + Big + P23
+B1s) + u3(ci(Br2 + B3 + B37) + c3(Bs + B3s))
+uacs (14 B3o + Bas) + 96(Bao + Bag) + u2(Se.6¢2
+(1+ Bao + Baz)cio + (1 + B33 + Pas)cs
+(1 4 B31 + Bas)c3ce).

Hence,

S6.6¢23 = c2¢9 + ¢5¢6, S6.6¢20 = (1 + 2o + Baz)cio + (1 + B33 + Paa)c?
+(1+ B31 + Bas)c3co, Bao = Bass Pis = Pas + P23, B3o = Pas,
Bi2 + Bi3 = B31, Bs = Bas. (2.10)

Using theses relations and the formula (2.9) we have 8>3 = 0.
Let us apply the operation S4 4 4, then we have:

Saaa¢12 =0 = u1Ss.4.4023 + uz(c3Pia + c3(Bo + B32)) + uac3 fa
+3ce(Bis + B37 + Bag) + w(1 + Ba7) + ua(S4,4,4¢22
+(1 + Boa + Ba3)cio + (Bas + Pas)ct + (B + Bas)cice).

Hence,

S4.4,4¢23=0, S44.4c20=(1+ Pos + Baz)cio + (Bos + Baa)cs+(Bar + Pas)cace,
Bar =1, B1a=0, B2 =0, By = B32, P1s = Pag + B37. (2.11)

From these relations and from (2.9) it follows that 837 = 0.
Let us apply the operation S3 3 3 3, then it will be:

S3,3,3,39012 =@ = u1S3’3,3,3623 + upcio + uzcg + ugcy + uz(cocg
“+eace) + uach + @3ce(l + Bag) + @52 + ua (8333300
+c2 + Bes(1+ B33)) + uz (B2 + Bas)Ch.

Hence,

$33.3.3¢23 = c11 + caco + csco, 3333622 = ¢z + c3ee(1 + B33),
Bis =0, B2 = fag + 1. 2.12)
From here and from (2.9) it follows that 813 = 0, from (2.10) it follows that 849 = O,
from (2.8) it follows that 81, = 0, from (2.10) if follows that 8;3 = 0.
Applying the operation S1g, we get:

Si0@12 = @7 = u1S10¢23 + @3¢ + uacaca + @a(cs + ¢) + uz(cio + C%
+c3c6) + uace + uz(S10c22 + Parc) + uz(croBaz + c2 (B3 + Pas)
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+c3e6(Br + Bas)) + @3(ciBaa + c3(Bro + Pae)) + uacePoo
+@5¢5 B3s + 97 B4

Hence,

Sioca3 = c13 + ¢ses, Siocan = c12 + BarcS, Baz =0, Pas =0,
B2o =0, B35 =0, B3 = Paa, B7 = Pas, B1o = Pas.  (2.13)

From these relations and from the formula (2.5), we have: 81 = 0. If we apply the
operation Ss 5, we get:

Ss;s¢12 = @7 = 185,523 + uscacs + @3cs + uz(cio + ¢3 + ¢3c6) + Uace
+@3(c5 + ¢3) + ua(Ss 502 + BarcS) + uz(ciofs + ¢33
+c3¢6(B7 + B10)) + 93(c3Bas + €3 (o + B0 + Bao))
uuaceB3s + ¢5¢3B36 + 97Pas.

So,

Ss.5c23 = c13 + cscs, Ss.5¢00 = c12 + SBa1, B3 =0, Pos =0, B33 =0,
B36 =0, Baa = 0, B7 = B10o, B1o = B2o + Bas. (2.14)

From these relations and from (2.13) it follows that 829 = 0, from (2.6) it follows that
B2 = 1, from (2.12) it follows that B4 = 0, from (2.13) it follows that 819 = 0, from
(2.9) it follows that B9 = 0, from (2.11) it follows that B3, = 0.

Let us apply the operation Sg, this leads to the relation:

Ss@12 = us = u1Ssca3 + us 4+ ua(Ssgea + P3scyce) + usfarcs + g3cscepas.

This gives us: Sgca3 = 0, Sgcan = ﬂ3gC§CG, Ba1 = 0, Bas = 0. From here and from
(2.13) it follows that 87 = 0, from (2.10) it follows that 8390 = 0, from (2.14) it
follows that 819 = 0.

If we use the operation S4 4, we get:

S4,4012 = 0 = u1 84,423 + uz(cacio + c4cg + C4C§) + M4C?; + @3c10
+@6ca + u2(Ss.4c20 + B3scice) + usch i1 + ¢3cicoBor

4
Hence, S4.4¢23 = cac11 + c5¢10, S4,4c22 = B3sc5¢6, B11 = 0, B21 = 0.
Using the operation Sg, we get:

Se@12 = @9 = u1S6C23 + uc16 + uzci4 + ug(cio + C% + C%%) + (P5C421
+usca + ug(cace + cacg) + pscs + uzcee(l 4 Bag) + v3cS o
+@sc3 B3 + u2(Secaz + Basch).

Hence, Sec23 = c17 + cocs + ceci1, Sec2 = ¢ + coc10 + Bagc, foo = 0, B35 = 0.
From here and from (2.10) it follows that g = 0.
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Finally we use the operation Sj.

4 2
S4912 = @10 = u1S4c23 + uzcie + uga(ci2 + c2¢10 + cacg + c4¢3) + Yocy
42, 4 8

+@ecs + uscq +urSacor +us(cycy + ) +uzcig + uzcy Bos.

Hence, B2g = 1, S4c23 = c19 + cgcq1 + C§C11 + c9ci0, S4c22 = 63610.
Finally for the determination of the coefficient B¢, we apply the operation
$2,2,222222202°

$2,2.22.2.22.222¢012 =0 = u3fe.
So, Be = 0, and the projection of the element ®1; has the form:
4 8 2
Y12 = U123 + U4ce + uscg + urcx + uz(cao + ¢s) + @3cig + ugcy + uscy.

Using this decomposition let us calculate the action of the operation S,, on the elements
€23, €22.
9. Let us precise the form of the projection in MASS of the element ®3:

@13 = u1c25 + uzcgcle + uacacie + uscacie + uac24 + uz(cn + ,316%1
+Bac3c1s + B3c3cs + Pacicrs + Bscacocta + BocSeio + BrcSes
+Bscacice + Pocscs + Brocicd + Bricscicio + Bracscicl + Biscoci
+Bracect + Biscicio + Biscic + Bricicia + Prsciocia + Procicr)
+93(B20c20 + Ba1¢Ty + Baacscd 4 Bascrct 4 Bauch® + Basc3cscio
+Ba6csct + Brrcscin + Pascicice + PaocSed + Brocscia + Baicict
+B32c5c12 + B3acicio + B3acs) + ua(Bsscis + Biscs + Parcica
+B3scociz + Bocscio + Baocrcz + Barcicice + PaacScs + Pusci
+Baacicro + Pascic3) + ¢s(Bascy + Parcy + Basc3 + Baocscio
+Bs0c3¢E + Bsicicin + Bsacies + Bsicacd) + wo(Bsacia + Bsscacio
+Bs6c3c2 + Bsrcics + Bsscacs) + wr(Bsocia + Beoct + Percicl
+B62¢3) + us(Bsacio + Poacs + Boscice) + ¢o(Boscs + Pech)
+910B68¢6 + P11B69¢3.

From the action of the operation Sy, 11:
Si11e13 =0=wu3(B1 + 1)
we conclude:

B =1
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From the action of the operation Syg, we have:
2
S$209013 = @3 = u1520¢25 + u2520¢24 + 3620 + 12 Be9cs,

Hence, oo = 1, Sa0cas = 0, Sr0c24 = Peoc3.
Applying the operation Sy, 19, we get:

S10,109013 = @3 = u1510,10¢25 + u2510,10¢24 + (B21 + B63)¥3
Hu2¢5(Bsa + Bss + Beo)-

Hence,
S10,10¢25 = 0, S10,10¢24 = c3(Bsa + Bss + Peo). o1 +Pe3 =1.  (2.15)
If we apply the operation S;g, we get:
18913 = us = U1 S13c2s + ua(S13¢24 + Besce) + uzcs (B2 + Peo) + uaPss.
Hence,
B3s =1, Sigscas =0, Sigcas = Pesce, B2 = Boo- (2.16)
From the action Sg 9, we conclude:

So.9013 = 0 = u1S9.9¢25 + 12(S9.9¢24 + Besce) + uscs (B2 + B3)
+usa(Bse + 1),

hence,
S9,9c25 =0, So9,9c24 = Pegcs, Pzs =1, P2 =P3. (2.17)
Using the operation Sg 6 6, We get the equality:

S6,6,6013 = Ua = U156,6,6C25 + U2(S6,6,6C24 + (1 + B3g + Bso + Baz)ce)
+us3c3(1+ Bio + P13 + Bas + Bso + Beo) + ua(Baz + Boo)-

So,

S6,6,6c25 = 0, S6.6,6¢c24 = (1 + B3g + Bsz + Baz)ce,
Baz + Bso = 1, Bio + B3 + Bas + Bso + Bey = 1. (2.18)

If we apply the operation Sj¢, then we get:

S16013 = @5 = u1S16¢25 + U2(S16¢24 + Bosci + Be1¢3)) + uacs + ugca
+u3B6s¢6 + 9363 Boo,

So, it will be: Sigc25 = c9, S16c24 = ,366C421 + ,36763, Bes = 1, Beo = 0. From these
relations and from (2.16) and (2.17) we get that 8, 83 = 0.
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Let us act by the operation Sg g, we get:

Ss.8¢13 = @5 = u1Ss,8¢25 + ua(Ss 5c24 + (1 + Pes)ci + Perc) + u3Pi3ce
+@3B22¢5 + 95 P
Hence, Sg 3c25 = 0, S sc24 = (1 + Bes)cs + Bercs. P13 =0, P22 = 0, Bag = 1.
Let us apply the operation Si4, then it will be:
S1a13 = @6 = u1S1ac2s + ua(S1acas + Bo3cio + Poact + Poscace)
Huz(c3(1 + P17 + Bos) + 3 (Ba + Be1)) + w3B30cs
Hugcs(B37 + 1) + @oPsa.

From these relations we obtain:

Stacas =0, Siacaa = Bescio + Boacs + Boscaco,
B30 =0, B37=1, Bsa =1, P17+ Bes = 1, P4 = Pe7. (2.19)

Applying the operation S, we get the equality:

S12¢13 = @7 = u1S12¢25 + Uacacs + uzcacs + uscaca + 93(ci + ¢3) + uace
+uz(S12024 + Bsoctz + Peocs + Bercacs + Bercl)
+us(cro(1 + Bis + Be3) + c2(Bro + Bes) + c3c6(Bs + Pes))
+93(c3(B27 + Ber) + ¢ (B32 + Beo)) + uacePas
+@sPs13 + 97159,

This gives the result:

S12¢25 = €13, S12¢24 = (Bso + Dera + Boocg + Boicacs + Beacs,
Bs9 =0, Bs1 =0, B3g =0, Bio+ Bea =1, B5s+ Bes = 1, B1s = Be3.
Ba1 = Be7, B32 = Beo- (2.20)

Applying the operation Sg ¢ we obtain:

S6.6013 = @7 = U1S6,6¢25 + Uacics + uzcsce + uach + gsc3(Bso + Pos)
+¢7 + u2(S6.6¢24 + 33 (1 + Ba1 + Be1) + cS(Baz + Be2)
+c& (B3 + Bo0)) + us(cro(1 + Bis + Bao) + c2(Bis
+B52) + c3c6(Bs + B10) + @3(c3 (1 + P31 + Bs7 + Boo)
+¢5(Ba6 + Bss + Be1)) + tace(1 + Baz) + ¢7B60-

We have:

S6.6¢25 = o3, So.6¢24 = c3c3(1 + a1 + Be1) + ¢S (Baz + Bo2)
+c2(Baz + Boo)s Boo =0, Baz =1, Pis+ Pao =1, Bis = Bs2,
B5 = Bio, B31 + Bs7 + Bes = 1, Pas + Pss + Pe7 = 0. (2.21)
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Let us calculate the result of the action of the operation S1g on ¢13, we have:

S10913 = us = u1S10c25 + uzcg(cacs + cg) + uaca(cacq + c6) + @3cacs
+¢5¢6 + 96cs + uscEPis + ua(Si0c24 + c14 + c3c10Bs5 + c3¢2 Bse
“+cieePst + creaPss) + us(cia(l + ig) + ¢S (Ba + Bs + Be2)
+e3c3(Bi1 + 7 + Be)) + @3(cro(l + Be3) + c3(1 + B3z + Boa)
+cic6(1 4 Pas + B6s)) + ua(cs (Bio + Be7) + 3 (Baa + Boo))
+@sceBao + @6csPss + usPes.

It follows from these relations that

S10c24 = €14 + €5¢10 + €362 Bse + cheePsr + c3cePss.

Si0c2s = c3c11 4 cacses 4 csco, Ba+ Bo + Bo2 = 1, P11 + Bi7 + Ber = 0,
Baa = Bos, Be3 =1, Bis =1, Bis =1, Bss =0, Bag =0, B39 = Be7,

B3z + Boa =1, Bos + Pes = 1. (2.22)

From these relations and from (2.15) it follows that 8,; = 0. Let us use now the
operation Ss s, we have:

85,5013 = 0 = u1 S5 5¢25 + uscg(cacq + cg) + uaca(carcq + c6) + @3cacs
+@s5¢6 + 96cs + uzcg + ua(Ss 524 + c1a + €362 Bs6 + cieePs
+cceBss) + us(c3(Ba + Bs + B7) + a5 (Bu + Biz + i)
+cgBio + c12B19) + @3(c3(1 + B3z + Pos) + c3c6(1 + Pas + Pos
+B65)) + a(c5 (B39 + Bao) + ¢5(Baa + Bas)) + pscePs:
+@6¢3 Bse + us(1 + Bea).

This means that:

Ss,5¢24 = C14 + 510 + ¢4cePs7 + C3c6Pss, S5,5¢25 = cacscs + c3cin + 6o,
Ba+Bs+Pr=1, Buu+Pr2+pP17=0, s+ Pg+ Pss =1, P16 =0,
P19 =0, Bs2 =0, Bea =1, B33 =0, Bs¢ =0, B39 = Bao, Paa = Pas. (2.23)

From these relations and from (2.22) it follows that 3 = 0. Let us act on ¢13 by the
operation Sg:

Ss@13 = 9o = u1S8¢25 + uscie + uscia + ua(cio + 3 + c3c6Pes) + geco
+uscs + cg(uzcs + uzcePs7 + uaca) + uscycePss
+un(Sseaa + Parcy + Pasch + Bsocicg + Bsacacl)
+93(cSBe2 + 3¢5 Bo1) + @s(ciBos + 3 Pe7)-
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This means that

Sgcas = c17 + coc, Sscas = Parci 4 Basch + Psocicd + Psaciel.
Bes=1,B57=1,B58=0,B61 =0, Be2 =0, Bssc =0, Be7 =0,

From these relations and from (2.19) it follows that 817 = 1, 84 = 0; from (2.20) it
follows that 85 = 0, Bo7 = 0, B3 = 0; from (2.21) it follows that 819 =0, 31 =0,
Bas = 0; from (2.22) it follows that s = 1, B11 = 1, B2s = 0, B39 = 0, fas = 0;
from (2.23) it follows B7 = 0, B12 = 0, Bso = 0, Bas = 0; from (2.18) it follows that

Bso = 0.
Applying the operation Sg, we obtain the equality:

Se@13 = @10 = U1 S6c25 + u2cs(c1o + €3 + 3¢6 + cace + c208) + Usca(c1o
+c2 + c3c6 + cace + cacs) + scacs + s(cio + 2 + chee) + prcs
+93(c3 + €3)c6 + uacg + ua(Secas + c18 + 5 + c3c14 + Parcicice
+BaacSce + ) + us(c3 (1 + Bo + Bas) + c3c3 (Bs + Bs3)
+c4(1+ Bia + Ban) + ua(c3c3 (1 + 1) + 3Ba2) + gio-

From these relations we obtain:

2, 2
Seca5 = c9(cacg + c10 + €5 + €5¢6) + C6C13,
Sec24 = c18 + €3 + c3c14 + coc12 + €35,
Bo+ Bag =1, B3 = Bs3, Bia+ Pa7 =1,

Bs =1, B =0. (2.24)
Developing the relation S1¢13 = @11, we get after cancellation:

u1S4cas + uacg (e + cacs + cacy)
+(uicr) + uses + uzc)cacs + urSacas
+3cici + ua(Bascicy + Paach® + PaocScl + Baacd)
+@3(c§ + Barch + Bascs + Bsacied) + uaca(cin + cac3)
= uca1 + uz((c10 + €3 + c3c6)ch + coc12) + uacce + gscir + @rc3.

After regrouping we have:

u1(Sacas + c21 + cacgenn) + uacacy
+uzcger + @3c§ + uacscrn + uscecin + ugcac
+@s5c12 + uzqgc‘zt + u3czcgcg + M4C'2C4C§ + us(cio + cg + C%C())Cé
+@3(ci + 3 Pag)Cs + uacecs + @r¢3 + ua(Sacas + Pazcacy + Paach’
+B20cSc; + Baacs) + 3(Barcy + Bsacacy) = 0.
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Hence,

2 4 10 62 4, 4

Sqco4 = Bozcrcy + Pracy + Baocrcy + Biacs + crc1,
2 4

S4c25 = €21 + cacgcy) + cs5¢§ + c9ci + 1165,

Ba1 =0, Bs3 =0, Byg = 1.

From these relations and from (2.24), it follows that B9 = 0, B3 = 0, B14 = 1.
Using the relation S>¢13 = @12, we get after the cancellation:

U1 (Sacas + 23 + cacses(cq + c3)
+eacscie + cacsers + ciz(eio + ¢ + e3ce)
+cocta + 617 + (19 + cocio + cr1(ch + ¢3))e3) + ua(Sacaa + C6C§ + ciei
+c%1 + c6cﬁ + cgclo + clz(cg + c%ce) + c%clg) + u3(c‘5‘(1 + B34) + ﬂ24c%0
+Ba3c3cs + PaocSc) = 0.

Hence,

Soco4 = c6c§ + c%l + c6ci + cgclo + c12(c§ + c%c6) + c%clg + cﬁcm,

Sacas = c23 + cacses(c + ¢3) + cacscie + cacsers + ci3(cio + €3 + 3ce)
+egcia + cc17 + (c19 + cocto + cri(cd + €3))c3,

Bsa=1, B3 =0, fra=0, Bag =0.

The final form of the projection of @13 is the following:

Y13 = U125 + U2C8C16 + U4C2C16 + UsCrC8 + UpCo4 + uz(con + C%l + Cgclo
+e3ciero + coch + cero + ciera + crocin) + @a(ea + €2) +ualers
+¢§ + chera + cacice + ) + @s(cg + 5) + wo(cra + ciee) + us(cro
+c§ + c3¢6) + @10¢s.

Using this decomposition let us calculate the result of action of the operations S, on
the elements cp5 and cp4.
10. The projection of the element &4 has the following form:

@14 = U127 + U3C8C16 + U4CsCl6 + UsCacs + urcre + us(crq + ,316%2
+Bacscis + Baciocia + Pacs + Bscicq + Bocicies + Brcicscio + Psca
+Bocgcir + Brocecs + Pricscis + Pracican + Piacicly + Pracrcicio
+B15¢5cs + Procaci + Bircact + Pischeg + Brocicscio + PaocSern
+B2163¢; + Pracicies + Pascicecia + Paachcicd + Pascicicrn

+B26¢32) + @3(Brrcan + Pascly + Procicin + Brociocia + Bricicia
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+B32c3ct + Brscicio + Baacech + Bascecs + Bscscis + Parcacs
+B3scacia + Baocscecia + Paocsero + BarcSeE 4 Baarcicics + Pascies
+Bascsci + Bascscicio + Basccicd) + ua(Barcao + Pasciy + Bascicro
+Bs0cs + Bsicierr + Bsacicg + Bsacecia + Bsacscs + Psscach + Bsecs’
+Bs1¢5¢6¢10 + Bsscace + Bsocern + Boocscies + Percsed) + ps(Beacis
+Be3¢§ + Boacacia + Boscecia + Poocacio + BercrcE + Boscscics
+BoocSce + Broce + Bricicio + Bracicd) + o(Brici + Pracy + Brsch
+Br6c6c10 + Brrcsce + Brscscin + Brocics + Bsocscd) + @1 (Bsicia
+Bs2¢5¢10 + Bs3cics + Psacice + Psscace) + us(Bsecin + Psrce
+Bssc3ct + Bsocl) + wo(Boocio + Borc2 + Borcsce) + w10(Bozch
+Bo4c3) + @r1¢6Pos + @12¢3 Pos.

Using the operation Sy2,12, we get:

SO,

S12,12¢014 = 0 = u3(1 4 B1 + Bss),

B1+ Bse = 1. (2.25)

If we use the operation Sy, we get:

i.e.

Soo@14 = @3 = u1 82027 + u2(S22026 + ﬂ96c%) + @3827.

2
Bo7 =1, Sxnc27 =0, Sac26 = Poscs.

Using the operation S11,11, we get the equality:

or,

Si111914 = 93 = u1S11.11¢27 + u2(S11.11¢26 + Bosc3) + @3(1 + Bas),

2
P =0, Si1,11c07 =0, Si1,11¢26 = BosCs.

Application of the operation Szg, S»0¢14 = u4, gives us:

g = u1 82027 + u2(S20¢26 + Posce) + uzcs(Bra + Poe) + uafar,
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or
$20c27 =0,  S20c26 = Boscs, Par =1, Bia = Pos. (2.26)
From the condition S19,10¢14 = 0, it follows that

0 = u1S810,10c27 + u2(S10,10¢26 + c6(B76 + Po5))
+u3c3(Bsa + Biz + B3 + Poo + 1) + ua(Bas + Poo)-

Hence,

S10,10¢27 = 0, S10,10¢26 = c6(B76 + Bo5),
Bag = Poo, Ps2 + P13 + B3 + Pos = 1. (2.27)

Applying the operation S ¢.6,6 We get:
S6,6,6,6914 = U3 = U156,6,6,6€27 + 1256,6,6,6¢26 + u3(Bs + B70 + Pos)
So,
S6,6.6,6c27 =0,  S6,6,6,6c26 =0, Bg+ B70+ Pos = 1. (2.28)
Bi+ Ba+ Bs + Bs1 + Po3 = 0. (2.29)

Let us act by the operation Ss 5 5 5 on the element ¢;4. Then we have:

85555014 =0 = 1185555007 +u2(S555502 + c6(Br6 + B79))
+u3c3(1+ B13 + Bra + Pis + B2 + B3 + Bos)
+u4(Bag + Bao + Bs0)-

This gives

Ss5,5,5,5¢27 =0, 85555026 = c6(B76 + B79), Pag + Bao = Pso,
B13 + P14 + Bis + B2 + B3 + Pos = 1. (2.30)

If we use the operation Sjgwe get:

Sisp1a = @5 = u1S15¢27 + u2(S18¢26 + Posci + Poac)
+usce(1 + B + Bos) + @3¢5 (B3 + Bos) + @562
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Hence

Sisca7 = 0, Sigcas = Pozcs + Poacs,
B2 =1, Bsg = Bos, P11 + Bos = 1. (2.31)

Let us apply now the operation Sy o:

S0.9¢14 = 5 = u1S9.9¢27 + 12(S9.9¢26 + Po3cy + Poacs)
+usce(1+ Bi1 + Bro) + 3¢5 (Bs6 + Pos + B37) + @5 (Bes + 1).

This gives

So.9¢27 = 0, So.9¢26 = Po3ci + Boacs,
Bez =0, Bi1+ Bio =1, Bz + Pos = B37. (2.32)

It follows from (2.31) and (2.32) that 837 = 0.
Let us apply the operation Si¢, this gives:

S16@14 = @6 = u1S16¢27 + U2S16C26 + U3Cy + U4C4 + M303/394
+ua(Boocio + Borc: + Borcsce) + usct Bos + @3c6Bos + uaci Pos.

This means that

Si6c27 = c11, Si6c26 = (Boo + Deio + orcs + Porcice,
Boa =1, Bo3 =0, Bos =0, Bog = 0.
From these relations and from (2.31) it follows that 836 = 0, 11 = 1; from (2.32) it

follows that 819 = 0; from (2.26) it follows that 12 = 0.
Let us use the operation Sg g, this gives:

Ss.s014 = 0 = u1S3.8¢27 + u2(Ss.8¢26 + Booc1o + Po1¢2 + Borcics)
+u3(Bi6cs + Bscl) + w613 + @3c6P3s + uaci Psa.

Hence

Sg.8¢27 =0, Sg.8¢26 = Boocio + Porc: + Porc3ce,
Bi6 =0, Bs =0, 73 =0, B35 =0, Bsa =0.

Using the operation S14 we obtain:

S149014 = @7 = u1S14¢27 + u2814C26 + Uc4c8 + U3C2C8 + UgC2C4
+usce + uz(cio + c3 + c3ce) + @3(ci + €3) + ua(Bssci2
+Bs7¢E + Bsscact + Bsocd) + uz(cio(Bs + Boo) + 2 (B2 + Por)
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+c3ee(Bas + Bo2)) + 3(B31¢] + Basc) + uacePss
+@5¢5 Boa + 97 Bs1.-

It follows from the relation

Siac27 = c13,  Siaca6 = (Bse + e + Psrci + Bsscacq + Bsocs;

B3 = Boo, B2 = Po1, B2z = Po2. B31, B3, Bs3, Bea, Ps1 =0; (2.33)

Let us apply the operation S, we have:

S12914 = us = u1S12¢27 + u2(S12¢26 + Psacicio + ,383C§C§ + Bsacice
+Bss5¢3c6) + uz(cia(1 + Pse) + cg(Bo + Ps7) + e3¢5 (Bas + Pss)
+5(Bao + Bso)) + @3(cio(1 + B3o + Bo) + ¢3(Bao + Bo1) + (Bro
+B92)c3¢6) + ua(ciPsi + c3Ps9) + pscePos + v6c3 Prs + usPso.

This gives:

Si2c27 = 0, Siaca6 = Psacicio + /383C%C§ + Bsacice + Bescice;
Bo = Bs7, B2s = Bss. B0 = Bsy, P29 = Po1, Bss = 1,
B8, Bos. Bs1, Bso = 0; Br9 = Bo2, B3o + Boo = 1. (2.34)

From these relations and from (2.25) it follows that §; = 0, from (2.29) it follows
that B4 = 0.
Calculating the action of the operation Sg ¢ on @14 we obtain:

Se.6014 = 0 = u1S6,6¢27 + uaca(cio + ¢ + c3c6) + uzea(cio + €2 + c3ee)
+@3(c10 + €2 + 3c6) + uacacacs + uzcacace + uscics + gscaca
+u2(Se.626 + c14 + c3¢6(1 + Bss) + czcePsa + c3c10(Bs7 + Bs2)
+c3c2(Beo + Bs3)) + us(ciBro + ciaBo + S (Bis + Beo) + c3ci(Bos
+B24 + Bes)) + 93(c10(B33 + Bre + Boo) + c3(B32 + Bro + Por)
+c3¢6(B30 + Bas + Po2)) + ua(cs (Bs2 + Bsa) + c3 (Bss + Pss))
+usPs7 + ¢sceBro + 96c3 (Boz + B17).

Hence,

S6,6¢26 = 14 + c3c6(1 + Bss) + cicoBsa + c3c10(Bs7 + Bs2) + e3¢ (Boo + Bs3);
Se.6¢27 = ¢s5(c10 + ¢ + c3ce) + cacacs, Bis = Boos P23 + Poa = Pes,

B33 + Bi6 = Boo, B32 + B79 = Bo1, B39 + Baa = Po2,

Bs2 = Bsa, Bss = Bss, Po2 = P77, P10, Bo, Bs7 = 0. (2.35)
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Applying the operation Sjp we obtain:

S10@14 = @9 = u1S10¢27 + u2c6c10f76 + Uscacacs + uscecs + uscacy
+uscsce + 3cacs + U3ceCh + U3ceCs + 9sci i1 + vecePe
+ua(S10¢26 + Brach + Brscs + Brrcict + ﬁ79C§CG + Bsocycd)
+us(cra(1 4+ B3) + cero(l + B3 + Bs2) + c3¢2 (B2 + Bra + Bs3)
+ciee(B7 + Bsa) + cce(Bro + B3 + Bss)) + ¢3(c12B0
+cgBa3 + cS(Bao + Bso) + e3¢5 (Bas + Pss)) + ualcio(1 + Poo)
+c3(1+ Bao + Po1) + c3¢6(Bs7 + Bor + 1)) + 97165 B2 + 9o oo
+¢5¢3 Bos-

This means that:

S10¢26 = Brach + Brscs + Bricict + ,37QC§C6 + Bsocscl,

S10c27 = cacses + coct + crice; Ba + Bra = Bs3. B1 = Psas Pro + Baz = Pss,
B3, B11, Bie, Boo =1, B3o. B33, Bs2, Bes =0, Bao = Pgo, Pas = Pss.

Bag + Bor =1, Bs7+ Boo = 1. (2.36)

It follows from (2.36) and (2.27) that S48 = 1, B13 = 0, from (2.28) it follows that
Bs = 1.

From the equality Sg¢14 = @19, we obtain after cancellations:

uicl9 + u3(cf‘1 + cgci) + <p6c42‘ = u18gcr7 + u3c303 + u4ci + uchclo
+uz(Ssca6 + 3¢3B67 + Poscicice + PeacScs
+B72¢5¢3) + uz(3(1 + Br5) + ¢4
+c3cBr7 + ceoBro + 3t Pso) + 3(caci s
+c3ceBss + c3cePss) + ua(ciciPss + cSPso)
+¢5(c2Bo1 + Borc3ce).

Hence,

42 22 6 22
Sgca6 = 565867 + Boscrcice + Beocrce + Bracycs,
B77, B79, Bso, Bs3, Bs4. Bss, Bss. Bso, Po1, Boz =0,

2
Bra, B1s =1, Sgco7 = c19 + ci1c;.

From these relations and from (2.36) we get Bs7, Bag = 1, Bas, Pao, B7 = 0; from
(2.35) it follows that Bsg, Bs2, B3> = 0; from (2.34) it follows that B9, 820, B25 = 0;
from (2.33) it follows that 8,, B23 = 0; from (2.36) it follows that 814, B19 = 0; from
(2.30) it follows that 815 = 0; from (2.30) it follows also that 859 = O.

