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Abstract

In this paper, our focus is on exploring the relative controllability of systems governed
by linear fractional differential equations incorporating state delay. We introduce a
novel counterpart to the Cayley-Hamilton theorem. Leveraging a delayed perturbation
of the Mittag-Leffler function, along with a determining function and an analog of the
Cayley-Hamilton theorem, we establish an algebraic Kalman-type rank criterion for
assessing the relative controllability of fractional differential equations with state delay.
Moreover, we articulate necessary and sufficient conditions for relative controllability
criteria concerning linear fractional time-delay systems, expressed in terms of a new
a-Gramian matrix and define a control which transfer the system from any initial state
to any final state within a given time. The theoretical findings are exemplified through
the presentation of illustrative examples.

Keywords Fractional calculus - Relative controllability - Determining function -
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1 Introduction

In this research paper, our focus is on investigating the controllability of linear time
delay differential equations. It is important to differentiate between the notions of
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function controllability and controllability in Euclidean space (relative controllability)
for these equations. This distinction arises because although the solutions of these
equations are trajectories in Euclidean space, the natural “state space” is actually a
function space. For the purposes of this study, we limit our discussion to controllability
in Euclidean space. Furthermore, unlike in the case of ordinary differential equations,
it is necessary to also distinguish between the concepts of complete controllability and
null controllability when it comes to controllability in Euclidean space.

Chyung and Lee initially explored the concept of complete controllability in
Euclidean space, focusing on a linear controlled hereditary system described by
multi-delay differential equations [1]. In 1967, Kirillova and Curakova [2] introduced
algebraic criteria for the null controllability of linear autonomous time-delay differ-
ential equations in Euclidean space. Building upon this work, Gabasov and Curakova
[3] demonstrated that the conditions derived in [2] are not only necessary but also
sufficient for achieving complete controllability, see also [4, 5]. Weiss [6] extended
the understanding of controllability by obtaining an algebraic sufficient condition for
time-varying differential-difference equations, encompassing the findings of Buckalo
[7] as a special case. Recently, Choudhury [8] published results closely related to those
presented by Gabasov and Curakova [3].

In recent decades, the field of fractional calculus has experienced significant
advancements due to its broad range of applications in various scientific and engi-
neering domains. Mathematical tools derived from fractional calculus have proven to
be highly effective in describing numerous real-world phenomena. These applications
encompass diverse areas such as fluid dynamics, archeology, electrode-electrolyte
polarization, transmission modeling, control theory of continuous/discrete dynamical
systems, electrical networks, optics, signal processing, and more.

The controllability analysis for fractional linear delay systems is typically based
on fractional calculus and control theory. Fractional calculus extends the concept of
derivatives and integrals to non-integer orders, allowing the modeling and analysis
of systems with fractional dynamics. Fractional delay systems introduce additional
complexity due to the presence of fractional orders in the system’s dynamics.

The controllability of fractional linear delay systems depends on various factors,
including the system’s structure, the fractional orders of the delays, and the available
control inputs. Fractional order delays can lead to rich and intricate dynamics, and
analyzing controllability in such systems can be challenging. Techniques such as
fractional differential equations, fractional Laplace transforms, and fractional control
theory are commonly used to analyze the controllability properties of fractional linear
delay systems.

It is important to note that the field of fractional calculus and fractional control
theory is still an active area of research. Developing efficient analysis techniques and
control strategies for fractional linear delay systems is an ongoing topic of investi-
gation, and different approaches may be employed depending on the specific system
characteristics and requirements.

Inrecent times, numerous researchers have focused on examining the controllability
of various systems that are described by integro-differential equations with fractional
order. To delve deeper into this topic, we suggest interested readers to explore the
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works of several authors [9-25], as well as the additional sources mentioned in those
references.
We are going to study the relative controllability of a linear fractional system with
delay
{CD(")‘+y(t) =Ay(t)+By(t—h)+Cu(t), te,T], h >0, 1.1
yO) =y, y@)=¢ (@), —h=<1t<0. '

Here € Dg‘+ is the Caputo fractional derivative, 0 < o < 1, A, B are d x d constant
matrices, C is an d x r constant matrix. We assume that the initial condition ¢ (¢) is con-
tinuous on the interval [—/, 0] and an admissible controlu € L? ([0, T],R"), p > 1.

In 2015, Mur and Henriquez [22] extended the results on null controllability of [2] to
the Caputo fractional time-delay linear system. They obtained algebraic criteria for the
null controllability of linear autonomous fractional time-delay differential equations
(1.1) in Euclidean space. We extend to system (1.1) the algebraic criterion of relative
controllability established in [3] for the classical differential system associated to (1.1).

The proof of algebraic criterion for the relative controllability for linear differential
systems, known as Kalman’s criterion, relies on two important results.

— The first result is the integral representation formula for the solution of a Cauchy
problem in a nonhomogeneous system. This formula expresses the solution x ()
as the sum of two terms: the exponential of the system matrix A multiplied by
the initial condition x(, and an integral involving the matrix exponential and the
control input #(s). The matrix exponential, denoted as exp(At), is defined as a
power series involving the matrix A. It starts with the identity matrix /, and each
term in the series is a power of A divided by the corresponding factorial.

— The second result is the Cayley-Hamilton theorem, which states that for a given
constant n X n matrix A, every power of A from the nth power onward can be
expressed as a linear combination of a finite number of matrices: the identity matrix
I, A, A%, and so on up to An—1L,

These two results are significant in the research on controllability and serve as
motivation for further exploration. In this study we use the following analogues of
these two results to obtain an algebraic criterion for the relative controllability of

fractional system (1.1):

— representation of solution expressed using delayed Mittag-Leffler matrix function
Y, 2 l’faand delayed a-exponential matrix function X 2’(50[, which are defined by
means of determining function Q41 (jh) in [26], see Theorem 1. It is important
to emphasize that the studies conducted in [15, 22] focused on the solution rep-
resentations for the Caputo fractional delay differential equations (1.1). However,

the explicit forms of Y}f fa and X;l\,’(fa were not provided in that paper. Conse-
quently, we are unable to utilize this representation for deriving the Kalman-type
criterion;

— analogue of the Cayley-Hamilton theorem for the determining function Q41 (jh),
which is proved in Lemma 4.

