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Abstract
We derive the formulas for the energy and wavefunction of the time-independent Schrödinger equation with perturbation 
in a compact form. Unlike the conventional approaches based on Rayleigh–Schrödinger or Brillouin–Wigner perturbation 
theories, we employ a recently developed approach of matrix-valued Lagrange multipliers that regularizes an eigenproblem. 
The Lagrange-multiplier regularization makes the characteristic matrix for an eigenproblem invertible. After applying the 
constraint equation to recover the original equation, we find the solutions of the energy and wavefunction consistent with 
the conventional approaches. This formalism does not rely on an iterative way and the order-by-order corrections are easily 
obtained by taking the Taylor expansion. The Lagrange-multiplier regularization formalism for perturbation theory presented 
in this paper is completely new and can be extended to the degenerate perturbation theory in a straightforward manner. We 
expect that this new formalism is also pedagogically useful to give insights on the perturbation theory in quantum mechanics.

Keywords Time-independent perturbation theory · Lagrange multipliers · Eigenvalue problem · Regularization

1 Introduction

Stationary states of a quantum-mechanical system are 
described by the time-independent Schrödinger equation and 
there are many systems whose exact analytic solutions are 
known as can be seen in textbooks such as Refs. [1, 2]. How-
ever, the exact solution for the time-independent Schrödinger 
equation for an arbitrary quantum-mechanical system is usu-
ally not known or difficult to solve in practice. If the Ham-
iltonian of a given system deviates by a small amount from 
that of a system whose exact solutions are known well, then 
one may find an approximate solution of the given system in 
terms of the solutions of the well-known system. The small 
deviation from a well-known system is called perturbation.

The standard time-independent perturbation theory [3] 
that usually appears in most textbooks like Refs. [1, 2] of 
quantum mechanics is the Rayleigh–Schrödinger perturba-
tion theory that was first introduced by Schrödinger. This 
approach is based on the direct calculation of the eigenvalue 

with the corresponding eigenvector of a system by explicit 
series, and, therefore, the formula is very simple at lower 
orders in the small perturbative parameter. Complications 
appear in computing corrections at higher orders in the Ray-
leigh–Schrödinger perturbation theory.

As another perturbation theory, the Brillouin–Wigner per-
turbation theory has merits against the Rayleigh–Schrödinger 
counterpart at higher orders because the formulas are 
much simpler while the first-order corrections of the two 
theories are the same. However, the weak point of the 
Brillouin–Wigner theory is that the expansion formula is a 
function of the energy eigenvalue for the perturbed Hamil-
tonian, which is unknown, instead of the unperturbed Ham-
iltonian. A comparison between Rayleigh–Schrödinger and 
Brillouin–Wigner perturbation theories can be found, for 
example, in Ref. [4].

Except for the well-known two perturbation theories, 
several methods to find approximate solutions of a sys-
tem with small perturbation have been suggested so far. 
For example, Niblack and Nigam introduced an opera-
tor, which turns out to be the operator projecting out the 
components orthogonal to the unperturbed eigenstate [5]. 
With the aid of the operator, they obtained the solution 
for the energy and wavefunction of the system in terms of 
perturbative potential and unperturbed wavefunction. Lain 
and Torre found a simple algorithm to derive the formulas 
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of both Rayleigh–Schrödinger and Brillouin–Wigner per-
turbation theories by considering the total corrections to 
the energy and wavefunction, which are expanded on the 
eigenfunctions of the unperturbed Hamiltonian [6].

In this paper, we present a new alternative method to 
find the solution of the perturbative system by employ-
ing the Lagrange-multiplier regularization formalism for 
the eigenproblem, which was suggested in Ref. [7] and 
successfully applied to the several eigenvalue problems 
in classical and quantum mechanics. For example, the 
applications of the Lagrange-multiplier regularization for-
malism have been made for the normal mode of a loaded 
string [8] and the inertia tensor of a three-body system [9]. 
Conventionally, the eigenproblem is solved by finding the 
eigenvalue, which is the solution of the secular equation, 
and its corresponding eigenvector by Gaussian elimina-
tion. The requirement that the secular equation vanishes 
implies that the original eigenvalue equation is indeter-
minate. However, by adding the matrix-valued Lagrange 
undetermined multipliers to the original eigenvalue equa-
tion, we can regularize the indeterminate equation and 
easily find the eigenvector for a given eigenvalue, which 
depends on a regularization parameter. The dependence on 
the regularization parameter can be removed by requiring 
a constraint equation. This procedure is similar to adding 
a gauge-fixing term to the gauge-field Lagrangian density 
in gauge-field theories and turned out to be very power-
ful to solve several eigenvalue problems in physics [8, 9].

We provide a new approach to find the energy and wave-
function of the time-independent Schödinger equation 
with perturbation by regularizing the eigenvalue equation 
of the Hamiltonian with matrix-valued Lagrange unde-
termined multipliers. The regularization makes the char-
acteristic matrix invertible by increasing the number of 
linearly independent equations. By multiplying the inverse 
of the regularized characteristic matrix to the regularized 
eigenvalue equation and imposing the constraint equation 
that restores the original equation, we find the compact 
formulas for the energy and wavefunction of the perturbed 
system. The results agree with those obtained from the 
conventional method. We expect that this new formalism 
is pedagogically useful to give insights on the perturbation 
theory in quantum mechanics.

This paper is organized as follows: In Sect. 2, we define 
notations involving the Rayleigh–Schrödinger time-inde-
pendent perturbation theory and review the conventional 
approach to deal with it. We provide a new Lagrange-mul-
tiplier-regularization formalism of determining the energy 
and wavefunction of the time-independent Schrödinger 
equation with perturbation in Sect. 3 and conclude in 
Sect. 4. A rigorous proof of the property of the adjugate 
matrix which is a crucial part of the formulation is pre-
sented in appendix.