@ Springer



Symplectic cobordism in small dimensions 67

Using the equality Se¢14 = @11, we obtain after the cancellation:

urear + uzch(cio + 2 + c3ee) + @slcro + ¢ + c3c)
= u1S6c27 + uscacg + uzcs(cio + ¢ + c3ee) + uaca(cio + ¢ + ciee)
+uzc10(c10 + €3 + c3¢6) + Uscacecs + Uacacacs + pscacs + @3cy
+us(Seca6 + c3c12 + c3ciz + €30 Bse + e3¢ Bss + cacicaPeo + BercScd)
+us(cic(Bo + Br2) + S3c2(Baa + Bo7) + c3cicoPes + cScoBeo)
+3(c3ciBar + 5Pz + ¢4 Paa + 3cgPas) + uacsci oo
+os5(c3c3Pes + ¢S Beo).

Hence,

c3ciBss + 3 Bse + cSciBori Bo = B2, oz = Per-
Seca7 = c21 + CsC§ +c11(cro + C% + C%Cs) + cycqcg,
B9, Bess Beo, Baz, Baz, Baa, P3za =0. (2.37)

SeC26

From these relations and from (2.35) it follows that 83, 24, B39 = 0.
From the equality Ss¢14 = @12 we get after the cancellation:

4
u184c27 + uzcg(c12 + cac10 + cac8 + cacy) +ugcq(cr2 + cac10 + c4c8)
4 4 2, 2
+@scacs + uzcyc12 + @3cycio + uzcio(cio + s + c5c6) + UsceClo

2 6.2 222
+@sc12 + @710 + P3cic10 + u2(Sacae + Barcrcs + Bascrcics)

Huz(Bsscicq + Bsecy’ + Bercoe) + ¢3(/367C§C§ + ﬁncicg) = ujco3.
This means that

23 + cric12 + c13c10 + c4c8¢11,
62 2202,
Sac26 = Barcycs + Pascrcyess Ber, Bz =0, Bss, Bse, Bs1 = 0.

S4c¢27
From these relations and from (2.37) it follows that B¢, 822 = 0.
To determine the coefficients B41 and B4 let us apply the operation Ss 5.
85,5014 = @9 = u1S5,5c27 + uz(cacacg + cocg + C421C6 + 6366) + @3cac8
+uaceero + ualcac + cace) + @sci + voce + 9o
+u2(Ss 5026 + €5 + ¢4) + @3(Barcs + Bascicd).
Hence,

Ba1, Bas =0; Ss5c27 = cacscy + cocs + c11c6,  Ss.5¢26 = €5 + .
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To determine the coefficient 21 we apply the operation S4 4:

Saa@14 =0 = uS4.4c27 + us(ci + 3)cio + us(cies + g + 3 + cocio
+c3ed) 4 ug(ch + cacio + cacg + cacy) + gs(cs + ¢5 + ¢3)
+@scio + usch Bor + ua(Saaca6 + cis).

It follows from these relations that:
Ba1 = 0; Syaca7 = crics + 3+ ¢3) + cocio, Saacae = cis.
To determine f17 let us use the operation S4 4.4 4:
S4.4.4,4914 = 06 = U1 S4,4,4,4C27 + U2S4,4.4,426 + 3¢5 (1 + B17) + ¢6.
So,
B17=1; Saa.44c7 = S4444c26=0.
8$22.22,222272222014 =0 =wu3(1 + Bo),
hence, B¢ = 1. The final form of the projection of the element @4 is the following:

@14 = U1C27 + U3C8C16 + U4C4C16 + U5C4CE + U2C26 + U3 (C24 + C10C14
4 4.4 12 2 2 2
+cg + coc18 + c3¢4 + ¢37) + @3¢ + ua(co + ¢ + c5¢10 + ¢3¢6C10)
2 4, 8 4
+os(c1s + cic10) + gelcy + €5 + coc10) + uscia + ocio + @10¢; -

Using this decomposition we calculate the action of the operation S, on the elements
c27, and cpg.

2.3 Matrix Massey products in MASS

Ifelements &, n, ¢ belong to E(z) ‘I fort < 106 then the following triple Massey prod-
ucts are defined and almost all of them contain zero: (&, ho, 1), (£, ho, ¢), (¢, ho, 1).
Hence for all such triples the matrix Massey products of the following two types are

defined: (&, ho, n, ho), (€, ho, (n, &), (i)) Really, let ¢, , be the element belonging

to E (1)’0” which is defined uniquely up to cycles of the differential d;, by the property:

di(cc,y) € (¢, ho, n). Let also h; denotes the element belonging to Ell’o’t, and having
the property di (h;) = ho¢. Then we have:
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0 E hg 05377 k
0 0 ho h 0

(& ho.nho) =10 o o n" hy = hocg,y + hghy,
000 0 ho

0 & hg (ceq,ce0) *
00 hy (hphy) —epe
(&, 10, 1. ©), ) 000 o 0
000 0 (4
0
=&cpc + Cegn +nee .

Let us denote the first product by Ag ,,, and the second by F¢ . There is the equality:
©3 = Fu,.us.u3» and in the notations of the work [41] we have: c; = Ay, 4, a6 =
Au 1,93*

As a canonical representative for F, u; u; jwe choose the element ¢; ;. As a canon-

ical representative for ¢, uj We take ¢y ;. If § € Eg L has in EO 1.e

0,0,t

the following

decomposition: £ = >, u;¢;, where ¢; € E;"', then as hz we take the following
element: hz = >; h;¢;. As a canonical representative for Az ¢ we take hg Under
these conditions the elements F¢ ; , and Ag , are defined uniquely for r < 108. For
the simplicity let us introduce the following new notations:

old notation new
ful,ui,uj (ﬁi,j
fuk,ul-,uj Wi, j
Fur.ui ok ‘/f?',j,k
ful,ui,_,’,wi,j,k W,’,f,k

2.4 The cell EY'"' forr < 108

Generators are given in the Table 3. The following brief notations are used:

complete | wy34 | w235 | w245 | @345 | Y334 | Voig | V334
brief w1 1073 w3 w4 Y1 Yo Y3

complete | ¥, 53 | Y5353 | Y335 | Y234 | Yais | V345

brief Yy ¥s Ve Y7 Vs Y9

Lemma 2.2 Letall the elements given below are taken from the cell EO L fort < 108.
Let also the following conditions hold: i # j # k # i;i, j, k € {2,3,4,5}. Let
EAC #nF#OF£EF£n,0 # . Then the following conditions hold:

(D) uigjr+uj@ik+ uipi,j = u10j j k.

2) uiGijk+ GijPjk =M11ﬂ;~,j,k+ujuk6il~

B GijGijk=wmy;;,+ Ui ket ; +ujgikct ;-

Q) wity; 5 Fujl; = @i jwijk
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5) ¢12] = u%cﬁj + uic%’j + Mjc%,,-.

©) wiv; 1 +9ij ¥ ;= WIGike; ; +ujoi et ;.

D with; 5 1+ @iV, j b+ PikV; 3 g = Pijk i jok-

®) a)iz’j’k = u?cik + u?cik + u%czj.

O) @7k =uic} Huict jei p +uieq ol +uied jei ;.
(10) EFr o+ Feno+nFeco+0Fc e, =0.

Proof It consists in direct check writing the decompositions of participating elements.
O

This gives all the relations in Eg’l", t < 108.

2.5 The cell E3%, fort < 108

Lemma 2.3 (i) If§,¢,n € Eg’l’t, and € E;** is an arbitrary element, and expres-
sion Ag  is defined, then the expressions Agg ¢ and Ag ¢ are also defined and we have
the equality 0 Ag ¢ = Aoe . = Ag o¢. ii) If A ¢ and Ag ,, are defined, then the relation
Ag ¢4y is also defined, and the following equality holds: Ag ¢ + Az y = Ag 4.

Proof (i) If Ag  is defined by the expression:

0 & he cepy *
00 hy h, 0

<§’ hOa n, hO) = 000 n’] hr] Zhocé,n +h§hn’
000 O ho

then Agg ; can be given by the formula:

08 Ohg Oce, *

0
00 ho hy O
0
0

(&, ho, m, ho) = = 0(hocg,y + hehy),

0 0 15  hy
0 0 0  ho

(ii) is proved analogously. O

Lemma 2.4 Let > ; £ ¢; = 0 be one of the relations of Lemma 1, where the elements

§i,8 € Eg'l’t are such that the sum of their t-gradings is less than 108, and the
elements Ag, ; are defined for all i. Then ) ; Ag, ¢, = 0.

Proof Let us consider for example the first of relations:
ui@ji +UjPik + ukQi,j = U10;,j k-

Because of the equality ¢ x = uicjx +ugcy j +ujcyr, wehave hgj i = hicjp +
hier,j+hjcr g and ¢y, @k = ¢ jk +c1,icj k. Because of equality w; jx = uicjx +
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ujcik + urci j, we have hwi_ij = hiCj,k + hjci,k + hkci,j, and Cuy,o jx = Ci,jk +
cL,iCjk +c1,jcik +cyci j. Hence,

Au; @k = holci jx +cricji) +hi(hicj i+ heerj +hjcr ),
Au; @ik = ho(cijk +crjcik) +hj(hicix + hieri + hici k),
A @ij = ho(cijk + cricij) + hi(hicij + hicyj +hjci i),
Autop o = holcijk +cricjk+cijcik +circij)

+hi(hicjx +hjcig + hicij).

Adding these equalities we get the assertion of Lemma. The other equalities are proved
analogously. O

Now we can describe the generators of the cell Eg ’0’1, t < 108. As it will be shown

in Sect. 2.4, there are the following equalities for the Massey products (@7, ho, w1) =
(Y1, ho, @6) = (Y2, ho, ¢5) = (V3. ho, ua) = (Y4, ho, ¢3) = (Y5, ho, uz) = (Y7,

ho., u2), and they are not equal to zero in E5"**. Equalities are understood in E5"™*,

indeterminacy of each product is equal to zero in E5™". Let us call the pairs

(@7, 1), (@6, Y1), (@5, ¥2), (U4, ¥3), (@3, V¥a), (U3, ¥s), (uz, Y¥7) forbidden. For

each forbidden pair &, ¢ the element Ag ; is not defined.

Let us take for each non-forbidden pair &,¢ € Eg’l’*, such that the sum of

t-gradings of & and ¢ is less than 108, the element Ag ;. Let us delete from this
set the elements 4¢ ; which according to Lemma 2.3.2 can be expressed by the oth-
ers. Let us add one element which we shall denote by Ay, v)+(3,w)> and having the
following decomposition:

Alr 1) +(G7.01) = holcsegerz + cacoc13) + hihzcgers + hihgcscrs
+hoh3zcg(c13 + cgcs + c4c9) + h%czc8m + hicz04C5
+hohgca(c13 + cgcs + c4c9) + hzhaca(cges + c4c9).

This gives the final system of generators of the cell E% 0 ‘fort < 108. Let us describe

relations.

Lemma 2.5 There are the following relations:

(1) §A:p =nAs g
Q) &A= Ay =nAs s

2 2 212.
(3) A2, = hoc, +hZh2; o
@) Aeyder =hiAgc +hoAs 7, 60 € Ey '

under the condition that all the expressions appearing in the formulas above are

defined.

Proof (1) Wehave the formula for the first differential: d (hece ;) = &£ Ag y+nAs ¢
(2) Also we have: di(hgcey + hece ) = EArn + L Ae .
Relations (3) and (4) can be checked directly. O
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2.6 The cell E;""" for 1 < 108

Lemma 2.6 (i) The element k € (@7, ho, w1) is defined and not equal to zero in
RS
Ey
(i) There are the equalities:

(@7, ho, w1) = (@6, ho, Y1) = (@5, ho, V2) = (ua, ho, ¥3)
= (@3, ho, Y4) = (u3, ho, ¥s5) = (u2, ho, ¥7),

which are understood without an ambiguity because the indeterminacy in the

given dimension is equal to zero.
*, %, %

(ii)) There is the equality hox = 0 in E5"".

Proof (i) The element « has the following decomposition:

Kk = (a1,2¢11 + @1,3¢9 + ap.4¢5)c13 + (02,3208 + a2 4C2¢4)C1
+(az,3c4¢8 + @3 4c2¢4)C9 + (@2,4C4C8 + @3, 4C2C8)Cs.

Here «; i = u;h; + u;h;. Because of
JJ J j

2 2 2
di[(cact1 + cac9 + csc8)c13] = k + a3 4c11¢5 + a2 409 + 02 3C5C7,
and

di(c11) = a3z 4, di(c9) = az4,di(cs5) = az3,

the fact is proved.
(ii)

di((csc8 + cac9)c13) = K + (U, ho, ¥7),

dy((cscg + cacr1)c13) = k + (us, ho, ¥s),

dy((cac9 + cac11)C13) = Kk + (U4, ho, ¥3),
(@6, ho, Y1) = (u2, ho, ¥r7),
(@5, ho, ¥r2) = (u3, ho, ¥s),
(ug, ho, ¥3) = (@3, ho, Ya),

all the equalities are fulfilled strictly for the decompositions of the given ele-

ments in ET**)

(iii) It follows from the formula:

di(hihaciiciz 4+ hohzcacgery + hohacacacty + hihszcocers
+hahzcacgcg 4+ hzhacocacog + hihacsciz + hahacacscs
+h3h4cycscg + h%C4CgC11 + h%czcgcg + h362C4C5) = hok.
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Remark 2.1 Described elements give a complete set of generators of E;“*” fort <
108.

2.7 On the action of differentials d, (r > 1)
Because of multiplicative properties it is sufficient to describe an action of d, on E ,2 /0.2
and E9 1! Remind that the cell Eg’o” consists of cycles of all the differentials d,.

If + < 104 in all the cells Eg "I honzero elements have t-grading equal to 4m + 2,

and in the cells Eg 21 honzero elements have t-grading equal to 4m. First “irreg-
ular” elements are i, ujxh? and (h?)%k; deg(uikh?) = (3,2, 110), deg[(h])*k] =
(2,5, 112). Hence first elements of the cells E2* and E>!*" for which a differential

d, can be non-equal to zero for r > 1 must have 7-grading not less than 110.

Theorem 2.1 There is an isomorphism of the terms E;’*‘t and E5°' of MASS up to
dimension 108:

Proof We need to prove only the fact that the element « is an infinite cycle. In Sect. 3
it will be shown that there exists an element 2 € MSp,q, having the order 2 and
whose projection to the term E» of the Adams—Novikov spectral sequence is an ele-

ment (having the same notation) 2| € E21,50. This last element has the order 2 and

projects into the element w; € E&LS % in MASS. Hence in the term E; of the Adams—
Novikov spectral sequence the following Massey product (21, 2, ®7) is defined and
is associated to the element k € {(w, hg, ¢7) defined in MASS. All the elements in
Eg 0% are infinite cycles. Hence for the last product all the conditions of Theorem 3
of the work [20] about the convergence of Massey products in spectral sequences are
fulfilled. Hence the element « is an infinite cycle. O

3 The Adams—Novikov spectral sequence for ¢t — s < 56
3.1 Algebraic structure

In the work [41] of the second author the ring MSp, was calculated up to dimensions
% < 32. We continue these calculations and compute this ring in dimensions * < 56
(up to some integer relations). On the base of these calculations we construct the ele-
ment Q49 € MSp,g of the order 2 and with the following properties: 9129 1 = 0and
0 € (01,2, Q1) in MSp,.. Let us determine the term E; of the Adams—Novikov spec-
tral sequence, which is associated to the term E., of the MASS which is calculated
up to ¢ < 106 in the Sect. 2. We also calculate the action of the differentials in the
Adams—Novikov spectral sequence for 32 < t — s < 52. These results are given in
Tables 6 and 7.

1. We follow the work [41] and denote by Tl’il (x) the projection of the element
x € MSp, (if x is in the i-th module of filtration) into the term E, of the Adams—
Novikov spectral sequence. Let us introduce the following notations for the projections
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of the elements 6, € MSp,, ®; € MSpg; _5:

1,2 . 1,221 ~1
Up =7l (0)) € By, Uiz =7 (®ai) € B> 70,

O, =) e EyY 7 if j£20

Wehave: 2U; = 0, 2®; = 0and U;, ®; are the infinite cycles of the Adams—Novikov
spectral sequence.

2. We follow the work [41] and denote by niz (x) the projection of the element
x € E» = Exty(BP*(MSp), BP*), (here we put A = AB?) into the i-th line of the
term Eo, of MASS if x is in the i-th module of filtration corresponding to MASS. For
the shortening let us introduce new notations of some generators of Eczxgo’t .1 < 56,
results are given in Table 5. Let us consider the elements z;, y;(1 < i, j < 8), having
the following projections into the term Eo, of MASS (notations for the elements of
MASS are taken from Table 5):

n3(z1) = a1, 73(22) = ar, 73(23) = a3, w5(24) = aa,
73 (ya) = ea, w3(z5) = as, w3 (z6) = ae, 7We(Y6) = Co,
73(z7) = a7, 73 (y7) = by, 73 (z8) = ag, 73 (y3) = es.

These notations differ from notations of the work [41] by the transposition of the
elements yg and zg. The action of the differentials on these elements are described in
the work [41]. Also in the work [41] the following elements are introduced:

11 =Ujys+ Uszz € E21’18, 7 =Uys + Uazs € E21’26’
3 = Usye + Usys € Ey ™.

These elements are the infinite cycles in the Adams—Novikov spectral sequence and
define the elements 71 € MSp 7, 72 € MSp,5, 13 € MSpyg. Let us denote by FiE;’*
the set of elements from E; * Extj’*(BP*(M Sp), B P*) having the filtration cor-
responding MASS not less than i.

3. It follows from the relation h%eg =aja7 + af, which is fulfilled in the term E o
of MASS that in the term E; of the Adams—Novikov spectral sequence we have the
relation:

dys = 2127 + 25 + Prdzs + Ba(ziz3 + 21ya) + B3(z12324 + 21 Y6)
+B4221y7 + Bs2z2z6 + Pe2z127 + P722325 + Pszizs + Po2z;
+B10732224 + Br12323 + Braz12323 + B132323 + Brazs + Biszizs
+B162% + B1722320y4 + P1822124 + P19223 2223 + B2022522
+82122326 + B2222123y4 + B232212225 + P2a22374 + 2522273
+B26223y4 + Brrdyaza + P2s8yi + Bro4z2Ye.
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Let us choose the element yg in such a way that 3 = 0 (changing yg for yg =
8 + 2628 yf). Let us multiply by U; both parts of studying equality, then we have:

Baziti + Bazita + (Bs + Bio)zizsUn
+(B11 + Bi2 + P1a)23U1 + (Bi3 + P15)z123U1 + Piezi Uy = 0.

we obtain that B2, 83, B1e = 0 mod 2; g = B0, 13 = P15 mod 2; B11 + P12 +
B1a =0 mod 2. Not loosing the generality in the last relation we can have 811 = B12
mod 2, then 14 = 0 mod 2. We can choose the element z7 in such a way that the
action of the differential d3(z7) = U, U32 and the relation U1z7 = Usz4 are conserved
and our equation takes the form:

4yg = z127 + 23 + Brdzs + Bs222z6 + Br223zs + Ps(zizs + 232024)
+B9223 + B11(2323 + 212523) + B13(z323 + 2123) + 14223
+B2422324 + P2522223 + P26225y4 + Prr4yaza + Prodz2Ye.

Let us apply the operation Sy 4 to the both parts of the last equality
S1.4y8 = ((8224)/2)*(14+2B9) mod 4.

We can suppose (changing yg if necessary), that 4 4y8 = ((S224)/2)> mod 4 Hence
Bo = 0 mod 2. Then by the choice of yg we can achieve that our relation take the
form:

4yg = z1z7 + 23 + Prdzs + Bs222z6 + Br223zs + Ps(zizs + 2320z4)
+B11(z323 + 212523) + B13(2iz3 + 2123) + Bia2z5
+B2422324 + P2522223 + B26223ya + Prr4yaza + Prodz2Ye.

Because of the fact S7(U» U32) = 0, it follows that S7yg = 0 mod (2z1), and because
of the fact S;Us = Uy, it follows that S7zg = z; mod (2z;1). Applying S7 to our
equality we obtain 471 = 4f1z1 mod (8z1), hence f; = 1 mod 2, and so one can
choose the element yg in such a way that our equality takes the form:

dys +4z8 = 7127 + zﬁ + Bs52z2z6 + P722325 + Bs (z?zs + z%zzu)
+B11(z323 + 212523) + Bi3(2123 + 2123) + P14225
+/32421§Z4 + ,3252221% + /3262Z%y4 + Bo74yaz4 + P29422Y6.

From the relations 2z¢ = 2125 + 2224 and 4z4 + 4y4 = 2123 + z% it follows that

Bs(z3zs + 23z024) = Bs22326. Pr1(2325 + 212523) = Br1z1234(z4 + y4), P13(2iz3 +
Z?Z%) =B 13z‘1‘4(z4 + v4). Hence one can choose z7 (not changing the relation U1z7 =
Usz4) in such a way that our expression takes the form:

4ys +4dzg = 2127 + 23 + B522226 + B122325 + P14223 + Pra223z4
+ 82522223 + 262234 + Bar4yaza + Prodz2 6.
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From the relation 4z4+4y4 = z123+23 it follows that 2842324 = 2Boaza(dza+4ys—
2123), P26225y4 = 2Poeya(dza + 424 — 2123), 14225 = P1a225(4z4 + 4ys — 2123).
Hence we can choose yg and zg that our equality takes the form:

dys +4zg = 7127 + 25 + B522226 + B122325 + Ba522223
+B274y4z4 + 29472 Y6.

From the conditions Sece = 1 and Secg = ¢ it follows that Sy = 1 mod 2; Sezg =
zp mod (2z», z%); Seys =0 mod (2z2, z%); S6z7 = z1 mod (2z;). It follows from
these facts that4z, = Br94z4 mod (8z4), hence Bo9 = 1 mod 2, and one can choose
yg that our equality takes the form:

dys + 4z + 422y6 = 2127 + 23 + 122325 + Ba522223 + Bardyaza + Bs22226.
From the relations Syc4 = 1, S4cg = 0, Sa4cg = ¢4 we obtain

Size =22 mod (222.23); S4z4 =0 mod 2; S4z7 =0 mod (2232122, 273):;
Saye =0 mod (2z2,29); Says =0 mod (224, 2y4, 22322, 23, 2123, 21);
Sazs =z4 mod (2z4,2y4, 22122, 23, 2123, 2})-

If we apply the operation S4 to our equation then we get the relation: 2,35z% =0

mod (ZZ%), hence it follows that 85 = 0 mod 2, hence one can choose yg in such a
way that the relation holds:

dyg + 428 4 422y6 = 2127 + 23 + B122325 + ,3252ZZZ§ + Br74yaz4.

From the following relations in MASS: S> 2cg = 0, S2c6 = c%, Sacs=c2, S22¢4=0,
and the condition $7 U4 = 0 we get the relations:

Spoys =ys mod (2ys,224,2123, 23, 22322, 21); S2296 =0 mod (222, 27);

Sanz7 =23 mod (23,2122, 2)); Sazs =23 mod (223, 2122, 23);

S22z =0 mod (2ys4, 224, 2123, 23, 22122, 21); S2225 =0 mod (2z1);
Sove = y4 mod (2y4, 224, 2123, z%, ZZ%Zz, z‘f); Srz4 =zp mod (227, z%);

$2224=0 mod 4; Sz3=0 mod (2z;).

Hence if we apply S to our equation we get a relation:
4Br7z4 +4ys = 2123 +25  mod (8y4, 824, 22123, 223).

Hence, f27 =1 mod 2, and we can choose yg, in such a way that our equation takes
the form:

4yg +4z8 + 4z20y6 +4yaz4 = 2127 + Zi + B72z325 + /325212Z%.
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From the conditions S3(U U, U3) = U12U2 and S3(U; U32) = 0 it follows that

S3z5 =22 mod (222, z%), S3z4 =z1 mod (2z1),
S327 =0 mod (224, 2y4, 23, 2123, 22122, 21,

so the application of the operation S3 to our equation gives the relation:
2872223 =0 mod (4z223).

Hence B7 = 0 mod 2. Let us choose yg in such a way that our equation takes the
form:

4yg +4z8 +4z0v6 + 4ysz4a = 2127 + zﬁ + /3252121%.
Multiplying this equation by z|, we obtain:
(4ys +4z8 +4z72v6 + 4y4z4)71 = Z%Z7 + zﬁzl + ﬂ25212z§zl.

From the relation 4 of the work [41] it follows that z1z3 = 4y4 + 4z4 — z%, hence our
equation can be rewritten in the form:

4(ys + 28 + 22Y6 + yaz4)z1 = 2127 + 2321 + Bs22223(dza + 4ys — 23).

From the relations S1,1U32 = 0; Uy1z7 = U3zza; U124 = Uszzj it follows that

Siiza=2z2 mod (222,21); S1z4 =0 mod (223, 2122, 223);
Stiz7=0 mod (2zs, 22124, 22223, 22123, 22123, 22322, 227);
S1,123 =21 mod (2z1).

Applying to the studying equality the operation S; 1, we have 0 = f252z 1Z% mod
(4z 1Z§), or 0 = 5 mod 2. Choosing yg transform our equality to the form:

4(yg + 28 + 226 + Y424) = 2127 + 25.
4. Consider the expression U;zg. Because of the equality d3(U;zg) = Ul3 Uy, and

the identity ujag = uaai, fulfilled in the term E, of MASS we have the following
equality in the term E» of the Adams—Novikov spectral sequence:

Uizs = Uszi + Bizit1 + Poz3t1 + Bazita + BaziyrUs + Bsziz7U)
+B62325U1 + BrzizsUr + Bsz3U1 + BozsUs + BrozizaUi.

Changing zg and z7 in such a way that the equality of the item 3 and the relation
U1z7 = Usz4 are conserved, it is possible to transform our equality to the form:

Uizg = Uaz1 + Bez3zsUr + ﬂgzéUl.
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Changing zg and z4 in such a way that the equality of the item 3 and the equalities
3,4,5,6,9 and 11 of the work [15] are conserved, it is possible to transform our equality
to the form:

Uizg = Usz1 + Bez3zsUr.

Changing zg simultaneously with the changing of yg in order to conserve the equality
of the item 3, it is possible to transform our equality to the form:

Uizg = Uszy.

5. Let us consider the expression U,y7. Because of the equality d3(Uzy7) =
U U22d>3 and the identity u,b7 = @3asz, fulfilled for the term Eo of the MASS the
following equation is valid in the term E, of the Adams—Novikov spectral sequence:

Usyr = @323 + Bi2iT1 + fozaT1 + Bazita + PaziyrUt + BszizaUs
+B6z325U1 + Prz3zsUr + BszaUn + ozt Ur + Brozizali.
Let us multiply both parts of this equality by U; and use the relations U1z3 = Uszo

and Uyy; = ®3z0 from [15]. We get the relations 8; = 0 mod 2 for each i. Hence
we have:

Usy7 = P3z3.

6. Let us consider the expression U,z7. Because of the equality d3(Uzz7) =
U1U, U32, and the identity uray; = uzas, fulfilled for the term Eo, of the MASS the
following equation is valid in the term E, of the Adams—Novikov spectral sequence:

Usz7 = Uszs + ,311‘1‘11 + ,Bzz%rl + ,33z%r2 + Baz1y7U1 + Bsz1z27U4
+Boz3z5U1 + Pr23i25U1 + BszaUt + Pozi Uy + BrozizaUn.
Let us multiply both parts of this equality by U; and use the relations U1z7 = Usza
and Ujzs5 = Ujpz4 from [15]. We obtain the relations §; = 0 mod 2 for each i. Hence
we have:

Usz7 = Uszs.

7. An element z9 € Eg’36 we choose in such a way that 7122 (z9) = ag. From the
action of the Landweber—Novikov operation S1: Sjag = ag it follows that

S1(z9 + any element in this dimension not equal to z9) = zg + decomposables.

Hence, the following conditions must be fulfilled:

d3(z9) # 0,
d3(z9 + any element in this dimension not equal to z9) # O.
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So,

d3(z9) = PrUIUUs + BoU U3 @3 + B3U3 (U1 ye + Usz3)
+B4U(Urys + Uaz7) + BsUrUs(Urys + Uazz) + BeUiy3.

Applying the operation S4 4 to this equality and because of the relations S4 429 = 0
mod 2, S44ys = 1 mod 2 we obtain /34U13 = 0, or B4 = 0 mod 2. Let us use
the operation S7, then we have S7z9 = zp mod (2z2, z%), S7U4 = Uy. So d3(z2) =
U12U2 = ﬂlUlez, i.e. f1 =1 mod 2.Letus use the operation S 2 2 2; itfollows from
the relations $22.22z9 =0 mod (2z1); S22y4 =1 mod 2, that ﬂﬁUf =0,0r s =
0 mod 2. Let us use the operation S¢, we have Sgz9 = z3 mod (2z3, 2122, 2z?).
Hence, d3(z3) = Uj U22 = (B3 + U, U22, so B3 = 0 mod 2. Applying the opera-
tion S5 and having in mind Ssz9 = 0 mod (z%, 224, 2y4, 2123, 21%12, Z?)’ and also
Ss®d3 = U;, we obtain ,32U12U3 = 0, or o = 0 mod 2. From the conditions
$22U4 = 0, $22P3 = Uz, S2229 = 0 mod (225, 2124, 2223, 21%13,1%@, 21?) and
S22y4 =1 mod 2, it follows the relation BsU U2 Uz = 0, from which it follows that
B5 =0 mod 2. So

d3(z9) = U1UsUy.

8. An element yg € Eg’% we choose so that 7122 (y9) = bg. From the action of the
Landweber—Novikov operation S, : Srag = a7 + b7, it follows that

S>(y9+ any element in this dimension not equal to y9) =z7+ y7+ decomposables.

Hence the following conditions must be fulfilled:

d3(y9) # 0,
d3(y9 + any element in this dimension not equal to yg) # O.

So,

ds(y9) = U Us®3 + B1U 1 UsUs + BoU3 (U1 y6 + Usz3)
+B3UE(Urys + Uazz) + BsUrUs(Uy ya + Uazz) + BsUP 3.

