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Abstract

We study the asymptotic behavior of solutions to various Dirichlet sublinear-type
problems involving the fractional Laplacian when the fractional parameter s tends to
zero. Depending on the type on nonlinearity, positive solutions may converge to a
characteristic function or to a positive solution of a limit nonlinear problem in terms
of the logarithmic Laplacian, that is, the pseudodifferential operator with Fourier sym-
bol In(|€]?). In the case of a logistic-type nonlinearity, our results have the following
biological interpretation: in the presence of a toxic boundary, species with reduced
mobility have a lower saturation threshold, higher survival rate, and are more homo-
geneously distributed. As a result of independent interest, we show that sublinear
logarithmic problems have a unique least-energy solution, which is bounded and Dini
continuous with a log-Ho6lder modulus of continuity.

Keywords Logarithmic Laplacian (primary) - Fractional laplacian - Nonlinear
eigenvalue problems - Allen-Cahn nonlinearity
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1 Introduction

Consider a positive solution of a sublinear-type problem such as

(=AYus = f(ug) inQ, u;=0 onR\Q,
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where s € (0,1), N > 1, Q C R is an open bounded Lipschitz set, and f(u) is
a sublinear-type nonlinearity such as f(u«) = |u|P~2u with p € (1, 2) or a bistable
nonlinearity such as f (u) = ku — |u|?"'u with k > 0 and ¢ > 1. Here, (—A)* is the
fractional Laplacian of order 2s given by

u(x) — u(y) F(% +s)4
—dy, CN7 = S(l —S)—,
v |x — y[NVE2s ’ re—sns

(=)’ u(x) := e sp.v. /
R

and p.v stands for the integral in the principal value sense.

In this paper, we study the asymptotic profile of positive solutions uy as s — 0.
This asymptotic analysis has only been done for superlinear problems in [25] for
least energy solutions and for linear problems in [14, 22]. The motivation behind the
understanding of these profiles is twofold. On one hand, the parameter s plays an
important role in some models coming from population dynamics [10, 31], optimal
control [34], approximation of fractional harmonic maps [3], and fractional image
denoising [2]. In these models, a small value for the fractional parameter s can yield
an optimal choice; for instance, for the population models in [10, 31], it can happen
that a species survives only for dispersal strategies associated to a small value of s (for
more information and references we refer to [25]). Another motivation comes from
the understanding of the interesting underlying mathematical structures behind the
asymptotic profiles of weak solutions as s — 0. Indeed, in this paper we show that
sublinear and superlinear problems have very different behaviors as s — 07 and the
challenges to characterize the limits are also distinct.

We begin by discussing the paradigmatic case of the power nonlinearity. Let
(Snnen C (0,1) and (pp)nen C (1,2) be such that nli)ngosn = 0 and nli)rréo Pn =

p € [1, 2] and consider the equation
(=A)"uy = |ug|” 2uy inQ,  u, =0 onRM\Q. (1.1)

Since p, € (1,2), the problem (1.1) has a unique positive solution for every n € N
(see, for instance, [7, Section 6]), which can be found by global minimization of an
associated energy functional (see Sect.2). Furthermore, these solutions are uniformly
bounded independently of 7, see Proposition 1 below. This is one of the advantages
of the sublinear regime, since similar uniform bounds for superlinear powers in the
small order limit are not known.

Heuristically, it is easy to see that the asymptotic behavior of the sequence of
positive solutions (u,),en is closely related to the limit p of the sequence (py,)nenN.
Indeed, if p € [1,2), we are led (at least formally) to the limit equation

u=uP"' inQ, (1.2)
where we have used that (—A)*® goes in some suitable sense to the identity operator
as s — 0T (see, e.g., [16, Proposition 4.4]). This suggests that the limiting profile of

the sequence (u,),en must be (piecewisely) constant. On the other hand, if p = 2,
then the limit equation becomes the trivial identity # = u, which does not provide
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information on the asymptotic profile. In this case, similarly as in [25], we need to
consider a first order expansion in s of the fractional Laplacian (—A)*®.