2  Conventional time‑independent 
perturbation theory

In this section, we first list definitions of the notations that 
are used in the remainder of this paper involving the Ray-
leigh–Schrödinger time-independent perturbation theory. 
Then we review the conventional approach to deal with the 
Rayleigh–Schrödinger time-independent perturbation theory 
[3] mainly following the convention given in Ref. [2].

2.1  Definitions

The energy eigenket �n(0)⟩ with the energy eigenvalue E(0)
n

 for 
the Hamiltonian H0 satisfies the eigenvalue equation:

which is called the time-independent Schrödinger equation. 
The integer n = 1 , 2, ⋯ stands for the quantum number of the 
energy eigenket �n(0)⟩ . We assume that the energy eigenstates 
are nondegenerate. Because H0 is Hermitian, H†

0
= H0 , the 

energy eigenvalue E(0)
n

 is real, and the eigenkets are orthogo-
nal. The eigenket �n(0)⟩ , which is also called the state ket, is 
chosen to have the unit normalization:

where ⟨m(0)� , which is called a bra, is the Hermitian con-
jugate of the corresponding ket �m(0)⟩ . If we choose 
{ �n(0)⟩ � n = 1, 2, …} as the basis set of the Hamiltonian 
H0 , then the matrix representation of the Hamiltonian can 
be computed as

According to the Schrödinger equation (1) and the orthogo-
nality relation (2), the Hamiltonian H0 of the unperturbed 
system is a diagonal matrix:

Consider the time-independent Hamiltonian H which is the 
sum of the unperturbed Hamiltonian H0 and a perturbative 
additional contribution V:

where � is a small real parameter and V is Hermitian so that 
V† = V  and H† = H . Then the energy eigenket �n⟩ satisfies 
the eigenvalue equation:

(1)H0�n(0)⟩ = E(0)
n
�n(0)⟩,

(2)⟨m(0)�n(0)⟩ = �mn,

(3)(H0)mn = ⟨m(0)�H0�n(0)⟩.

(4)H0 = diag[E
(0)

1
E
(0)

2
…] =

⎛⎜⎜⎝

E
(0)

1

E
(0)

2

⋱

⎞⎟⎟⎠
.

(5)H = H0 + �V ,

(6)H�n⟩ = (H0 + �V)�n⟩ = En�n⟩,
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where En is the energy eigenvalue for the full Hamiltonian 
H that includes the perturbation. We find the solutions of 
En and �n⟩ satisfying Eq. (6). If � = 0 , then En = E(0)

n
 and 

�n⟩ = �n(0)⟩ . The perturbation theory finds the Taylor-series 
expansions of En and �n⟩ in powers of � about � = 0.

From the Schrödinger equation (1), it is manifest that 
(H0 − E(0)

n
)�n(0)⟩ = � , where � is the null ket. Subtracting 

E(0)
n
�n⟩ on both sides of the eigenvalue equation (6), we find 

that

where � is the identity matrix and the energy shift Δn is 
defined by

Note that Δn is of order �1 or higher because it vanishes as 
� → 0.

2.2  Conventional strategy

We review the conventional strategy to compute perturba-
tive corrections to the state kets and energy shifts order by 
order. The coefficients of �k for the energy eigenvalue En 
and state ket �n⟩ in the full Schrödinger equation (6) are to be 
expressed in terms of the corresponding unperturbed values 
for E(0)

k
 ’s and �k(0)⟩’s.

Orthogonality of (�V − Δ
n
1)�n⟩ : We first investigate the 

orthogonality of (�V − Δ
n
1)�n⟩ with respect to the unper-

turbed ket �n(0)⟩ . By applying the unperturbed bra ⟨n(0)� to 
the left of the full Schrödinger equation (7) and taking the 
Hermitian conjugate of the unperturbed eigenvalue equa-
tion (1), we find that (�V − Δ

n
)�n⟩ is orthogonal to �n(0)⟩:

This immediately yields the identity for the energy shift Δn:

where we have set the normalization for �n⟩ such that

2.2.1  Requirement of renormalization

We emphasize that the normalization condition ⟨n(0)�n⟩ = 1 
is not required but is chosen for convenience. However, 
this choice is crucial to simplify the intermediate steps 
significantly because the condition disallows any overlap 
between the unperturbed state �n(0)⟩ and the perturbative 
corrections �k�n(k)⟩ to all orders of �k for k ≥ 1 . While this 

(7)(H0 − E(0)
n

+ �V − Δn1)�n⟩ = �,

(8)Δn = En − E(0)
n
.

(9)⟨n(0)�(�V − Δn1)�n⟩ = 0.

(10)Δn =
�⟨n(0)�V�n⟩
⟨n(0)�n⟩ = �⟨n(0)�V�n⟩,

(11)⟨n(0)�n⟩ = ⟨n(0)�n(0)⟩ = 1, ⟨n(0)�m(0)⟩ = �nm.

prescription provides us with a convenience in the interme-
diate steps, it brings in an additional procedure as a payback 
at the end of the calculation which is called the renormali-
zation. The reason is that the choice of the normalization 
⟨n(0)�n⟩ = ⟨n(0)�n(0)⟩ = 1 results in ⟨n�n⟩ ≠ 1 because �n⟩ does 
acquire nonvanishing components orthogonal to �n(0)⟩ due 
to perturbation. Therefore, it is required to renormalize �n⟩ 
not now but at the end of the calculation by replacing �n⟩ as

The renormalization procedure must be postponed until we 
complete the calculation for the perturbative corrections for 
�n(k)⟩ to the last order that we concern.