Applying the operation S4 4 we obtain S3U 13 = 0, so f3 = 0 mod 2. Applying
the operation S» 222 we obtain the relation fs U13 = 0, that means that 85 = 0
mod 2. Acting by the operation S we arrive to the expression 0 = BrU; U22, ie.
B2 = 0 mod 2. From the condition $72b9 = 0, fulfilled in MASS the equality
follows S2 2y9 =0 mod (2zs, 2124, 2223, 22?). Hence applying the operation S3 > to
the equality that we are studying we obtain S4UU>U3 = 0, hence, f4 = 0 mod 2.
Because of the equality S7bg = 0, it follows that S7y9 = 0 mod (2z2, z%), this gives
pU 12 U, =0, or 1 =0 mod 2. We get the following final form of the action of the
differential d3 on yg:

d3(y9) = U1U3 3.
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9. From the condition hgbg = aya7 + asas, fulfilled in the term E o of the MASS
it follows that one can choose an element yg in such a way that the following equality
is fulfilled:

2y9 = 2227 + 2425 + P122425 + P2223 + B3223(z2ya + 23) + B2z 4
+B522123y4 + Bo22123y4 + B12271v7 + Bszi (z2y4 + 23)
1892212226 + B1022327 + B1122125 + B122212325
+B1322325 + P12z 2224 + P15221zs + 1622125
+B1722] + B18223v6 + B1922523 + B2022723
+8212232323 + P222222324 + B23z2(2126 + 2225)
+Praza(z1ys + 2223) + Pasz3zs + Paczizazs + Parzizaza
+B282326 + B20712223 + Ba0z12324 + Ba1ziza
+/3322%Z% + ﬂ33Z?ZQZ3 + ,334ZZZ2 + ,33521?2%.

Let us multiply both parts of the equality by U;. Then we have the following identity:

0 = Bszizat + P18zt + Baszizata + Baazizati + PasUiz326
+(B2s + P29)U12323 + (Bas + P27 + B30) U123 2225 + B31U1z 24
+(B32 + B33)U12325 + BaaUiz] 22
It follows from this identity that g, B1g, B23, B4, P28, B31, B34 = 0 mod 2; Brs =
Bao mod 2; B3zr = B33 mod 2; Bre + B30 + P27 = 0 mod 2. Without loss of gen-

erality we can consider that 830 = 0 mod 2, hence B¢ = 27 mod 2, and we can
choose yg in such a way that the considering equality takes the form:

2y9 = 2227 + 2425 + B122425 + B2223 + Ba22] 4
+B5223 234 + B622123y4 + B1223y7 + Bo2212226
+B1022327 + B1122125 + B122212325 + B1322325
+B142232224 + B1522125 + Pr622125 + B1722]
+B18223v6 + B1922823 + B20227235 + P21223 7323
+ 8222222324 + Pos (2323 + 212223) + Bas22323
+B26(232225 + 232324) + B2 (2323 + 732023).

The following relations arrive from Table 2 of the work [41]:

Brs (2323 + 212223) = Paszaza(dza + 4ya),
Bre(ziz2zs + 212324) = Pr62212226,
B2 (2323 + 212223) = Baaziza(@za + 4y4).
Bs22i23y4 + Bs22125ya = B6221y4(424 + 4ya) + (Bs—B6) 221234
B1022327 + B1122125 = B102z1(4zs + 4ys + 422y6 + 424y4)
+(Bro — B11)2z123,
B122212325 + B222222324 = 223Y6P12 + (B2 — B12)2222324,

@ Springer



Symplectic cobordism in small dimensions 81

142272224 + B1522125 = B142212y6 + (Bis — 14)22]7s,
B1622125 + B212272323 + B3522323 = Pr622123 (4ya + 424)
+(Ba1 — B16)22323(4ys + 4z24)
+(B35 — Pa1 + B16)22123;
,31921?13 + ,3202z?z§ = ,81921?(4);4 +4z4) + (Boo — ,319)2Z?z§.

Hence one can choose the element yg in order to get the relation (changing the nota-
tions of the elements B; for convenience):

2y9 = 2227 + 2425 + 122425 + B2223 + P4227 Y4
+552Z%Z3y4 + /372zfy7 + B92z12226 + P11 Zmzﬁ
+B1322325 + B152z 25 + 17227 + B1s223 v
+1922523 + P2222324 + P35223 23

Using the relation 2y; = z2z5 + 32324 we can choose the element yg so that 822 = 0.
Let us apply the operation S 5 to our equality. From the conditions

Sr0v9 =0 mod (2z3,22223), S2z5 =0 mod (2z3),
Srz4 =0 mod (2z3), $z7 =0 mod (227),
S$220 =0 mod 2,

we obtain that ,342z? = 0 mod (4z?), or B4 = 0 mod 2. By the choice of yo we
transform our equality to the form:

2y9 = 2027 + 2425 + P122425 + P2223 + B5227 234
+B7223y7 + Bo2z12226 + 1122125 + P1322325
+B1527125 + B1722] + B18223 v + P1922823
+,3352Z?Z%.

From the condition Sgy9 = 0 mod (2z]) we obtain that B132z; = 0 mod (4z3),

hence, B13 = 0 mod 2, and we can choose the element yy, in such a way that the
corresponding summand will be equal to zero. So, we get:

2y9 = 2227 + 2425 + P122425 + P2223 + B5227 234
+B7223y7 + Bo2z12226 + B1122125 + B1322325
+,3152z‘1‘15 + ,31722? + /3192z?z3 + ﬂss%?z%.

Multiplying our expression by z;, and changing (according to the formula in the
item 3) the expression z1z227 by

212227 = 22(dys + 428 + 4226 + 424ya) — 2223,
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and changing (according to the relation 2ys = z1z5 + z2z4 from the work [41]) the
expression 712425 by:

212425 = 24226 — 2225
Now let us divide all coefficients by 2, we obtain:

21Y9 + 24y6 + 2(y8 + 28 + 22V6 + 24V4)22 = Zzzﬁ + B1z12425
+B2z2123 + Bsziz3va + Przivr + Pozizaze + Pr121z4
+B13212325 + Bi5z7z5 + B17z1° + Bioz]z3 + B3sz123.

The rest of coefficients we determine later.

10. Let us consider the expression Ujyg. From the action of the differential ds:
dz(Uryg) = U12U3 @3 and the relation in the MASS: u1bg = @3ay4 it follows that one
can choose the element yg (not changing the relation of the previous item) in such a
way that the equality is fulfilled:

Uiyo = @324 + Uiln123(23 + 2234) + 2222324 + 2176)
+y3z4(z1y8 + 22¥3) + vaziza(ziys + 2223) + Ysz2y7
+Y62227 + V7Z§Z3 + y8z128 + )/91%2215 + VIOZ?}’6
+ynziza + viziz3 + vizzizal + yiaUazazs.

Let us multiply this equality by z1, and the last equality of the item 9 we multiply by
U and add them up. Then we get an equality:

(Bi + 6 + DU12225 + poUrz123 + BsUrziz3vs + (B

+B9)U1z3y7 + B11U12323 + Bi3Urz1z525 + BisU123 25

+B17U121° + BroUi1z]z3 + B3sUrziz3 + mUiz1z3(23

+z2y4) + v2U1z122(2324 + 216) + v3U12124(21 )4

+22y3) + 1aU12322(z1y4 + 2223) + ysUizizay7

+V7U1112313 + J/SU]Z%ZS + )/9U1zfzzzs + J/IOUIZ?)%

+y11Ui25zs + v12Ui2323 + yi3Uiziza + y1aUi 222325 = 0.
from this we obtain that 82, Bs, B11, P13, P15, B17. B19, B35, V1. V2. V3, Ya» V5, V7, Vs>
Y9, Y10, Y11, Y12, V13, Y14 = 0 mod 2, 81 +y1 +1 = 0 mod 2, 87 = 9 mod 2.

Hence we can change the choice of y9, in order to obtain the relations:

2y9 = 2027 + 2425 + 2(B + Dzazs + v (2] y7 + 212226),
Uyyg = ®324 + BU12227.

We can choose yg so that 8 = 0, then we obtain:

Uryg = @324, 2y9 = 2227 + 32425 + ¥ (237 + 212226)-
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Applying the operation S4 to this equality and having in mind the equality Ss1y7 = z3
mod (2z3), we obtain yz%z3 = 0 mod (2z%z3, 21?12, 21?), hence it follows that
y =0 mod 2, so one can choose the element yg to obtain:

2y9 = 2227 + 3z425.
11. Let us consider the expression U3ys. From the action of the differential d3:
dz(Usye) = U12U3<I>3 and the relation in the MASS: u3zbz = @3a4, we obtain the

following equality:

Usye = @324 + Ui[B123(23 + 22y4) + Prz2(z1¥6 + 2324)
+B324(z1y4 + 2223) + Paziza(z1va + 2223) + Bszayr
+B62227 + P12323 + Bszizs + Pozizazs + B1oZ326
+B112724 + B2z + P13z]z2] + UaPrazazs.

Let us multiply this equation by U and use the relations:
Uiye = ©3z1, Usz1 = U z3,
we obtain S; = 0 mod 2. Hence we obtain:
Usys = ®3z4.

12. Let us consider the expression Ujz9. From the condition d3(Ujz9) = U 12 UyUy
and the relation ua9 = ugay fulfilled in the MASS it follows that one can choose the
element zo, in such a way that the equality is fulfilled:

Uizg = Uszz + BUr2225.

Let us apply the operation S; to this equality. From the relations

S2z9 =y7 mod (2y7,2z7,...), $2Us = &3, S225 = 23
mod (223, 2122, 22})

we obtain that S Uzz% = 0 mod 2, hence, B = 0 mod 2. So our equality takes the
form:

Uizg = Uszs.
13. Let us consider the expression U, zg. Because of relation d3(Uazg) = U1 U, Uy,
of the term E3 of the Adams—Novikov spectral sequence and the relation uyag = uaas,

fulfilled in the MASS we obtain the following:

Uzzs = Usza + B1U1[B123(23 + 22y4) + Baz2 (216 + 2324)
+P3z4(z1y4 + 2223) + Paziza(z1ya + 2223) + Pszoyr
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3 2 3

+B62227 + B72323 + Bsz1z8 + Boziz2z5 + B1oziz6
5 3.3 7

+B11z724 + Bi2ziz5 + Pi13zyz2] + Uz B1az3zs.

If we multiply this equality by Uj, and then use the relation: Ujzg = Uaz; and
Uyz1 = Ujz2, then we get the equality:

UPB123(25 + 22y4) + B2z2(21¥6 + 2324) + B3za(z1ya + 2223)
+Baz722(z1y4 + 2223) + Bszay7 + Boz2z7 + 12323 + Bszizs
+Boz37225 + Bioziz6 + 112324 + B12z373 + P13z122]
+U1U2B142325 = 0.

From the last equality we conclude that all the elements §; are equal to 0 mod 2 and
so the initial equality can be transformed to the form:

Uzzg = Uszs.

14. Let us choose an element 719 € E(z) 4950 that the following equality is fulfilled:

n22 (z10) = b10 + aace. From the action of the Landweber—Novikov operation S, in
the MASS: S2b10 = bg, we conclude that in the Adams—Novikov spectral sequence
the following relation need to be fulfilled:

S$2(z10 + any element from F 2 E(Z)’40, not equal to z19) = zg + decomposables.

Hence

d3(z10) # 0,
d3(z10 + decomposable) # 0.

Hence we choose the element z1( so that the following equality will be fulfilled:

di(z10) = Ul ds + B1U3 + poUrUs @3 + B3U3 Us
+B4U1Un(Urys + Uszz) + BsUEU2y3E
+B6U3 (Uays + Usys) + BrU1®3(U1ys + Uaz3)
+BsU1U3(U1ye + Usz3).

Let us apply the operation S44 to this equality. From the conditions: S4 4®5 =
@1, Ss4z10 = 22 mod (222,2}), Saays = 1 mod 2, we get the relation g4 = 0
mod 2. From the relations fulfilled for the operation S$2222: $2222P5 = P,
82222210 = z2 mod (222,1%), and the operation Sz2: S22y4 = 1 mod 2, S22
®3 = &y, we obtain the equality

d3(z2) = (1 + Bs + B7 + B)UT U,
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from which it follows that s + 7 + Bg = 0 mod 2. Using the operation S7, we
arrive to the relation S3U; U22, from which we conclude, that 83 = 0 mod 2. Act-
ing by the operation S on our equality and having in mind the relation: Sgz10 = z4
mod (2z4, 2y4, 2123, 2z%z2, z%, z‘l‘), we get the equality d3(z4) = (1 + ,B(,)U12U3 +
Bs Uz?’. Hence, B¢, fg = 0 mod 2. Using the conditions

S22z10 = 26 mod (226, 26, 2125, 2224, 23, 22124, 2323, 22122, 2123, 20,
$22®5 = 3,

and applying the operation S > to the considering equality, we obtain:
d3(y6) = BrU U2 (Urys + Uazz) + B1U3Us + (1 + ) UT @3,
This gives the relations: 1, 87 = 0 mod 2. From the relation 85 + 87 + s = 0
mod 2 we conclude 85 = 0 mod 2. Applying the operation S> to our equality. From
the equality S»(UrUs ®3) = U @3+ U, U7 it follows that f, = 0 mod 2. So, finally
we get:
ds(z10) = Ui ®s.

15. Choose the element yjo € Eg’4o so that 715 (y10) = c10. From the condition:

S2(y10 + any element in this dimension not equal to yjq)

=yg mod (elements fromF 2E3,32)

the relations follow:

d3(y10) # 0,
dz(y10 + any element in this dimension not equal to y19) # O.

Hence we can choose the element yj¢ so that the equality will be fulfilled:
d3(y10) = B1U3 + BrU2Us®4 + B3U3Us + BaU3 (Unys + Usya).

Apply the operation Sg to this equality and notice that Sgy;p = 0 mod (2ys4), so
we get the relation (83 + ﬁ4)U23 = 0, hence 3 = B4 mod 2. Because of the fact
S$2.2¥10 = y¢ mod (elements from F 2E3’24), after the application of the operation
S22 to our equality we obtain d3(ys) = (B1 + Ba) U22U3. This gives the relation

B1+ s =1 mod 2. Using the operation S» we arrive to the equality

ds(ys) = (B1 + B2)UaU3 + (Ba + B3) U3 @3.

This gives us the relations: o = 3 mod 281+ 8> = 1 mod 2. Finally if we use the
operation S 1, and have in mind the fact that S1 1 y10 = yg + yf mod (elements from
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F2E3’32), the we get the following expression: d3(yg) = B U2U32 + (B2 ~|—,33)U22<I>3 +

,34U12(U2y6 4 Usys4). Hence By =1 mod 2, B2, B3, B4 =0 mod 2. Finally we have
the formula for the action of d3:

ds(y10) = U;.

16. Choose the element yj, € Eg’40 so that 713 0l = cg + c§c6. From the condi-
tion:

S3,3(y]p + any element from this dimension not equal to yj;)

= y; mod (elements form F 2E(z)’lé)

the relations follow:

d3(y10) # 0,
d3(y10 + any element from his dimension not equal to y};,) # 0.

Hence it is possible to choose the element yj;, so that the following equality is fulfilled:
d3(yo) = B1U; + PoUrUs®y + B3U3Us + BaU3Z (Uzye + Usya).

Applying the operation S33 to this equality and noticing that S33y10 = s

mod (2y4),

8336 = 0 mod 2, S33Us = Uz, we obtain the relation d3(y4) = /33U23, hence,

B3 =1 mod 2.If we apply the operation Se to our equality and notice that Sgy{, = v4

mod (2ys), we get the relation d3(y4) = (1 + ,B4)U§, hence 84 = 0 mod 2. Using
the operation S>, and having in mind the equality

S yi“o = yf mod (elements from F 2Eg’32 and decomposables),
we come to the expression
0= (B1 + B)U2U3 + (B2 + DU5 ®3,
hence, f1 =1 mod 2, 8, =1 mod 2. Finally our equality has the form:

ds(y}y) = U3Us + U U3 3 + U3,

17. The is an equality: h(z)em = azaj + ag in the MASS. Hence, one can choose
the element yj; so that the following equality will be fulfilled:

4y + yave) = (1 +2B1)z3z7 + (1 +282)22 + Xy (o, YaYe, 2327, 22).

where X}LO € F6(Eg‘40), d3 (Xio) = 0, and the sign (7)) over an element means that
the given element does not appear in the expression for X 41&0' Let us apply the operation
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Ss.5 to our equality, we get the relation S5‘5yi‘0 = ((55z5)/2)2(1 + 28>) mod 4; we
may suppose that S5 5y}, = ((S5z5)/2)> mod 4. Hence, 8 = 0 mod 2, so, by the
choice of yjop we can transform our equality to the form

4(yjo + yave) = (1 +2B1)z3z7 + 25 + X4 (3iys Yave. 2327, 22).
Let us apply the operation §7 to this expression, we get the relation: S7y}, = ((S727)
/(1 + 2B1)z3 mod (8z3). We may suppose that S7yj, = ((S7z7)/

4)z3 mod (8z3). Hence, 1 = 0 mod 2 and by the choice of yj, it is possible to
transform our expression to the form:

4(y5o + vaye) = 2327 + 22 + Xho iy, Yave, 2327, 22)-

18. There is the equality: hob1g = azag + ajag in the MASS. Hence it is possible
to choose the element z1¢ so that the following equality is fulfilled:

2(z10 + z4¥6) = 2228 + (1 4+ 2B)z129 + X30(Z70, 746, 2228, 2129)-

In this expression we have: Xﬁo er 6(E(2)’40), d3 (Xﬁo) = 0. Applying the operation
So to this expression we get the following relation: Soz19 = ((S9z9)/2)(1 + 28)z4
mod (4z1). We may suppose that Soz190 = ((S9z9)/2)3z1 mod (4z1). Hence it is
possible to choose z1¢ so that the following equality is fulfilled:

2(z10 + z4Y6) = 2228 + 32129 + X30(Z10, 246, 2228, 2129)-
Applying the operation $7 to this relation we obtain
S7z10=0  mod (2z1z2, ZZ?, 4z3).

19. From the relation u (b9 4+ asce) = aj@e in the MASS and the action of the
differential: d3(U1z10) = U 13 ®s it follows that we may choose the element z1¢ so that
the equality is fulfilled:

Uiz10 = 521 + BU12228.
Applying the operation S7 to this equality we obtain the following relation: BU;z122 =
0 mod (2z1z2), from where it follows that one may choose the element z1¢ so that
the equality is fulfilled:
Uizio = Ps21.

20. Let us consider the expression: U zg. From the condition: d3(Uzz9) = U 12 UyUy

and urag = ug4as inthe MASS it follows that one can choose the element zg (not violat-

ing the previous relations) that the following relation is fulfilled: Upz9 = Uszo+ Y[ B;]
(*), where Y[B;] has the following form:
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Y[Bi] = [B123(z3v4 + 2324) + Baz1(z1¥s + 2227) + B32123(21 Y4 + 2223)
+B4z3 (216 + 2225) + Bsz1(21y4 + 23) + Boz3(21 6 + 2225)
+B725(z14 + 2223) + Bsz120 + Pozazr + Brozizr + Br1z324
+B122325 + B13z523 + Brazizs + Bi52525 + Brezi’ + B17z4Ye
+B1823y7 + Br19z3y7 + Ba021vi U1 + B21U2z3(z2y4 + 23)

If we multiply now the expression (*) by Uy and use the relations U1 Uzz9 = U Usz; =
U1Usz2, then we get U1 Y[B;] = 0 Hence, it follows for all 5; = 0 mod 2, and so:

Uzzg = Uszs.

21. From the action of the differential d3 and the relation urag = uza; = @3as in
the MASS it follows that one can choose the element yg (not violating the previous
relations) that in the Adams—Novikov spectral sequence the following relations will
be fulfilled:

Usyo = Usyr + Y[Bil, Uzyo = ®3z5 + Y[Bi].

Here Y[B;] denotes the expression from the item 20. Multiplying both relations (term
by term) by U;, we obtain that in both cases all coefficients 8; = 0 mod 2. So, we
have:

Uzyg = Uszy7, Usyg = P3zs.

22. There is the relation in the MASS: (p% = u%cg + u%ci + u%c%. Hence it is
possible to choose the element y7, (not violating his properties) so that the following
equality is fulfilled in the Adams—Novikov spectral sequence:

@2 = U [Uyyy + Us(yo + 20) + Usz7] + Ulys + Uy,
+UL U1 y4y6 + Uz (yazs + y623)] + BU3 2325.
Let us apply the operation S> to our equality. From the relation U;zg = Ujz; it follows
that S>zg =0 mod (2z§), and because of the relation from the item 3 it follows that

Srys =0 mod (2z§). So, we obtain that ,3U22z% =0 mod (2U22z§), Hence, 8 =0
mod 2. Finally:

@3 = Ui [U1y}y + Ua(y9 + 29) + Usz7l + Uz ys + U3 ys
+U1[Uryaye + Uz (y4z5 + y623)].

23. An element z1; € Eg’44 we choose so that 7122(211) = ay1. Because of the
relation S3a;1 = ag we obtain that

S3(z11 + any element from this dimension not equal to z;1) = zg3 + decomposables.
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Hence,

dz(z11) # 0,
d3(z11 + any element from this dimension not equal to z11) # O.

Hence it is possible to choose the element z11 so that for the action of the differential
ds the following equality will be fulfilled:

ds(z11) = UrUsUs + B1U @3 + BoU Upr @5 + 302 @3 (Uy ys
+U>23) + BaU3 (Urys + Uaz7) + BsU2Us(Uzye + Usys)
+B6U3(Urys + Uazz) + U1 U3 y3.

Let us apply the operation Sg to this expression. From the relation Sgz1; = 0 mod
(2z2), we obtain the equality /32U12U2 = 0. Hence, 8o = 0 mod 2. Acting on the
equality under consideration by the operation S5 5 and using the relation S5 5211 =0
mod (2z1), we obtain B = 0 mod 2. Let us use now the operation S4 4. Because
of the equality S44z11 = 0 mod (2z3), it follows the relation: B4 = 0 mod 2.
Analogous use of the operation S» 22 2 together with the relations S2 222211 = 0
mod (2z3), $2.22Y6 = 1 mod 2, S 2,P3 = Ua, gives us the condition (83 + f5 +
Be + B71)U1 U22 = 0. Hence, 83 + B5 + Bs + B7 = 0 mod 2. Using the operation Sg
we get the following: Sgz11 = z5 mod (2z5), Ssy6 = 1 mod 2, and so, d3(z5) =
U U,Us = UUU3z + BsUU>U3. Hence, Bs = 0 mod 2. From the following
property of the operation Ss: Ssz;; = 0 mod (2ys, 2z¢), it follows that 83 = 0
mod 2. Finally using the operation S » we have: $2 2711 = y7 mod (2y7, 2z7), that
gives:

d3(y7) = U U @3 = U Uy @3 + B6U1U3 + BeU3 (U1 ys + Uaz3).

Hence, f6 = 0 mod 2. From the previous relations we obtain now that g7 = 0
mod 2. Summarizing all relations we get finally:

d3(z11) = U1U3Us4.

24. An element y;; € Eg’44 we choose so that nzz(yn) = b1 4 asce. Because of
the relation S9b1; = a», we obtain that

So(y11 + any element of this dimension not equal to y11) =z mod (222, z%).

Hence,

dz(y11) # 0,
d3(y11 + any element of this dimension not equal to yi1) # O.

@ Springer



90 A. L. Anisimov, V. V. Vershinin

Hence it is possible to choose the element y;1, so that for the action of the differential
ds the following equality is fulfilled:

d3(yn) = UrUs®s + iU\ UsUs + BoU1 93 + B3U2®3(Utya + Unz3)
+B4U3 (U1 yg + Uzz7) + BsUaUs(Uaye + Uz ya)
+B6U3 (U1 ys + Upz3) + BrU U3 3.

Acting by the operation Ss5 on our equality an using the relation Sss5y;; = 0
mod (2z1), we obtain that 82 = 0 mod 2. Analogous use of the operation S22 2,
together with the relations

$20222y11 =23 mod (2z3), $222¥6 =1 mod 2, $2222,P5 = Us,
gives the formula
d3(z3) = U1U3 = U U3 + (B3 + Bs + e + P UL U3

Hence, B3 + B5s + Bs + f7 = 0 mod 2. Let us use the operation S4 4. From the rela-
tions: S44y11 = z3 mod (2z3) and S44P5 = U, we obtain the equality: d3(z3) =
U U22 = U U22 + 41U U22, hence, it follows that 84 = 0 mod 2. Let us apply the
operation §7 to our equality. Because of the relation S7y;; =0 mod (2z4, 2y4), we
obtain: f1 = 0 mod 2. From the following property of the operation S¢: Sey11 = 25
mod (2z5), we obtain that

d3(z5) = U1UU3z = U UL U3 + BsU 1 Ua Us.

Hence, f5 = 0 mod 2. From the following property of the operation Ss: S5y;; =0
mod (2yg, 2z¢) we obtain that 83U, U (U y4 + Uszz3) = 0. Hence, 83 = 0 mod 2.
Finally using the operation S, 2, we obtain: S2 2y11 = y7 mod (2y7, 2z7), this gives:

d3(y7) = UiUpy @3 = U Us®3 + BeU1U3 + BoU3 (U1 ya + Unz3).

Hence, fg = 0 mod 2. From the previous relations we obtain now 7 = 0 mod 2.
So, finally we get:

d3(y11) = U U ®s.

25. There are the following equalities in the MASS: hgesa7 + hoesaz = arbg +
asb7, and hoegasz + hoejpa; = aab7 + asbg. Using the relations 4, 6, 9 from the work
[41] and relations of the items 3, 9, 16 of the present work, we obtain that there is the
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equality in the Adams—Novikov spectral sequence:

2y823 + 2(yy + Yey4)z1 = z4y7 + 2526
+X34 (%z\s V823, 21 (¥ + y6y4),ﬁy\7) :

2y4z7 + 2y823 = z22Y9 + 24Y7
+X 44 (427, 7823, 7259, 24¥7) -

Here we have: Xfm € F6(Eg’44), d3 (Xfm) = 0, and the symbol ~ over an element
means that this element does not appear in the given expression.

26. From the relation hgb1; = azag+azag in the MASS, the action of the operation
and the relation 9 from the work [15] it follows that we can choose the element y;; so
that the relation is fulfilled:

— T )
2y11 = 2229 + 32328 + Xaa (V11,2229 2323) -

Here: Xy44 € F6(Eg’44), d3(X44) = 0, and the symbol ~ has the same meaning as
earlier.

27. From the relation: u(aje1o + azeg + azeq) = @3bg, valid in the MASS, the
equality follows:

Ui(z1y5y + 21y4Y6 + 23¥8 + 27y4) = P3y6 + UilBiz1210
+Baz229 + B3z2y0 + Bazizazy + Bs2427 + Peza(z1 s
+2227) + Brz4(z1¥6 + 2324) + Bsziza(z1ya + 2223)
+Boziz2(z1 Y6 + 2324) + Broz3 (21 y4 + 2223) + Briz]
x22(z21y4 + 2223) + B12z6(z1y4 + 2223) + B1323(22¥6
+24y4) + Praz3(z2¥6 + 2325) + 15212297 + Prezizs
+B17212225 + Prsziz52a + Broz]za + P207326 + P21
x2773 + Pziz2 + B23z1222325 + Boazizay] + Baszazy
+B262223] + P27Uaz3z7 + BasUaz3y7.

Multiplying this equality by Uy, and the equality from the item 22 by z; and add them.
Using the relations: U1213 = Uzzzl, U1227 = U3zz1, Uirye = P321, U122 = Uz, we
obtain, that 8, B3, Bs, f13 = 1 mod 2, and for all the other i the relation is valid:
Bi =0 mod 2. So, finally we get:

Ui(z1y{p + 21Y4Y6 + 23¥8 + 27y4) + U12427 + Ui2229
+Uiz2y9 + U123(22y6 + 24y4) = P3Y6.

28. Let us consider the product U;yj;. From the action of the differential d3:
dz(Uiyn) = U12U2<I>5 and the relation valid in the MASS: u(b11 + asce) = @saz,
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it follows that one can choose y1; so that the following formula holds:
Uiy = @522 + Bi1Uzzszs + BoUazayr + B3Usy; + BaUiz3zs.

From the relation of the item 25 it follows that S¢y;;1 = 0 mod (2z2z3). Hence, if
we apply the operation Sg to our equality we obtain: 84U;z0z3 = 0, hence, 84 = 0
mod 2. Let us apply the operation S22 to our equality, then we have: Ujzz =
Uzzo + B3U3. Hence, f3 = 0 mod 2. Now let us act by the operation S3.3 on our
equality. We shall have: 81U»>z1z3 = 0, hence, 81 = 0 mod 2. Finally, if we apply the
operation S5, then we get the relation o U»z2z3 = 0, in other words: 82 =0 mod 2.
Hence, it is possible to choose the element y;; in such a way that the relation holds:

Uiy = ®s22.

29. Let us consider the product Usz19. The action of the differential d3 on this
element in the following: d3(Uaz19) = U 12 U, ®5. Also we have the formula in the
MASS: us(b1o + asce) = @saz. Hence by the choice of the element 719 we can obtain
the following equality: Usz10 = ®522 + X (Bi), where X (B;) has the decomposition:

X(B) = UilBizizazs + Przizio + Baza(zi1ys + 2227) + Baza(z1ye + 2324)
+Bsziza(z1ys + 2223) + Bozi22(21Y6 + 2223) + B123 (21 v4 + 2223)
+Bsz1z2(z1y4 + 2223) + Poze(z1v4 + 2223) + B1023(22Y6 + z4Y4)
+B1123(z2Y6 + 2325) + Braziz2y7 + Bi3zizaz3 + Brazizs
+B152]z4 + Brezizaza + 17226 + P1szi23 + Prozi 2
+B202427 + B2121222325 + Pz122V5 + B23z2ye + Baazaze
+B2522231 + Ba6U22327 + PrrUaz3y7.

Multiplying the expression Uszio = $5z20 + X (B;) by Uj, and using the relations:

Ui1z10 = O5z1 and Uy zo = Uz we get the following: U1 X (8;) = 0. Hence it follows
that foralli =1,2,...,27, i =0 mod 2. So, finally we obtain:

Urz10 = ®522.

30. Let us consider the expression: Uyz;;. Having in mind the action of the differ-
ential d3: d3(U1z11) = U12U3 Uy and the relation in the MASS: u1a1; = uszag, we get
the equality:

Uizi1 = Uszs 4 B1Uaz327 + BaUazzyr + B3Usys.
Let us act by the operation S 2 2.2 on this relation, we get 83Uz = 0, hence, 3 =0
mod 2. Acting by the operation S3 3, we get: Ujzs = Uszzp + B1U2z123, 50, 1 =0
mod 2. Finally, using the operation S5, we get the expression: f» = 0 mod 2. The

final form of the equality is the following:

Uiz11 = Uszs.
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31. Letus consider the product: Uzzg. Because of the fact that d3(Uzzg) = U12 UsUy
and in the MASS we have the relation: uzag = usaa, it follows that it is possible to
choose the element zg to fulfill the equality:

Uszg = Usza + X (Bi),

where the expression X (5;) is defined in the item 29. Let us multiply this expression by
U, and use the relations: U1zg = Uz and U1z4 = U3zy. Then we get: U1 X (B;) = 0.
Hence, 8; = 0 mod 2. So, we have:

Uszg = Uszy.