As a consequence of the discussion above, we split our analysis of (1.1) in two
cases depending on the limit p of the sequence p,. The following result focuses on
the case p = 2.

Theorem 1 Let (s;)nen C (0, 1) and (pp)nen C (1, 2) be such that

2 _
lim s, =0, lim pp=2, and u:= lim —2% € (©0,00.  (13)
n— 00 n— 00 n—oo s,

Let u,, be a positive solution of (1.1), then u, — ug in LY(RN) as n — oo for all
1 < g < oo, where ug € H(2) N L (2)\{0} is the unique nonnegative least energy
solution of

Laug = —pIn(lugDuo inQ,  up=0 onRY\ Q. (1.4)

Here L stands for the logarithmic Laplacian, whose weak solutions belong to
a suitable Hilbert space H(S2) (see (2.3) below). The logarithmic Laplacian appears
naturally as the first order expansion of the fractional Laplacian; in particular,
—AYo —
im |27 ol =0 foralll < p<ocandg € CXRY), (1.5)

s—0t s »

where |- |, denotes the usual L”-norm, see [14, Theorem 1.1]. These type of operators
are also related to geometric stable Lévy processes, we refer to [5, 6, 13, 20, 21, 23, 26,
28,29, 33] and the references therein for an overview of the different applications that
they have (in engineering, finances, physics, mathematics, etc). For precise definitions
and further properties of the logarithmic Laplacian and of the Hilbert space H(2), we
refer to Sect. 2 below. We also refer to Remark 1 for a version of Theorem 1 without
sequences (see also Remark 3).

As a byproduct of Theorem 1, we obtain the following qualitative information on
the unique (up to a sign) least energy solution of the limit logarithmic problem.

Theorem 2 For every i > 0 there is a unique (up to a sign) least energy solution of
Lav=—uln(ohv inQ, v=0 onRM\Q, (1.6)

which is a global minimizer of the energy functional Jy : H(2) — R given by

1
JoGu) 1= =EL(u u) + I(u), 1(u):= ﬁ/ w? (i@ = 1) dx. (7
2 4 Ja
Moreover, v does not change sign and
0 < sup [v(x)| < (Rze%fp"’)llt, where R := 2 diam(£2) (1.8)

xe
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and py is an explicit constant given in (2.2). Furthermore, if Q satisfies a uniform
exterior sphere condition, then |v| > 0in 2, v € C(RN), and there are a € (0, 1)
and C > 0 such that

o) — v o e L (1.9)

vyery E(x =y | In(min{r, 51|
x#y

Theorems 1 and 2 are the sublinear counterparts of [25, Theorem 1.1] and [25,
Theorem 1.2]. A crucial difference between these results is the sign of 22 =2 , which is
positive for superlinear problems and negative in the sublinear regime. Thls means that,
for logarithmic problems, a notion of sublinearity is encoded in the negative sign in
front of the coefficient . in (1.6). This sign has several consequences on the asymptotic
analysis and on the qualitative properties of the limiting profile. One key feature in the
sublinear case is that the sequence of positive solutions of (1.1) is uniformly bounded
(see Proposition 1). This boundedness is then inherited to the limiting profile, which
is the first step to characterize further regularity properties (observe that (1.9) is a
lower-order log-Holder estimate, see Remark 2). Here the asymptotic analysis done in
Theorem 1 is essential, since it is not clear how to obtain a bound as in (1.8) directly
from the equation (1.6). Another important difference is the uniqueness of positive
solutions, which does not hold in general for superlinear fractional problems (see,
for example, [15, Theorem 1.2] or [17, Remark 2,11] for a multiplicity result). An
L°°-bound and the uniqueness properties of solutions are not known for logarithmic
problems in the “superlinear regime” (i < 0), see [25].