2.2.2  Perturbative expansion of �n⟩

The eigenket can be expanded in powers of � as

The coefficient kets �n(k)⟩ are independent of � . This expan-
sion is consistent with the normalization in Eq. (11) and

Thus we confirm that the choice of the normalization for 
⟨n(0)�n⟩ = 1 in Eq.  (11) greatly simplifies the intermedi-
ate computation because of the orthogonality relation in 
Eq. (14).

2.2.3  Perturbative expansion of 1(k)

n

Note that Δn can be expanded in a power series of � as

which starts from the order of �1 due to the consistency in 
the limit of � → 0 . Substituting Eqs. (13) and (15) into the 
second formula of Eq. (10) with the condition ⟨n(0)�n⟩ = 1 , 
we find that the coefficient of �k in the energy shift Δn is

which implies that the kth correction to the energy shift is 
determined by the (k − 1)th-order correction �n(k−1)⟩ to the 
eigenket.

Operator �n∕(E
(0)
n

− H0) : According to Eq.  (9), 
(�V − Δ

n
1)�n⟩ is always orthogonal to �n(0)⟩. Therefore, 

(E(0)
n

− H0)
−1(�V − Δn1) is a well-defined matrix because 

the denominator never vanishes. Thus we define

(12)�n⟩ → �n⟩√⟨n�n⟩
.

(13)�n⟩ = �n(0)⟩ +
∞�
k=1

�k�n(k)⟩.

(14)⟨n(0)�n(k)⟩ = 0, k ≠ 0.

(15)Δn = �Δ(1)
n

+ �2Δ(2)
n

+⋯ =

∞∑
k=1

�kΔ(k)
n
,

(16)Δ(k)
n

= ⟨n(0)�V�n(k−1)⟩, k = 1, 2,… ,
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where �n is the projection operator that projects out the com-
ponents orthogonal to �n(0)⟩ ∶

Trivial properties of this projection operator are

which denote the orthogonality and idempotent property, 
respectively.

2.3  Result for the eigenket

The eigenket �n⟩ can be expanded by respecting the normali-
zation (11) and the eigenvalue equation (7), and by applying 
the identity (17) as

where each term on the right side represents the component 
proportional and orthogonal to the unperturbed eigenket 
�n(0)⟩ , respectively. Moving the last term on the right side to 
the left and solving �n⟩ , we find that

A note should be added in regarding the expression in 
Eq. (21). The conventional approaches that can be seen for 
example in Refs. [1, 2] rely on cumbersome iterative pro-
cedure to find the order-by-order expression for �n(k)⟩ . This 
procedure is simplified into a one-step operation in Eq. (21). 
The contribution of the second term in the brackets is of 
order �1 or higher according to Eqs. (10) and (13). If we 
assume that the contribution is small by taking 𝜆 ≪ 1 , then 
we can make a Taylor-series expansion of the inverse opera-
tor as

T h e  e x p a n s i o n  o f  t h e  o p e r a t o r  f r o m 
Eqs. (21)–(22) is similar to the expansion of the geometric 
series: 1∕(1 − r) = 1 + r + r2 +⋯ =

∑∞

k=0
rk for |r| < 1.

(17)

�
n

E
(0)
n − H0

(�V − Δ
n
1) ≡ (E(0)

n
− H0)

−1�
n
(�V − Δ

n
1)

= (E(0)
n

− H0)
−1(�V − Δ

n
1),

(18)�n = 1 − �n(0)⟩⟨n(0)� = �
k≠n

�k(0)⟩⟨k(0)�.

(19)�n�n(0)⟩ = �, �k
n
= �n, k = 1, 2,… ,

(20)�n⟩ = �n(0)⟩ + �n

E
(0)
n − H0

(�V − Δn1)�n⟩,

(21)�n⟩ =
�
1 −

�n

E
(0)
n − H0

(�V − Δn1)

�−1

�n(0)⟩.

(22)�n⟩ =
⎧⎪⎨⎪⎩

∞�
k=0

�
�n

E
(0)
n − H0

(�V − Δn1)

�k⎫⎪⎬⎪⎭
�n(0)⟩.

One should take special care of dealing with the order-by-
order computation of the perturbative contribution. While 
�V  has the contribution of order � only, Δn does have con-
tributions of order �k for all possible values for k = 1 , 2, ⋯ . 
Substituting Eq. (16) into Eq. (15) and substituting this Δn 
into Eq. (22), we find the resultant power-series expression 
for �n⟩ to all orders in �:

Substituting Eq. (13) on the left side and comparing each 
term of order �k on both sides, we find the eigenket �n⟩ in a 
power series of � . In practice the series expansion is trun-
cated at a certain order in � . The result given in Eq. (23) is 
the consequence of the normalization choice in Eq. (11). 
Therefore, we must renormalize the state ket �n⟩ following 
Eq. (12) as we have stated in the previous subsection.

Here, we have assumed that the interaction potential �V is 
small. In general, �V is not necessarily small. It is worthwhile 
pointing out that the formula (21) still holds even for a fairly large 
potential. Then, one can find the eigenket �n⟩ from Eq. (21) if the 
convergence of the expansion is reasonably good.

2.4  Order‑by‑order formulas

We list the resultant formulas for the perturbative correc-
tions to the kets and energy shifts to order �3 . The zeroth-
order contribution is the identity �n(0)⟩ = �n(0)⟩ because the 
first term in the sum on the right side of Eq. (23) is just 
1�n(0)⟩ = �n(0)⟩.

2.4.1  State kets

The first-order contribution can be read off as

where we have made use of the identity �n�n(0)⟩ = 0. The 
second-order contribution can be extracted as

Note that the contributions of k = 0 and 1 of the summa-
tion in Eq. (23) do not contribute. In these contributions the 

(23)

�n⟩ =
⎧⎪⎨⎪⎩

∞�
k=0

�
�n

E
(0)
n − H0

�
�V − 1

∞�
�=1

��⟨n(0)�V�n(�−1)⟩
��k⎫⎪⎬⎪⎭

�n(0)⟩.