32. An element 712 € Eg’40 we choose to fulfill the condition: 7122(Z12) = by +

axcio + a4cf. From the condition:
S$2(z12 + any element of this dimension not equal to z12) = 219 + - - -

it follows that the conditions are fulfilled: d3(z12) # 0, d3(z12+---) # 0. Hence, we
can choose 713 to satisfy the conditions:

d3(z12) = Ui + P1UF 05 + prUr @3 + B3UrUsUs + PaU3 03 + BsU3 vi
+B6U3 (Uzys + Usye) + BrU2U3(Uaye + Usys) + BsULUsy;
+B12U1Us(U1ys + Uzz3) + BoU U3 (U1 ys + Uzz7) + BioU1 @3(Uyr ys
+U323) + B11U1U2(U1(y10 + yip) + U2(z9 + y9)).

Applying the operation Sjq to our equality and having in mind the relation S1o(z12) =
zp mod (2z2, z%), we obtain: d3(z2) = ,311U12U2 + U12U2. Hence, 811 =0 mod 2.
Let us use the operation S5,5. We have the relations: S55z12 = z2 mod (223, z%)
and S5 5P¢ = Uj. So, we get the equality: S = 0 mod 2. From the conditions:
Soz12 = 0 mod (2z3) and So®5 = U] it follows that if we apply the operation Sy
to our equality we obtain the relation: f; = 0 mod 2. Using the operation S4 4 and
having in mind the facts: S4 4z12 = 0 mod (2z4, 2y4) and S4 4P = 0, we obtain
the relation: 0 = 56U23 + BoU 12 Us. Hence, B, Bo = 0 mod 2. Let us the operation
8$222,2: 82222212 = z4 mod (2z4, 2y4), $2222P¢ = Usz. Hence,

d3(z4) = UfUs = UUs + (Ba + B5)U3 + (Bs + B1o) U Us.
So, we obtain: B4 = 5 mod 2, fg = B1p mod 2. Let us act by the operation S7 on
our equality, we obtain: 0 = 33U Uy Uz + B12U1 (U1 y4 + Upz3). Hence, B3, B12 =0

mod 2. Using the operation Sg and the relation Sez12 = z¢ mod (2z¢, 2y¢), gives us
the relation:

d3(z6) = Ul 3 = U3 U3 + (1 + B1o) Ui @3,
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from which it follows that 87, B10 = 0 mod 2, and from the previous relations we
get: Bg = 0 mod 2. Let us use the operation S5, we obtain that 0 = B4U; U32, i.e.
Ba =0 mod 2, and so B5 =0 mod 2. Finally we obtain:

d3(z12) = U} d.

33. An element yj; € Eg’48 we choose so that rrg (y12) = c12. From the relation in
the MASS: S>cip = cg + C%Cﬁ, we obtain:

S2(y12 + any element of this dimension not equal to yj2) = yi‘o + -
Hence, d3(y12) # 0, d3(y12 + - - -) # 0. Choose the element y;5 so that:

d3(y12) = B1U2®3 + PoU; @5 + B3U2UsUs + BaU3 D3 + BsUs y3
+B6U3 (Uzys + Usye) + B7U2U3(Uaye + Usya).

Let us apply the operation Sy to this equality, we have: Sgy;2 = 0 mod (2ys), so
0=p U23. Hence: 8 = 0 mod 2. Letus apply the operation S4 4. From the condition
S4.4y12 =0 mod (2ys4), we obtain 0 = ﬁ1U23 +,86U23. Hence, 81 = B¢ mod 2. Let
us act by the operation S 2 2.2 on our equality, we have: $2222y12 = y4 mod (2y4).
Hence, we have: d3(y4) = U23 = ﬂ1U§’+ﬂ4U23+ﬂ5U23+ﬂ6U23.So:,Bl—i-,B4+,35+,B6 =
1 mod 2. Let us apply the operation Sg, then we have: Sgy12 = y¢ mod (2yg). So
it will be: d3(y6) = U3Us = (B3 + Po + B1)U5Us, hence, B3 + B + 7 = 1
mod 2. Let us apply the operation S3 3, then we obtain: S33y12 = ys mod (2ye).
Hence, we have: d3(ys) = U3Us = B3U3U3 + U7 ®3. So, f3 = 1 mod 2. Let
us apply the operation S» 22, then we obtain: S222y12 = ys mod (2ye), and so
d3(y6) = U3Us = P4U3Us + BeU5Us. Hence, B4 + Bs = 1 mod 2. Let us act by
the operation S 7 on our equality. From the relation S> 2y12 = ys mod (2yg) we get:

d3(ys) = UrU3 = B1ULU3 + U3 ®3 + BaU3 3 + BaUrU3 + U, U3.

Hence, B4 =1 mod 2, 1 = 7 mod 2. So, B1, Bs, Be, f7 = 0 mod 2. Finally we
obtain:

d3(y12) = UoU3Us + Ui ®3.

34. There is a formula in the MASS: bé = a%eg + ajareq + a%elo. Hence in the
Adams—Novikov spectral sequence we have a relation:

26 = (1 +2BD)23ys + (1 +2B2)z127y4 + (1 + 283)21 (¥ + yaye) + Xig.
Here X, € FO(EY™), d3(XLg) = 0.
35. In the MASS there is the relation: hgb1> = ajai +asag. Hence, we can change

the choice of z12, not changing the properties, to satisfy the relation:

2~ —
2z12 = 21211 + 32428 + Xig (V125 212115 2428 )
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where X3, € FG(E3’48), d3(X3g) = 0, and the meaning of the symbol ~ is the same
as in the item 25.

36. Consider the expression Ujz1>. Because of the formula d3(U;z12) = U13d>6
and the equality in the MASS: u(b12 + axcio + a4ei), it is possible to change the
choice of 717, conserving its properties to satisfy the relation:

Uizio = $ez1 + B1U12423.

From the relation of the item 35 it follows that S7z1o = 0 mod (2z1z4), hence apply-
ing the operation S7, we arrive to relation: §1 = 0 mod 2. So,

Uizio = Dez1-
37. Let us consider the expression Usy;;. From the action of d3: d3(Uzy11) =

U U22<b5 and the relation in the MASS: us(b11 + asce) = @523, it follows that the
equality is fulfilled:

Uxyi1 = Ps5z3 + Yao(Bi),

where Y49 € F4(E21’49) and d3(Ys9) = 0. Multiplying this expression by Uj, and

using the relations: U1y;; = ®szp and Uyzz = Uzzp, we obtain: Y4U; = 0, that
gives after the consideration the relations §; = 0 mod 2 for all i. Hence,

Usyi1 = Psz3.

38. Let us consider the expression Uzzjj. From the condition d3(Uzzi) =
U,U,U3Uy4 and relation in the MASS: usa; = uzag = ugas it follows that:

Uszi1 = Uszo + Ya9(Bi), Uszg = Uszs + Y (B).

where Y (f;) has the same sense as in the item 36. Multiplying both last relations by
U, and using the equalities:

Uizi1 = Uszg = Uszq, Ujizg = Uazg, Uizs = Urza,
we obtain that in both relations coefficients 8; = 0 mod 2. Hence,
Uzz11 = Uszg = Uazs.

39. Let us consider the expression Uzyg. Because of the formula d3(Uzyg) =
U, U32<b3 and the equality in the MASS: u3bg = @3a7 we get the relation: Uzyg =
®3z7 + Ya9(Bi), where Y (B;) has the same sense as in the item 37. Multiply this
expression by U and use the relations Uy y9 = ®3z4 and Uyz7 = U3z4. We have for

all B;: Bi =0 mod 2. The final relation is the following:

Usyg = ®3z7.
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40. From the relation in the MASS us(aje1o + azes + ajes) = @3b7 the relation in
the Adams—Novikov spectral sequence follows:

Uz(z1yTy + 23y8 + 21y4y6 + 27y4) = P3y7 + B1U2z1210 + f2U22229
+B3U222y9 + BaU223(226 + 24¥4) + Yo (Bi).

In this expression Y (8;) € F 4(E;Ag) denotes a linear combination of various genera-
tors of the given cell of the Adams—Novikov spectral sequence such that the filtration
of these generators is not less than 4 and there do not participate the monomials
that are already mentioned. Here we consider all coefficients ; with 5 < i < 37.
Let us multiply this expression by U; and use the relation of the item 26. We obtain:
B1, P2, B3, 4=1 mod 2,8, =0 mod 2forall 5 <i < 37. So, we get the relation:

®3y7 = Ua(z1(yjp + 210 + yaYe) + 22(y9 + 29) + 23(y8 + Y622 + y4z4) + 27Y4).

41. Let us choose the element | € Ezl’49 so that ng(Ql) = w. For any cycle x of

the differential d3, lying in Eg 48 = Eg 48 of the Adams—Novikov spectral sequence,

there exists an element x € F 2(Eé"w) such that: d3(x) = x. Hence, the element
€21 can be chosen in such a way that d3(2;) = 0. Because in the term EZ’* of the
Adams—Novikov spectral sequence for all s > 4 the cells Ej’48 consist of zeros all
higher differentials map the element 21 to zero. Hence, 21 lives to infinity and define
an indecomposable element €1 € MSp,q. All the cells Ej’49 of the Adams—Novikov
spectral sequence for s > 1 consist of zeros, so there is no extension problem for the
cell Eég,49. Hence, the order of the element 21 € MSp,q is equal to two.

42. There is the relation in the MASS
w1 = uz (96 + u2c10 + uaeq) + uz(@s + u3ce) + Usg3.
Hence it is possible to choose €21 in such a way that the equality is satisfied:

U121 = Uy® + Us®s + Uy @3 + Usyio0 + Ui ye
+B1U32% + PoU3z3y7 + U U3y}

Let us apply the operation S3 3 to this equality. Then we get the relation: U; S3 321 =
U22S3,3y10 + U12y6 + B1 U%z% (because of relation Uyzs = Uszp we have S3zs = 2o
mod (2z2,2z%), and because of relation Ujy; = ®P3zo we have S33y; = 0
mod (221)). So, S33y10 = 0235 + 24 mod (223, 224, 22222, 2123, 71)- Let us choose
21 so that §33Q; = aUlzg mod (Ulz%zg, Ulz?). Then we have 81 = 0 mod 2.
Let us apply the operation Ss5: S5y7 = zp mod (2z2, z%) (corollary of the condition
Uiyr = P222), S5y10 = vz2z3 mod (22223), Ssy6 = 0 mod (2z1). We obtain:
U1SsQ1 = UiUs + UiUs(y + P2)z3. Choose ) so that SsQy = Uy + yUsz?
mod (U»2z3). Then B, = 0 mod 2. We have:

U1 = U@ + Us®s + Us®3 + Ui yio + U3y + UaUsyj.

@ Springer



Symplectic cobordism in small dimensions 97

43. We choose an element 713 € Eg,sz to satisfy the relation: 7122(1 13) = a;3. From
the condition

So(z13 + any element of this dimension not equal to z13) = z4 + decomposables
we obtain: d3(z13) # 0, d3(z13 + - --) # 0. It is possible to choose z13 so that

d3(z13) = UL + B1U1U2®6 + foU1 Uz ®s + BaU1 Us®s + BsU1UaUs yg
+B6ULyg + B1U1U3(Uays + Usye) + BsU1Ua(Uayio + Usys)
+B10UL (Ury12 + Unzi1 + Usys) + BaoUiyi (Urya + Uaz3)
+BoU3 (U1 (3o + y10) + U2(yo + 29)) + BroU3 (Uryio + Uszr)
+B11U2U3(Uayg + Uaz7) + raUs (U ys + Usz3)
+B13U3P3(U1ys + Uzz3) + B1aUzx®3(Urys + Usza)
+B1sU2Us(Urys + Uzz3) + BisU1 @3(Uays + U3 ys)
+B17U1U2(Ua(yip + y10) + P3Y6 + Usys)
+B18U3 (U1 ysys + Ua(v623 + yaz5))
+B21UF (U1 ygys + Uayszs + Usyazs).

Applying the operation Si; and having in mind that Sj2z;3 = 0 mod (2z1),
S12€21 = 0, we obtain the relation: f19 = 0 mod 2. Using the operation S¢ ¢ and
relations S¢ 6213 = 0 mod (2z1), S6,6521 = 0, we get: B = 0 mod 2. Let us con-
mod (2z1),

822222291 =0, hence, B0 =0 mod 2. Now we apply the operation S1. Because
of the formulae S;;z13 = zo mod (2z3, Z%), $1121 = U;, we have the relation:
d3(z2) = (1 + ,31)U12U2 = U]2U2, or, 1 = 0 mod 2. Let us use the operation Sjg.
Because of relations: Sigz;3 = 0 mod (2z3, 7122, ZZ?), S$10221 = 0 mod (Uﬂ%),
we obtain that 83+ 9+ B10+ 817 = 0 mod 2. Let us consider the action of the opera-
tion S5 5 on our equality. We have S5 5213 =0 mod (2z3, 2122, 21%) and S552; =0
mod (Ulz%). This gives the relation: 3 + B1op = 0 mod 2. Using the relations:
S9z13 = z4 mod (2z4, le3,2y4,z%,2z%m,z‘1‘) and So2; = Uz mod (Uzz%), and
applying the operation Sy to the equality under the consideration we get the following:
d3(z4) = (1 + ,32)U12U3 = U12U3, s0, B2 = 0 mod 2. Let us consider the action of
the operation S4 4, we have:

Saaz13 =0 mod (225, 2124, 2223, 22123, 22123, 22}, 221 ¥4, 221 22),
$44Q1 =0 mod (Uz}, Ui23).

It follows from these relations that:
BaUrUrUs+ B1U 1 UaUs + BsU Uy Us+ B11 Uy U Uz + By U (U yy +Uazz) = 0.

Hence, 821 =0 mod 2, B4+ B7+ B3+ B11 =0 mod 2. Let us apply the operation
S2.2.2,2. We obtain the following equalities:
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S2222213 =0 mod (2z5, 2124, 2223, 22123, 22123, 223, 221 Y4, 22322),
_ 2 4
82222821 =0 mod (Uiz3, Uxz)).

From these conditions it follows that: 85U U>U3 + B7UU2U3 + B14aU U Uz = 0.
Hence, 85 4+ 87+ B14 = 0 mod 2. Let us consider the action of the operation Sy, we
have:

3
S7z13 = 26 mod (226, 26, 2125, 2224, 23, 22324, 2123, 2123, 25, 223 V4,
2212223, 2224, 22122),

§7Q) = &3 mod (Uzz?, Uaz3, Unz}).

Hence, ds(z6) = Uf®s = (1 + B)Ui¢s + (Bis + fi1)U1Ua(Urys + Uzz3). So,
Ba =0 mod 2, B15 + B17 =0 mod 2. Let us apply the operation Sg. There are the
following relations: S¢z13 = 0 mod (2z7,2y7,....), S¢©21 = 0 mod (Ulz?, N
It follows from these conditions:

BrU1U3 + BoU3 (U1 ys + Uazz) + B12U U3 + B1aU 1 Usd3
+B15U3 (Urys + Uzz3) + BieU1 U @3 + 17U, U2 @3
+B18U3(U1ys + Uzzz) =0 mod (U125, ....).

So, we have the following: 87 + 812 =0 mod 2, 814+ Bi16+ 17 =0 mod 2, fo +
B15 + B1g = 0 mod 2. From these and previous relations it follows that 13 = 0
mod 2. Applying > 22 and using the relations: $222z13 = 0 mod (2z7, 2y7, ...),
822281 =0 mod ((U; z?, ...), we obtain:

0= (87 + B2 + B13)U1U3 + (Bi3 + Bia + Bis + P16) U1 Ua @3
+(Bo + Bro + Bi1 + iz + Biz + B1a)U3 (U1 y4 + Uaz3).

Hence, B9 + B1o + B11 + B12 + B13 + B1a =0 mod 2, B13 + B1a + P15 + P1e =0
mod 2, B7+B12+pP13 =0 mod 2. From these and previous conditions it follows that:
B13 =0 mod 2, B1¢ =0 mod 2. From the action of the operation S> 2: 522213 =0

mod (F2E(2)’36), 52021 =0 mod (F2E21’35), we have:

(Bs + P171)U1Ua(Uzys + Usya) + (Bio + Bz + B1a) U3 (Urye + Usz3)
+(B11 + B1a) U2Uz(Urys + Uzzz) + (B1s + B17)U1U2Us = 0
mod (U125, ...).

Hence, B3 + B17 = Bio + B2 + Bia = Pu1 + P1a mod 2, f15 = P17 mod 2.
From this relation and from previous ones we obtain: 812 = 7 = 0 mod 2, B9 =
P11 mod 2, s = Pia mod 2. Finally using the operation S 1,1,1 and relations:
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S1.1,1,1213 = Zlyi mod (F4Eg’36), Sl,l,l,IQI = Uly‘% mod (FZE%’%) we obtain:
d3(217) = Ui yi = (14 Bs + Bs + o + Bio + BinUi vi
+(Bs + B17)U1U2(Uaye + Usys) + (Bo + P10)Uz (U1 ys + Usz3)
+(B11 + Bi5)U2U3(U1ys + Uaz3) + (Bro + Bi) U (Ur ys
+Usz7) mod (F2Ey ™).

Hence, Bs + Bs + Po + Pio + f17 = 0 mod 2, Bg + B17 = Bo + Bio = P11 + Bis
mod 2, B19p = B11 mod 2. From the previous equalities we determine step by step
the meanings of the rest §;. All of them are nonzero. So, we have:

d3(z13) = Ui Q.
44, An element yi3 € E(2),52 we choose so that 7122 (y13) = b13. From the condition:
Se(y13 + any element of this dimension non-equal to y{3) = yg + - - -
it follows that d3(y13) # 0, d3(y13 + - - -) # 0. Hence we can choose y13 so that:
d3(y13) = U1Us®3 + LU Uy @6 + poU Uz ®s + B3UTQ2 + - - -,

where the dots denote summands starting with the coefficient 85 as in the item 43.
Using the same operations as in the item 42, we get analogous relations for the coeffi-
cients B; excluding the following relations. Using the operation S;; gives the relation:
B1 = B3 mod 2, the operation Si¢ gives in addition to the equality of the item 43:
B1 = B2 mod 2. As a result of the action of the rest of the operations there will be
the same values a in the item 43. The same way we get:

d3(y13) = U 1Us 3.

45. Anelement yj; € E(2),52 we choose so that n%(yi}) = fi3+aseg+azcio. From
the condition:

Ss(y]3 + any element of this dimension non-equal to y}3) = z5 + - - -
we get, that d3(y}3) # 0, d3(yj; +-- ) # 0. Considerations analogous to those given
in the items 42 and 43, show that it is possible to choose the element y5, so that the
equality is fulfilled:
d3(y13) = U1U»P.
The results of the calculations are given in Tables 15, 16 and 17. In Table 17 the
action of the differential ds is given for the generators of dimension not bigger than

52 in the term E3 >~ E; >~ Exts (BP*(M Sp), B P*) of the Adams—Novikov spectral
sequence for the spectrum M Sp, and in Table 16 there are given relation between
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generators in the given dimensions (part of the “integer” are given only modulo fil-
tration corresponding to the MASS), which continue the analogous Table from the
work [41]. Vertical lines in Table 15 denote the multiplication by the element U in
the term E5. Because of the fact ., (M Sp) ® Zp) = Zpylz1, ..., 2k, .. ] forall p >
2, Tables 15, 16 and 17 describe the structure of the initial term and the action of the
differential d3 in the integer case of the Adams—Novikov spectral sequence. In this
case we mast consider that the zero line consists of free abelian groups and not of
free Z2)-modules. From Tables 15 and 17 it is possible to see that in the considering
dimensions E4 ~ E and the extension problem from E, to (M Sp) is trivial. So,
we get a description of the symplectic cobordism ring (not complete because not all the
relation among “free” generators are known) up to dimension 52. Table 18 describes
the ring 7, (M Sp) as a subring of ExtAU(MU*(M Sp), MU*). To diminish the vol-
ume there is a familiarity in description which we hope does not lead to ambiguity,
for example, many evident relations are not shown.

3.2 Computations of the action of the differential d3 of the Adams—Novikov spectral
sequence

The aim of the present section is a calculation of the differential d3 on the genera-
tors y26, Y3 € Eg,104 of the Adams—Novikov spectral sequence modulo 6; and ele-
ments having F-filtration (corresponding to MASS) strictly greater than zero, E; -
Ext4(BP*(MSp), BP*), A = ABF . These spectral sequences were described in
particular in the works of the second author [40-43]. The term Eo, of the MASS
up to dimension 106 is described in Sect. 2, and the action of Landweber—Novikov
operations on the generators ¢; of the MASS is described in Sect. 1.

1. All subsequent calculations are done modulo 2, and images of the differen-
tial d3 are expressions considered modulo triple products which either contain 6y, or
have F-filtration (corresponding to MASS) strictly greater than zero. The scheme of
the calculations will be the same for all dimensions: we write down an image of the
differential d3 on a given element as a linear combination of generators in given dimen-
sion with unknown coefficients. Applying subsequently various Landweber—Novikov
operations we define all the coefficients. All notations dealing with dimensions less
than 32 coincide with the notations of mentioned works of the second author. The
only exclusions are the changes: V; by U; and cp;_ by hl2 This is true for notations
in MASS, in the Adams—Novikov spectral sequence as well as in the symplectic co-
bordism ring MSp,.. By ng (x) we denote the projection of an element x € Eg * of the
Adams—Novikov spectral sequence into the term E, of the MASS.

Remark 3.1 Our notation yg corresponds to z¢ from the works of the second author.

2. Choose elements y19, yj, € E3’40 so that ng(ylo) =10, ng(yi‘o) =cio+ cg +

c§c6 and also that:

d3(y10) = B1U3Us + BoUsUs @3 + B3U; + BaU3 . (3.1)
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Table 1 Calculation of the action of differential d3 on yjq, yi“o

Operation Sw S on Relation among
Sw yj on the right part the elements S;.
Vj of the formula (3.1)

S6 Y10 0 (B1 + BOU3 Bi+B1=0
S Yo 4 U3 (B + B3) B +B; =1
833 Y10 0 ﬂlUS B1=0

53,3 Yo V4 BiUS Bt =1

$2.2.2 Y10 y4 /33U23 B3=1

8222 o V4 BiU3 By =1

Sa Y10 52U22U3 B2=0

S4 Yo (14 B3)U3 U3 By =1

Table 2 Calculation of the action of the differential d3 on yq3

Operation Sw S on Relation among

Sw Vj on the right part the elements S;
Vj of the formula (3.2)

Sg Y12 BIU; B1=0

S4.4 Y12 (Ba + Bs)U; Ba = Bs

S6 iz Y6 (B2 + B5)U3Us o+ ps =1

833 yi2 Y6 ﬂ2U22U3 Br=1

$2,2.2.2 Y12 V4 B3+ ﬁe)Uf B3+ B6=1

S4 yi2 v} (B3 + DUUZ B3 =

In the analogous equality for yj,, B; are changed by g;*. To determine coefficients §;
let us use Landweber—Novikov operations S, (Table 1).
It follows from this table that

To determine the coefficients §; we use operations S,, (Table 2).

d3(y12) = B1UF @5 + PoUrUsUs + B3U5 3 + aUr @3

d3(yiy) = U3 Uy + Ua U3 ®3 + U3,

ds(y10) = U3.

3. Choose an element yjp € Eg‘48

+ﬂ5U22‘55 + ﬁﬁUzsyf.

so that rrg (y12) = c12 and also that:

(3.2)

Solving the system of equations on the coefficients 8; we come to the formula:

d3(y12) = UaUsUs + U3 @3
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Table 3 Calculation of the action of the differential d3 on yq4

Operation Sw S on Relation among
Sw Vj on of the right part the elements B;
Vi of the formula (3.3)

S10 Y14 V4 (B1 + B6)U3 Bi+B6 =1

5.5 V14 va Bi1U; B =1

Sg yi4 B+ 52)U22U3 Br=1

Sa.4 yi4 (B2 + B3 + Bs)U3 U3 B3+Bs=1

S6 Vi4 8 (B3 + Bg + 1)U22<1>3 B3+ Bg=1
+(1+ B4 + B ULUZ Bapr =0

$3.3 n 0 (1+ B3)U3 3 B3 =1,B1=0
+BsU U2

$ yi4 Y48 U2‘1>§ + /39U23yf Bg =0

4. Choose an element y14 € E3’56 so that ng(ym) = c14 and also that:

d3(y14) = B1UF @6 + PrUrUs®s + 3Ur @3Us + faU3Us

+,35U3(b% + ,36U22t7* + ,37U32‘E3 + BsUr D313 + /39U22U3y§.

To determine the coefficients §; we again use operations S, (Table 3).

(3.3)

Solving the system of equations on the coefficients 8; we come to the formula:

5. Let us choose yj6 € Eg’64 so that ng(ylg) = c% and also that:

d3(y14) = U3 6 + U U3 ®s + Ur D3Us.

d3(y16) = PLUF®7 + BrUsUs D + B3Ur @3 D5 + 4UF D5 + fsULUZ

+B11U2U4(Uzye + Usys) + ﬂlengzyf + ﬂ13U23y§

+B14U3 @337 + BeU3@3Us + p7®3 + BsU2Us(Ua(y10 + ¥io)
+®3y6 + Usys) + BoUs P3(Uzys + Uz ys)

+B10U3 (U6 + Usya).

34

To determine the coefficients B; we again use operations S,, (Table 4).

Solving the linear system we obtain:

@ Springer
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Table 4 Calculation of the action of the differential d3 on yi6
Operation Sw S on Relation among
Sw yj on of the right part the elements B;
yj of the formula (3.4)
S12 Y16 Bi1U; B1=0
S10 Yi6 (B2 + B)U3Us B2 = Ps
Ss,5 Y16 prUZU3 B2=0
S6.,6 Y16 V4 (Bs + B11 + /313)U§ Bs+Bi1+Bi3=1
$3,3,3,3 Y16 y4 /35U23 Bs=1
S4,4.4 Y16 (B3 + BDU3 B3 = pB7
Ss Yi6 B3U3 @3 + palrU3 B3 =0,ps=0
Sa.4 Y16 8 (Bs + Bo + .310)U2U32 Bs + Be + Bio =1
S6 Yi6 0 (Bs + Po)U2Uz 3 Bs = Bo, P10 =0
+ﬂ10U33+ﬂ11U22U4 Bi1=0
Sy Y16 0 /314U§y4 Bla=0
$2.2 Y16 y4y8 U2<1>§ + /312U23yf B12=0

6. Elements yg, yjg € Eg‘n we choose so that ng(ylg) = c18, ng(y;"g) = cg +
c3c1a + c3(c1o + ¢2) + ¢, and also that:

d3(y13) = B1U3Us + BoUrUs®7 + P3U2D3D6 + BaUrUsds + BsU3 De
+B7U3US + Bs®3Us + BoUs3 (Unyia + Usyays + ®3(y10 + yip)
+®5y6 + Poya) + P1oU2P3(Ua(y10 + ¥ip) + P3y6 + Usys)
+B11U3(Uzys + Usys) + BroU3 (U2 (10 + ¥io) + ®3y6 + Usya)
+B13U3P3(Unys + Usye) + B1aUz @s(Uzys + Usya)

+B15U3U4(Uays + Usya) + B16®3(Uaye + Usys)
+B17U3U3y2 + BisUs Usys + BroUaUs®3y3 + BaoUsy3
+B21U3 (Uzye + Usys)y; + BeUs @3 ®s. (3.5)
In analogous equality for yj;, coefficients g; are changed by ).
To determine the coefficients §; we use operations S, (Table 5).

Solving the linear system we get the following relations:

d3(yig) = UsUZ + U3Us + UaU3 7 4 Uy @306 + Ua Uy ®s,
di(y18) = U3U3.

7. Choose the element y;g so that ng(yzo) = ¢p0 and so that:

d3(y20) = B1UF P9 + BoUrU3Us + B3U» @307 + BaUrUs®e + PsU, b2
+B6U3 ®7 + BrUs®3D6 + PsUsUs®s + Po D3 Ps
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Table 5 Calculation of the action of the differential d3 on y3, y{g

Operation Sw S on Relation among
Sw Vi on of the right part the elements B;
yj of the formula (3.5)

S14 Vs 0 (B1 + Bo)U3 B1 =Py

S14 Vig V4 (B} + BU3 Bt +B5=1

87,7 V18 0 ﬂlUf B1=0

877 ¥is V4 B1U; =1

S12 V18 ﬂ2U23 Br=0

Si2 s (BF + BHUZ U3 By =1

6.6 VI8 Y6 (B4 + B7 + Bra + Bis Ba+ B7+ Bia + Bis
+B17)U3U3 +Bi7 =1

S6.6 Yis Y6 By +B7 + By + Bis By +B7 + Bly + Bs
+B17U3U3 +83 =0

$3,3.3.3 V18 Y6 ﬂ7U22U3 Br=1

$3,3.3.3 Yig (B3 + U3 U3 B =1

S10 yis (Bs + B11 + B12)U2U3 Bs+ B+ B12=0
+(B3 + P10)U3 @3 B3 = Bio

S10 ¥ig ¥g (1+ BE+ B, + B U2U3 BE+BF + B =1
+(1 + BY + By U3 ®3 B+ By =1

55 Vig 0 (Bs + B11)U2U3 Bs = Bi1
+53U22<1>3 B3=0

S5.5 Yig 8 (14 B2 + B1ULUS B =B},
+(1 + BHUF @3 By =1

S yis 0 BaU3Us + BsU3 Ba. Bs. B6 = O
+B6U2U3 3

Sg i 0 (Bf + DU3Us + BEUS Bt BE=0
+BEU2U3 03 By =1

S4.4 V18 Y10 ¢! +511)U§’ +ﬁ8U22U4 Bi1, B, B13. B1a =0
+B813U2U393 + 514U2273

S4.4 g Y10 (1+ BDU3 + BU U, Bi1. Bs. P13, P14 =0
+B5U2Us®3 + B, U3 s

Se6 Vs 0 Bi15sU2U3Us + Bi6Ur @3 Bis. B16 =0
+B18U3 7 + B2 U3 ¥; Bis = i
+B15U2U313

Se i 4)8 BisUsUsUs + BiigUr @3 Bis. Blg =0
+B15U3 v + B3, U3 v; Bls = B3
+B}sUrUsts + Up @3

83,3 Vi 0 /318U23yf Big =0

S3.3 Vig Y48 BisU3 i + U2 ®3 Big =0
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Table 5 continued

Operation Sw Sw on Relation among
Sw yj on of the right part the elements S;
Vi of the formula (3.5)
S, 0 UZUsy3 =0
4 yi8 BroUsUsy; B1o
Sa g 0 BloUsUsy; Blg =0
8222 Y18 y4y8 Uzq)% + ﬁonfyz B2 =0
52,22 i 0 B3oUs Vi By =0

+B10®3U + B11U2U3[Uay1a + Usyays + ®3(vio + ¥ip)
+®sy6 + Peyal + 12U [Uay1z + Pays + Usye)
+B13U2U4[Ua(y10 + 1) + P36 + Usysl
+B14U3P3[Ua(y10 + ¥iy) + P3ys + Usyal

+B15U3DP3[Uzy10 + Usysl + BieUsUs[Uzys

+U3y6] + B17®3[Uays + Usyel + BisU2®6[Ua 6

+Usyal + B1oUs®s[Uays + Usyal + BooUs@3[Uzy6 + Uz yal
+B21U2[Uzys + Uz yal[U2(y10 + yio) + P3¥6 + Usyal
+B22U3y§ + Bo3U3 @sy; + PoalUs @37

+B2sUrUsUsyi + BasUa @33 + Po7U5 3y

+B28U3 [Uays + Usyelys + BroUaU3 yg + B30U3 vy (3.6)

To determine the coefficients 5; we use operations S, (Table 6).

sssssss

B3o U23 , from where it follows B39 = 0. Solving the linear system on the coefficients

Bi we obtain:

d3(y20) = UaU3Us + UsUs®g + ®3U7 + UaUsUsy3.