Furthermore, methodologically, the treatment of sublinear problems requires a dif-
ferent approach with respect to its superlinear counterpart; for example, [25, Theorems
1.1 and 1.2] are strongly based on Sobolev logarithmic inequalities; but these do not
play any role in our asymptotic analysis. Instead, we use Fourier transforms, sharp
regularity bounds, and direct integral estimates to find a uniform bound of the solutions
of (1.1) in the norm of HI(€2) (see Theorem 7). This bound together with the compact
embedding H(Q) < L?(2) gives the main compactness argument to characterize
the limiting profile. We also mention that the uniqueness property stated in Theorem
2 relies strongly on the fact that > 0 (see the proof of Theorem 6). If © < 0, then
uniqueness or multiplicity results for (1.6) are not known.

These arguments, however, cannot be used if the limit of the sequence of powers
pn is strictly less than 2, because in that case the logarithmic Laplacian does not relate
in any way to the limit equation (1.2). Our next result summarizes our asymptotic
analysis for (1.1) when p € [1, 2).

Theorem 3 Let (s;)nen C (0, 1) and (pp)nen C (1, 2) be such that lim s, = 0 and

n—oo

lim p, = p €[1,2), and let u,, be the unique positive solution of (1.1). Then,
n—oo

up — 1 in LY(Q) as n+— oo for any 1 < q < o0

The main difficulty in showing Theorem 3 comes from the absolute lack of com-
pactness tools. Indeed, as n — oo, the Sobolev norm || - ||, converges to the L?—norm
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1598 F. Angeles, A. Saldana

| - |2 (see, e.g., [9, Corollary 3]), and therefore it is not possible to use any type of
Sobolev embedding. Similarly, all Holder regularity estimates for u, degenerate in
the limit s — 0. Furthermore, since the logarithmic Laplacian does not relate to the
limit equation (1.2), the compactness properties of the space H(£2) cannot be used.
However, since, heuristically, the limit equation is given by (1.2), it is easy to guess that
the limiting profile must be the characteristic function of the set 2. As a consequence,
this asymptotic analysis is the opposite of that of Theorem 1, since we “know" a priori
the limiting profile, but we do not have any compact embedding at our disposal. This
requires a new approach.

To show Theorem 3, we use an auxiliary nonlinear eigenvalue problem. To be more
precise, consider

Ay = inf{||vll] : v e HH(Q), [vlp, = 11,
where H{)(2) is the homogeneous fractional Sobolev space given by
H(Q) = {u € H®RY):u=0onRV\ sz}

and

1
. lu(x) — u(y)|? 2
||M||s,, = <CN Sn / A\{N [x — y|N+2s,1 dxdy ,

1
p Pn
lulp, = |u|Pm dx
RN

A minimizer of A, is (after a suitable rescaling) a solution of (1.1), but the L»-
normalization will turn out to be a useful tool in the asymptotic analysis. Indeed, we
show that (A,,),en converges to Ag > 0 given by

(1.10)

Ao ::inf{/ lv?dx : v e L*(Q), f lv|P dx = 1} > 0.
Q Q

Note that this variational problem does not have any kind of differential operator and a
minimizer is achieved at a characteristic function of €2 (see Lemma 11). From this fact,
we derive that the minimizers v, of A, converge to I in L*(Q). Finally, we use that the
solutions u,, of (1.1) are related to v, by a direct rescaling to obtain the convergence
of u,.

Theorems 1 and 3 show that sublinear problems behave very differently than their
superlinear counterparts. Moreover, a link between the cases p < 2 and p = 2 resides
in the assumption . € (0, oo) required in Theorem 1. If u = 0, then the limit problem
cannot be characterized by the logarithmic Laplacian. To analyze this case, it would be
necessary to consider a second (or higher) order expansion of the fractional Laplacian
in the parameter s.

In the last result we present here, we show that, with some adjustments, a similar
strategy can also be used to characterize the limiting profile of other sublinear-type
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fractional problems. For instance, consider the nonlinearity f(u) = ku—u? fork > 1,
p > 1, and u > 0. This nonlinearity is widely studied in the literature; in particular,
p = 2 (thelogistic nonlinearity) is used in ecology in the study of population dynamics,
where k is a birth rate and —u? is called a concentration or saturation term (see, e.g.,
[10, 31] and the references therein); and p = 3 (the Allen-Cahn nonlinearity) is used
in the study of phase transitions in material sciences (see, e.g., [30] and the references
therein). In this regard, we have the following.