Another criterion for the relative controllability for fractional linear time-delay
systems is a necessary and sufficient condition in terms of the Gramian matrix. The
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expected Gramian matrix is
’ xAB T
W(O,T):/O XpME (T —r )CCT( 1a(T—r)) dr.

Since delayed o-exponential matrix function xA h .o Das singularities at the points
0,h,2h, ..., W (0, T) does not converges and is not well-defined. To neutralize the
singular points we introduce a new «-Gramian matrix

T
Ga(O,T):=/ Xl @ —neet (vhE @ —n) ar
0

see Definition 7, which is well-defined for all 0 < « < 1, but is not symmetric
matrix, see Lemma 6. Using a newly defined «-Gramian matrix G, (0, T') we prove
a necessary and sufficient condition for the relative controllability.

The main contributions of this article are as follows:

— We employ a method based on the delayed «-exponential matrix function x4 hoa, a,
as outlined in Lemma 3, which deals with the sequential Riemann- Liouville
derivative of this function. Additionally, we establish an analogue of the Cayley-
Hamilton theorem for the determining function Qx4 (jh). Utilizing these tools,
we demonstrate a Kalman-type algebraic criterion for the fractional linear time-
delay systems, where the fractional order 0 < o < 1 ranges between 0 and 1.

— We introduce a condition for relative controllability of linear fractional time-delay
systems (1.1), which is characterized by a newly introduced «-Gramian matrix,
denoted as G4 (0, T'). This condition is both necessary and sufficient for assessing
relative controllability. Using Gramian matrix we define a control which transfer
the system from any initial state to any final state within a given time.

This paper is organized in four sections. In Section 2 we study properties of the
determining function and prove analogue of the Cayley-Hamilton theorem. In Sec-
tion 3, we prove Kalman type algebraic criterion for the fractional linear delay system
in terms of determining function. Moreover, we introduce an o-Gramian matrix and
prove a new criterion in terms of «-Gramian matrix G (0, T'). Finally, in Section 4
we apply our results to study the relative controllability of some concrete systems.

2 Determining function and Cayley-Hamilton theorem
We first recall some definitions and lemmas.

Definition 1 [27] Let 0 < o < 1. The Riemann-Liouville fractional integral I;‘f_ yis
defined by

oy @)= r()/ r—0*'y@)ydr, t<T.
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The Riemann-Liouville fractional derivatives ® DY, y and ®-D%_y are defined by

RL _ o
D Ly () = - )dt/(t )y Y“yr)dr, t>0,

RL o - _ —
Dy y (1) = F(l—a)dt/t r—t"ym)ydr, t<T,

respectively. The Caputo fractional derivative € Dy, y is defined by

DLy = m/(t—r)“—y(r)dr t>0.

Lemma1 [27]Ifa > 0and y > —1, then

I'y+1
(RLD?_ (T—s)y)(t)zﬁ@—t)y_a, a>0,y>—1,

(RLD‘;, (T — s)“_l) (t) = 0.

Next, we present a specific form of the fundamental matrix that will be valuable for
future sections. The Mittag-Leffler function, which is an extension of the exponential
function, plays a crucial role in this context. The purely delayed Mittag-Leffler matrix
function, which incorporates delays, is defined in the reference [28]. Additionally, more
recent research, as cited in [26, 29] has focused on the study of delayed perturbations of
Mittag-Leffler type matrix functions. This paper introduces and examines the delayed
perturbation of Mittag-Leffler type matrix function and «-exponential matrix function
through the use of a determining matrix equation for Qy (jh) :

Ok+1 (Jh) = AQk (jh) + BQr (jh —h),
Qo(jh) = Qr(=h)y=0, 010 =1,
k=0,1,2,....,j=0,1,2, ..., @.1)

where [ is an identity, ® is a zero matrix. It is obvious that Q41 (jh) satisfies the
following equation:

Qi+1 (jh) = O (jh) A + Qi (jh — h) B,

and Q41 (jh)=Oforj>k+1> 1.

The matrix family { Qx+1 (jh) : k, j e NU{0}} C Rdxd plays arole as a kernel for
the delayed perturbation of Mittag-Leffler matrix function and delayed «-exponential
matrix function.

Apply the Laplace transform in

CD“Y(t)_AY(t)—i—BY(t—h) te(0,T], h >0,
YOO =1,Y) =0, —h<t<0.
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992 N. I. Mahmudov

It is shown in [22] that
MY ) =2 =AY O +e MBY (0.
Then

Py -1
Y (1) = 29! ()J" —A— e—“‘B) ,

where Y (A) is the Laplace transform of Y (¢). Let X (¢) be the inverse Laplace trans-
form of

X0 = (x“ _A- e_”’B)_l :
Then
Y (6) =L {,\“—1 (,\“ —A- e_”lB)_l} ,

Xt =L" {(x“ —A-— e—“’B)l} .

Here L~! is the inverse Laplace transform. In [26, 29], the explicit formulas for Y (¢)
and X (¢) are given and it is shown that

yo=y}ro., xo=x"l 0.

h,o,o
see Definitions 2 and 3.