8. Choose elements y»», ¥3, € Eg’gg so that 77§ (y22) = 22,

T3 (Vh) = ¢y 4 c1a(cd +¢3) + crolcr + e3¢ 4+ ¢8) + co(ched + ¢ + b,

and so that:

d3(yn) = B1U; @10 + PoUrUs Do + B3Ur@3Us + BaUsrUsd7 + BsUr D5 g
+BsU3Us + B1U3@3®7 + fyUsUs®s + BoUs 3 + B10P3Pe
+B11P3UsDs + B12U; + i3U3[U2(vis + vig) + P3yia + Usyays
+@5(y10 + ¥io) + P7Y6 + Usyal + f1aUz2®@3[Uzy1a + Uz yays
+®3(y10 + ¥io) + Psye + Poyal + BisU3[Usy1z + P3y10 + Usys]
+B16U2Us[Uzy12 4+ Us(y10 + yip)] + B17U3 @3[U2y12 + Us(y10 + yip)]
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Table 6 Calculation of the action of the differential d3 on yq

Operation Sw Sw on Relation among
Sw Vj on of the right part the elements S;
Vi of the formula (3.6)
Si6 20 0 BiIU3 B1 =0
S14 20 Y6 (B2 + B11)UZU3 1+ 82 =811
87,7 20 Y6 ﬂ2U22U3 Br=1
S12 20 8 (14 B + P12) U2 U3 Bs = B12,3=0
+B3U3 03
S4.4.4 ¥20 8 (B6 + B3 + Bio + Bis (B + Bs + Bio + Bis
+B16)U2U3 + PoU3 @3 +B16) = 1,69 =0
8.8 ¥20 BsU3 Bs=0
Sa.4.4.4 20 (Bo + B17 + ﬂzz)US Bo+B17+Bn=0
$3,3,3.3 20 8 U2U32 + (B Ba = Bio
+ /310)U22<1>3
S6.,6 20 0 (Bs + B3 + B12 + Bie Be + B3 + Bis + P19
+ Bio + B2o)UrU3 +B12+ P29 =0
+ (Ba + B1o + B13 Ba+ Bio+ B3+ Big
+ B18 + B2o + P21 +B20 + P21 = Boa
Baa)U3 03
S10 ¥20 Y10 (1+B7+ Bia+ Bis) B1+Bia+B15=0
+v xUrU3s @3 + (B4 Ba+ B3 =1
+ﬂ13)U22U4+ﬁ6U§ B =0
+(B21 +,318)U22'f3 B = Bis
55 ¥20 Y10 1+ B7+ B15)U2U3 B1+B15=0
+¥7 x®3 + BaUSUs Ba=1
+B18U3 T3 Big =0
S 20 0 BrU3®3 + 23U B1=0 B3 =0
XU3yf+ﬁl9U2Usf3 Bl9=0 Bg=0
+B3U2U3Us
Sa.4 20 yi2 UrU3Uy + B17U» @3 B17 = B2
+UZ®3 + ProlaUsT3 B2 =0
+B17 U22f5 + /326U23yf
N 20 Vi4 U22¢6 + BooU2®P373 B17.B20 =0
+y6yf +U2U3 @5 + /317U3<1>§ Bos + Pag =1
+(B2s + /328)U22U3yf
+(1+ o) UaP3Us
$3.3 20 Vi4 U%% +/325U22U3yf Bas =1
+Y62 +ULU3®5 + Uy d3U4
S4 20 Y3 (1 + B U2U3y; a7 =0
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+B18U2P5[Uz(y10 + ¥1y) + P3ye + Usyal + Bi1oUszUs[Uzyio + Uz ysl
+B20U3Us[U2(y10 + ¥io) + @36 + Uayal + Ba1 ®3[Uay10 + Usys]
+B22 @3 [U2(y10 + Vi) + P36 + Usyal + B3 ®3Us[Uayio + Usys]
+B24UrP7[Uzy6 + Usyal + BasUs@s[Uays + Uz yal + BosP3Ps[Uzy6

+U3ys] + B27UZ[Uzy6 + Usysl + BasUn[Uzye + Usyal[Uayiz + @33
+Usysl + B2oU3[Uzys + Uz yallUzyi0 + Usysgl + B3oUs[Uzye + U3 yal
x[U2(y10+¥79) +P3y6+Usyal+B31 P3[U2y6+ U3 y4l[U2ys + U3 y6]
+B32U3Usyg + B33U3 Usyg + B3aUxUs®3yg + B3sU3 vg + B3sUs [Uzys
+Usysl + B37U3 6 y; + PasUaUs®sy; + BaoUa®3Usy; + BaoUsUsyi

+B41Us @3] + BarU3 (U2 (y10 + ¥io) + P36 + Usyalyi
+Ba3U3Usys + BaaUZ[Uays + Usyalys.

(3.7)

For the image of the differential @3 on the element y3, there is analogous equality with
the change of B; on ). Let us determine the unknown coefficients applying opera-
tions S,, to equality (vii). For almost all operations except Sg g, S4.4.4.4, Se.6, S4,4 and
$2,2,2,2,2,2,2,2 their action on y>; and y3, is the same. Analogously the action of almost
all operations except mentioned on the right part of the formula (vii). Because of this
fact only the action of these operations on the element y;> will be given in the Table
and for the relations we give only for §;, except the mentioned operations where two
cases are given (Table 7).

Table 7 Calculation of the action of the differential d3 on y, and yé‘z

Operation Sw Se on Relation among
Sw Vi on of the right part the elements S;
yj of the formula (3.7)
S18 22 B+ ﬂ13)U§ B1=B13
S9.9 22 /31U23 B1=0
56,6,6 22 v (B4 + B12 + Bies Bs+ B12 + Bie
+B27 + Bag + B33 +B27 + Pag + B33
+B24 + 536)U23 +B2a + B36 =1
S16 22 ﬁng B2=0
S8.8 2 (B2 + Bs + BO)U3 Us Ba+Bs+ o =0
Sg.8 N Y6 (B3 + BE + B5UZ U3 By + B+ =1
87,7 22 8 U2U32 + 83 U22d>3 B3=0
S4.4.4.4 22 0 (B2 + Ba+B7+ Bo Bo+ Ba+B7+ Py

+B11 + Bis + P17
+B21 + B3 + ,332)U22U3

+B11 + Bie + B17
+B21+ B3+ B3n=0
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Table 7 continued

Operation Sw Se on Relation among
Sw Vi on of the right part the elements S;
yj of the formula (3.7)

S4.4,4.4 ¥5 Y6 (B> +B; + B85+ 85 (B> + B3 +B7+ 85
+B7, + Bis + B15 +B, + Bis + B
+83) + B33 + B)UZ Us B3+ BY + B =1

S14 22 8 B2+ ﬂe)U2U32 B2 = Be
+(B3 + /314)U22<1>3 B3 = Bia

S12 2 Y10 (B4 + ﬁlﬁ)UzzUzt Ba = B1e
+(B2+ B3+ B7 B2+ B3
+B17)U2U3 D3 =p7+ B17
+(Bs + B15)U3 Bs = Bis
+(B2a + ,328)U22T3 B4 = Pog

83,3,3,3 22 ¥io U3Us + BsUrU3 @3 Bg =1
+(Bi6 + P21 U3 w3 + U3 Bis = B

S6.,6 22 Y10 (B12 + Boa + B2s B2 + Boa + B2g

+¥% +833)U3Us + (Bs +B33 =1, Bs
+B7+ Bg + B +B7 + B3 + B1i
+B18 + P20 + P23 +B18 + P20 + B23
+B25 + Pas + B30 +B25 + P26 + B30
+B31 + B3a) U U3 @3 +B31+ B3a =1
+(Bo + B35)U3 Bo = B3s
+(B16 + B2a + P27 Bie + Baa + B27
+B2s + /336)U22f3 +B2g +B36 =0

S6.,6 Y3 Y10 (Bly + B34 + B3y Bl + B3y + Big

+fo +B13)U3Us + (B B3 = 1.5
+B7 + By + By +B7 + By + By
+Big + B3 + B33 +Bis + B3 + B33
+B35 + B3 + B3 +B55 + B3 + B3
+B%1 + B3 U2U3P3 +B5 + By =1
+(BS + Bis + DU3 By = Bis +1
+(Ble + B3 + B3 Bl + B34 + B3
+B3s + Bl U3 T3 +B3g + Ble =0

Sa.4.4 22 Y10 (B4 + Bs + Bio Ba+ Bs + Bio
+B11 + Bie + B23) +B11+ Bie + B3 =0
xUZUs + (Ba + Br7 Brg =0

+B23) U2 U3 @3
+(B1o + DU3 + (Big
+B22 + Baa + B2e
+B3) U373

Ba+B17+B23=0
Bi1s + B2 + Boa
+P2 + P37 =0
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Table 7 continued

Operation Sw S, on Relation among
Sw Vj on of the right part the elements f;
yj of the formula (3.7)

S10 y22 yi2 (B4 + Bie + B9 Ba+ Bie + Bro
+B20 + DU2U3U4 +B20 =0
+(B7 + 1+ B17 U3 @3 B7 = Bi7
+(Bs +ﬂ18)U22<1>5 Bs = Bi1g
+U2‘1>%(/310 + B21 Bio+ B21 + B2 =0
+B22) + (B24 + Bos Boa + Bas + B2o
+B29 + B30)U2U373 +B30 =0
+(B37 + ﬂ42)U§’yf B37 = Baz

55 y22 yi2 (1+ B19)U2U3Us Bs =0
+U2®3 + BsU3Z ®s Blo =0
+(B10 + B21) U2 3 Bio = Bai
+(B2s + B20)U2Uz 3 B31=0
+ﬂ37U§ yf Bas = B2

Sg y22 0 BsU3®6 + (B11 Bi1 = Ba
+B)UnUs @3 + (B7 Bis =0
+B10)U3 3 + Bo Bio = 7
xUpUs®s + BisUs Ty Boa = Pae
+(B2a + P2s) U2 P373 B31 = B3
+(B37 + B33) U3 U3 y? Bs =0
+525U3213 Bs =0B25 =0

Sa.4 22 0 ﬂloUzz% + /321U22T7
(B7 + B21)U3 @3
+B23U2U4P3 B1 = Ba1
+B7U2U3P5
+B23U2U37s B31 =0
+Ba1 U22U3yf
+B31U2P373

S6 22 V16 (B4 + /324)U22 @7 Ba+ Boa

+Y6y10 +(B2s + DULU3 P+ = B11 + B2
+U2®3P5(B11 + Boo) = B16 = B39
+(1 4 Bo7 + BOULUZ
+U3P3U4(1 + B7 Bao + Paa =1
+B11 +/323)+U32<1>5 B17 + Bae
+B10®3 + B3oUrUs T} +B30 = Bio
+B16USTS + Pas U3t B33 =0
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Table 7 continued

Operation Sw Se on Relation among
Sw yj on of the right part the elements S;
Vi of the formula (3.7)

+/333U§yg + UpUst3 % Bag =0

x(B16 + P24 + B23)
+B23U2®375 + (B17
+B26 + B30) U3 P373
+(Bao + Pa)U2U3 y3
+B39 U22<1>3y§
+B20U2U377

833 22 yi6 UUz®6 + U32<1>5 Bap =1

+Y6Y10 +U3®3U4 + Pro®3

+B23U2®375
+B17U3P373
+PaoUrU3y3
+U,U7

S4 22 yi0y3 B1(UaU3®7 p1=0
+U303®s) + U3yg Bi7=0
+/310C1>§U4 Bio=0
+B23(U2Us B3 =0
+U3P3)75
B17U2 U374

tion: fa3 U22U3 =0,0rB43 = 0 Applymg the operation S3 3 3 3,3,3 we get the relation:
dzys = P12 US, or 812> = 1. Solving the corresponding linear system we have:

d3(y2) = U2Us + UsUs®g + U3 + URUsy?,
ds(y3) = U3Us + UsUs®@6 + U; + UiUsyi + U @2,

9. Choose elements yz6, y54 € Eg,104 so that ﬂg(y26) = 26 + clocg, ng(yi‘ﬁ) =

ity + 3¢ty + cie§ + c3cd and also such that:

d3(y26) = PLUF @12 + ol U3 @11 + B3Ua D310 + BalU; P1g + BsUaUs Do
+B6Us®3Pg + U2 ®5Us + PsUsUsUs + Bo®@3Us + B1oUr P67
+B11U3P5P7 + B12P3UsP7 + ,313U3<I>é + B14P3D5Pg + /315Uf¢>6
+B16Us®32 + B17Ur @3 [Ua (15 + yig) + @314 + Usyays + @s(vio

+70) + @76 + Usyal + BroU3[Ua(yis + yig) + @314 + Usyays
+®s5(y10 + yig) + P7ys + Usysl + ,318U32[U2y18 + Usyie]

@ Springer



Symplectic cobordism in small dimensions 111

+B20U2®5[Uzy14 + Usyays + @3(yv1o + ¥7p) + Ps5y6 + Pey4l
+B21 U3 @3[U2(y10Y6 + y8¥7) + Usyial + BaUsUs[Usyia + ®3y10
+Usys] + B3 UsUslUzy14 + Usyays + @3(y10 + yip) + Psye + Peyal
+B24U3Ps[Uzy10 + Usygl + P2sUs Ps[U2(y10 + yip) + P3y6

+Usy4] + Pas @3 Ps[Uayio + Usys]l + P27 @3 Ps[Ua(yio + yip)

+®3y6 + Usyal + BasUZ[Uayio + Usysl + PooUi [Ua(y10 + ¥io)
+®@3y6 + Usyal + B30P3Ps[Unys + Usyel + B31UsP5[Uzys + Uz yel
+B32U2®9[Uzy6 + Uz yal + B33U3Us[Uzye + Uz yal + B3aUs®P[Uzy6
+Usy4l + PasUa[Uzys + Usyal[Uzyie + Us(yia + yayio + y6(vs + ¥3))
+®3y12 + Us(yio + yo)] + B36U2(Uays + Usye) [Uay14 + Uz yays
+®3(y10 + ¥io) + Ps5y6 + Poyal + B37U2[U2y10 + Usysl[Uzy12
+U3(y10 + y1o)] + B3sU2[U2(y10 + ¥io) + P36 + Usyal[Uay12
+U3(y10 + ¥ip)] + B3oU3[Uz2ys + Uz yal[Usyi2 + ®3y10 + Usysl
+Ba0U3[Uzys + Usysl[Uzyia + Uz yays + ®3(y10 + ¥ip) + P56
+®@6y4] + B41Us[Uays + UsysllUayia + 3y + Uays]

+B12U3[Unys + U3 ysl[U2y12 + Us(y10 + i) + Ba3®3[U2y6 + U3 ya]
X[Uzyia + @3y + Usys] + Baa®3[Uzys + UsyallUayia + Us(y10
+y10)] + Bas@3[U2ys + UsysllUay10 + Usys] + BasP3[Ua(y10 + ¥ip)
+®@3y6 + UsyallU2ys + Usys] + BarUalUzys + Uz yallUzyio + U3 ysl
+BasUslUzy6 + UsyallU2(y10 + ¥ip) + P3Y6 + Usyal + Bag®@s[Uzye
+U3y4][U3ys + Uaysl + BsoUz Usyiy + Bs1Us Us(vip)* + BsaU3 Uayg
+B53U2Us®3y3 + BssU3 yg + BssUs [Uzye + Usyslyg + BseU2Us®syg
+B57U2®@3Usyg + BssUsUsyi + BsoUz[Un(y10 + ¥io) + @36 + Usysl
xvg + BeoU3 ye[Uzy10 + Usysl + Be1 UaUs[Unys + Usyel + BeaUa®3
x[Uzye + Usyalyg + Be3U3[Uzye + Usyal + PeaU3 Usyz vg + PesU3 Us
X3 + BeoUrUs®sy3 + BerU3 Deyi + BosUs @3 ®s + BeoUs Ui y?
+B10U3 Uz y14 + Usysys + ©3(v10 4 vig) + ®sye + Peyalys
+B711U2U3[Uay12 + Us (1o + ¥ip)lyi + BU2®3[Uayio + Usyslyi
+B7302@3[U2(y10 + ¥io) + P36+ Usyalyi +praUi[Uayio+Usyslyi
+B715U3 Uz (yi0+ i) + P36+ Usyal+ Br6U2UslUn ys + U3 yelyi
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+B77U3®3[Uays + Usyelys + BrsUa®s[Uaye + Usyalyi + ProUsUs
x[Uaye + Usysly? + BsoUsUsys +Bs1 U2Us @3 y; +Bs2Us i + BsaUs

X [Unys+Usyalyi +BsaUa[Uays + UsyallUays + Usysly? + BssU2 3.
(3.8)

To determine the coefficients B; we use operations S,,. When the actions of the oper-
ation S, on y6 and yj¢ coincide then in the table this action is described only for

¥26.

0,104

9. Choose elements ys, y55 € E, so that ﬂg(yZG) = 26 + clocg, ng(yikﬁ) =
1y + 3¢}, + c3ed + c2ck and also such that:

d3(y26) =

@ Springer

BrUF @12 + BaUpUs @1y + B3U2 310 + faUFP1g + BsUrUs Do
+B6U3 @39 + BrU2®5Us + BsUsUsUs + Bo®3Us + BroUs e d7
+B11U305D7 + B1o@3Us®7 + B13UsF + B1ad3PsPe + f15U;F D
+B16Us @2 + B17Ur @3[Ua (y15 + yig) + Payia + Usyays + ®s(yio
+y}0) + @736 + Usysl + BroUF[U2(vis + ig) + @3y1a + Usyays
+®@5(y10 + ¥io) + P7Y6 + Usyal + Bi1sU3[Uayis + Usyiel
+B20U2®5[Uzy14 + Usyays + P3(y10 + i) + Psye + Pey4l
+B21U3@3[U2(y10Y6 + ¥8¥7) + Usyial + BoUsUs[Usyiz + ®3y10
+Uays] + B23UsUslUayia + Usyays + @3(y10 + ¥ip) + Psye + Peyal
+P2aU3D6[Uzy10 + Uz ysl + PasUs Pe[Uz(y10 + yip) + P3ye

+Usyal + 26 @3 P5[U2y10 + Uz ys] + B21 @3 P5[U2(y10 + ¥ip)

+®3y6 + Usyal + BsU;[Uayio + Usysl + BaoUF[Ua (10 + ¥io)
+P@3y6 + Usysl + B30P3Ps[Uzys + Uz yel + B31UsPs[Uays + Uz yel
+B32U2Po[Uzy6 + Usyal + B33UsUs[Uzys + Usyal + B3aUsPc[Uzys
+U3ys] + B3sUa[Uays + UsyallUzy16 + Us(yia + yay10 + Y6 (38 + ¥3))
+®3y12 + Usa(y1o + ¥o)] + Ba6U2(Uays + Uz ye) [Uay14 + Uz yays
+@3(y10 + ¥io) + P5y6 + Peyal + B37U2[U2y10 + U3 yslU2y12
+U3(y10 + ¥o)] + B3sU2[U2(y10 + y1p) + P3ye + UsysllUayi2
+U3(y10 + yio)] + B3oU3[Uzys + Usyal[Usyiz + P3y10 + Usysl
+B40U3[Uzys + U3 yallUay1a + Usyays + ®3(yio + yio) + Psys
+®@6y4] + Ba1Us[Uays + Uz ysl[Uzy12 + ®3ys + Usys]

+B12U3[Uzys + UsysllUay12 + Us(y10 + ¥io)] + Ba3®3[Uays + U3 ya]
X[Uzyia + @3y + Usysl + Baa®3[Uzys + UsyallUzyi2 + Us(y10
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+yi0)] + Bas @3[Uays + Usyel[Uzy10 + Usys] + Bas P3[U2(y10 + yip)
+®@3y6 + UsyallU2ys + Usys] + BarUsalUsys + Uz yallUzyio + U3 ys]
+B4gUs[Usys + U3 ysllUa(y10 + ¥io) + P3y6 + Usysl + BaoPs[Uzye
+U3yal[Usys + Usysl + BsoU3 Usyig + Bsi Us Us(yip)* + Bs2Us Uayg
+Bs53U2Us®3y3 + BsaU3 yg + BssU3[Uzye + Usyslyg + BseUaUs s yg
+B57U2@3Usyg + BssUs Uy + BsoUz[Ua(y10 + ¥io) + @36 + Usysl
x Vg + BooUs yglUayio + Usysl + Be1 U2Us[Uays + Usyel + BeaUzr @3
x[Uay + Usyalyé + Be3sU3[Uzys + Usyal + BeaUs Uy vé + BesU3 Us
X3 + BesUaUs®sy; + B67U3 P6y; + PeosUs @3 s + PeoUsUj y;
+B10U3 [Uzy1a + Usysys + ®3(y10 + ¥y) + ®sye + Poyalys
+B1U2Us[Uay12 + Us(vio + ¥ip)vi + BrU2@3[Uayio + Usysly;
+B13U2®3[U2(y10+ 7o) + Paye+Uayalys + BraU3 [Uayio+Usyslyi
+B75UF[Ua(y10 + ¥5o) + @36 + Usyal + Br6UaUslUzys + Usyelyi
+B77U3®3[Uays + Usyelyi + BrsUs®s[Uays + Usyalys + BroUsUs
x[Uaye + Usyslyi + BsoUsUsys + Bs1UaUs@3ys + BsaU3 vy + Bs3Us

x[Uzys + Usyalyi + BsaUalUzys + UsysllUzys + Usyely: + BssUa23.
3.9)

To determine the coefficients §; we use operations S,,. When the actions of the oper-
ation S, on yz6 and y3, coincide then in the table this action is described only for y»6.

Remark 3.2 The following notation is used in the table y14 = y14+y10y4+yes (s +y§)
(Table 8).

vvvvvvv

ssssssss

ssssssssss

822,2.22.22.22.22(26) = y4 = (B14 + Boo + B30 + Baz + Bs1
+Bs6 + Bs1 + Bes + Be7 + Pes + B0
+B71 + Br7 + Bs1 + Bs2 + DU5.

This gives the relation:

B1a + Boo + B30 + Baz + Bs1 + Bse + Be1 + Bea + Pe7
+Be6s + B0+ B71 + B77 + Bs1 + Bs2 =0
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Table 8 Calculation of the action of the differential d3 on y;g, yi“()

Operation Sy, y;

Swony; S on of the right part of the formula (3.9)

Relation among the elements S;

S22
S11,11
Si1,11
$20
S10,10

$10,10

$55,5.5
855.5.5
S18
S9,9
S16

NY

58,8

56,6,6

87,7

S4.,4,4,4,4

S4.,4.4.4

S14

»26
y26
*
Y26
y26
¥26

*
Y26

26
Y36
Y26
Y26
Y26
Y26
Y36

Y26

Y26

Y26

Y26

Y26

Y6

Y10

ﬁ1U23

Bss U%

BgsU3

52U23’

(B1o + B13 + Boa
+B2s5 + B36 + B3s
+Bs0 + /351)U22U3
(Big+Bi3+ B3y
B35 + B3 + Big
+B3 + B3)U5 U3
(B13 + Baa + Bs0)
xU3U3

(B3 + B34 + B5y)
xU3U3

(B3 + BI1)UF®3 + (By
+B18 + B19) U2 U3

(Ba + 518)U2U32

+B3UZ D3

B32Ust3 + Bs U22U4
+BcUrP3U3 + /34U33
B7+ 516)U22U4
+(B1o + Bi1 + B14)
xUpUz 3 + 513U§’
(BX + Big)U3 Uy
+(Blo + Bl1 + Bl)
xUrU3®3 + B13U3
(B1o + B12 + Bis
+B29 + B34 + Ba3
+B48 + Bs7 + Bsy
+B62)U3 03

+(B11 + Bi6 + B2o
+B23 + B31 + B3e
+B4a0 + Ba1 + Bag
+Bs6 + Bss + Bo1
563)U2U32

B7U3 5 + B33U2 U373
+59U2‘1>% + Bes Ufyf
(B11 + B12 + Bae
+B31 + B37 + Ba1
+B42 + Pas + Bs2
+B53)U3 U3
U22U4(ﬂ10 + B12 + Bua
+B30 + B31 + Bs2)
+U2U3@3(B31 + Bas
+B53) + U3 (Bag + Bsa)
+U2213 (B20 + B36
+B38 + Baa + Bao
+Ba9 + Bs2 + Bss)
ﬁ20U22<I>5 + /336U22f5
+B21 U32<1>3 + /370U23yf

B1=0

Bss =0

Bis =1

B2=0

Bio + B13 + Boa
+B25 + B36 + B3s
+B50 + B51 =1
Blo + Bis + B3y
+B3s + B3 + Big
+B50 + 5, =0
B3+ Baa+Bspo =1

By + B3y + 85y =0

Ba+Bis+ B9 =0

B3 = B17

Ba = B13

B3 =0
Ba=083=0

Bs =086 =0
Bio+Bi1+Bla=0
B71 = B1e

Biz=1

Blo+ Bl + B4 =0
B7 = Ble

Bl =0

Bio + B12 + Bis
+B29 + B34 + Ba3
+B48 + B57 + B39
+B62 =0

B11 + Bis + B2
+B23 + B31 + B36
+B40 + Ba1 + Bag
+B56 + Bsg + Bol

Be3 =0
B1=0B33=0
Bo =0Bgs =0

Bi1 + B2 + B
+B31 + B37 + Ba1
+B42 + Bas + Bs2
+Bs3 =0

0=B10+ 812+ B4
+B30 + B31 + Bs2
Bs3+B31+ P45 =0
Bag = Bsa

0= B2 + B36

+B38 + Baa + Pas
+B49 + Bs2 + Bss
B0 =0B36 =0

B21 =0B70 =0
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Table 8 continued

Operation S, yj Sw ony; Se on of the right part of the formula (3.9) Relation among the elements f;

S12 26 0
833,3,3 y26 Y14
S6.6 y26 V14
S10 ¥26 0
Ss,5 y26 0

+(B35 + Ba0) U2 Uz 3

+/323U2U3 Uy

ﬂ10U2 D6 + ﬂ11U2U3¢’5

+B12 U2¢3 Us + ﬂ22U3 Uy

+B37U3 Ty + B3sUsts

+(Ba1 + B42)Ur U3 s

+(B43 + /344)U2‘1>2T3

+/339U3 3+ /371U2 U3y4

U3<I>3 + ﬂngz t7

+(Bs1 + /369)U2 U%y4

+ﬂ29U2 'L’7

U3 ®3 + UoU3®s(B1

+B31 + Bao + Bag + Bse)

+UF®6(B1o + B34)

+U3P3U4(B10 + B34

+/343 + Bag + Bs7)

+U3 Us(B11 + ﬂ31

+B41 + Bsg) + Uz 77

X (B28 + Bo0) + U2 2

X P29 + B3s + Pag

+Bs9) + U3 @3 (Bas

+B27 + B30 + Bae)

+U2U375(Ba0 + Bao

+Be61) + U3zf3(/342

+B49 + Be3) + U3 373

X (B38 + Baa + Bo2)

+U22U3yﬁ(.335 + Bs1

+Be4 + Bee + Beo

+B76 + B18 + Br9

+B84)

ﬂ10U22<1>7 + UrUz®¢

X(B10 + B24 + B25)

+Up @3 <1>5(ﬂ26 + B27)

+/311U3 @5 + B12Uz P3Us

+U3t5(B37 + Bs)

+(Boa + B37)U2Uz 1y

+(B25 + B3g) U2 Uzt

+Ur®375(B30 + Bas

+B46) + Baz U32T5

+(B34 + B35 + Ba7

+B48)UrUst3 + (Be7

+B71 + Bra + Brs)

xUpU2y3 + (Bao + Bas)

XU3¢3T% + (Bso + Beo)
% + (B72 + B73)

xU. <I>qy4
/324U2U3 D6 + Uz P375
X (B30 + Bas) + U3 7

B35 = Bao

B3 =0

Bio = B11

= B12 = P11

= P41 + Ba2
B2 =0B39 =0
B4z = Baa

Bag =0B29 =0
Bs1 = Be9

B1o + B34 = Bi1

+B31 + Bao + Bag
+Bs6 = B1o + B34
+B43 + Bag + Bs7
= P28 + Beo = B3s
+B51 + Boa + Bes
+B69 + B16 + B78
+B79 + Bsga

Bas + Ba7 + B3o
+B46 = Baz + Bag
+B63 = B1o + B34
+B40 + Bag + Bel
B29 + B35 + Bas
= Bs9

Bi1 + B31 + Bar
= Bss

B3s + Baa = Be2

Bio = P26 + P27
= B37+ B33 = B30
+B45 + Bas = B3a
+B35 + Ba7 + Bas

= P12 + B13
Bio + Baa + B2s
= p11 = P12 = P24

+B37 = Baz = Be7
+B71 + Bra + B7s

Bas = B3s

Bao = Baa

Bs9 = Beo

B1o = Bae = B37
= B30 + Pas
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Table 8 continued

Operation S, yj Sw ony; Se on of the right part of the formula (3.9) Relation among the elements f;

xB10 + PreUr P3P = B34 + Pa7
+B24UsrUsty + USTE = fn
xB37 + PasUaUsty Be1 = P14
+(B34 + /347)U2U4f3 Boa =0
+(Be7 + /374)U2U3 y4 Bas =0
+ﬁ60U2 y + B72U5 CD%yf Beo =0

S8 ¥26 0 /330U3<I>%f5 + U3Uyts Bao = Bse = Be7
xp31 + ﬁ49U2T375 B30 =0831 =0
+Ba0U3 f3 + U2 U3y6 Bag = 0Be6 =0
X Bs6 + .366U22U4Y4 Bes = 0878 =0

+1367U3)’4 + UQT?)’4
x B78 + BesUa U3 @37

Se6 Y26 (B76 + /379)U2U2 Usyy B1s = Br7
+(B75 + 1)U <I>3yf Bi6 = B19
+(Bso + Bs3)U5 y4 Bso = Bs3
+ﬁ84U2215y2 Bsa =0

+(B79 + /384)U2U3f3yf

vvvvvvv

$22222.222(326) = y10 = BsoUsUs + Bs3U3 13
+(1 4 Bs2)U3 + Bs1 UaUs 3.