(24)

�n(1)⟩ = �n

E
(0)
n − H0

�
V − 1⟨n(0)�V�n(0)⟩��n(0)⟩ = �n

E
(0)
n − H0

V�n(0)⟩,

(25)

�n(2)⟩ =
�

�
n

E
(0)
n − H0

V
�
n

E
(0)
n − H0

V

−
�
n

E
(0)
n − H0

⟨n(0)�V�n(0)⟩1 �
n

E
(0)
n − H0

V

�
�n(0)⟩.
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second-order ( �2 ) contribution is at � = 2 in the summa-
tion over � for k = 1 . However, the contribution is propor-
tional to �n and, therefore, vanishes after acting on the ket 
�n(0)⟩ . The k = 2 contribution is expressed as the square of 
the operator in the brackets in Eq. (23), where � and �′ are 
used for the two summation indices in the parentheses in 
Eq. (23) in operating order. Among the k = 2 contributions, 
the �� = 1 contribution vanishes because it is proportional to 
[�n∕(E

(0)
n

− H0)]1 with some prefactors. The first term in the 
parentheses in Eq. (25) is for k = 2 and � = �� = 0 , while 
the second term is for k = 2 , � = 1 , and �� = 0.

In a similar manner, we can read off the third-order contri-
bution in a straightforward way:

where we have made use of Eq. (24). The formulas for the 
state kets follow the normalization in Eq. (11) that are not 
properly normalized. Thus they require the renormalization 
as is shown in Eq. (12) once the truncation of the perturba-
tive series is determined at a certain finite order.

2.4.2  Energy shifts

The energy shift can be computed to order �3 by substituting 
�n(k)⟩ in Eqs. (24) and (25) into Eq. (16) as

(26)

�n(3)⟩ =
�

�
n

E
(0)
n − H0

V
�
n

E
(0)
n − H0

V
�
n

E
(0)
n − H0

V

−
�
n

E
(0)
n − H0

⟨n(0)�V�n(0)⟩1 �
n

E
(0)
n − H0

V
�
n

E
(0)
n − H0

V

−
�
n

E
(0)
n − H0

V
�
n

E
(0)
n − H0

⟨n(0)�V�n(0)⟩1 �
n

E
(0)
n − H0

V

−
�
n

E
(0)
n − H0

⟨n(0)�V�n(0)⟩1 �
n

E
(0)
n − H0

⟨n(0)�V�n(0)⟩1 �
n

E
(0)
n − H0

V

−
�
n

E
(0)
n − H0

⟨n(0)�V �
n

E
(0)
n − H0

V�n(0)⟩1 �
n

E
(0)
n − H0

V

�
�n(0)⟩,

(27)Δ(1)
n

= ⟨n(0)�V�n(0)⟩,

(28)

Δ(2)
n

= ⟨n(0)�V�n(1)⟩ = ⟨n(0)�V �
n

E
(0)
n − H0

V�n(0)⟩

=
�
k≠n

�V
nk
�2

E
(0)
n − E

(0)

k

,

(29)

Δ(3)
n

= ⟨n(0)�V�n(2)⟩ = ⟨n(0)�V �
n

E
(0)
n − H0

V
�
n

E
(0)
n − H0

V�n(0)⟩

− ⟨n(0)�V �
n

E
(0)
n − H0

⟨n(0)�V�n(0)⟩ �
n

E
(0)
n − H0

V�n(0)⟩

=
�
k≠n

�
�≠n

V
nk
V
k�
V
�n

(E
(0)
n − E

(0)

k
)(E

(0)
n − E

(0)

�
)
−
�
k≠n

V
nn
�V

nk
�2

(E
(0)
n − E

(0)

k
)2
,

where we have made use of the fact that V is a Hermitian 
operator V† = V  . The matrix elements for V are defined in 
terms of the unperturbed state kets as

Thus VijVji = VijV
⋆
ij
= |Vij|2 for any i and j.

3  Lagrange‑multiplier approach

In this section, we present an alternative derivation of the 
perturbative-series expansions displayed in Eqs. (21) and 
(22) involving the full Hamiltonian H = H0 + �V  . Our 
derivation is completely independent of the conventional 
approach described in Sect. 2. Instead, we regularize the 
eigenvalue equation with matrix-valued Lagrange undeter-
mined multipliers. In Ref. [9], the Lagrange-multiplier-regu-
larization formalism was first introduced to solve a system of 
indeterminate linear equations. A generalized version of the 
formalism applicable to the eigenproblem was developed in 
Ref. [7]. Very recently, the Lagrange-multiplier-regulariza-
tion formalism is further developed to include a convenient 
adjugate representation in Ref. [8].

3.1  Lagrange‑multiplier regularization

The original unperturbed system satisfies the Schrödinger 
equation (1). In perturbation theory, one assumes that the exact 
solution for the unperturbed eigenvalue equation is known. 
However, in this work we begin with solving the original 
unperturbed eigenvalue equation by applying the Lagrange-
undetermined-multiplier regularization. This is a good exam-
ple of demonstrating how the Lagrange-multiplier regulariza-
tion works. Firstly, we observe that the eigenvalue equation 
(1) is indeterminate. In general, a Lagrange undetermined 
multiplier introduces a new degree of freedom that the given 
system is lacking due to a constraint. Intrinsically, the orthogo-
nality between the characteristic matrix and the eigenvector 
corresponds to such a constraint. Thus the characteristic matrix 
is lacking the information along the direction parallel to the 
eigenvector. The Lagrange-multiplier regularization resurrects 
the lacking degree of freedom of the characteristic equation in 
a similar spirit as a usual Lagrange multiplier in Lagrangian 
mechanics does. Once a valid regularization is achieved, one 
can find the inverse transformation of the equation to find the 
regularized solution. The right side of the eigenvalue equa-
tion must be regularized simultaneously because the sole regu-
larization of the left side leads to a trivial null vector. A valid 
regularization has the boundary condition that the regularized 
equation reproduces the original equation if we turn off the 
regularization parameter at any stage. Thus the solution to the 

(30)Vnm = ⟨n(0)�V�m(0)⟩.
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original indeterminate equation is restored if we impose the 
constraint equation into the regularized solution.