Definition2 Leta, B > 0, t € R = [0, 00). Delayed perturbation of two parameter
Mittag-Leffler type matrix function Y, ﬁ fﬂ generated by A, B is defined by

00 i 00 ([ _h)ia
i 0) ——— i h) ——
YAE () 521 O TGarp THY Y Tt
. p T o) (f _mh)lot
+... +i§m Qit1 (mh) TGatp)

where mh <t < (m+1)h, m € NU{0}.

We can derive the following important properties of Y ,f(f 5 (1) and
{Qk+1(jh) : k, j e NU{O}} :

—Ifj > k+1fork > 0, then Qxy1 (jh) = ©. Therefore, a matrix family
{Qi+1(jh) : k, j € NU{0}} € R?*4 is a lower triangular matrix.

— For arbitrary (commutative or non-commutative) real matrices A, B € Réxd 4
matrix family {Qx41 () : k, j € NU{0}} c R¥*4 is satisfying Q41 (jh) =
AQy (jh) 4+ BQy (jh — h)) for k, j € NU {0}.
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— For arbitrary commutative real matrices A, B € R9%d je., AB = BA, a matrix
family {Qr41 (jh) : k, j € NU{0}} C R?*4 satisfies Qry1 (jh) = (’;)Ak*jBf,
k, j € NU{0}.

Ak’ J = Oa

®, jeN.
Mittag-Leffl trix function: Y2, (1) = %AiL =

a Mittag-Letfler matrix function: ha B = TR =

— If B = O, then forany NU{0}, Qx41 (jh) = { and Y;",”; becomes

Eq g (At%)

fort > 0, see [27, p.53].

k=J,
k#j

YhA: (’fﬁ becomes the pure delayed Mittag-Leffler matrix function Y,f fﬂ (1) =

X g (L= k)
> BY—————fort > 0, where (¢), := max (0, 1).

=0 I (ka+p)
- Y, hA &Bﬁ (+) is a continuous function on [0, c0) .

B/
- If A = O, then for any k, j € NU {0}, Qry1 (jh) = {O ’ and

Next we define delayed o-exponential matrix function x4
counterpart of ey o (A1%) = 1%~ lEa,a (At%), see [27, p.50].

which is delayed

hOtOl’

Definition3 [29] Let« > 0, ¢ € Rx¢. Delayed o-exponential matrix function x4
generated by A, B is defined by

haa

i

oo
X (0 =17 Z Qi+1(0)

I (ia +a)
a—1 (r — )la
h) ZQ,H()F(HQ)

(t — mh)ia

+ ot —mh)*! Z Qi1 (mh) m,

i=m
where mh <t < (m+ 1)h, m e NU{0}.

Remark 1 By definition the function X;"’aBa (), 0 < o < 1, is continuous on
Rxo\ {mh : m € NU {0}}.

Let us introduce the following notations:

k PP - (t — kh)'®
Yy op (0 —kh) = ; Qi1 (kh) s
Xf o (t = kh) = (¢ = k)*™" YE (¢ — kh)
L aeINS (t — k)¢
= (= kR 1Y Ot (kh) e 5

i=k
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Now we introduce a shift operator T" (h € R) which takes a function f on R to its
translation f :

Thf )y = fi=fa+h).
Say, if f (1) = 1* then ™™ f = f (1 — mh) = (t — mh)*.

Using the shift operator we can give an equivalent definition of Yﬁ(’f ) and X
As it is shown in [26], Definitions 2, 3 and 4 are equivalent.

A,B
h,a,a*

Definition 4 [26, 29] Delayed Mittag-Leffler type matrix functions ¥ ,ﬁ (’fﬂ and delayed

a-exponential matrix function X ,’?’aBa generated by A, B are defined by

00 ak
AB . —hi>k (0%
Y, 1) = A+ B a ) —
nap (1) ,;( +Be T (ak+ B)
0 ak+o—1
A,B _hd k (t)-q-
X, 03 (a s perd) OE o
e () — + Be I (ak + @) =0

where (¢) 1 := max (0, 1).

It is clear that

HY;“& (’)H = i (IIAII + Bl e—h%)’c ()%

= I (ak + B)
00 ok
k
fg(IIAIIJrIIBII) T
= Eap (1Al + Bl 1%). 2.2)

Definition 5 A function y : [—h, T] — R is said to be a solution of (1.1) if y is
continuous on [0, 7], conditions y (0) = yg, y () = ¢ (), —h <t < 0, are
satisfied, and the equation

AR min(0,7—h) AR
Y(I)ZY;,,(;’](I)QD(O)—F/}! Xywo & —5—h)Be(s)ds
t
+/ X;:"aBa (t—=s5)Cu(s)ds (2.3)
0 .,

isvalued forO <t < T.

Theorem1 [29] Let 0 < o < 1l and p > é For any admissible control u €
L? ([0, T],R"), there exists a unique continuous solution y on (0, T]to (1.1).
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By taking @« = 1 the system (1.1) reduces to a classical order delay system and
solution representation (2.3) coincides with the classical one, see [30, 31].
Let us present two lemmas that will be used in the proof of the main results.

Lemma 2 The function x4 (T — t) satisfies the following equation

ha(x

Rbpe xMB (1 —1y=ax B (T —0)+ BXE (T —1—h),

haa haot haot

lim 17 (X0, (T = 9) 0 =1.

t—T~

Proof Taking the Riemann-Liouville fractional derivative D%._ and using the formulas

(RLD%, (T — s))’) ) = F(V——i_l) (T =)V

3 0120,)/>_1,
F'y—-—a+1)

and
(*pg (=" ") 0 =0,
we have

RL A,B
D?‘* Xhotoc(T —1)

—t— lh)ka+(1 1

RL o
DS Z > 01 (i) L T

k=0 0<i<k

- (T
=y Qk11 (ih)

t_lh)kol 1
I (ka)

= Q12 (ih) T ke +a)

> (T — 1t — ikerer!