This gives: Bgo =0, Bg1 =0, Bg2 = 0, Bg3 = 0.
Solving the linear system for 8; and ,8;‘, we get:

dy(y26) = Us D d3(yig) = Ua 2}

4 Construction of the elements of order four in MSp,

Let us show that that the product U1 &7 € E3 103 E;lm lives to infinity and
not equal to zero in E, of the Adams—Novikov spectral sequence. Each factor in this
product isa nonzero infinite cycle. So, it is sufficient to prove that there is no element
in Eg 104 E3 * that kills Uy D721 by the action of the differential d3, because all
higher differentials are equal to zero by the dimension arguments.

From the conditions: S13(U1$7Q21) = UIZQI and d3(z13) = U12S21,113 has the
F-filtration, corresponding to MASS equal to 2, operations S, conserve this filtra-
tion, it follows that the killing element can’t have the F-filtration %reater than 2. If
there exists an element X such that: X € F2(E2 ) X ¢F3 (E ) and d3(X) =
U D791, then for the prc)]ectlon x of this element in MASS there must be the relation
S13x = urpyw; and x € Eg 0.1.106 5 MASS. However from the description of the
E it follows that there is no such an element in the given dimension. Hence the
only possible candidate for killing of this product is a multiplicatively nondecompos-
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able element of zero filtration in E(2),104 of the Adams—Novikov spectral sequence.
There are two such elements: y¢ and y3, and we proved two following relations for
them:

d3(y) = U3d>% mod (F2E§’103 U (elements containing Uy)),
dg(y%) = UZQ% mod (FZE;’103 U ( elements containing Uy)).

Hence, if the element y% (for y»e this is analogous) kills U; @721, then there must
exist another element 7, different from yi“6, and such that: dz(n) = U, Q% Then from
the action of the operation S11,11: S11,11(U2 Q%) = U; and the action of the differ-
ential d3, we conclude that n = y4y3, + - --. However because of multiplicativity
of the action of d3 and the formula d3(y3,) = U32U5 + ..., it follows the neces-

sity of eliminating of the summand y4 U32 Us, which is deleted either with the help
of d3(y4y22), (and then there appears U23 22 which is also undeletable), or again by
dz(ya yz‘z). Hence such 7 does not exist. So, U1 ®7$21 not equal to zero in E, of the
Adams—Novikov spectral sequence and hence in the ring MSp,.

Let us see the connection between the elements ($7, 2, 21) and 0; P72 of the
ring MSp.,.

Theorem 4.1 Let my, my € Tors MSp,, are elements of the order two. Then we have
a relation:

O1rmimy € 2(my, 2, my)

where (m1, 2, my) denotes a triple Massey products in the theory of symplectic cobor-
disms and 61 € MSp, is the generator.

Proof Let us consider inclusions of manifolds i; : M;” — R%*j, j = 1,2 which
together with the normal bundles of these inclusions define on manifolds M; and
M, some (B, f)-structures which represent the elements m and my respectively.
Let MSp-manifolds X;, (j = 1, 2) are included in Ri’ it o that 9X i = 2M;
and a collar neighborhood of the boundary in X; has the form dX; x [0, 1),9X; C
R™*" x 0 and X; meets the boundary transversally. Let us consider the products
together with injections M| x X, C Ril+r‘+"2+r2+l and M, x X, C R FiHmdntl
such that under restrictions of both injections on the neighborhoods of each copy of
M x M, their images coincide. Let us glue the products M x X, and X x M, by the
given identification d (M| x X3) with 9(X| x M>). A manifold that we have obtained
Y= (M xXoUX | x M)/ (M) x 30Xy = 00X x M) with the MSp-structure induced
by this inclusion ¥ ¢ R™1#71+72472+1 depicts an element from (m 1, 2, m5) in the ring
MSp.,.. Let an interval I = [0, 1] be included in R with the trivial framing. Let us
take two copies of the manifold with a boundary ¥ x I ¢ R™F71+m+724r42 1 et yg
glue the upper boundary Y x {1} of the given manifolds by the following rule. We
choose in the manifold Y one of the copies of M| x M, by the gluing along which
the manifold Y was constructed. A normal boundary of M| x M> in Y has the form:
M x M> x (—1, 1). Let us identify two copies of Y x {1} by the identical map out of
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the boundary M| x M> x (—1/2, 1/2). We obtained a manifold whose lower boundary
consists of two copies of Y, upper boundary has the form: M; x M x S!, where S!
is included in R?*" in the form of the figure “eight”. With the help of such inclu-
sion the framing induced on S' gives the element 6; in MSp,. So, we constructed a
cobordism between the elements representing the elements 61mmy and 2(m1, 2, mj)
respectively. The codimensions that we have chosen are sufficiently large, so the result
does not depend from the choice of concrete inclusions. O

Let I'; be an element belonging to the Massey product (®7,2,21). From
Theorem 4.1 it follows that 2I'y = 61 ®7Q2; # 0, hence, the element I'; has the
order four.

We denote by I';, (i = 3,4, ...) aseries of elements belonging (for each i respec-
tively) to the following Massey product: (Pgy;, 2, 21),i = 3,4,.... We have S
Q1 = 0 and S¢21 = 0, because in the MASS there are the formulas S;w; = 0 and
Sew1 = 0, and MSp,; and MSps; consist of elements having projections in the term
E, with filtration of the MASS equal to zero. Fori = 5,6, ..., S3;-1)22; = 0 by the
dimensional reasons. Also there are the formulas S;—1)Pe4; = P7, so we obtain:
2N = 016421 #0,i = 3,4, ..., and hence the elements of the series I'; have the
order four in MSp..

5 Tables

See Tables 9, 10, 11, 12, 13, 14, 15, 16, 17 and 18.

Table 9 The action of Landweber—Novikov operations on the Ray’s elements ®; (nonzero values)

Sk ®m =P, m > k; S2p—19m = 01; Sk,k(bm =m—-k)®,,_r,m>k;

Sk ke e @m = (m — k)P, 35,k =25, m > 3s.

$2,222%5 = Py.

$2,222%6 = P2, 82,2222P6 = Py.

83,3,3,3%8 = P3.

$22,22P9 = P5,82222P9 = Py, 9222,222P9 = P3, 533339 = P3,
8222222299 =P, 84444P9=P1,82222222P9 =.

82222910 = P6. 52,22.22P10 = Ps, S4.444P10 = P2, 522222222P10 = P2,
$222222222P10 = 1.

82222222211 =P3,822222222P11 = P2.

83333P12 = P6, 922,22,2222P12 = Py, S5555P12 = P2, 53,33333P12 = P3.
82222222913 = P6, S4,44,4P13 = P5,S5555P13 = P3, S44444P13 = D3,
86,6,6,6P13 = 1,54 44444P13 = P1.

$2222P14 = P2, 52222P14 = P9, S4.444P14 = Pp, S4.4444P14 = Py,
56,6,6,6P14 = P2.
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Table 10 The action of Landweber—Novikov operations on the elements ¢; of the MASS

Srcr =1,87,1¢2 =0.

Srcq =2, 81,1¢4 = ¢, S4¢c4 = 1,852 2¢4 = 0.

S1c5 = ¢4, S3¢5 = ¢, S5¢5 = 1.

Srce = C%, S1,106 = C%, Sece = 1,83 3¢c6 =0,8.20206 = 1.

Sycg = cacq + c6. 1,108 = cac4 + c6, S4cg = ¢4, $p068 = C§, Secg = 2,

$3.3c8 =2, 822208 =0,88c8 =1,844c8 =1, 8222 2c8 =0.

S1c9 = cg, Sacg = cacs, S1,1¢9 = €2¢5, §3¢9 = C6, S4c9 = c5, S5c9 =0, $2 2¢9 =0,
S7¢9 = 2, Sgcg =1, S3’3’3cg =0.

Src10 = 642; + Cé, S1,1¢10 = Cﬁ + 637 Sac10 =0, 82,2¢10 = ¢6, $3,3¢10 =0,
$2.2,2¢10 = C%, Stoc10 =1, S55¢10 = 1, $2,2,2,2,2¢10 = 0, Sgc19 = 0.

Sic11 = €10, $2¢11 = €9 + ¢4¢5, S1,1¢11 = €9 + c4¢5, S3¢11 =g + 0‘2‘,

$2,2¢11 = cac5, Sqc11 =0, Ssc11 =0, Sec11 = ¢5, 83,3¢11 = ¢s5, S7011 = 4,
$33,3c11 = ¢, Sp1c11 = 1.

Srcp = Cg + C%CG, Si.1c12 =cro + Cg + 6%6‘6, Saqc1p = C‘zt, NRIaVES szt + Cg,
Sec12 = ¢6, 83,3¢12 = €6, $2,2,2¢12 = ¢6, Sgc12 = 0, Sq.4¢12 = 0, $22.2.2¢12 = C%,
Se.6¢c12 =0, S12c12 =1, 84 44c12=1,53333¢12=0,5.22222¢c12=0.

S1c13 = c12 +cac8, S2¢13 = €11 + €2¢4¢5 + €5C6, S1,1€13 = €2€4C5 + €5C6,

S3¢13 = cac8 +c10 + C% + C%Cs, Sac13 = ¢9, 822¢13 = ¢9 + c4c5 + 6565,

Ssci3 = c5 +c3. Sec13 =0, $33¢13 = 0, S2,2.2¢13 = cac5., $7¢13 = C2c4 + Cp,
Sgc13 =c5, S4.4¢13 =0, 8333¢13 =0, 82222¢13 =0, S13¢13 = 1.

Srcig = Cé + C%ci, S1,1c14 = Cé + C%C?‘, S4c14 =0, 8 2¢14 =0, Sec14 = Ci,
$3,3¢14 =0, $220c14 = C?p Sgc1a =0, 84.4c14 =0, 5222214 = ¢6, S10c14 = ng
S5,5C14 = 6'%, $22.22.2¢14=0,814c14 =1, 877¢14 =0, $2222.22.2c14 =0.
Sac16 = €14 + c2c12 + c4c10 + coc8 + cacacy + C%Clo + C4C§ + C§C466 + 6264 + 6262,
S1,1¢16 = c14 + c2¢12 + c4c10 + cecg + 20408 + C%Clo + C4C§ + C%C4C6 + 6364 + Cszp
Sac16 = c12 +c2c10 + cac8 + 64642‘, $2,2¢16 = C% + c%cﬁ, $22.2¢16 =0,

Sec16 = cacg +c10 + C% + C%C6 + c4¢6. 83,3¢16 = cpc8 +¢10 + cg + c%% + c4c6,
Sgc16 = Ci +c8, S4,4c16 = C?p $2.2,2.2¢16 =0, 83,3,3¢16 = 0, S1oc16 = 204 + c6,
S5,5¢16 = 24 + €6, 2,2.2.2.2¢16 = 0, S12¢16 = €4, S6,6C16 = C%, Sa.4,4¢16 =0,
$3,3,3,3¢16 = ¢4 + C%, $2.2,2.2.2.2¢16 =0, S14c16 = 2, §7,7¢16 = €2,
$22.22222¢16 =0, S16c16 = 1, Sg.8c16 =1, S4.4.4,4c16 = 0,

$22.222.22.2¢16 =0.

Src17 = cac13 + cs5¢10 + 609 + C%Cll + c§ + C%CSCG + 026503 + CSC;

S1,1€17 = c2¢13 + ¢5¢10 + c6C9 + c%cn + cg + 6%0566 + CQCSC‘% + cscg,

S1c17 = c16, S3c17 = c14, Sac17 = €13 + c2c11 + 6563, $2,0¢17 =0, Ss¢17 =0,
Sec17 = €209 + c5C6. $3,3¢17 = €209 + ¢3¢, S2,2.2¢17 = 0, S7¢17 = €10 + €2 + 36
Sgc17 = c9, S4.4¢17 =0, 8222217 =0, Socy7 = 0421, $3.3,3¢17 =0, S10c17 = €205,
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Table 10 continued

Ss5,5¢17 = ¢205, 52.2.2.22¢17 =0, S11€17 = C6, S12¢17 = ¢5, S6,6¢17 = 0,
Sa.4.4c17=0,83333¢17 =¢5,5.22.222¢17 =0, S15¢17 = €2, S55 517 = €2,
833,3,3,3¢17 = ¢2, S17¢17 = 1.

Sac18 = c%, S1,1c18 = c%, Sac18 =0, 82 2¢18 = 06(C421 + cé) +ea+ cgc‘m,

Sec1g =0, 83 3c18 =0, $222¢18 = C% + C%ny Sgc18 =0, S4.4c18 = c10,
$2.2.2.2¢18 =0, S10c18 = 6421’ NE

S6,6C18 = ¢6, S4.4.4c18 =0, 83,33 3¢18 = ¢6, S14c18 =0, 57, 7¢18 =0,
8222222018 =0,8222222c18 =0, S18c18 =1, 9 9c18 = 1, S6,6,6c18 = 0,
8333.33,3¢18 =0,822222222c18 =0.

Sicr9 = c18, Sac19 = €17 + 0903 +cric6 +ci3ca + 6563 +oesc12+ 646563

Si,1c19 =17 + 696421 +crice +c13c4 + 6562 +cs5c12 + 6465642‘,

S3c19 =c16 + C% + Ci +cec10 + 636‘2‘, S4c19 = cs5c10 + c4c11,

$2,2¢19 = c2c13 +¢5(c10 + C% + 6%66) + 6205(64% + 6‘2‘) +c6co + C%C] 1, S5¢19 =0,
Sec19 = c13 + cac9, $2.2.2¢19 = 0, 83 3¢19 = ¢13 + cac9, S7¢19 = 12, S8¢19 = ci1,
S44c19 =0, 52222¢19 = 0, Socjg = c19. 53,3319 = €10 + €2 + ¢3¢ + c2c8 + c4c6
S10c19 = cacs, S55¢19 = c4¢5, 52.22.2.2¢19 =0, S12¢19 =0, Sy1c19 = ci + C§,
S6,6¢19 =0, 83333c19 =0,8222222c19 =0, S13¢19 =0, S14¢19 = cs5,

87.7¢19 = ¢5,82222.222¢19 =0, S15¢19 = €4, 83,3 3,3,3¢19 = ¢4, S5 5,5¢19 = ¢4,
S17¢19 =0, S19c19 = 1.

$rc20 = C% + C%CM + C%(Cm + C%) + C‘z‘(Clo + C§ + C%Ca) + Cg,

S1,1020 = c18 + c% + 0%514 + ci(clo + cg) + cg(clo + cg + C%C@) + cg,

Sqcr0 = Ci + Céci, $2.2020 = C% + C%Clz + ce(c10 + C% + C%C6), Sec20 = c14 + 6366
83,3620 = €14 + €3¢, $2,2,2020 = €14 + €310 + c6(cT + ¢3). Sgean = 0,

Sa.4¢20 = €12, 52,2,2,2€20 = C% + c%cﬁ, S10¢20 = c10 + C% + C%%v

S5,5¢20 =c10 + C§ + C%Cés S6,6¢20 =0, 52.2.2.2,2¢20 = 0, S12¢20 = 642‘ + 6‘2‘,
S4.4,4¢20 = 042;, $3,3,3,3¢20 = cﬁ, $2,2,2,2,2,2¢20 = 0, S14¢20 = c6. §7,7¢20 = 6,
$2,2,2,2,2,2,2¢20 = 0, S16c20 = 0, S8 8¢20 = 0, S4.4.4.4¢20 =0, 5222222.22¢20 =0,
$20¢20 = 1, S10,10c20 = 0,

Siea1 = €20 + c4ci6s

$2c21 = c19 + cpc4¢13 + c6C13 + c2c4CS (03 + Cﬁ) +esca + C%Clo),

S1,1¢21 = cpc4c13 + 613 + cac4cs (C§ + czz;) +os(cia + C%Clo),

S3c21 = cac16 + €18 + cg + c%(c14 + 636‘6) + cé(clo + cg + C%CG) + ce(c12 + c%),
Saca1 = c17 + cpcacy1 + 0309 +c5¢12,

82,2021 =17+ 642;09 +cec11 +c4c13 + C4CS(C§ + Ci) +es(cin + C% + C§C§),

S5c21 = cj{, Sec21 = cac4c9 + C%Cn +es(cio + C§ + C%Cs),

83,3021 = cac4c9 + c%cll +c5(c10 + cg + c%c6),

8222021 = c2c13 + C%Cu + cec9 + cs(c10 + cé + C%C(,) + 0265(63 + 042;),

Sgear =c13+ 656421, Sa.4c21 =c13 +cacr1 + 65(63 + Cﬁ), $2,22,2021 =0,

@ Springer



Symplectic cobordism in small dimensions

121

Table 10 continued

S7c21 =c1a + C%CIO + 06(63 + Ci), Sgcz1 = c12,

33,3021 = ea(c10 + ¢2 + c3ee) + § + eacace + c3e. Sipca1 = cacacs + csce.

S5,5¢21 = cpc4cs5 + c5¢6, 82,222,221 =0, S12001 =0, Sg 6c21 =0, S4.4,4c21 =0,

$3,3,3,3¢21 = 6563, 822,222,201 =0, 811021 =10 + C% + C%%: S13¢21 = 6‘2‘,

S1ac21 =0, 87,7¢21 =0, 82222222021 =0, Sy5¢21 = cac4 + 6,

S85,5,5¢21 = c2¢4 + C6, 83,3,3,3,3¢21 = CS, S16c21 = ¢5, S3.8¢21 = 5,

Sa,4,44c21 =0,82222222c21 =0.

S2c20 = 012(63 + 63) +crolcio + c§ + C%Ce) + 645‘, Sacan = 642‘610,

Si1c22 = 012(63 + 0‘2‘) +crolcio + c% + C%Cé) + cg‘, Sec22 = C§ + C% +¢6¢10,

$22020 =ci8 + C% + 65014 +cslcrn + Cg + C%C?‘) + 6‘§(€10 + c‘% + 6'%06),

$3,3¢22 = C% + C% +c6c10, S3c22 = 0, 8$2,2,2¢00 = C%Clz +c6(cr0 + cg + C%%),

Sa.4c20 =0, 82222020 =0, S10c22 =12, 8550220 =¢12,822.222¢22 =0,

S12¢22 = €10, S6,6¢22 = €10 + €2 + 3c6. Sa.4,4¢20 = 10, $3,3,3,3¢20 = €2 + c3ce.

$2,22,2,2,20220 =0, S4¢20 = C?p 87,7622 = C?p $22.2.2,22.202 =0, Sj6c22 =0,

88.8¢20 =0, 84 444c20=0,822222220c20 =0, 81822 =0, S9 9c22 =0,

$6,6,6¢22 = ng $3.3.3,3,3.3¢22 = cg, $2,2,22.22,2.22622 =0, Spc2n =1,

Sia1e2=1,82222222222c2 =0.

$2¢23 = €21 + ¢5¢16 + c9ci2 + cr1(cio + C§ + C%C«s) +cgci3 + 656§ +(c13

+C508)(C§ + C‘z‘), S1¢23 = €22, 83¢23 = 20 + Cé,

S1,1¢23 = c21 +¢s5¢16 +cogcra +cpi(cio + C§ + C%C@) +cgc3 + Csc% +(c13
+CSCS)(CA2; + Cé), S4c23 = c19 +cgc1 + cocio + 61163, S5c23 =13,

2,223 = cac4(c13 + c5c8) + cacsern + eaes(cio + c2 + c3ee) + csegee.

Sec23 = €17 + cgcg + c11¢6. $3,3¢23 = €17 + cgc9 + c11¢6, 522,223 =0,

S7¢23 = c§, Sgc3 =0, 84,4¢23 = cqc11 + ¢5¢10, $2,2,2,2¢23 = 0, Sgcp3 = 0,

$333c3 =cia+ 6‘2‘66, S10c23 = 13 + ¢5¢8, S5,5¢23 = €13 + ¢5¢8, 52,222,223 =0

S11c23 =0, S12¢23 = 11, S6,6¢23 = 209 + ¢5¢6, S4.4,4¢23 =0, 8222222023 =0,

83,3,3,3¢23 = €2¢9 + ¢5¢6, S13¢23 = 0, S14¢23 = ¢9, §7,7¢23 = 9, S15¢23 = cg + ci,

8222222263 =0,855503 =cg+ 042; + 03, $33,33,3¢23 =cg + 042‘, S16¢23 =0,

58.8¢23 =0, 84444c23 =0,822222222c23 =0,818¢23 =0, S9 923 =0,

S6,6,6¢23 = 0, 53,3.3.3,33¢23 = ¢5.

Srcoq = c%l + c%clg + c6(c§ + cﬁ) + cic14 + clz(cg + c%c6) + cgclo,

S1,1004 = c%l + C%clg + C(,(cé + Ci) + 042;014 + clz(cg + C%C(J) + céclo + 22,

Sqco4 = C%Clz + c§, 87,2024 = cC14 + ci(clz + cg) + cgclo + cg(clz + CS) + céo,

Sec24 =18 + Cg + 63014 + coc12 + C%Cﬁc@ + Cg, S4,4024 = C% + Ci + Cg,

833004 =cig + C% + 6%014 +cec12 + 0%5‘42106 + Cg, Sgeo4 = c§, 82,222,204 =0,

S$2.2,2024 =18 + cg + ce(c12 + c%ci) + cécg, S10c24 = c14 + c%cm + cic&

$2.2.2,2004 = c3(c12 + c3¢F + c2) + ce(cio + €2 + c3cp). S1ac24 = c12.
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Table 10 continued

S5,5c04 =c14 + C%Clo + C42¢C6s S6,6¢24 = Cé, Sa.4.4c24 =12, 5333304 =12 + cg,
$22.2.2,2,2624 = 0. S1424 = €10 + €2 + c3¢6. S7.7024 = c10 + 2 + 3ce.
$222.22.22624 =0, S16c24 = 0, Sg.8¢24 = ¢3. 52222222224 = 0,
Sa.4,4.4024 = CE, S18¢24 = €6, 89,9¢24 = €6, 56,6,6¢24 = 0, §3.3.3,3,3,3¢24 = C6.,
$2,2,2,2,2,2,2,2,2¢24 = 0, S20c24 = 0, S10,10¢24 = C%, $2.2,2,2,2,2,2,2,2,2¢24 =0,
S85,5,5,5C24 = ng Sa,4.4,4,4¢24 =0, 8121224 = 1, S3.8.8¢24 = 1, S6,6,6,6¢24 =0,
Sa44444c24=0,833333333c24=0,5222222222220c4=0.
Sacas = €23 + ac5C16 + €208€13 + €19¢3 + C6C17 + Cacseg(c] + ) + c13(cio
+C§ + C%Cé) +c1i (c‘%c‘% + cg) +cglcig + 03610), S1c25 = c24 + c8¢16,
S1,1¢25 = c2¢5¢16 + c2c8€13 + 619C§ +c6c17 + 020508(04% + 6‘2‘) +c13(ci0 + C%
+c%06) +c11 (c%ci + Cg) + c9(c1q + c%cm),
S3c05 = 22 + c%l + c‘ic14 + cio(c12 + c% + c%ci + cg) + (,'6(,'1,
Sacps = c21 +cpcscr1 + 0136421 +c9ci2 + Cscg
$2,2¢25 = c21 +cs5c16 +c3c13 + C%(CH +c4c13 + cacsceg) + (cac13 + cacsceg)ce
+(c13 + cscg)(cF + C‘z‘) + (c11 + c2cac5)(cro + C§ + c3c6) + cocra
+eaes(cis + 3eo + co(c + c) + cs(celero + 2 + c3ce) + ).
Sscas = c20 + ¢4, Secas = cacgeg + c13ce + colclo + €2 + c3cp),
83,3025 = c2c809 + €13¢6 + co(c10 + ¢2 + 3 c6).
82,2,2¢25 = cac4C13 + C2c405¢8 + czcl3c% + (c13 + ¢c5¢8)ce + 011(:‘21 + cgc%cg
+eqes(cio + Cg + C%Cs) + 656%(610 + C% + C%%) +caes(cin + C% + Cg),
S7c25 = €18 + cac16 + €3 + cera + ce(c3e] + c2). Sgeas = 17 + coc,
Sa.4¢25 = csc12 + c17 + cacactt, $2,2,2,2¢25 =0, Sgcps = c‘§ + c§, $3,3,3¢25 =0,
S10c25 = cac508 + 01105 +cyce, Ss,5¢05 = cacscy + 0110% +c9c6, 822222025 =0,
Si1c5 = c14 + Cicﬁs S12025 = €13, 56,625 = 696%, $3,3,3,3¢25 =c13 + 6963,
Sa.4,4c25 =c13 + 2011 + 05(0421 + C‘z‘), 8222222025 =0, 813¢25 =0, S14c25 = 0,
§7.7¢25 =0, 82222222625 = 0, Si5025 = c10 + €2 + c3c6. S5.5,5¢25 = 0,
$33.3.3,3¢25 = €10 + 2 + c3c6, S16¢25 = €9, S3.8¢25 = 0, S4.4.4,4025 =0,
$2,2,2,2,2,2,2,2¢25 = 0, S17¢25 = 0, S18¢25 = 0, S9,9¢25 = 0, S6,6,6¢25 = 0,
83.3.3,3.3.3¢25 = 0, S19¢25 = ¢6, $2,2,2,2.2,2,2,2,2¢25 = 0, S20¢25 = 0, S10,10¢25 = 0,
S21025 =0, 85.55,5¢05 =0, S4.4.44,4c25 =0,822222222205 =0,
87.7,7¢25 =0, 833,3,3.3,3,3¢25 =0, S23¢25 = 0, Sa5¢25 = 1, §5.5.55 5025 = 0.
Saez = 3% + ey + y + e + e+
S1.1¢26 = cic% + c%c%o + 6%2 + c%ci + cg + c%z, Sac26 =0,
82,0026 =22 + 6‘%1 + Coc% + 6‘14(6'42; + 6‘3) + C%Ci(ﬂo + C%%) + cgcw +c1oc12,
Sec26 =0, 83 3¢06 =0, 8222006 = C%C% + Cé(cg‘ + C‘zt) + C%O + C§ + Céo,
Sgca6 = 0, 84,4026 = 18, $2,2,2,2¢26 = 0, S10c26 = Ci + Cg, Ss5,5¢26 = Cﬁ + 63,
$2,2,2,2,2¢26 = 0, S12¢26 = 0, Sg,6c26 = 14 + C?;Cﬁ + Cgcﬁ + C%Clo, S4,4,4¢26 = 0,
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Table 10 continued

$3,3,3,3¢26 = c14 + Ci% + 0306 + C%CIOs $2,2,2,2,2,2¢26 = 0, S14¢26 = 0, §7,7¢26 =0
$2,2,2,2,2,2,2¢26 = 0, S16c26 = 0, Sg 8c26 = €10, S4,4,4,4¢26 = 0, S18c26 = 63,
$2,2,2,2,2,2,2,2¢26 = 0, S9,9¢26 = 0‘2‘, S6,6,6¢26 = 0, 83.3,3,3,3,3¢26 = 0, S10,10¢26 = ¢6
822222222226 = 0, S20c26 =0, 855 5 5026 = €6, 52,2,2,2.2,2,2,2,2,2¢26 = 0,
Sa.4.4.44c26 =0, 520026 =0,811,11¢26=0,5822222222222c6 =0,
S13,13¢26 = 1,822222.22.22.2.22.2¢26 = 0.
Srco7 = ¢35 + c4c5¢16 + cacgc13 + c19c6 + 6176421 + 646568(63 + Cé) +c13c12
+eri (C%Clo +ci14) + 69(6363 + Ci), S1c27 = 26,
S1,1¢27 = €25 + c4¢5¢16 + cacgel3 + c19c6 + 6'176% + C4CSCS(042; + 03) +c13c12
+er1(cdero + c1a) + co(cyed +c).
S3¢27 = cgcig + 24 + coc18 + Cl0c14 + €¢ + et + ci%
Sac27 = €23 +cacgcrl +c13c10 + Crici2,
82,2027 = cp¢5¢16 + cacge13 +ce(c17 + cac13 + c4e5c8) + 020130421 +c13(cro
+C§ + C%Cs) +cii (c%cﬁ + Cg) + cacqescra +escpcin + colcrq + C%Clo)
+eacs (C%Clo + 66(04% + 6‘2‘)), S5c27 = €22,
Sec27 = 21 + c4c8c9 +c11(c1o + C% + c%cG) + 6‘56‘%,
83,327 = €21 + cacgeg + cri(c1o + C% + C%Cﬁ) + Cscg,
82,2207 = CIIC%CG + C%(Cw + c4c5c8) + ce(cact3 + cacseg) + cacacs(cio + c§
+C§Ce) + 656309 +c4c5 (C% + Cg) +cacs(c1a + C%Clo + C()(CE + Cé))
+05(C%Clz +ce(cio + C§ + C%%))s S4,4c27 = cgerr + el (Cﬁ + 6‘2‘) + 910,
S7¢27 = c4¢16 + 20 + cro(cio + C% + C%L's), Sgea7 =c19 + 61164%,
$2,2,2,0027 = 63613 + 03611 + C%%C‘) +cacs (cé + cS) + C%Cs (c10 + cé + C%CG)s
83,3,3¢27 = ¢2¢16 + c4c6c8 + cg(c10 + C§ + C§66) +c18+ 63 + C%Cm + colcr2
+c§c§ + C(Z)), Sgcp7 =c18 + ciclo,
S10c27 = cac5c8 + cec11 + 042;09, S5,5¢27 = cacs5¢8 + coc11 + 642;09, 82,222,227 =0,
Si1c27 = ¢6c10 + C§ + Cﬁ, S12¢27 =0, S¢,6c27 = cac4c9 + cs(ci0 + C§ + C%%)a
S44.4027 =0, 53333627 = cac409 + c5(c10 + 3 + c3c6). $2,2,2,2,2,2¢27 = 0.
S13¢27 =0, S14¢27 = €13, 7,7¢27 = €13, 82,2,2.2.2,2,2¢27 = 0, S15027 = cacg + c12,
S5,5,527 = c4¢8, 83,33,3,3C27 = C%Cs + cacqc6 + c2(c10 + C% + C%%), S16c27 = c11,
88.8¢27 =0, 84444c27=0,8 2222222027 =0, S17¢27 = c10, S18¢27 =0,
S9.9¢27 = 0, S6,6,6¢27 = €35, 53,3,3,3,3,3¢27 = €3¢5. S19¢27 = 0, Sr0¢27 = 0,
$2,2,2.2,2,2,2,2,2¢27 = 0, S10,10¢27 = 0, S5.55 527 = 0, $22.22.2,2,2.2.2,2¢27 =0,
Sa,4.4.4.4¢27 =0, 821027 =0, 877,7¢27 = cacq + c6, $3,3,3,3,3,3,3C27 = cg,

822027 =0, 811,11¢27 =0, 822.2.2.2.22,2,2.2,2¢27 = 0, $23¢27 = 0, Sp5¢27 = 0,
Ss.5,5,5,5¢27 = 0.
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0,1,¢

Table 11 The cell E, of the MASS for ¢ < 108 (generators)

106

102
98

94
90

86
82

78
74
70
66
62
58
54
50
46
38
30

14

- N

~

w4(=u3co3 +ugc19 +uscrn),

Yio(= urcger7 +uz(cas +cger7 + cocie) +ugeacyy + uscaco),

Yo(=ujcscar +uscq(car + c4c17 + ¢s5¢16) + usca(car + c2¢19 + ¢s5¢16) + uscpcacs).