The Schrödinger equation (1) for the unperturbed sys-
tem is manifestly indeterminate because the determinant of 
the characteristic matrix is vanishing: Det[H0 − E(0)

n
1] = 0 . 

The reason is that every row of the characteristic matrix 
H0 − E(0)

n
1 is linearly independent of the eigenket �n(0)⟩ . To 

make the linear equation solvable, we regularize the char-
acteristic matrix by adding a projection operator �n(0)⟩⟨n(0)� 
multiplied by the regularization parameter � , which is in 
general a complex number and vanishes if we restore the 
original equation. The following regularization does not 
modify Eq. (1) at all for any complex number �:

where C is the set of complex numbers. In fact, the eigen-
ket �n(0)⟩ is unknown yet and must be found as a solution 
of Eq. (1). Hence, the regularized equation (31) is practi-
cally useless. We make a further tuning that replaces �n(0)⟩ 
with an arbitrary vector. This vector must have the compo-
nent along �n(0)⟩ . This is equivalent to the replacement of 
�n(0)⟩⟨n(0)� with 1 , which is the simplest choice. Due to the 
modification of the left side, �n(0)⟩ on the right side must 
be modified as an arbitrary ket �c⟩ . However, it turns out 
that only the component parallel to �n(0)⟩ survives after 
applying the constraint equation as we will show later. 
This is a valid fine tuning because the identity matrix does 
project both longitudinal and transverse directions with 
respect to whatsoever �n(0)⟩ is: 1�n(0)⟩⟨n(0)� = �n(0)⟩⟨n(0)� and 
1(1 − �n(0)⟩⟨n(0)�) = 1 − �n(0)⟩⟨n(0)� . Then we arrive at the 
regularized eigenvalue equation:

where the matrix-valued Lagrange undetermined multipliers 
are 1 in �1 on the left side and �c⟩ on the right side. Note that 
the regularized ket �n(0)(�)⟩ does acquire the dependence on 
the regularization parameter � and the original equation (1) 
is restored as � → 0 . Having resurrected the lacking degree 
of freedom in the characteristic matrix H0 − E(0)

n
1 + �1 , 

we are able to solve �n(0)(�)⟩ by making an ordinary inverse 
linear transformation of Eq. (32). In principle, one can use 
any other matrix-valued multiplier B instead of 1 as long 
as H0 − E(0)

n
1 + �B is invertible. Thus the explicit form of 

�n(0)(�)⟩ depends on the multiplier. One might worry about 
a possible scheme dependence of the regularization com-
ing from the choice in the undetermined multiplier of either 
1 or B . However, the boundary condition that reproduces 
the original equation prohibits the regularization scheme 
dependence as � → 0.

(31)(H0 − E(0)
n

+ ��n(0)⟩⟨n(0)�)�n(0)⟩ = ��n(0)⟩, � ∈ C,

(32)(H0 − E(0)
n
1 + �1)�n(0)(�)⟩ = ��c⟩,

The eigenvalue E(0)
n

 is the solution for the secular equation

where D  is called the secular determinant. The correspond-
ing regularized secular determinant is not vanishing any 
more if � ≠ 0:

If every eigenvalue is distinguished from any other eigenval-
ues, then we say the system is non-degenerate. If the system 
is non-degenerate, then D(�) has the asymptotic behavior 
proportional to � as � → 0 . Thus, the parameter � makes 
the matrix (H0 − E(0)

n
1 + �1) invertible: (H0 − E(0)

n
1 + �1)−1 

exists. Once E(0)
n

 is known from the secular equation, one can 
solve �n(0)⟩ by multiplying the inverse (H0 − E(0)

n
1 + �1)−1 

to the left of the regularized eigenvalue equation (32). The 
result is

It is remarkable that �(H0 − E(0)
n
1 + �1)−1 is analytic at 

� = 0 although (H0 − E(0)
n
1 + �1)−1 has a singularity pro-

portional to 1∕� as � → 0 . The reason is that D(�) ∝ � as 
� → 0 . Since �c⟩ is an arbitrary ket, one must rescale �c⟩ by 
a constant factor after finishing the calculation to require a 
consistent normalization. To gain a more concrete insight 
on the �-dependence of the eigenket after the regularization, 
we separate �n(0)(�)⟩ into two components with and without 
the � dependence. Note that we have the initial condition:

The analyticity on the right side of Eq. (35) guarantees that 
�n(0)(�)⟩ can be expanded about � = 0 as

where the second term �Δ�n(0)(�)⟩ vanishes as � → 0 . Here, 
the operator symbol Δ in Eq. (37) should be distinguished 
from the energy shift Δn defined in Eq. (8). Substituting 
Eq. (37) into (35), we find that

Since the left side is free of � , it is manifest that the � 
dependence on the right side cancels completely. Further-
more, Eq. (38) holds for any value of � . The simplest choice 
is to take � = 0 and the second term on the right side van-
ishes in the limit of � → 0.