Theorem4 Let k > 1 and p > 1. There is so = so(2,k) € (0,1) so that, for
s € (0, s9), there is a unique positive solution u; € Hy(2) N LPTH(Q) of

(—A)uy =kug —ul in Q, uy=0 in RM\Q. (1.11)

1
Moreover, ug — (k — 1)7=T in L4() as s — 0% for every 1 < q < oo.

This result has an interesting biological interpretation in terms of population dynam-
ics (at equilibrium): in the presence of a toxic boundary, species with limited mobility
have a lower saturation threshold, higher survival rate, and are more homogeneously
distributed. Indeed, to fix ideas consider p = 2, k = 2, let u,, represent the population
density of a species, 2 = Br(0) be a ball of radius R > 0, and let s be a parameter
describing a diffusion strategy. Because the nonlinearity 2u — u> has a concentration
term, the population density u is bounded by 2 (see Proposition 3). This bound is opti-
mal, in the sense that u has values arbitrarily close to 2 as R — oo (a heuristic way to
see this, is to consider the rescaled equation R~ (—A)S vy = 2v; — v% in B1(0), with
vs(x) = ug(Rx), then, letting R — oo yields the limit equation 0 = 2v — vZ which
implies v = 2). However, Theorem 4 yields that u; — 1 as s — 07, independently
of R > 0. This shows that u; grows only half as much as more dynamical species
in large domains for s sufficiently small. On the other hand, the Dirichlet boundary
conditions represent a toxic boundary, which in small domains can be deadly for the
species; in fact, for every s € (0, 1) fixed, there is R > 0 small such that the only
solution of (1.11) is u = 0. But again, Theorem 4 shows that almost static populations
thrive even in small domains. This is consistent with the results and interpretations
from [10, 31].

Theorem 4 is a particular case of a slightly more general result, Theorem 12 in
Sect.5. The proof of Theorem 4 follows a similar strategy as in Theorem 3, we begin
by considering a nonlinear eigenvalue problem given by

1
®, := inf WJF% : ueHs(Q)ﬂLPH(Q)and%:l (1.12)
s 2 p+1 ] 0 Iel T

where ¢ > 0 is a parameter. We show that ®; — ®¢ as s — 0%, where

2 |M|p+l
@m:inf{%—k% TueXyg,
p
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elul?

with Eg := {u eLX@NLPY Q) 1 u=0inRV\Q, and 757 = 1}, which is

shown to be achieved at uy = 8_% xs- Note that, in these cases, the functionals have
terms with different homogeneities and therefore the link between a minimizer of
(1.12) and a solution of (1.11) cannot be established by a direct rescaling. Here is
where the parameter ¢ > 0 is used. A suitable choice of this parameter allows us to
link, via a stability-type argument (see (5.22)), the problems (1.12) and (1.11), and to
conclude the desired convergence.

To close this introduction, we mention that an interesting problem would be to con-
sider also sign-changing solutions of (1.11) and to characterize its limitas s — 07.In
this case, there is no clear candidate for the limiting profile, and a deeper understanding
of the asymptotic behavior of the nodal set is needed (one can compare this analysis
with the results from [30]). It could also be interesting to consider other nonlinearities,
for instance fi(u) = u(u — a)(8 — u), where 8 > o > 0, or fr(u) = ru? + uzt_l,
where g € (0, 1) and 2} is the fractional Sobolev critical exponent. The nonlinearity
f1 is related to the Allee effect and it is used in ecology and genetics to establish a
correlation between population size and the mean individual fitness [11], whereas f>
is a concave-convex nonlinearity for which multiplicity of positive solutions is known
in fractional problems [4]. In these cases, formally, the limit equation (u = f;(u))
would have two positive constant solutions. We expect that ground states converge to
the least-energy constant with respect to a limit energy functional.