@13(= uycps +uncgeie + uacycip + uscacs).

w3(=upcp3 +ugcy7 +uscg), Yg(= ujcscrg +uacacio +uz(ear + cac9 + csc6)
+uscacs), Y7(=ujcrici3 +uzcqcger) +uzeg(c13 +cacyy + cscy)
+ugea(c13 + c2c11 + caco)).

P12(= urcr3 +uqcie + uscg).

Ve (= uicscr7 +uz(ca1 + cac17 + ¢sci6) + uscacyy + uscacs).

Ys(=uicygc13 +upcg(c13 + cscg + cacy) + uzcacgeg + uqca(c13 + cacp + c4c9)).

P11(=urcpr +uzcqcip +uscacie + uscacs).

(= uzc19 + u3zcy7 + uscs),

Ya(=uicogcr) +upcger) +uzcgey + ua(c13 + cacqy + caco).

P10(=urcio +uzcie +usca).

Y3(=ujcsc13 +uaca(c3 + cqc9 + cscg) +uzcea(c13 + cseg + cacpp) +ugcpcacs

@o(=ujci7 +uzcie +usca).

VYo(=ujcscr) +uncqer) +uz(ers + cacpq + cs5e8) + ugqcqcs).

us.

V1(=uicscg +uz(ci3 + cacg + cscg) + uzcpcy + ugcocs).

@7(= uypc13 + upcqcs + uzcocg + ugcacy).

w1 (= uzcy) + uzcg + uyces).

@6(=ujciy +uscs + ugcq).

@s5(=ujcg + uscg + ugqcy).

uq.

@3(=uics +upcq + uzcy).

u3.

Uuy.

uj.
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Table 12 The cell E5'*' of the
MASS for ¢ < 108 (generators)

Table 13 The generators of the cell E

104
96
88
80
72
64
56
48
40
32
24
16
0

€26, €26(= 0%3).
4.

_ 2
2, en(= C]])~
C20

_ 2
c18, e13(=cg).
e16(= cg).
Ccl4.
C12

_ 2
€10, €e10(=c3).
eg(=c3).
c6-
e4(=c3).
1.
t

2,0,t
00

of the MASS for t < 54

52

48
44

40
36

32
28

24
20
16
12

> o &

ay3(= hoc13 + (hoca + hihp)err + (hocg + hihz)cg + (hocs
+hiha)cs)

b13(= hoc13 + (hocg + hiha)es + hahacy + hzhgcp)

Sf13(= hoc13 + (hocp + hihp)err + hahzeg + hahaca)

bio(= hocacs + hihzcg + hihacs + hicyy)

a1 (= hocy1 + h3hg)

bi1(= hocacy + hihaco + hohacs + hicg)

b1o(= hocacg + hihacg + hihacy + h%69)

ag(= hocy + haha)

bo(= hocacs + hihzcs + hahzcy + hicp)

ag(= hocg + hiha)

a7(=h3)

b7(= hocacs + hihycs + hohzey + h%04)

be(= hocacs + hihacs + hihzes + hics)

as(= hocs + hah3)

asg(= hocs + hih3)

a3(=h3)

az (= hocp + hihy)

aj(=h?)

ho

t
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Table 14 Relations in the term E;c’,*’t forr < 54

hjui = h5uf, G, j =1,2,3,4).

hox = 0, where x is an arbitrary element with the second grading > 0.

ui(hocgi gy + hihg) = ugh?, where [i, k] = 21~V +2k=1 — 117 k € {1,2,3,4);
i £k

uj(hocpj k) +hjhi) = uj(hocpi k) + hihg) = ug(hocyi, j) + hihj), where

i jEkEie{l,2,3, 4Lkl =21 42kl 1 i jl=21"1 2/l 1,

[j,kl=2/"142k=1

hexy = al + h%h?, where k = 2i=1 4271 _1i £ je{1,2,3).

ho(hocke; + hihjer + hshjei + h3er) = (hocy + hih j)(hoer + hsh ) (hoer + hshy)

where k = 20— 1 4 2/=1 1 p =271 4 oi=1 _p p=2s=1 4271 _q;

i#j#k#ie{l 23}

ho(a13 + b13) = azayy + asay;

uibe = ¢3ar;

ho(ai3 + f13) = asag + asay;

uiby = g3az = uabe;

bg = a%eg +ajajeq + a%elo = aie4 +ajazeg + a%elo;

urby = @3a3;

u1bg = g3a4 = u3be;

ho(eqa7 + ega3) = azby + asby;

uib1o = gsai + uzcear;

ho(egas +aje1) = agby + asbe;

uzbg = g3as = u3by;

ujwy = uz(pe +uzcio + M3C§) +u3(ps + u3zce) + uaps;

u1byy = uab1p = gsay + uzcean;

ugbyy = ¢saz + uzceas;

uj(arero +azes + ajes) = beys;

uzby = g3ay;

ug(ayejo + azes + ajes) = by¢3;

uybyy = peay +uscioa + “3C301§

wia] = ub1a +uzbig + usbe.
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Table 15 The term Ey = Exta(BP*(MSp), BP*)

t—2s
¢s 4_
0] 1 2 3 4 5
1 Z1 22, Z%Zg, Z§,212224,21%’3,/2%,Z%ZQ,y4,Z%Z5,y4ZhZ§\Zl,2%23,2%22,Z421,
Uy tU2 Us z3Us yaUs Y 3

U22 UQUS ZQUQQ
U3
Ul UsU2
) 6 7

5 4 .2 3 2 3 2.2 .2 .6

21, Z322|26, Y6, Y422, 2227, X1 24, Z12223, 29, Y421, 2125, 2224, 21 23, 2125, 23, 21| 27

T Y N Y
2 2

US y4U2 ‘I)3U2

U3Us

U3

U3
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128 A. L. Anisimov, V. V. Vershinin

Table 15 continued

t—2s
¢s 4_

7

3 2 4 2.3 2 2
7y Y621, Y423, Y427, Z527 5 B4R221, 3R] 5 B9 2] 5 2621, Y4R221, 321, Z329, 522, 2423

y

22Us¢ Uy \/2,/6U2511J4U>/ Y
Z3 U2 U3
;U3 yaU3 U,U3

2,’3173L

7 8
7 3 2 .3 5 4 2 .3 2.3 .4 6 2
R15R4%7, R3R2RT 5 B 21, R2RT|R8, #4271, Y4R227, 21 2223, 21 R9, 21 Y4, 22271, 2621 5 Y622

Y 27Us ¢ ya23U2 \/23‘1’3

2772
z3U;3

UAU,
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Table 15 continued
t—2s
CR

8

2 2
Yaza, 2322,Y425, Y421 23,

2 2 2
8, 52221, 2425, 42321, Y621, Y721, 2622, 2321, 24, Z523

N ~ Y Y
yaUsUs3 ysUs ¢ UaUy ¢ Us®s3
23U3U3
ZJ4U§L U22U32 U§(I>3
USzs
USU;
8 9

2

3 2 2 8 2.2 2 4 5 4 5 2 2 3
2521, 242221, Y4, 21, B3%1, 232321, 29, 2321, 22 Z1|Y4 2T, Y4Z32T, YaZ5 21, 23, Z223Y4

N

N

e

~

=

Y

yZU2 \

/2325 Us
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Table 15 continued

t—2s
I

9

P p 2 2 .2 2 , 3
29,49, Y821, Y121, 62221, X721, B4R, Z523%1, X529, Z4Z322, Y6 2221, Y4 2421, Y4Z2 2]
AN Va v

D5 Y ygUs Y yeUs ~ yaP3

Z7U22

9
9 4, .2.3 . .2.2 . .3 6 .25 3
21,2971, 2327 232321, Y621 Y623, 23215 2521, Y122, 2623, 2772, 2524, 2821, Z6%1
AN va

~ VY Y

yrU3 y123U3

ygUS y4U22U3 UQqu)g U22U4 Ui)?
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Table 15 continued

‘s

t—2s
4

—

9

3 2 2 2 2 5 .3.3 4 7T .2 3 4
23R, B3R, R5R2R] ) RAR3RY 5, B4R 21, AR, BQ R, R3R221 , R271, Y421, Z4R227, B521

Y ~

N

e

Y

215[]5L
5 3772 4
yaUs UsUs Uy @3
23U26
U§U3
Us
9 10
2 2 2 2 * 2
Z5YuZ12227, 212425, 2224, Y821, Y623, Y6 2321, 252322, 2423, 2105 Y10, Y105 21 22Y6

B0 YN %Us

Z7U3\/y.9U2 21¢5\/
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132
Table 15 continued
t—2s
R
10
4 2.2 3 3 6 .2, .2 .5 3 6 8
Y4Z521, YAZ472, Y621 RAZ5 21 ZARIET  B5Z2ZT 5 RAZT y B322 2T By Z325 21, Y42T , 2227
\/?JG 23Uz ¢ yaz3U3 ~ ~
2 2 2772
ysUs 252303 Y1 U3 yeU2U3
10

3 2,2 5 4.3 4 2 2 4
2123Y4, 21 25Y4, 212223, 2129, Y822, Y4222, Z122Y7, 212326, 2226, Y422, 21 26, Y4Y6

4

N

~

P

2
3

YUz P3

ysU3

U, @5

UsUs
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Table 15 continued

t—2s

b

10

2 2 3 2 3 2.2 10 5
y4Z4Z1,114237y422ay4Z32221-,Z4y6,Z129,22287232\77§5’Z7217Z4Z1721 y Y723, 2527
AN va AN

N

e

N

e

Y

Z7U23

y7U3

Yaz3 U23

ysUs

2774
23U,

U, U

10

2 2 3 5 4 3 .2,2 4.2 2.4 3.2
R R3R5, R1RQR5, R122R374, Ro R4y R1R5, R1 2224, R1R23, RHR3, Z1R3, 1Ry, R1R9%3,Y4%6
N N va

N

—

Y

N

/ N

L

U,U3

U3U;®s

=4
25U3

y4U26

Uiz

Ui,

,Z’g(]é7

UsUJ

10
U2
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Table 15 continued

10 11

7 6.2 3 2.2 2 2 3.2 4 5
2123, 2125,Y9%21, 2624, Y721, Z67221|Z1 2227, Z1 2425, Z1222) , 21 Z3Y4, Z1 Z23Y4, Z1Y6

\/ \/ \/ yng \/ YeyaUs \/ ysUs

2U3 yoU3

The end of calculations

11

7 2 2 2 2 2 2 11 2.3
Z1Y4, Z2123Y4, 2523Y4, Y1021, 21021, 21 23Y6, 21226, 21 Y425, 21 2223Y4, 217, Y121
2

Y z10U2 y10Us2 Y non Y Y6 P3

3772
z3U3

11

2 2 2 2 .4 3.2
2129, 212228, 21228, 2124Y6, 212327, 2125, 2327, 222475, #3222, 1275 X174, 21910

D B O N e
27UaUs
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Table 15 continued

‘s 4,

11

3, 3, 3 2.2 3 2 6 5 2 . 3
27 24Y4, 21 22Y6, 212325, 2125 25, 2125 24, 21 222324, 21 25, 21 2224, 2122234, 212594

i, N N NV
25yaU3 23y6 U3
ysU3Us ysU3, ysUsU3
11

2.3 2,2 .4 5,2 3.4 4.2 5 8 7,2 2
2123721222372223,Zi)Z3,2122,212223,2122y4,ZQZgy(;,212372122,Zly9,212426

~ ~ N N4
yaUs O3 2325U3 y:U3 Us ®s
y7Us yaz3U3
2303
11
21Y4 26, 222326, Z%Z/% 2123Y7, Zily% Z§Z2267 Z§257 2225Y4, 2324Y4, Zsyi: 25Y6, 27Y4
~ N N
UyUsU, U, ®2 Uid,
Z7U§1
U§U4
11

3 7 2 2 2 3 2 5 2.3
23Y8, Y41, Y11, 21Y4Y6, 21285 2174, 21 22Y7, 212326, Z122 %6, £1 2273, #1729, 1 %273

~ ~

U3U3®3 ysU3 yaU3Us UsU3

2’51—,753
1
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Table 15 continued

t—2s
b

11

3,2 4 4 5 5.3 .6 9 2 2 3
212224,212324,21222572126721)227212223,21227212223257212324,222324,2225

~ Y T

11 12

2 , 3 .3
Z122Y4, 2AR7, 22Y9, 24YT, 2526, 2229, 328, Z223 5 21 Y8|Z1Y11, Z2210, £1%11, Z428, £11

~ Y Y Y

The end of calculations

12

4 3 3 2, .2 .2 2 2 4 4 4
2329, 21 Y8, F1 2227, 21 Z4R5, 1 R22y, 1 210, 21 22Y8, 21 24Y6, 21 24Y4, 21 22Y6, 21 28

Z5yﬁU2\‘/’y4Z7U2

12
3 2.3 6 2 2 3 6 6 8 10
2122723Y4, 21 29Y4, 21 22Y4, 21Y4R6, 21 Y4Y6, 212223Y6, 29Y6, 21Y6, 2126, #1724, 21 22
/Z3ysU2 yayrUs \/
12

; 2 3 3 2.2 4.2 5 6.3 7
Z12225Y4, 23 24Y4, Z12324Y4, 21 22YT, 12326, 212326, 21 23Y4, Z123Y4, 21 %9, 21 Z2%3

211U3 \"/ yoUs \"/yuUz \/ y7®3 \/ O

yayeU3 y123U3
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Table 15 continued

t—2s
¢s 4_

12
4, .2 2.5 3.3 4.2 5 5 3 2.2 3 2
212023, 2125, 21 2523, X1 25 24, 212374, 212225, 21 23Y6, 212346, 21 25Y4, 21 Z224Y4
N 2

~ ~ Y Y

yioUs ysUaUs YUz D3 yaUxUy y10U3

12
3 .2 2 .2 3 .32 .2 2.3 4 3 2
2124,2772472122:{/4,Zlylo,212223,222’3,Z122232’57251Z2Z4,2224,212225,21222324
i N 2

Y Y I =

yeU3 U@ Us®s U,®3 ysUz @3

12

2 4 2 2.2
2272476, 217526, Z124YT7, Z122Y9, 212328, 212229, Z5 28, Zo Y4, Z12523Y4, 21 Z3Y4, Y48

T\ ~ ~

22U2 23y7U3 y3UsUs 23U3U,

12

* 2 * 2 2
105 #2Y4Y6, 2223Y4, 22Y10, 22Y105 24Y8, 26Y6, 2223Y7, 23265 21Y4Y7, 22Y4265 Z4Y4
< >,

Y Y

I
=

ZglUg ZgUQlUg(I)g qug)

12

2 2 2 3
R1Y4,s 2127Y4, 222327, Z3R4R5, R2R25 5 2125Y6, 2224Y65 2123Y8, Z2Y8, Y4Y8, Z325Y4, Y4

Y ~ Y Y

27(.1]22 Us yglUS

12
2 3 2 2 2 2.2 ,2.2 2 5 4.2
Zgysa21\2972112228,21232’7,21222’772125,2224,212324,2’12224257212772124ay12

S\ Y
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Table 15 continued

‘s

t—2s

4

—

12

4 3,2 2.3 3 7 6 6,2 ,5,2 4.4 12 4,2
21232, 212525, BT 25 24, B RoX3%4, X X5, B1 BaRa, 2123, 21 2528, 2125, 217, 21 Y4

Ty Y ~

12

2

2,2 .6 4 3.3 .9 8.2 2 3 5 4
2122Z3722,Z1222372123,leS,Z1227Z124Z6,Zly9,Zly77212226

y N 2 N 2

IV A4 Y Y

Table 16 The relations in Ext4 (BP*(MSp), BP*)

O R N kWD

Y
N kR = o

18.

20.
21.
22.

4(ys + 28 + 22Y6 + yaz4) = 2127 + 5.

Uyzg = Usz;.
Uay7 = ®3z3.
Uaz7 = Uszs.

2y9 = 2227 + 32425
Uiyg = Usze = ®324.
Uiz9g = Upyzg = Ugzp.

A(yFy + yave) = 2327 + 22 + X b (vFy. YdVe. 2377, 22).
2(z10 + 24¥6) = 2228 + 32129 + X34 (20, 246, 2278, 2179)-
Urzi0 = Ps21
Upzg9 = Uyzs.
Uzyg = U3zy7 = ®325.
®3 = U1[U1 ¥}y + U2(y9 +29) + Usz7] + U3 yg + U3 ys + U1 [U1yaye + Ua(yazs + Yez3)].
2y427 + 2y823 = 2239 + 24y7 + X4y (0427, ¥823, 22¥9, 24¥7)-
25823 + 275y + Y6421 = 24y7 + 2526 + X34 (5625, ¥§23. 21 (¥ + Yip). 24¥7).
2y11 = 2229 + 32328 + X3, 011, 22%9. 23%8).
Ut(z1¥]y + 2154¥6 + 238 + 27y4) + U12427 + U2229 + U 22)9
+U123(2256 + 24y4) = P36.
Uiy = Uzzio = Ps22.
Uizl = Uszzg = Usz4.
22 =(1+28)23y8 + (1 + 282127y + (1 + 283) 23 (v + yave) + Xig.
2212 = z1211 + 32428 + X3 (¥12, 21211, 24%8),
Uiz = ®ez1-
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Table 16 continued

23. Uay11 = $523.

24. Uzz11 = Uzzg = Uyzs.

25. Uszyg = ®3z27.

26. @3y7 = Us(z1 (¥fg + 210 + Yay6) + 22(y9 + 29) + 23 (¥8 + Y622 + y424)27y4)
27. U1 = Uy + Us®s + Us®3 + U3y10 + UZye + Uo Uz .

Remark The summand of the form X,,(..., X, ...) has the following properties:
(i) X, € FO(E3"),
(i) d3(Xy) =0,

(iii) the summand x do not appear in the expression for X,,.

Table 17 The action of the differential d3 of the Adams—Novikov spectral sequence (continuation of
Table 4 of the work [41])

o) d3(U USz3) = UM US, d3 (U USU3) = 0. d3(U'U]) = .

®) d3(UUzzy) = d3(U} Uszs) = Uy U203, dy (U @323) = U T U7 @3,
(U Unz3ys) = Ul Ua(U3 23 + Ui U3 ya), d3 (U U3 Usz3) = UTH U303,
d3(U} UUsys) = d3 (U} Uz y6) = Uy U3 U3, d3 (U} U ya) = UL U3 d3 (U
xU$) = 0,d3(U U3z3) = Ul U] d3 (U U3 @3) = 0, d3 (U UpUy) = 0,
d3(U'U323) = 0,d3(UI'UZU3) = 0,d3(UJ U3 3) = 0, d3 (U U3 U3) = 0.

©) d3(Ul'z9) = U UaUs, d (Ul yo) = U1 U3 @3, d3 (U 23 ya) = U2}
x(23ya +23). d3(U]'23) = d3(Ul'z3z3ys) = Ul U323, d3 (U] z1z3y4)

= d3(U2123) = Ul P2 (zays + 23), d3 (U 3 y7) = d3 (U 212026)

_ Un+3 Un+3

21y7.d3(U 2327) = d3 (U z123) =

= d3(U'z12256) = d3(U]'222324) = d3(Ul'z124y4) = d3(U}'23z5) = U3
Un+3

7127, d3(U'212325)

X7375, d3(U1”z4zzz?) = d3(U”zszl) = U"+3Z?25, d3 (U} 21y4) Vi
d3(UN2123) = d3(U2323) = d3(U' 3 zaya) = d3(Uf'2323z3) = U343,
d3(Ufz1y8) = U2 Uy ys + Unzn). d3(Ulz3 ye) = U P32y (216 + 2324).
d3(U2]) = U8 d3 (U zsya) = U UaUs(Uy s + Unza), d3 (U 236)
= UIUZ (Usye + Usz3), d3(U28z3) = d3 (U 2}23) = U P i3, ds (U
xUzyg) = d3(UJ Uzye) = Ul UUZ, d3 (U} ®3y4) = U ®3U3 ., d3 (U U327)
= UM U303, a3 (U UZy7) = U2 U3 @3, d3 (U U323 s) = U U3 (Ut s
+U223), d3 (U U3Usya) = d3 (U U3 y6) = U U3 Us, d3 (U} U3 z5) = U
xU3 U3, d3 (U U3 yq) = ULUS, d3 (U US23) = U T2U, d3 (U 2237) = 0,
d3(Ul'z227) = 0,d3(U{ z425) = 0,d3 (U} zzzs) =0,d3(U} z1z2z3) =0,
dz(U1z1Z2Z5) =0,d3(U} zlzzz4) =0,d3(U} z1z2Z4) =0,d3(Ufz128) =0,
d3(U}'z326) = 0. d3(U}'z324) = 0,d3(U1'z323) = 0, d3(Ul'z2023) = 0,
d3(UZ]22) = 0, d3 (U Uay2) = 0,d3(U 2326) = 0, d3 (U} Upz325) = 0,
d3(UNU3) = 0,d3(U'U323) = 0, d3(Ul'U> U3 ®3) = 0,d3 (U UZUs) =0
d3(UNU3U3) =0, d3(U'US®3) = 0,d3(UTUSU3) = 0,d3(UUS) =0,
d3(U} ®s5) = 0.
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Table 17 continued

10)

an

d3(Uf'z12227) = d3(Ul'z12425) = d3(U} 2023) = d3 (Ul ys23) = Ul 2027,
d3(U}'y23) = d3 (U}l yez3z1) = d3(Uf'z52322) = d3(Ul'2423) = d3(U} ys
xz521) = d3(U{ y42422) = U1"+2U3Z§,d3(U{“210) = U{l+3q>5yd3(U1"yT0)
= U (U3 + U3Us + UrU3@3), d3 (U} y10) = ULU3, d3 (U} 2322y6) = U
xUaz{ (Utys + Uazs), d3(Uf yez1) = d3(Uf'z17524) = d3 (U} 2 z324)
=d3(U} z‘lz215) uy 3Z12224 d3 (U} z4z6)— U"+3z4zl,d3(U z]Z2Z3)
= d3(U23) = d3(Ul'z12323) = d3(U 23 2398) =d3(UI'23 25 ya) = U 20523,
(U5 2023) = & (UZ])) = WU ye) = U023z, 3 (U2 2)
= U038, d3(Ul'ztays) = Uf+1Uzz‘f(U1y4+Uzz3) d3(Ul'z122y7)
= d3(U}'z12326) = d3(U}'2326) = U 2037, d3 (U 2293) = U202y},
d3(Ufz2y8) = U Ua (U ys + Uaz7). da (Ul yaye) = U U3 (Uaye + Usya),
AU z}z6) = U2 @32t dy (U Fzaya) = U U323 (U + Unza),
d3(UJ23ys) = UPU3 3. d3 (U zaye) = U T U3 (U ye+Unzs). d3 (U] yaze)
= Ul @3(U1ys + Up23), d3 (U3 va) = d3 (Ut z122233) = U 0223
X (Uryg + Upz3), d3(Uy'z129) = 0,d3(U}'23) = 0,d3(Uf z1222324) = 0,
d3(U{z228) = 0,d3(Uf'z327) = 0, d3 (U} z7zl) =0,d3(U} z1z223) =0,
d3(U'232}) = 0, d3(U] 232325) = 0, d3(U] 212325) = 0, d3(U]' 2} 2024) = 0,
d3(U1 y723) =0, dg(U1 zlzs) =0, d3(U1 2214) =0, d3(U1 1113) =0,
d3(UIZ323) = 0, d3(UZ423) = 0. d3(UT'2323) = 0. d3(UT'z]z3) = 0,
d3(U1'2823) = 0. d3(Ul' yoz1) = 0. d3(U}'z624) = 0. d3(Ul'y323) = 0,
d3(U'2]%) = 0, d3(U] y727) = 0. d3(U} 262223) = 0.

d3(Uz323ys) = d3 (U 2hz3ya) = UP P33 (U ys + Uaz3). d3 (U2 ve)
= U H WU y6 + Unzs). d3(Uliz] ys) = U 8 (U1 ya + Unz3). d3 (U 2y
xz3y4) = d3(U}'z3z3v4) = Ul 23 (U1 ys + Unz3). d3 (U] yioz1) = U2
x (U110 + Usz7), da(Ufz%zm) = d3(U'123y6) = U} 2123(U1ye

+Upz5). d3(U2329) = d3(Ul'z12228) = d3(U}'z3y9) = d3(Ul'z12426)

= UMP32129, d3(UI' B yazs) = U2 2125(Urvg + Uaz3), d3 (Ul 272}

= d3(U232)) = U8z, as Uz = U220, ds (Ul 2 2023 ya)

:dx(UfZ1Z2y4) d3(Uf'212323) = d3(U223) = d3 (U] 2z3) = U+

%2323, dy(U]'y32]) = UP 323y, dy (Ul ygzaz1) = da (U yezaz1) = d3 (U]

x272321) = d3(Uf'zdz1) = d3(Uf'zs2422) = d3(Uf 2723) = d3 (U] 2323) =

= U232, d3 (U 212324) = d3 (U] 2 2ays) = d3 (U 23 292324) = d3 (U]

x232325) = d3 (U} 23 22y6) = d3 (Ul z32325) = U323

= d3(U}'8z25) = U225, d3 (U yipz1) = U2 ULy + Ua (29 + y9)
+U327). d3(U2323) = d3(U}'z323) = d3(U} 2}2323) = d3(UT'23z2y4)
= U{’Hzlz3,d3(U1 2123) d3 (U} zlzz) = U1n+1U222?Z%,d3(U 26y421)

Uln+3

2524, d3(U1 zlzzu)

= d3(U{'z62322) = d3(U} y7z2) d3(Ul'y12321) =
U{l+3

23y7. d3(U} y72})

= d3(Uf'z62223) = 262223, d3(U' y4y621) = Ul [U1 yay6 + Ua (2376
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Table 17 continued

+2sy4)l, d3(U} 2325) = d3 (Ul 2223y6) = d3(U} 2225y4) = d3(U} 2324Y4)
= U 032325, d3 (Ul yie3) = U UZ Y3 d3 (Ul yn) = U U @5,
d3(U}'z7y4) = UL UF(Uys + Uzz3). d3 (Ul y7y4) = U U ®3(U) s + Upz3).
d3(Uz3yg) = UPUZ (Uryg + Uzzy). d3(U} yezs) = UTU2Us(Uyye + Uazs),
d3(Ufz11) = U U5 UL, d3 (U] @3y6) = U UFU3 @3, d3 (Ul Uz yeys) =
= xU3 (Upye + Usya), d3(U Uz yg) = d3 (U Uay10) = U UaU3, d3 (U Uy
xy7o) = UlUs(U3Us + UpUs @3 + U3), d3(U Usys) = UL U3 Us.d3 (U} @3
xz26) = U3 @3, d3 (U 23 yg) = U2 (Uyys + Uaz7).d3 (U Upzdys) = UY
x U323, d3(U'U3z3y6) = U US (U1 y6 + Unzs), d3(U U3z9) = U U3 Uy,
d(UU3Z3) = U T U322, dy (U UaUszy) = UPH 0U3, d (U U 2sya)
= ULU3U3 (U1 ys + Upz3), d3 (U U3 y9) = Uy T U U3 @3, d3 (UL U3 U3 o)
= d3(U U3 yg) = d3 (U UU3 ya) = UL USUZ, d3 (U U3 ®3y4) = U U3 @3,
d3(Uf'z}75324) = 0,d3(Uf Uy z3y4) = Uf US (Ut ys + Uaz3), d3 (U} U3 27)

= U U3U2, d3(U212326) = 0, d3 (U} 232223) = 0,d3(U U3 yy) = U
xU3 @3, d3 (U U3 y6) = d3(U'U3 Uz ya) = U UJ U3, d3(U"U2 5) = U"+l
><U2 Uz,d3(U1 ZIZ4) =0, d3(Ul zlzg) =0, d3(Ul 2621 ) =0, d3(U1 zlzz)
=d3(U} zlzzzz) =0,d3(U} zlz3z4) =0,d3(U} zlzzzs) =0,d3(U} 1112)
= (13(Ul zlzzy7) (13(Ul z113z6) =0, dq(U1 zlzz) =0, d3(U zlzzzz) =0,
d3(U}z1222325) = 0, d3(Ul'z12324) = 0,d3(Ul'2325) = 0, d3(Ul'252324) =0,
d3(Ul'z122y3) = 0,d3(Ul'z12027) = 0. d3(Uf'2427) = 0, d3(U'22y9) =0,
d3(UT'2223) = d3(U}'2229) = d3(Uf'z328) = d3(U}'z4y7) = d3(Ul'z526) = 0,
d3(U22227) = 0, d3(U 23 2425) = 0, d3(Ul'z1021) = 0, d3 (U U3y3) =0,
d3(UU3y3) = 0.d3(U Upz2) = 0, d3(U} ®323) = 0,d3(U}' U3 z325) = 0,
d3(Udg) = 0, d3(UI'U3 ®s) = 0, d3(UJ Up®3) = 0, d3(UI'U2U3Us) = 0,
d3(UNU3®3) = 0,d3(UI'U523) = 0,d3(UT'USUy) = 0, d3 (U U3 Uz ®3) = 0,
d3(UNURUS) = 0.