=AY D Qb Tt

oo ) (T t_lh)ka+ot 1
+BY > Quii(ih—h) et

k=0 0<i=<k+1

( —t— _lh)ka+a 1

= AXjr, (T — r)+BZ Y Ok (ih) FGa T

k=0 0<i<k

= AX) P (T =0+ BX) (1 —1—h)

haot

A+ Be m) (T —1).

haa
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Next, we prove the second equality:

11—«
121}17 1= ( hw(T s)) (0
. 1 . T w o0 _hi k (T _ r)ik-H)l—l
“Td—a Am | =D (Z(AJFB@ d) I (ak + o)
( )kaJra 1
:F(l—oz) Jim / (r=n" ZQ"“() Fhata O
_ T (r — )= (T — r)frte!
- Fiow Z I e i B
—i Qrs1(0) lim ﬂ—Q ©) =1
T P - T+ 1) 2T
O
For jh < T —s < (j + 1) h, define
j
X; (T —s5) = REDpex P (T —s) =" Quyr (W) Xpo0 (T —s —ih).
=0
Lemma3 We have
REppex 2 (T =) =Y Quir (h) X500 (T =5 —ih), (2.4)
i=0
lim 1 (X (T =) = X1 (T =) () = Qu (), (25)

(—(T—jh)~
where RL Dy X;? aBa is the sequential Riemann-Liouville fractional derivative of
order m.

Proof Case m = 0 is obvious. Case m = 1, is proved in Lemma 2

Ry Xl (T =0 = (A+ BT ) X;M0, (T 1)
=0 O X)Ll (T =D+ QX2 (T —1—h).

We use mathematical induction (2.4). Assume that it is true for m = n, then for
m =n + 1 we have

RLD(n+l)ot A,B (T _ t)

haot

= ("'D§) KEDpe XN (T — 1)
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n
=REDE Y " Quit (ih) Xphogy (T — 5 — ih)
i=0

n
- Z Ont1 (ih) *EDY_X hw (T —s —ih)
i=0

=3 Qurt (M [AXRE, (T =5 =i + BX[L, (T —s —h—im)]

i=0

—ZQn+1 (ih) AXpg (T =5 — ih)

i=0

n+1

+ 3 Qui1 (ih—h) BX) L (T —s—ih)

i=l1

n+1
=Y [Qnt1 (ih) A+ Quir ih —h) B Xjn2 (T =5 —ih)
i=0

n+1
=Y Oupa (ih) X0, (T =5 — ih).

i=0

In order to prove (2.5) we use (2.4). Using the equality

Xj (T =) = X;1 (T =) = Qut GH X5 (T — 5 — ji)

we get

- 1—a T _ o) Y _
H(1T1r_njh)_ Iy " - (X (T =)= Xj—1 (T —9) @)
1

= o Om+1 (jh)

T—jh
x  lim f =07 (X2, (T = r = jm)ar
t

t—(T—jh)~
. . T_jh —
“Tri-wo Om+1 (jh) H(lTlr_njhr f (r—1)
00 (T r_]h)kot+ot 1
x (I;O Q1 O s dr
1 o0
=—— On ih 0
i —ay 21 U )1;) Qx+1(0)
) /T jh (r—10" ot(T_r_]h)koH-a 1
X lim
t—(T—jh)~ I (ka + @)

dr
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o0 . kO[
. . (T —t—jh)

= O h § 0 lim —— 2
Om+1(J )k:0 Qr+1(0) Ll ket

= Q41 (jh) Q1 (0) = Q1 (GH) .
O

Next lemma is analogue of Cayley-Hamilton theorem for the determining function
Qk+1 (jh) . Similar result can be found, for example, in [32].

Lemma4 Forany p,d < p < 00, the following equality holds:

rank {Qy+1 (W) C : k=0,1,...,d — 1}
=rank {Qx4+1 (JR)C : k=0,1,...,p; j=0,1,...,1}.

Proof It can be easily shown that (see [26])

k
(A+sB)F = "5/ 0rs1 ().

j=0
The characteristic equation of matrix A + s B has the form
A L) :=det(\] — A —sB)
=4+ pr A+ L+ pa(s) =0. (2.6)

The coefficients py (s) in (2.6) depend on the variable s and are written in the form

i
pi(s) =Y pijs’.
j=0

Therefore

d d i
AA+sB) =) pi)X " =" pij(A+sB)? s/ =0. (2.7)
i=0

i=0 j=0
Taking into account that pgpg = 1, we can represent the above equation in the form

d i

(A+sB)Y +> > pij(A+sB)y ™" s/ =0.
i=1 j=0

It follows that

i

d d d—i
357 0a G C+3.Y pi Y 5! Quig1 (th) CsT =0
Jj=0 =0

i=1j=0 =
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Comparing the coefficients of s/ and having in mind that Qg1 (jh) = O, j >d + 1
and Qg+1 (s) = 0, s < 0, we get

d i
Qa1 (M) C == " pijQu-it1 (1= C, 0<I=<n.

i=1 j=0

Therefore, matrices Q441 (Ih) C arelinearly dependent on the matrices Q4—;+1 (jh) C
forj=0,1,..,1

Thus, the lemma is proven for p = d. The validity of the lemma in the general case
can be proved by induction for p. O

It should be stressed out thatif j = 0,d = r, and C = I then Q41 (0) = A¥ and
Lemma 4 becomes the Cayley-Hamilton theorem:

rank{Ak k=0,1,...d— 1} - rank{Ak k=01, ...,p}

for p > d.

3 Relative controllability
3.1 Controllability a-Gramian

We introduce the following concept of controllability.