The paper is organized as follows. In Sect.2 we fix some notation that is used
throughout the paper. Section3 contains some auxiliary estimates. Section 4 is
devoted to the power nonlinearity case and it contains the proofs of Theorems 1,
2, and 3. Finally, in Sect.5 we show Theorem 12, which directly implies Theorem 4.

2 Notation

We fix some notation that is used throughout the paper. The space H{(€2) is the
homogeneous fractional Sobolev space given by

H(Q) = {u e HS(RM:u:OonRN\Q}.

Sn

The energy functional associated to (1.1) is Js, : Hy'(2) — R given by

1 1
Ty, (u) := Euuuf,, — p—|u|£:, 2.1)

n

where ||ul|s, and |u|,, are norms defined in (1.10). We also let |u|~, denote the usual
supremum norm. Following [14], the logarithmic Laplacian L A can be evaluated as

Lau(x) := CN/ dy + pyu(x),

B Ix—ylV

u(x) —u(y) dy_cN/ u(y)
R

MB ) X — yIV
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where
evi=n 20(5),  pvi=2m2+yE) -y, and y:=-I"(1). (2.2

Here y is also known as the Euler-Mascheroni constant and ¢ := 1% is the digamma
function. Moreover, H(S2) is the Hilbert space given by

H(Q) := {u e L’RY) :u=0imRV\ Q,

_ 2
and f/ N dedy < oo} 2.3)
Rk

lx — y¥

with inner product

£, v) = w(x) —u@)(x) —v(y)) dx dy.
x,yeRN

Ix — y|V

[x—y|=I1

1
and the norm ||u|| := (£ (u, u)) 2. The space of compactly supported smooth functions
C2°(2) is dense in H(S2), see [14, Theorem 3.1]. The operator L o has the following
associated quadratic form

EL(u,v) = E, v)—cN//); ”(x)”(y)d dy +,0N/ wvdx.  (2.4)

yERN |x —

Furthermore, for u € H(S),

_ 2
EL(u,u) = C—N/ Md)cdy-i-/(hsz(x)-i-pN)u(x)zdx, (2.5)
2 JoJo  lx—yIN Q

where hgo(x) = clv(f,_?l(x)\Q Ix —y| Ndy— jQ\Bl(x) lx — y|~ dy), see [14, Propo-
sition 3.2].
By [14, Theorem 1.1], it holds that

5L(u,u)=/ In(|&|%)|a€)>de  forall u e CP(R), (2.6)
RN

where # is the Fourier transform of u. Moreover, for ¢ € C2°(§2) we have that Lag €
LP(RN) and

Er(u,p) = / ulLapdx for u € H(R), 2.7
Q
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1602 F. Angeles, A. Saldana

see [14, Theorem 1.1]. We say that u € H(f2) is a weak solution of (1.4) if
Er(u,v) = —,u/ uvln |u|dx forall v € H(2). 2.8)
Q

Note that lim;_,¢ In(z2)7 = 0.

3 Auxiliary lemmas
3.1 Asymptotic estimates

Lemma 1 Let (¢n)neN be a uniformly bounded sequence in L*°(R2), p € [1, 2], and
let (pp)nen C (1, 2) be such that lim,,—, ~, p, = p. Then,

/Il%zlp"—lwnl”ldx%o as n — oo. (3.1)
Q

Proof Consider the function g(t) := |¢,|’. Then,

1
[@n P — l@ul? = / g(p+1(pn—p)(pn— p)dr
0
1
= / In (Ignl) l@n |7 T7P" =P (p, — p) dr.
0
Integrating in 2 and using Fubini’s Theorem,
1
f |lgnl?" — 1@nl?| dx < / / It (|gn Dl 1@n P77 p, — p|dx d.
Q 0 Q
(3.2)

By assumption, there is M > 2 such that |¢, | < M for all n € N. Therefore, by
(3.2),