(12) d3(UTzly) = d3(UT'ziz027) = d3 (U] z2425) = d3 (U} zlz2z4) = Uty

Un+3

x 2223, d3(U}'z1027) = 21021, d3(Ulz2238) = U221 20Uy yg + Upzy)

n+2 n+2.3
U U

d3(U}'z324y6) = 2124(U1y6 + Unzs), d3 (U} zlz4y4)= 2324(U1y4
+U223), d3(Ul'z}226) = U2 2122(U1y6+U225) d3(Upzhzg) = UPH3
xztzg, (Ul nazaye) = d3(UE3edye) = U201 (Ui + Unza),
d3(U 8 2aya) = U223 00Uy + Unz3), d3 (U1 2S26) = U 2326, d3 (U]
23 y426) =U 223 26(U1 ya +Unz3). d3 (Ul 23 yay6) = U223 (Unye + Us ya),
d3(Uz1222356) = d3(U'z3y6) = U2 2023(Uye + Uzs), dy(Ufz12)

= U2 @6, d3 (U 212225y4) = d3 (U} 212324y4) = d3 (U] Bzayy) = UPH2
x2225(U1ya + Upz3), d3(Ulzizay7) = d3(Uziz326) = d3(Uf'2123726)

= U0y, dy (U ofedve) = d3 (U 2}zaye) = U 2123, d3 (UT'2323)
= d3(U'532323) = d3 (U 2}202d) = Ul 232023, d3 (U 2h324) = da (U223
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Table 17 continued

Un+3 Un+3

x24) = d3(UT'z]2225) = d3 (U8 ye) =
d3(Uf'212427) = d3 (U 23 y10) = d3(UL'23) = U P aazg, d3(Ul'2}02) = upt?

{22, d3(U'2]2223) = d3(U'2§23) = U P

22324, A3 (U} Z114) = 7124,

323, d3(U'524) = d3 (U} 232024
xy4) = d3(Uf'z3222325) = d3(U'z3z5y4) = d3(U'z3236) —dz(U{’zlzzyé)
upt3

= d3(Uz32324) = d3(Ul'z212325) = d3 (U} 21232324) =
Un+3

zsz*z,d3(U1 zlzz

212297 d3(Ul'212223) = dg(Ul 23y4) = d3(U 2323 ys) = d3 (U}

xy3) =
x323) = d3(U212323y0) = U002, d3(U'z12328) = d3(UT'212029)
= d3(U}'3z8) = U 2325, d3(Ul'zazaze) = d3(Uf212526) = d3 (U 2124y7)

U 2526, d3 (U3 y50) = UP T (zaz7+24y7+2120), d3 (U]

=d3(U{z122y9) =
xyazg) = U Us(Uyya + Uaz3), d3 (Ul z2yay6) = UL U3 (U yays + Unzave
+Uazsya), d3 (U 22310) = UL U2 (Uryi0 + Uszp), da (U zayg) = U T 03 (U
xyg + Upz7), d3(U 2223 y4) = UfHUzzg(Ul v4 + Uaz3). d3(Ullz6y6) = U
x®3(U1ye + Unzs). d3(Ul'zayiy) = U U2 (Uryly + Uazg + Uaye + Uszp).
d3(U}'2223y7) = d3(U}'2326) =d3(U”Z1y4>7) = d3(Ul'z2y426) = Ul Usz3y7,
d3(Ul'zay]) = U2 UsY3, d3(Ulz3z425) = d3(Ul'z1z7y4) = d3(U}'222327)
=d3(U'zgys) = d3 (U 2222) = d3(Ul'z1256) = d3(U'2224y6) = d3(U} 23 8)
=d3(Ul'z123y8) = U2 U222, d3 (U] yays) = U Up(U3yg+ U3 y4). d3 (U123 v6)
=d3(Ul'z3zsys) = UU3z3zs. d3(UL'y3) = UlU3 Y3, d3(Ul'y1p) = U (U3 @3
+UrU3Uy), d3(U Uz yg) = U U3 ®3,d3(Ul'Uszsye) = Ul U3 U3 (U yo+ Uazs).
d3(UN Uz yszy) = UlULUZ (Uyys + Uaz3), d3 (Ul Uaz3ys) = U U3 (U ys + Uazy).
d3(UJ Uayayr) = Ul U ®3(Uyys + Unzz), d3 (U Uaziy) = U T U U3 Uy, d3 (U]
xUayin) = U U3 @5, d3 (U] @3y7) = U 0,93, d3 (U UZas3) = U U323,
d3(U U3 yay6) = UL U3 (Uaye + Usya), d3<U{'U22y1*‘o>= Ul U3 (U3Us+ UsUs @3
+U3), d3(UUpUsyg) = d3(U' U3 y10) = d3(U'U3ye) = UTU3U3, d3(U U,
x®3y6) = d3(Ul'Us®3y4) = Ul U3 Us®3, d3(U UpUsys) = UlUSUs, d3(UIUS
xz3) = UP U323, d3 (Ul U3 Usz3) = U U Us, d3 (U U U3 @323) = d3 (U
xU3yo)= UP T U3 U3 @3, d3 (U U3 23) = d3 (U URU3z7) = UTT URU3 d3(U)
xz}z228) = 0, d3(U}'z3z327) = 0, d3(Ufz1202425) = 0, d3(Uf'z12327) = O,
d3 (U7 z1Z3Z5) =0, d3(UJz32325) = 0, d3(Ul'z3222324) = 0, d3(Ufz12323) =0,
d3(Uz3z29) = 0,d3(UT2322) = 0,d3(UT'z3z7) = 0,d3 (U z}z3) = 0, d3 (U
xz{z5) = 0,d3(U}'2§23) = 0,d3 (U 2323) = 0,d3 (U z32324) = 0, d3(U]
x282224) =0, d3(U}'232323) =0, d3(U'232323) = 0, d3(U'z12523) = 0,
d3(U}'z}e3) = 0,d3(U}'2§) = 0, d3(U}'z323) = 0,d3(Ul'2]z3) = 0, d3 (U123
xz426) =0, d3(U 211226) =0, d3(Ulzlzzzzzs) =0, d3(U1Z122y7) =0,
d3(Ul z123y7) =0, d;(Ul 212315) =0, d3(U zzzzzg) =0, d3(Ul 2223Z4) =0,
d3(UPZ823) = 0, d3(U'z12) = 0, d3(Ul'z3y9) = 0, d3(Ulzly ) =0.d3(U}!
lezzy4) =0,d3(U} zly7) =0,d3(U} 2226) =0,d3(U} zzy 2y =0, a3 (U}

xz8) =0, d3(Uj'zsy7) =0, d3(Uf'z3) =0, d3(U}'y3) =0, d3(Uf'zsz7) =0,
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d3(U'U3z3y7) = 0,d3(U} z1y11) = 0. d3(U}'22210) = 0. d3 (U U Usy3) =0,
d3(Ut'z428) = 0,d3(U'2329) = 0, d3(U 1) = 0,d3(U U @) = 0, d3(U?!
xUs®s) = 0,d3(Uf Us®3) = 0,d3 (U U323) = 0, d3(Uf'z3y9) = 0, d3 (U
xz1z11) = 0.
_ gnt2 _ g+l _ g+l
(13) d3(Ulz13) = U)7°Q1, d3(Uly13) = U™ @3Us, d3(U7'yi3) = U™ Uy ®s,

d3(Ul'z1y428) = U 2320, d3 (U2 ys) = U P22} Uy ys + Unzg). d3 (U 23

x22y8) = d3(Uz3zay6) = UNT22325, dy(Ulizdzays) = d3(Uf'Zfzzy6)

= U232, d3(U2125) = d3 (U 2}23) = d3 (U323 ys) = d3(UJ'2323
x23) = d3(Ul'z}aaz3y) = d3 (U 32323) = U328, ds (U 2322236

= d3(Ulz123y6) = d3 (Ul 2} 222508) = ds(U”z 2324y4) = U 222325,

d3(U}' ] y6) = U;’+2 SW1y6 + Upzs), d3(Uf' 23 yaze) = U} 3%, dy(U}2]

n+3_4 n+2 2
Uy Uj

1(W1yeya + Uzz3y6 + Uazsya),
Un+2 4

5. 35U yaye) =
l+

X22y4) =
d3(Uz12324y4) = 22324, d3 (U323 ys) = d3(U'2823y4) =
x23(Urys + Up23).d3 (U2} z3y6) =d3(U}! z122y6) U223 23Uy ye + Uz
x25).d3(U}'z}z5y4) = d3(Ul'z3 2024 y4) = 2325(U1ys + Uaz3), d3(U?
x23y10) = U223 (U y10 + Usz). d3(UY! z122z4) U3 223z24, dy(U)
xz128ya) = d3(U'2d3z3y) = d3(UI'zidye) = U223 (Urys + Unza),
da(Uszylo) = U231y + Uazo + Uayo + Uszy), d3(Uf'2122746)
=upt 22223(Uay6 + U3ya). d3 (U} 2122Z3y4) = d3(U'23z3y4) = d3(U} 23

Xz3)—U””z3,d3(U”1116y6)— F25y7, d3 (U Fyayr) = d3 (U212
xy426) = UPT221y7(Urys + Unza), d3(U'z123y4) = d3(U}'z327y4)

= Uf“zi(ulm +Uz3), d3(Uf'z133) = UP 233 Uy ys + Uaza), d3 (U2

x22¥5) = Ul (2320 + 2527 + 2537). d3(U{’2122y10) = d3(U{'z124Y8)

= Ul2s27.d3 (U2t yo) = U323 e AWy = Upeht aswy
XZ?W) =d3(Ul'z]2226) = U1"+ 112226, d3(UnZ]ZSY6): d3(Ul'z122246)
= U™ 21251 y6 + Unzs).d3 (U 3 23y8) = da (Ul 21 2338) = Ul 22123 (U)

xys + Uaz7), d3(Ul'z1yays) = U2 (U1 ygya + Uazays + Unzzya), d(U}!
xz12325y4) = d3(U'z122y6) = UP 23 (WUyye + Unzs). d3(U]z3z028)
—d3(Ufz]z9) U"+3z]z9,d3( zlz3z7) a3 (U} z122z4z5) =d3(U}'z 2
xzzm) = d3(U1z1z5) = d3(Ui’zlzzz4) = d3(Ulzlzzz4) U”Jr3
d3(U827) = d3(U'z32d) = UT32i27. d3(Ultzy y10) = U P2 WU yia + Unany
+U3y9), d3(U} 712325) d3(U12 1225) *d3(U]Z]ZZZ3Z4) 3 (U} 212224)
= UM a325,d3(U 825) = d3 (Ul 2] zaza) = U] 25,d3(U 2] 23) = da (U
x2§2323) = d3 (U 2323) = U 32822, d3 (U7 2] z3)—d3(U1"z?z%)— U"+3zlz3.
AU = U212, day (U 3 2az6) = U 232426, d3 (Ul 225) = da(U 2323

xz4) = UM3232325, dy(Ul'32356) = U{1+2z3(U1 v6 + Uzzs), d3(Ufz22427)
— Un+3

712327,

2527, d3(Uldye) = d3(Ufzayrza) = UpPz3yo. da(Ulzazazays)
= d3(UJ'2325y4) = U 22325(Uyye + Unzs). da(Ul'zazsye) = da(Ul'zaz7ys)
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= d3(Ul'z2y823) = d3(Ul'z3zay6) = UL UZ2E, d3(Ufzay7ys) = U U3 2397,
d3(U222526) = U z5y7, d3 (Ul d20) = d3 (U 212329) = U 2320, d3 (U 23
xy10) = UUZ(Uiy10 + Uszy). d3(Ul'z3yly) = UpUZ(U1yS, + Uazo + Uayg
+U327). d3(Ufz3ysaye) = ULUZWUryeya + Uszsys + Uzyezs). d3(U)'z327)
= d3(U{'z323) =U[ U32327,d3(U 23y4) =UJ U323 (U1 4 + Up23),d3(U] y723)

= UNU3y723. d3(U}'232624) = U} U3 2426, d3 (U} ya29) = U UoUs(Uy y4 + Upz3).
d3(U] yoys) = Ul U3®3(Uy y4 + Upz3).d3(Ul'z3zs) = U2 Uszazs, d3 (U] y3zs)
= UM 0,U3y]. d3(Ulyazazs) = U U2, d3(Ufzsyg) = U ULU3(Usyg
+Uaz7), d3(Uy6y7) = U Ua®3(Uyy6 + Uazs), d3(Ufyez7) = ULUZ(Uyye
+Usz5), d3(Ul212328) = 0, d3(Ul'z12324) = 0, d3(Ul'2]24) = 0, d3(U'2123) = 0,
d3(U)'zhzaz7) = 0, d3(UJzhzazs) =0, d3(Ul'z3z223) =0, d3(Ulzzay7) =0,
d3(Ulz1023) = 0, d3(Uz]z8) = 0, d3(Ul'z]z6) = 0, d3(U z}z326) = 0, d3(U]!
xz33526) = 0,d3(Uf'5323) = 0, d3 (U 21z427) = 0,d3(U' 2§ 2229) = 0, d3 (U}
x232223) = 0, d3 (U z1222426) = 0, d3 (U 73222325) = 0, d3(U}' 21 752324) = O,
d3(U zlzzyg) =0, d3(U1 zlzzy4) =0, d3(U1 zlzzz3) =0, dq(Ul 2113zg) =0,
d3(Uz12323) = 0, d3(U282223) = 0, d3(Ul'22y323) = 0, d3 (UT'232524) =
d3(Uz12223y7) = 0, d3(U}'2§2324) = 0, d3(U}'2§2225) = 0. d3(U! zlz225) =0,
d3(U2)z4) = 0,d3(U 21 20) = 0,d3 (U 2323) = 0, d3(U]2]23) = 0, d3(U]! %
xzg) = 0,d3(Uz2z526) = 0, d3(U 23 24y7) = 0, d3(U}'z52423) = 0, d3 (U} 23
xz322) =0, d3(U 21Z3Z5) =0, d3(U1 zlz4y4) =0, d3(U z2627) =0, d3(U1 26
xy7) = 0,d3(Ul'z1202327) = 0, d3(Ul'21232425) = 0.d3(U'212222) = 0,d3(U}!
xz3210) = 0.d3(Ul'22211) = 0.d3(U'2723) = 0.d3(U}y723) = 0.d3(U}'2211)
=0,d3(U262323) = 0, d3(U} 232522) = 0, d3(U} 212323) = 0, d3(U}' 2429) = 0,
d3(U{ y9z4) = 0,d3(Uf'z1212) = 0.

Table 18 The ring (M Sp) in dimensions from 32 to 52

n 32

71, (MSp) 227,

Generators z?, 2222?, Z‘I‘z%, 22?14, z‘]‘y4 + z%zg, 21?@13, z%zs, 22%22y4, 2z%y6,
n 32

75 (MSp) 227,

Generators 2%2224, z%y6 + 212324, 2244, 2226, z%y4 + zzzg, 21Y7, 2226, 2325,
n 32 33

71, (MSp) 227, 127,

Generators z%,yz, z%z%, 2z8,2y8 Glz‘l‘z%, 01 (z?y4 + z%z%), 01 (z%y4 + zzzg),

n 33

7, (MSp) 127,

Generators Gl(z%y5 +212324), T4, 01217 = 012226 = P32122, Glzﬁ =01z2127 =

@ Springer



Symplectic cobordism in small dimensions

145

Table 18 continued

n 33
70 (MSp) 127,
— _ _ 2 3 2.2 2 8
Generators = ®pz24, 012325 = Paz2z3 = P23, 012725, 012723, 01y}, 012]
n 34
75 (MSp) 16Z,
Generators Glzz‘l‘z%, 0114, @%z%, O Dy, Dy D3, D13, 912z1y7, Glzzi, 912Z3Z5, 9121%5,
n 34

1 (MSp) 167

Generators Glz(z‘fy4 + z%zg), Gf(z%m +zzz%), 912(2%% +212324), nyf, 0122515,
n 34 35 36

70 (MSp) 16Z, 0 307

Generators Glzz%zg ZZ?, z?zz, 2z?z%, 1?14, 2z?y4, 221 z%y4, 2z§, Z%Z}ZA,

n 36

7, (MSp) 30Z

Generators z% + 2223 y4, 229, 2227, 2z%y7, 21112, 2326, 2y§zl, 2623, 2524, z313,
n 36

7, (MSp) 30Z

Generators 222324 + 2122Y6,222324 + z1z4y4,2151‘1‘,2ygz1, y7zz,z?z§ + z?zzy4,
n 36 37

7, (MSp) 30Z 177

Generators ZZ?ye, 2z5y4, 2z?z§, 7128, Z?Z(), z?zg 91z¥zz, 912f14, 91z323, 75, @5
n 37

7, (MSp) 172,

Generators Gl(zg + 2223y4), 012227 = 012524 = Po2224 = P225271, 911%23Z4,
n 37

7, (MSp) 172,

Generators 01 (222324 + 2122Y6), 01(222324 + 2124Y4), Gl(z?zg + z?zzy4),d>1y£,
n 37

7, (MSp) 172,

Generators 012128 = d>4z%, Glz%z& 911?13, O1y722 = 012623 = P32123 = <I>3z%,
n 37 38

7, (MSp) 172, 197,

Generators ®12325 = $223 072] 22, 072324, 032323, 07(23 + 2223y4). 371,

n 38

7, (MSp) 197

Generators 6 s, 612z514, 012(z?z§ + z?zzy4), 6]21118, 9121?16, H%Z?z%, 01912325,
n 38

7, (MSp) 197

Generators O 14, 612y7z2, 912(222324 +2122Y6), 912(2223Z4 + z124y4), 9122%2324,
n 38 39 40

77, (MSp) 192, 7 27
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Table 18 continued

Generators 0} <1>1yf, <1>2r2<1>%<1>4 =01 DPyP3 22%22)}6, 22%24)/4, 2z§y4,

n 40

7, (MSp) 427

Generators z%zg + 212425, 213, zlz%zg + z%z%m, 2z%z8, 2624, 2z‘11z2y4, 2Z%Z%Z4,
n 40

75 (MSp) 427,

Generators 2y’1k0, 2278, 2z%y6, z?z3z4 + z‘l‘yﬁ, 21?z4, 2z‘1‘16, 2z?z%, z‘l‘z% + z?y4,
n 40

75 (MSp) 427,

Generators zg, 21§z2, 224¥65 2Y10> 2123Y6 + Z%Z4, 21y425 + Z%Z4, 2Z%y6, 212}&%,
n 40

75 (MSp) 427,

Generators 219, 2y4Y6. 2Y426, 2z§y4, 2129, z%zﬁ, z%u,z?zyzgz%, Z%zg, Z?Z%,
n 40 41

70, (MSp) 427, 237,

Generators z}o, 23Y7, z?y7, z%yf, 2228 01 (z%zg + 212425), 01 Z%Zﬁ, 01 Z}O,
n 41

7, (MSp) 237,

Generators 6] (212323 + z%z%y;;), 01 (2?2324 + z‘fyf,), 01 (Z‘fzg + z?y4), 912?1%,
n 41

7, (MSp) 237,

Generators 01(z1y425 + Z%Z4), 01(z123y6 + Z§Z4), 01z3y7 = ©32023, 7324 =

n 41
75 (MSp) 237

Generators = 0122 = ®32225. 012323, 012723, 012129 = 012228 = 42122, T¢'
n 41

75 (MSp) 2379

Generators Glz?zs, 612324, 01219, 912?y7, Glz%yf, 76, @1(1% + 2223¥4), K1
n 42

7, (MSp) 297,

Generators 912(2?2324 + Z‘I‘yﬁ),elzz%zi, Glz(z%zg + 212425), le(zlz%m + z%z%m),
n 42

70 (MSp) 297,

Generators 6 (z1yaz5 + 2324) 91 (z123Y6 + z324) 9 ]0 91 zs, Gz(zlzz + z1y4)
n 42

70 (MSp) 297,

Generators Glzz%u,e 23y7, 0% 1125 07 12z3,91z112,92z1zg,9lzz(1’z%,<I>2<I>4,<I>1<I>5,
n 42

5 (MSp) 297>
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Table 18 continued

Generators QD%yf, 017¢, O1k1, 0176, 91221)19, Q%Z%y% 9122%)12, 91¢1(2g +222354),

n 42 43 44

75 (MSp) 297> 0 567

Generators @%1315, D15, Dr13 ZZ?yg, 2z?z%y4, 2z?y6, 2zzy4, 221510,
n 44

75 (MSp) 567

Generators 21%z3y4, 21210, 2z1z%y6, 2Z%Z5y4, 2Z%Z9, 21228 +2124Y6, 2z?z3zs,
n 44

75 (MSp) 567

Generators 71246 + ng, 2526, 2z%zi, z?z4y4 + z%zzyg, 2z?z5, 2z?z‘2‘, 2z¥z%,
n 44

75 (MSp) 567

Generators 22%)}9, Z?Z%Z:; + z?zzy4, z%zzy6 + 2?2325, zlz%y4 + zlz%zg, 22323,
n 44

7 (MSp) 56Z

Generators 2z} 1, 21Y426 + 222326, 24Y7, 2324 Y4 + 2223Y6, 2223Y6 + z%zs, 22%25,
n 44

70 (MSp) 56Z

Generators 2211, 22?y7, ZZ?yf, 223y§, 225Y6, 2Y427, 2238, 2Y4Y7, 2328, 221 Y6 V4,
n 44

7 (MSp) 56Z

Generators ZZIyI‘O, z%zzy% leg, z?zg, Z%Z%m, ZZZ4, Z?Zﬁ, Z?Z%, Z%Z3Z4, lezyfv
n 44 45

75 (MSp) 567 317

Generators z?zg,z4z7,zgy9,zzzg, z%z425, ZZZ% 01(z122y8 +2124¥6), 0121210;
n 45

75 (MSp) 317>

Generators 01 (21246 + z]zg), 01 (z?14y4 + z?zzyﬁ), 0 (z?zzyﬁ + z%zszs),m,ﬁ*
n 45

5 (MSp) 317>

Generators 0] (z]z%y4 + z]z%z%), 012328 = 012029 = Dyz123 = <I>4z%, 9]Z%Z4Z5,
n 45

75 (MSp) 317>

Generators 01(2324Y4 + 22236), Gl(z?z%Z3 + Z?zzy4), 01(z1y426 + 222326),
n 45

7 (MSp) 31Z,

Generators 01 (22236 + Z%Zs), 91Z¥Z4, 91Z?Z6, 91Z?Z%Z4, 911?2% 912?2279121127
n 45

75 (MSp) 317>
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Table 18 continued

Generators Glz%zzy% 912%2324, lelzzyf, 012427 = d>2zi = ®rz127, 91zzz§, dg,
n 45

7, (MSp) 317,

Generators 01z22y9 = 01z4y7 = 012526 = P32224 =P121y9 =Prz1y7 =P22276,
n 45 46

75 (MSp) 31Z 367>

Generators 912?28, <I>2y§, Dz327 = Porz325 = <Dlz§, Drz3y7 91221210, D16,

n 46

75 (MSp) 367>

Generators Glz(z?z4y4 + z?z2y6), 012(z1z2yg + 2124Y6)- 912(zlz4y6 + leg),
n 46

5 (MSp) 367>

Generators 012(z%z2y6 + z?z3zs), Gf(zlz%y4 + zlz%zg), 9%z%z3z4, 9122122y%,
n 46

7Tn (MSp) 367,

Generators 612(1‘1‘2323 + zfzzy4), 612(21y425 + 222326), 0122328, 9%2?14, 6%2?26,
n 46

75 (MSp) 367>

Generators Glzz%zzy%@lzzlzg, 912(Z3Z4y4 + 2223¥6), 912(1223}’6 + z%zs), sz%mzs
n 46

75 (MSp) 36Z;

Generators 6]2z417, 01Poz3y7, 61 d>2y§, 01 D¢, Glzz?zg, Olzz?z%u, 6]2zfz%, lez?zz,
n 46

75 (MSp) 367>

Generators 01 ®1z327, 6]2221:;, 912Z2y9, Doy, O r6*, DP31p, Py, DAY, <I>1r1z§
n 47 48

7T (MSp) 3Zo 777

Generators <I>%<I>5, DDy Dy = <I>%<I>3, @%1’5 =® D13 z?ys + Z%Zzy% ZZ%Z%

n 48

70 (MSp) 77Z

Generators ZZ%zzzi, 22%110, 2z%zzy3, 2z%14y6, Zz‘fZ4y4, 22‘1‘zzy6,2z3y6,2z%14y4,
n 48

70 (MSp) 77Z

Generators 22022 y4. 223 y4Y6. 223227, 212223 + 2323 y4. 221 28. 226 + 212324
n 48

775 (MSp) 777

Generators ZZ‘I‘Z%ZA;, 2z?24, ZZ?ZG, szy4 + z¥12z3, 2z?zg, 21}012, 22%y416,22%z§,
n 48

7u (MSp) 777
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Table 18 continued

Generators 2712427 + Z%ylo, Z%Z3y6 + z‘z‘z4, 22324, 2324 + Z%2224y4, 212, 2zgz§,
n 48

7, (MSp) 777

Generators z%ylo + z%yfo + 212229 + 2122Y9, 2224 Y6, 222z§y4, 22122¥9, 22210s
n 48

7, (MSp) 777

Generators ZZzyi"O, 222¥10, 224Y8, 226 Y6, 22%y4, 224yZ, Z%Z% + zgy4, 2z%zzyf, Zg,
n 48

7, (MSp) 777

Generators 2y428, 21427 + 232425, 232425 + 21256, 2224)6 + z%yg, 22%26, 2yi’,
n 48

7, (MSp) 777

Generators 2y4yg, 2325Y4 + z%yg, 2z§y6, 2223Y7 + 21547, 2112,2?29,2%1421&?2%,
n 48

7, (MSp) 777

Generators z?z%, z¥z5, z‘l‘zé, Z?yg, Z%Zé, z?y7, Z%z, z‘l‘yf, Z2Z%Z4, z%yf, 215115 Z§,
n 48 49

70 (MSp) 777 417,

Generators z%z%m, 21211» 2428, 2329, 23)9, yg, 2527 k2, 01(2224Y6 + Z%)’S)»

n 49

7, (MSp) 417,

Generators €]z?zg, 01 z?z%, y‘%rl, Qq, 01 yé, 01 (z?z6 +z‘]‘z%z4), 01 z?zg,@lz%zi,
n 49

7, (MSp) 417,

Generators 0 (z?zZZ% + Zf23y4), 01 (z§y4 + zzzza), Olz%yf, Glz‘fzi, Glz%z%u,
n 49

7, (MSp) 417,

Generators tg, Glzg, 01 (Z?Z3y6 + z‘z‘z4), 01 (Z§z4 + z%z2z4y4), 91zzz§z4, 91z?y7s
n 49

75 (MSp) 417

Generators 01 (212427 + z%ylo), 01 (Z%Z% + z§y4), 0 Z{Zs, 01 ng 01 Z?yé%v 01 Z%y9’
n 49

75 (MSp) 417

Generators 6 (z%ym + z%y’fo + 212229 +21229), 01(21y427 + 232425), 0] Z%Z&
n 49

75 (MSp) 417

Generators 01 (232425 + 2125Y6), 01(2325y4 + z%ye), 01(2223y7 + 2154y7), 01 Z{z
n 49

7, (MSp) 417,
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Table 18 continued

Generators 01z4z8 = 0121211 = @213 = Pyz124, P1(22236 +Z§ZS), O1z1y11 =
n 49

75 (MSp) 417,

Generators = 0122210 =P52122,012329 =P 12328 = P42223,0123y9 = Pr2326 =
n 49

75 (MSp) 417

Generators = ®jz4y7 = P32324, P1(2324y4 + Z§Z5), 012527 = P1z427 =
n 49 50

75 (MSp) 417, 487y

Generators = ®2727 = ®22425 0162, 07 (22246 + 238). 032125, 032823,
n 50

75 (MSp) 487

Generators 60 tg, 0] yfrl, 0191, Glzyg, 012(2‘1%22% + Z?Z3y4), Glz(z?m + 1?2%24),
n 50

75 (MSp) 487

Generators 6122,?29, 9%2%139%(2?)}4 + 2?2223), Glzz%yf, 0122‘3‘, 9122‘1‘22, 6122%1324,
n 50

75 (MSp) 487

Generators Glz(z?ays + 1324), 9%(z3z4 + 1%2224)/4), 912121%@, 9%2?25, sz?ym
n 50

75 (MSp) 487

Generators 912(11z427 + z%ym), Gf(z%z% + z§y4), 912(z1y417 + 232425), 9121‘1‘)1%,
n 50

75 (MSp) 487

Generators Glz(z%ylo + z%yiko + 212229 + 2122)9), 912(131415 +2125Y6), G%Z?ym
n 50

75 (MSp) 487»

Generators )75, 0725, 07 (2325y4 + 23Y6). 07 (22237 + 21y4¥7). 032326, 03212,
n 50

7T (MSp) 487,

Generators 91211111, 01P1(z223y6 + Z%u), 01P1(z3z4y4 + Z§Z5), 91223y9, P17,
n 50 51

75 (MSp) 487 0

Generators Glzzlyll, 012z3z9, 012z5z7, @177, d373, @1 Dg, D D5, <I>1<I>2y%

Remark In Table 18 we have used the following notations:

71 = Urys + Uzzz, 12 = U1 ys + Uszz, 13 = Uz Y + Usys, T4 = Uy yg + Uzz7, Ts
= Uzyg + U3ys, 176 = Uryio + Uszz7, 75 = U1(y}y + y10) + Ua(z9 + y9), x1
= Uyysys + Ua(¥623 + y425), 77 = Uayio + Usys, 78 = U1 y12 + Us(z9 + y9),
73 = Ua(yjp + ¥10) + P3y6 + Usya, x2 = Urysys + Ua(ysz3 + yaz7).
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