Definition 6 The system (1.1) is said to be relatively controllable on [0, T'] if for
every yo € R4, o eC ([—h, 0], ]Rd) and for every yr € R there exists a control

ueLP(0,T],R"), p> L suchthaty (T, yo, ¢, u) = yr.

a’

The representation formula (2.3) leads us to introduce the mapping COT
L? ([0, T],R") — R4 given by

T
clu ::/ XME (T —r)Curydr.
, tha

In what follows, without loss of generality, we assume that mh < T < (m + 1) h for
some m € NU {0} and we denote ¢ the conjugate exponent of p: % + [ll =1.

Lemma5 LetO <o <landp > é The linear operator
cl:LP (0,71, R") — RY is bounded.

Proof Indeed, for any u € L? ([0, T], R") and % + é = 1, using the inequality (2.2)
we have

|ctul < /OT |xi2, @ =n| e e ar
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T ©0° k . (T— )ka+a 1
SIICII/O kgganﬂ(zh)n TR llu ()|l dr
00 k
<||C||kZOj ;ngmomnm/ (T —r—il)§ " )l dr

k— f— [—
< IIClllg (AN -+ 181D T ko + )f (T —r —kh)% " u ()] dr
ko

F(k+)

T 7
(/ (T —r — k)4~ l’d) (f ||u(r)||”dr>
0

ko

I (ka + )

<lc| Z (1Al + 1Bk

=cl Z (1Al + 1 BIDF
k=0

1 1
o qla=D+1\ ¢ T 7
y (T —r —kh)y </ ”M(r)”pdr)
qgla—-1)+1 0

< ICll Eao ((AI+1BI) T*)

1 1
o Gla=D+1\ g T i
% % </ ||u(r)||pdr> )
gla—-1)+1 0

Hereq(a—l)—}—l:ppa—__ll>0. m|

Theorem2 The system (1.1) is relatively controllable at time T if and only if
n TxA —r)C=0,r €[0,TI\{0, h, 2h, ..., mh}, implies that n = 0.

haa

Proof (—) Assume that system (1.1) is relatively controllable at time 7 and

7,’T)(AvB' (T _ V) C = ()’ r e [O7 T]\{O, h, 2]’1, cees mh} .

h,a,a

Letu € L? ([0, T],R"). Then
T
nT/O haa(T r)Cu (r)dr =0.

Since u was arbitrarily chosen, this implies that n € (Im COT )l = (Rd)J' = {0}.
(«<=) Conversely, assume that system (1.1) is relatively not controllable, that is,
exists 1 # O such that n € (Im COT )L. Proceeding as above we have

T
r;T/ haa(T rYCu(r)dr =0
0
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forallu € L? ([0, T],R"). Let V; C (T —({ + 1)h, T —[h) be measurable set
and up € R". We define u; (s) = xv, (s) uo, where xy, stands for the characteristic
function of V;. Then

nT/ haa(T—r)Cu(r)dr—O
Vi

Applying the mean value theorem, we deduce that
nT haa(T—r)C_O ae.re(T—(U+1)h,T—1h).

Since the function nTXh wa T —1)C is continuous on (7" — (I + 1) h, T — lh) and
ug € R” was arbitrarily chosen, we obtain that

nTXEE (T~ C =0, re[0,TIN{0. h,2h, ..., mh}.

O

A necessary and sufficient condition for relative controllability in terms of the
Gramian matrix typically involves analyzing the properties of this matrix, such as its
positive definiteness. Thus, by examining the properties of the controllability Gramian
matrix, one can derive necessary and sufficient conditions for relative controllability
in the context of fractional linear time-delay systems. This criterion provides valuable
insights into the controllability properties of such systems, aiding in their analysis and
control design.

Consider nondelayed system (1.1), the case when B = ® :

{CD“y(t)_Ay(t)—i-Cu(t) te(,T], h >0,
yO) =y, yO)=9(@), —h <t <O.

In this case
(T—r)=(T —r)* " Ego (AT —1)%).

hota

In nondelayed case, in the literature [23, 24] there are the following definitions of the
Gramian matrix

T
W(,T) = / (T — 1)V Eqo (T —1r)CCT (Eqo (T — 1)) " dr
0

T
Wi (0, T) = / (T =)' [ =2 By (T =1 C
0
x CT (Eqqo (T —1))"]dr
T
W, (0,T) = / (T —r)*1= [(T —)? @V E, (T —1r)C
0

x CT(Eqo (T —1)"]dr
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W (0, T) is well-defined for% <a <1,W;(0,T)and W (0, T) are well-defined for
every € (0, 1]. The addition of (T — r)!=% and (T — r)*>1=® play a neutralizer of
singularity at r = T for Wy (0, T') and W5 (0, T'), respectively, and is sufficient for the
convergence of Gramians Wj (0, T') and W, (0, T). But in the delayed system (1.1),
it is not the case. At first glance, analogues of W (0, T), Wy (0, T) , W> (0, T') for the
system (1.1) would be

T
W(O,T):[ Xt @ —nect (xpl @ —n) ar,
0

otXAB

h,o,a

T T
Wi (0.T) =/ (T —n' (T =) CCT (X}l (T = 1)) dr
i ,

T
B T
W) (0. T)=/ (T =210 X 0 (= et (X2, —n) dr,
0

since X2 = (T —r)*! Ey.o (A(T —r)%), in nondelayed case. The fol-

r)21=%) does not

h, Ot o (T r)
lowing example shows that, the addition of (7" — M= and (T —
play a neutralizer of singularitiesatr =T —h, r =T — 2h, ....

Example 1 Consider the following simple control problem:

CDlox(t)—x(t)—I-x(t—1)+u(t) 0<t<T=2,

x(t)=1, —-1=<t=<0.