According to Ref.  [8], the matrix on the right side 
of Eq.  (38) is actually the adjugate matrix for the 

(33)D = Det[H0 − E
(0)
n
1] = 0,

(34)D(�) = Det[H0 − E
(0)
n
1 + �1] ∝ � ≠ 0.

(35)�n(0)(�)⟩ = �(H0 − E(0)
n
1 + �1)−1�c⟩.

(36)�n(0)(0)⟩ = �n(0)⟩.

(37)�n(0)(�)⟩ = �n(0)⟩ + �Δ�n(0)(�)⟩,

(38)�n(0)⟩ = �(H0 − E(0)
n
1 + �1)−1�c⟩ − �Δ�n(0)(�)⟩.
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original characteristic matrix in the limit of � → 0 if H0 is 
not degenerate:

where we have absorbed the finite constant factor lim
�→0

�∕D(�) 
into �c⟩ by rescaling the normalization. Here, D(�) is defined 
in Eq. (34). The adjugate adj(A) of a matrix A is the trans-
pose of the cofactor matrix C whose ij element is the ij 
minor Mij of the matrix A multiplied by (−1)i+j . The ij 
minor Mij of the matrix A is the determinant of the subma-
trix of A in which the ith row and the jth column are elimi-
nated from A . The matrix representation for the adjugate 
matrix adj(H0 − E(0)

n
1) is quite simple in the basis set 

{ �n(0)⟩ � n = 1, 2, …} for the original Hamiltonian H0 . The 
reason is that H0 is diagonal with the eigenkets: all of the 
matrix elements are vanishing except for the nn element 
whose value is given by

As a result, the limiting value of the operator 
D(�)(H0 − E(0)

n
1 + �1)−1 as � → 0 is actually the projection 

operator that selects the component parallel to �n(0)⟩ up to an 
overall constant factor of 

∏
k≠n(E

(0)

k
− E(0)

n
):

This is a manifestation of the primitive regularized Eq. (31). 
In appendix 1, we present a rigorous proof of the iden-
tity (41). By making use of the completeness,

of the Hilbert space spanned by the eigenkets, we can 
express �n(0)⟩ in Eq. (39) into the form

where we have made use of the identity (41) and the ortho-
normal relation for the unperturbed state kets in Eq. (11). 
The normalization can be corrected consistently by choosing 
⟨n(0)�c⟩ = 1∕

∏
k≠n(E

(0)

k
− E(0)

n
) . This leads to a trivial iden-

tity �n(0)⟩ = �n(0)⟩.

(39)
�n(0)⟩ = lim

�→0

�

D(�)
×D(�)(H0 − E

(0)
n
1 + �1)−1�c⟩

= adj(H0 − E
(0)
n
1)�c⟩,

(40)⟨n(0)�adj(H0 − E(0)
n
1)�n(0)⟩ = �

k≠n

(E
(0)

k
− E(0)

n
).

(41)

lim
�→0

D(�)(H0 − E
(0)
n
1 + �1)−1 =adj(H0 − E

(0)
n
1)

=�n(0)⟩⟨n(0)��
k≠n

(E
(0)

k
− E

(0)
n
).

(42)1 =

∞�
m=1

�m(0)⟩⟨m(0)�,

(43)
�n(0)⟩ =

∞�
m=1

adj(H0 − E
(0)
n
1)�m(0)⟩⟨m(0)�c⟩

=�n(0)⟩⟨n(0)�c⟩�
k≠n

(E
(0)

k
− E

(0)
n
),

3.2  Finding �n⟩ with Lagrange multipliers

3.2.1  Regularized equation

The eigenvalue equation (7) is an indeterminate equation: 
the characteristic determinant Det[H0 − E(0)

n
+ �V − Δ

n
] 

for the perturbed system is vanishing and, therefore, the 
inverse (H0 − E(0)

n
+ �V − Δn)

−1 does not exist. Follow-
ing the approaches of Refs. [7, 8] and making use of the 
results in the previous subsection, we again carry out the 
Lagrange-multiplier regularization of the eigenproblem in 
Eq. (7) for the perturbed system with the regularization 
parameter � as

where 1 in the term �1 and the arbitrary constant ket �c⟩ are 
Lagrange multipliers. Note that the � dependence in the ket 
�n(�)⟩ disappears as we take the limit � → 0.

3.2.2  Factorization of the operator

We can in principle carry out the regularization procedure 
for the full Hamiltonian in a straightforward way. How-
ever, it is more efficient to make use of the findings from 
the unperturbed case which leads to a systematic reduc-
tion. Therefore, we are to employ an additional procedure 
in which the full operator is expressed as the product of 
the original operator without perturbation and the remain-
der. The factorization is a remarkable advantage of the 
Lagrange-multiplier-regularization formalism that reduces 
the intermediate steps significantly. Such a factorization is 
disallowed in the original equation due to the nonexistence 
of the inverse transformation. It is convenient to make use 
of the results in Sect. 3.1 for the unperturbed case. Thus we 
pull out the matrix (H0 − E(0)

n
1 + �1) from Eq. (44) as

If it were not for the Lagrange-multiplier-regularization pro-
cedure, we should be unable to find the inverse transforma-
tion. Following the strategy in the previous subsection, we 
separate the �-dependent part of �n(�)⟩ as

where �Δ�n(�)⟩ vanishes as � → 0 . Substituting Eq. (46) 
into Eq. (45), we find that

(44)(H0 − E(0)
n
1 + �V − Δn1 + �1)�n(�)⟩ = ��c⟩,

(45)

(H0 − E
(0)
n
1 + �1)

�
1 + (H0 − E

(0)
n
1 + �1)−1(�V − Δ

n
1)

�
�n(�)⟩

= ��c⟩.