Inthiscase, A=1, B=1,C=1,aa = Lo h=1, Qr+1 (Jh) = (l;.).Thematrix

XI ]1 . (2 —r) has the following form
10° T0
Ly ii kK @—r—jymti
X1, @Q-n= () i 1
L 10:10 k=0 i=0 J F(mk+m)
© 2Tk (1= )2k
ZZF lk 1 +ZF lk 1\°
k=0 (E +F)) k=1 (ﬁ +F))
It is clear that
,2 0 Lp_9 2
2 — 16k (1—=r)0* 10
W(O,2)—/ (Z( r) 5 Z r) )dr
0 I (k+15) = T (565 + 1)
(2— ) 1
L dr + ...,
0
R 00 19\ 2
2 — 10K 10 1 — 10K 10
Wi (0,2) = /(2—}’90(2( AL ety l>dr
= Ik + 1) o T (ok+ 1)
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(l—r)fﬁ
/ (2—r)10— r+ ...,
()

2
2 18 2 — r)1k=15 (1— r)ll()k_lgo>
W2(0,2)=/ (2—”)10(2 +E dr
0 I (i5k + 15)

k=0 F(Ek"' 10) k=1

16
_/z(z_r)}g mdr+
= 5
0 r* ()

and all expected Gramian matrices W (0, 2) , Wy (0, 2), W> (0, 2) diverge. The terms
(T — )" and (T — r)>1=® remove singularity of the first series only and for the

. . _ 9
second series we need another neutralizer, say (T —r — mn'=¢=1-r.

Following the example provided, let us introduce a novel Gramian matrix, called
the o-Gramian matrix, that is applicable for all values within the range 0 < « < 1.

Definition 7 We define the controllability «-Gramian of the control problem (1.1) as
the nonsymmetric d x d matrix

r T
Ga(O,T)=W1(0,T):=/ Xl =neet (vl a—n) ar
0
T
:/ XpP (1 —ryccT
0

;
(Z(T—r—lh) X (T — r—lh)) dr.

Remark 2 1t is important to emphasize that G, (0, T) is not symmetric matrix,
although it becomes symmetric matrix when B = © or ¢ = 1. Since the integral
part of the solution of (1.1) contains x4 hootr (T r) in order to define a control, see
(3.3), that transfers the system from any point yg to arbitrary point y, it is necessary
to define the Gramian matrix as nonsymmetric. This Gramian matrix specification is
the only acceptable option for the control system (1.1).

Lemma 6 For0 < o <1 the a-Gramian G, (0, T) is well defined.
Proof Indeed,

1Go (0, T)]
/ Hxhw r)CCT( yhE (T - r)) Hdr

/ Z(T—r e 1Y;fM(T r—Jh)CCT(haa(T—r)) dr
< |vks, @ icre / Z(T—r iwetar v, @]
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< [viz oo ier Zw Y e )
T gt 10 ]
J=0

O

Now, we present out first main result: a necessary and sufficient condition for the
relative controllability in terms of c-Gramian matrix.

Theorem3 Let O < o < 1. The system (1.1) is relatively controllable at time T if and
only if

T
Ga(O,T)=/ Xl —neet (vhL - ))Tdr
0

is nonsingular.

Proof (—) Assume thatsystem (1.1)is relatively controllable and that the o-Gramian
Gq (0, T) is singular. Then there exists 7 € R?\ {0} such that

NG (0. T)n = nTXpl (T —rcct

;
(Z(T—r—m)l+ “ng(T—r—Zh)> ndr = 0. (3.1
=0

Let w(r) = nTXE (T =) Can ol () = CT (Xﬁlw (T —r — lh))T 7. Then
from (3.1), it follows that

m_ T
0= Z/O (T —r =) w(r) o (r)dr
m_ T
> Zf (T —r — mh)ra o (r) o (r)dr
1=0 V0
T m
— / (T —r—mh)™w@)) o (r)dr
0 1=0
T
= / (T —r —mh)+ %o (H)|? dr
0
T —mh
:/ (T —r —mh)'"™ |lo ()| dr.
0
Therefore w (r) = 0, almost everywhere on [0, T — mh]. Since

w(r)—nTth(T rC
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is continuous on [0, T —mh), @ (r) =0on [0, T — mh).
Similarly,

LY
0:2/ (T —r I w @) o (r)dr

1=0*9
m T

:Zf (T —r = w@) o (r)dr
=0 T—mh
m T

= Z/ (T —r =Dy %o @) o (r)dr
=0 T—mh
m T

ZZ/ (T—r—m—-DWw@) o (r)dr
=0 T—mh

T—(m—1)h m
=/ (T—r—m-Dwr)) o rdr
T

—mh 1=0

T—(m—1)h
=/ (T —r—(m— 1D o @) dr.
T

—mh
Therefore w (r) = 0, on (T — mh, T — mh + h). Repeating we have w (r) = 0, on
0, T —mh)y U, (T —m—1+1Dh,T—m-—10h)=[0,TI\{h,2h, ..., mh}.
Therefore, w (r) = 0, almost everywhere on [0, T']. From the relative controllability
of the system (1.1), it follows that for the initial state yo = 0 and the final state yr = n,

there exists a control function u which steers the solution y from O to 1, during the
time interval [0, T']. Hence, from (3.1) we have

T
n:/ X;"2 (T —r)Cu(ryar,
| tha.

and

T T
Inli? = 0Ty = /0 WTXEE (T =) Cu ) dr = /0 o urydr.  (32)

Since w (r) = 0, almost everywhere on [0, T'], (3.2) implies that = 0, which is a
contradiction with n # 0.