(46)�n(�)⟩ = �n⟩ + �Δ�n(�)⟩,



1111Time-independent perturbation theory with Lagrange multipliers  

Vol.:(0123456789)1 3

where M(�) is an analytic matrix at � = 0 which is defined 
by

The factorized form in Eq. (47) reveals that the singularity 
is regularized by the �-dependent term �1 and the remain-
ing operator is free of singularity as � → 0 because of the 
following reason: As we have discussed during the deriva-
tion from Eqs. (20) to (21), we can make use of the fact 
that (�V − Δ

n
1)�n⟩ is orthogonal to �n(0)⟩ . Thus the result is 

invariant under the insertion of the projection operator �n 
defined in Eq. (18) in front of (�V − Δ

n
1)�n⟩:

The insertion, however, makes it clear that the inverse of 
(H0 − E(0)

n
1 + �1)−1 still exists even in the limit � → 0 . Then 

we find that

3.2.3  Finding inverse

We next multiply the inverse (H0 − E(0)
n
1 + �1)−1 , which is the 

regularized matrix for the unperturbed eigenvalue equation, to 
the left on both sides of Eq. (50) to find that

Now the regularized matrix (H0 − E(0)
n

+ �V − Δn1 + �1) 
has the inverse and we can solve the regularized eigenvalue 
equation (44) as

Because the operator product in front of 
� �c⟩ −M(�)Δ�n(�)⟩ � 

in Eq. (52) is identical to �M−1(�) , the second term becomes 
proportional to �Δ�n(�)⟩ , which vanishes as � → 0.

(47)

(H0 − E(0)
n
1 + �1)

�
1 + (H0 − E(0)

n
1 + �1)−1(�V − Δn1)

�
�n⟩

= ��c⟩ − �M(�)Δ�n(�)⟩,

(48)
M(�) ≡(H0 − E

(0)
n
1 + �1)

×

[
1 + (H0 − E

(0)
n
1 + �1)−1(�V − Δ

n
1)

]
.

(49)(�V − Δn1)�n⟩ = �n(�V − Δn1)�n⟩.

(50)

(H0 − E(0)
n
1 + �1)

�
1 + (H0 − E(0)

n
1 + �1)−1�n(�V − Δn1)

�
�n⟩

= �
� �c⟩ −M(�)Δ�n(�)⟩ �.

(51)

�
1 + (H0 − E(0)

n
1 + �1)−1�n(�V − Δn1)

�
�n⟩

= �(H0 − E(0)
n
1 + �1)−1

� �c⟩ −M(�)Δ�n(�)⟩ �.

(52)

�n⟩ =
�
1 + (H0 − E

(0)
n
1 + �1)−1�

n
(�V − Δ

n
1)

�−1

×

�
�(H0 − E

(0)
n
1 + �1)−1

�� �c⟩ −M(�)Δ�n(�)⟩ �.

At this stage, we can replace �(H0 − E(0)
n
1 + �1)−1�c⟩ 

with adj(H0 − E(0)
n
)�c⟩ by rescaling �c⟩ as is done in Eq. (39). 

Every matrix element of adj(H0 − E(0)
n
) is vanishing except 

for the nn element. In the limit � → 0 , we have

where we have used the identity in Eq. (40). We can absorb 
the factor 

∏
k≠n(E

(0)

k
− E(0)

n
) into �c⟩ to find that

where �n is the projection operator defined in Eq. (18). The 
result is consistent with Eq. (21) if we set ⟨n(0)�c⟩ = 1 . In the 
same manner as we have done with the derivation of Eq. (22) 
from Eq. (21), we find that

Again, the result is consistent with Eq.  (22) if we set 
⟨n(0)�c⟩ = 1 . From this stage on, we may apply the same 
procedure to carry out the order-by-order calculation that 
is given in Sect. 2.4.

4  Conclusion

A conventional approach to the time-independent 
Schrödinger equation with small perturbation is the Ray-
leigh–Schrödinger perturbation theory which is based on 
the direct calculation of eigenvalue and wavefunction of 
a system by explicit series expansions. At lower orders of 
the series, the formulas are simple, but difficulties arise 
at higher orders. Another well-known approach is the 
Brillouin–Wigner perturbation theory, which has a much 
simpler form at higher orders. However, it has a disadvan-
tage that the wavefunction is expressed in terms of the per-
turbed energy which must be determined. Except for the 
two approaches, several methods have been developed so 
far. We have derived the energy and wavefunction of the 
perturbed system by making use of a conventional approach 
for comparison.

We have presented a new formalism to this time-inde-
pendent Schrödinger equation with small perturbation. This 
new formalism regularizes the original Schrödinger equation 

(53)

�n⟩ =
�
1 + (H0 − E

(0)
n
1)−1�

n
(�V − Δ

n
1)

�−1
�n(0)⟩⟨n(0)�c⟩

×
�
k≠n

(E
(0)

k
− E

(0)
n
),

(54)�n⟩ =
�
1 −

�n

E
(0)
n − H0

(�V − Δn1)

�−1

�n(0)⟩⟨n(0)�c⟩,

(55)�n⟩ =
⎧⎪⎨⎪⎩

∞�
k=0

�
�n

E
(0)
n − H0

(�V − Δn1)

�k⎫⎪⎬⎪⎭
�n(0)⟩⟨n(0)�c⟩.



1112 C. Yu et al.

Vol.:(0123456789)1 3

with matrix-valued Lagrange undetermined multipliers. The 
regularization allows one to carry out the inverse transfor-
mation that replaces time-consuming procedure of Gaussian 
elimination [7, 8] to obtain the eigenvector. The key mecha-
nism of the new Lagrange-multiplier regularization formal-
ism is to regularize the secular equation that is vanishing in 
the eigenvalue problem by adding new degrees of freedom 
to the characteristic matrix. This regularization makes the 
characteristic matrix invertible and the eigenvector is eas-
ily obtained from the inverse of the characteristic matrix, 
followed by applying the constraint equation. We note that 
this procedure is similar to adding the gauge-fixing terms to 
the Lagrange density of gauge fields in gauge-field theories.