(=) Let yr € R? be the desired final state. If G, (0, T') is invertible, then the
control function

70 =CT (v, @ =n) Ga .7

h,o,a

0
x (yr — Y (1) yo - /4! xpB (T —s—h) By (s)ds> 3.3)
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is well defined and belongs to L? ([0, T], R") , even it is continuous on [0, T']. More-
over, inserting the control 7 into (1.1) we get

0
y(T) = ha](T)y0+fh haa(T_r_h)B‘P(r)dr
T
+/ hw(T r)CCT< yiB o (T — r))Tdr(Ga(O,T))_l
0
0
x(yT—Y,jffl(nyo—fh xpB - s—h)Bw(s)ds)
0
ZYﬁ&ﬁ(T)YO‘i‘fh haa(T—r—h)Bgo(r)dr
+ Gq (0,T)(Gy (0, T)) !

0
x(yr—Y,jf;fl(nyo—/h Xyl (T — s—h)Bq)(s)ds)

=)r.
Hence, the control u steers the solution of the system (1.1) to the desired value yr. O

3.2 Kalman-type criterion

Finally, we prove our second main result: the Kalman-type criterion for the relative
controllability.

Theorem 4 Let 0 < o < 1. A necessary and sufficient condition for the system (1.1)
to be relatively controllable on [0, T] is that the matrix

04 (T) =1{Q1 (jh)C, Q2 (jh) C, ..., Q4 (jh) C : jh € [0, T]}
has rank d :
rank éd (T)y=d

Proof a) Sufficiency:
Suppose that

rank {Q (jh)C, Q2 (jh)C,...,Q04(jR)C : jh€[0,T]} =d

but Im LT # RY, that is the system (1.1) is not relatively controllable on [0, 7']. Then
by Theorem 2 there exists 0 # n € R such that

nTX)E (T —rC =0, onrel0,TIN{0,h 2, ..mh).  (3.4)
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It follows that

|:11m Il “( A8 (T - ))(t)]cznTgl(O)c=nTc=0.

t—T-

By Lemma 3 (3.4) implies that

n |:,_)(lTir_njh)— I(lT a/h)— (Xj (T—s)—X;—1 (T — s)) (t):| C
=0T"0ms1 () C =0,

form =0,1,2..., j =0, 1,2, .... Thus the vector n is orthogonal to all columns of
@n (T), which is a contradiction. Hence Im COT =R4,

b) Necessity:

First we show that controllability implies that

Ooc (T) ={Q1 (jh) C. Q2 (jA) C, ... Qu (jh) C, ...t jh € [0, T)},
rank Qoo (T) =

This means that the number of linearly independent columns in the sequence
{O1UMC, 02N C, ... 0 (JM) C, ...t jh € [0, T)}
is equal to d. Suppose the contrary that there exists 0 # n € R? such that
nTQi+1 (Jh)C =0, i=0,1,2..., jhel0,T).

The function X2 hoo (T r) C is piecewise analytic on [0, T'], i.e. analytic except at
isolated pomts of [0, T], which are T, T — h, T — 2h, etc. On the other hand the

function X2 hoo (T —1)C vanishes for r > T'. It follows that
% j+a—1
(T —r)®/™e
TxY T—r)C = T0i i (O)C——— =0, a.e. 0,T].
n h,a,a( r) jgon Qj+l() I @j+a) a.e.on [ ]
So

nT h(w(T—r)C_O a.e.on [T —h,T].

Repeating this, we obtain

WX (T C=qT [nga’a(T—r)+X}1,’a’a(T—r)]C

(T _ r)aj‘l’afl 0 (T — = h)Olj+Olfl

— TO., (O C—2 TO:1 (W) C
jgon Q)1 O C— oty +J§n Q41 (h) RCTE,

=0, a.e.on [0, T —h].
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It follows that

nTXAB (T —r)C =0, a.e.on [T —2h, T —h].

h,o,o
Repeating these, we have that there exists 0 # € R? such that

T)TXA’B (T_r)CZO, a. €. on [0, T]

h,o,a
This is a contradiction. This means that the relative controllability implies that rank
O (T) = d. R R
It remains to show that rank Q. (T') = d implies that rankQ, (T) = d, which

follows from Lemma 4. Indeed, by Lemma 4 the matrices Q,,,+1 (jh) form 4+ 1 >d
are linearly dependent on the matrices Q;+1 (lh) fori =0,...,d —2,1=0,1, ..., j.

rank{Qm+1 (jh)C :m =0,1,...,d — 1}
=rank{Qm+1 ((W)C :p>d m=0,1,....,p; 1 =0,1, ..., j}.

O

In the next two corollaries we consider two special cases separately: (i) nondelayed
case B = O, (ii) purely delay case A = ©.

Corollary 1 /23] Let O < o < 1. Assume that in the system (1.1) B = ©. A necessary

and sufficient condition for complete Euclidean space controllability on [0, T is that
the matrix

{C AC...A‘HC}

has rank d.

Theorem 4 presents a novelty, even in the context of purely delayed fractional linear
systems.

Corollary 2 Let 0 < a < 1. Assume that in the system (1.1) A = ©. A necessary and
sufficient condition for complete Euclidean space controllability on [0, T] is that the
matrix

{c BC ... Bd—lc}

has rank d.

Proof According to Theorem 4, it is enough to show that
04 (T) = {c BC ... Bd—lc} .
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Indeed, since in the system (1.1) A = ©, the determining equation becomes

| BY k=],

and

04 (T) = {0} (jh), Q2(jh), ..., Qa (jh) : jh €0, T]}
= [c BC...Bd’]C}.