We have applied the Lagrange-multiplier regularization 
formalism to the unperturbed system to demonstrate how it 
works in solving an eigenproblem. This demonstration will 
greatly help readers in understanding the mechanism of the 
Lagrange-multiplier regularization formalism in solving an 
eigenvalue equation and regularization of the secular deter-
minant with a regularization parameter. With an appropriate 
normalization factor, we have found that the result is a trivial 
identity that reproduces the unperturbed eigenket. Another 
point of this demonstration is that some formulas appearing 
in the demonstration are actually used in finding the energy 
and wavefunction of the perturbed system.

Then, we have applied the Lagrange-multiplier regulari-
zation formalism to the perturbed system. By regularizing 
the perturbed Schrödinger equation with matrix-valued 
Lagrange multipliers and a regularization parameter, we 
have found the inverse of the corresponding characteristic 
matrix in the regularized equation. By taking the constraint 
equation, the eigenvector reduces into the adjugate of the 
characteristic matrix multiplied by an arbitrary vector. It 
is remarkable that the regularized characteristic matrix is 
factorized with a factor of the characteristic matrix in the 
unperturbed system and it contains all the singular struc-
ture of the characteristic matrix in the perturbed system. 
Finally, we have obtained the energy and wavefunction with 
all-order corrections in a compact form, which are consistent 
with those in the conventional approach. This reveals that 
the method to make use of the Lagrange multipliers does 
work well in the time-independent perturbation theory and 
would be very powerful to solve the eigenproblem in phys-
ics. In finding the solution, we have never relied on an itera-
tive method. Instead, it is remarkable that we have indeed 
computed the all-order corrections in a compact form in a 
straightforward manner.

We have assumed that the Hamiltonian of the unperturbed 
system is not degenerate. However, the Lagrange-multiplier 
regularization formalism for perturbation theory that we have 
developed in this paper can be extended systematically to make 
it applicable to a degenerate case. One subtle point is that the 

inverse of the regularized matrix is not expressed in terms of 
its adjugate matrix. This problem can be resolved by taking 
into account the diagonal form of the unperturbed Hamiltonian 
like the proof in appendix A. The degeneracy of eigenstates of 
the perturbed system are expected to be distinguished, depend-
ing on the form of the perturbative potential.

Regularization of a set of indeterminate linear equations by 
adding new degrees of freedom is a key point of the Lagrange-
multiplier regularization formalism, which is powerful and can 
be applied to a variety of fields in physics and science. The 
time-independent perturbation theory now is proved to be 
another concrete example for the applications of the Lagrange-
multiplier regularization formalism. Since the Lagrange-multi-
plier regularization formalism has a more general feature than 
that in classical mechanics, we believe that the new formalism 
in this paper will give more insights on not-yet-known appli-
cations of Lagrange undetermined multipliers as well as the 
time-independent perturbation theory in quantum mechanics.
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Appendix A: Proof of Eq. (41)

In this appendix, we present a rigorous proof of Eq. (41). The 
proof of the first identity is given in Ref. [8] and we illustrate 
the proof of the second identity:

We define

Because �n(0)⟩ is an eigenket of H0 with the eigenvalue E(0)
n

 , 
H0 is a diagonal matrix in the basis set { �n(0)⟩ � n = 1, 2, ⋯} . 
In this basis, the matrix representation for the adjugate 
matrix A = H0 − E(0)

n
1 is

(A.1)

adj(A) = adj(H0 − E(0)
n
1) = �n(0)⟩⟨n(0)��

k≠n

(E
(0)

k
− E(0)

n
).

(A.2)A ≡ H0 − E(0)
n
1.

(A.3)

A = (A
ij
) = (⟨i(0)�A�j(0)⟩)

= diag(E
(0)

1
− E

(0)
n

⋯ E
(0)

n−1
− E

(0)
n

0 E
(0)

n+1
− E

(0)
n

⋯).
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Therefore, the matrix A can be expressed as

This is a diagonal matrix with the nn element vanishing. 
Thus the nth column and nth row are both completely 
vanishing.

The adjugate of a matrix A is the transpose of the corre-
sponding cofactor matrix C:

And the ij element Cij of the cofactor matrix C is the ij minor 
Mij of the matrix A multiplied by (−1)i+j . The ij minor Mij 
of the matrix A is the determinant of the submatrix of A in 
which the ith row and the jth column are eliminated from A . 
Except for a single case with i = j = n , ij minor Mij of the 
matrix A is vanishing because there is at least a single null 
column or a single null row:

The only nonvanishing ij minor is for i = j = n whose value 
is

As a result, the cofactor matrix is

This is a symmetric matrix whose the only nonvanishing 
element is Cnn . As a result,

(A.4)A =
�
k≠n

�k(0)⟩⟨k(0)�(E(0)

k
− E(0)

n
).

(A.5)adj(A) = C
T = (Cji) = [(−1)i+jMji].

(A.6)Mij = 0, (i, j) ≠ (n, n).

(A.7)

M
nn

= Det[diag(E
(0)

1
− E

(0)
n

E
(0)

2
− E

(0)
n

… E
(0)

n−1

− E
(0)
n

E
(0)

n+1
− E

(0)
n

…)]

=
∏
k≠n

(E
(0)

k
− E

(0)
n
).

(A.8)C = �n(0)⟩⟨n(0)��
k≠n

(E
(0)

k
− E(0)

n
).

This completes the proof of Eq. (41).
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