O
It should be noted that comparable result were achieved in [10], when the value of
oa=1.
4 Examples

Example 2 1et us have the differential equation of third degree with a constant delay:

{D8‘+y(t):Ay(t)+By(t—h)+Cu(t), te,T], h >0,
yO) =y, y)=¢ @), —h=<t<0,

where
100 123 0
A=|110]), B=|012]}), Cc=1]0
001 001 1

We want to know whether this system is relatively controllable. Let us check the
necessary and sufficient condition. First, we will find the matrix Q3 (T):

03 (T) = {c AC BC AXC (AB + BA)C B*C ... A232C]
030610 ... 10
102074 .24
12124 .1

We have rank @3 (T) = 3, so the system is relatively controllable.

Example 3 Let us have the differential equation of third degree with a constant delay:

{Dggy(t)=Ay(t)+By(t—h)+Cu(t), te(,T], h >0,
yO)=yo, yO)=¢(@), —h=1<0,
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where
100 123 100
A=]|110}), B=]012}), C=1010
001 001 000

First, we will find the matrix @3 (T):

03 (T) = {c AC BC A>C (AB + BA)C B2C ... AZBZC]

100120100440
=1110010210240
000000000000

140 140
010..290
000 000

We have rank @3 (T) = 2, so sufficient condition is not implemented so we can not
conclude if the system is relatively controllable.

Example 4 Consider the time-invariant system (1.1). Choose o = % A =
<01 B =06, C= 2 , T =1, h = 0. Now we apply Theorem 3 to

00)’ ’ 1
prove that the system (1.1) is controllable. First,

1 T
Ga(0,1)=/0 ol l(l—r)CCT( OAIBI (1— r)) dr

/ZAl D

+ 4
(i5+3

1

77 3
)1 ds.
3+3)

;CCTZ AT'F(

By computation,
o0

(l_s)l 1 1 1
- I+ Al =55,
2N T e

= Tliz+3

l:O ( 3+%

SN—" w\
~
—_
Wl —
= ~—
~
—_
Wl
N
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_ [ 1.38850.6131
~\0.61310.1045 ) °

It is obvious that G (0, 1) is nonsingular and

L1 (04529 2.6581
(G (0, 1)) _<2_6581 —6.0200)'

Thus by Lemma 3, the system is relatively controllable. The control

:
u(s) = CT (Y(ff; (1~ r)) (Go (0, 1) (yl —v @ yo)

33—
= ( 2,4 SOLI ) (—0.4529 2.6581 )
r(dy " r@ 'r())\26581 —6.0200 3- -

transfers the system form yg to the point y;.
On the other hand,

rank@z (T) =rank (C AC) = rank (? (1) ) =2.

Thus by Theorem 4, the system is relatively controllable.

Example5 Consider the time-invariant system (1.1). Choose o = %, A =
—1—-4-2 2
0 6 1 ,B =0, C =|0].Now we apply Theorem 4 to prove that
1 7 1 1

the system (1.1) is controllable.
R 2-46
rank Q3 (T) = rank (c AC A2C> —rank | 0-17 |=3.
11 —12

By Theorem 4, the system is relatively controllable.
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Fig.1 Graph of solution y() to the system (4.1) withu = 0
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Fig.2 Graph of solution y(t) to the system (4.1) with u(r)
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Example 6 Consider the following system:

1
“Dix()=xO+xt—05+u@), 0<t<T =1,
x()=1, —-1<t<0. “.1)

Inthiscase, A= 1, B=1,C = la =1, h =05 Qs (jh) = (’J‘) The

matrices X 1

(1 —-r), Yll 11 1 (1 —r)and Yl1 11 . (1 — r) have the following form
* 10 50

o"“

ok %k7%
K\ (L=r—3j)

XU (= () +
ya = ];)JX_;; J r(ik+1)
1

o) ]_r_l])gk

Y = <k>( 2)s
p =22 ) e
N 3k

+.

iy
U= =
—_
—

|

<
N

I
[]e
]~
7N
~
N—
—~
—
RIN
T
|
DN—

-
~ | —

In this case, «-Gramian is defined as

1
Ga(O,l)zf ill(l—r)y ]](1—r)dr
0 2°5°5 g

the control which transfers the system form y (0) = 1 to y (1) = 5 is defined as

u(@) =Y\ | (1—7r)(Gg (0, 1)
5

2°5

0
x (5 vt (D —/ xh (0.5—s)ds>,
3501 —05 2°5°3

and y (¢) is the trajectory of (4.1) with control starts from the initial point 1 and reaches
the final point 5 in [0, 1].

0
y(t)=Y%“1 (1)+f XML —05—s)ds

—05 2'3'3

53 3

0
x (5 —Y;h (M —/ x5 —s)ds).
2°5° —-0.5 2°'5°5

t
+/ X\ 1<t—r>Y1“1 L (1=1)dr (G 0, 1)~
0 2

Next we give the numerical simulation of the state with and without control function
for the system (4.1).
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Fig. 1 represents the trajectory of (4.1) with u = 0.
Fig. 2 represents the trajectory of (4.1) with control u(r) starts from the initial point
1 and reaches the final point 5 in [0, 1].

5 Conclusions and future directions

In this paper, our focus was on exploring the relative controllability of systems
governed by linear fractional differential equations incorporating state delay. We intro-
duced a novel counterpart to the Cayley-Hamilton theorem. Leveraging a delayed
perturbation of the Mittag-Leffler function, along with a determining function and an
analog of the Cayley-Hamilton theorem, we established an algebraic Kalman-type rank
criterion for assessing the relative controllability of fractional linear differential equa-
tions with state delay. Moreover, we articulated necessary and sufficient conditions
for relative controllability criteria concerning linear fractional time-delay systems,
expressed in terms of a new Gramian matrix. Furthermore, practical examples were
provided to demonstrate the proposed criteria for controllability, and controls were
designed accordingly.

In our future endeavors, we aim to explore the Lyapunov-type, finite-time and
exponential stability, and relative controllability of Caputo-type fractional order time-
delay linear/nonlinear deterministic/stochastic systems.
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