/ |lal?" = l@al?| dx < |pn — pllIn MIMPHIQ)]
Q

for all n sufficiently large, and the claim follows. O

Lemma2 Let (si)ren C (0, %) and (pr)ken C (1,2) be such that lim sy = 0 and

k— 00

klim pr = 2. Let (up)reny C L*(2) and ug € L*() be such that uy — uq in L*(2)
—00

as k — oo. Then, passing to a subsequence,

Jim f ln(|uk|2)|uk|pk_2uk<pdx=/ In(Juo|®)uopdx  forall ¢ € C°(Q).
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Proof Notice that
/ In(lug 1) |ug| P> urp dx
Q

= f In(lug ) e PP urep dx + f In(lug ) ur P Purp dx.  (3.3)
{lurl=1} {lur|>1}
Passing to a subsequence, we have that

1
sup P Ins?| < sup £2|Ins?| < oo
t€(0,1) te(0.1)

(note that ln(tz)t% = 0) and uy — ug a.e. in Q2 as n — oo. In particular, since
In(1) =0,

X{|Mk|§1}1n(|uk|2)uk — X{‘uo‘fl}lnﬂuolz)uo a.e.in Qas n — oo.

Then, by the dominated convergence theorem,

lim In(lur|®) |ug| P upp dx = / In(Juo|>)uop dx. (3.4)

k=00 J{jug|<1) {luo|<1}

If |ux| > 1, it follows easily (see, for example, [25, Lemma 3.3] with o = py — 2 and
B = 1) that, passing to a subsequence,

luk*lg] < 2llelleolU* € L'(), (3.5)

In(lug 1) ue] P~ ugp| < 3
— Pk

for some U € L?(R) (see [36, Lemma A.1]). The claim now follows by applying the
dominated convergence theorem to the second integral in (3.3) together with (3.4). O

Lemma3 Let (sk)keN. (Pk)keN. and p as in (1.3) and let ¢ € C2°(2). Then,

1 1
klim —Jy (P) = —EI¢I§ + 5 (&(d% ¢) + M/ |p1* In || dx) : (3.6)
— 00 Sk 4 2 RN

In particular, if v € H(R) is a weak solution of (1.4) and (¢p)nen C C°(2) is such
that ¢, — v in H(Q) as n — oo, then lim lim LJ (¢,) = —4|v3.
n—00 k—o0 *k

Proof Let ¢ € C2°(K2), then,

1 1 2 Pk
lim L7, (@) = fim - (ll«buxk ~ |¢>|,,k>
k—o00 Sk E—

koo s\ 2 Pr
1 1 1 2 _ Pk
= lim —(5—— )¢l + lim 191l = 19l
k—oo sk \2  pk R PkSk
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Thus, since ||¢||§k — |¢>|% (see, e.g., [9, Corollary 3]),

1 wo o1 llelE — el
| —J. = —— — 1 _— 3.7
P Sk I5(9) 4 Io12 + 2 e Sk 3.7
Note that
12 — Blhf
—% TP _ T+ G, (3.8)
Sk
lglZ —le13 leB—lelk ~ .
where 7, = —— and J = — Let ¢ denote the Fourier transform of
¢. If |€| < 1, then passing to a subsequence,
124 In(1€ ) ]1(&) 1> < 21p(£)I. (3.9)
On the other hand, if |£| > 1, since 0 < s < }‘, we have that
—~ ~ 4 —~
&[T In(1E[H)[d (&)1 < €] In(1E[H)|P (&) < §|s|2|¢(s>|2. (3.10)
Then, by (3.9), (3.10), and dominated convergence,
1 -~
lim Zj = lim f / &% In(1&1P) 1B (&) dt dE
k— 00 k—o00 JrRN Jo
_ /RN n(EP) PP d = E.(6. ). 3.11)

For J; it holds that

—2 rl
lim —J = lim 2% / / > Pe2 In || dx dt
k—o00 k—o00 k o JRN

S
pe—2 !
= lim / / 1> P27 1n || dx dt
k—oo sk Jo J{el<1)
—2 r!
+ lim 2% / f 62T P2 1n || dix d.
k=oo Sk Jo Jyelz1)

If |¢| < 1, |p|>TP+=D7 In(|¢|) is bounded independently of k. On the other hand, if
¢ > 1, |p|>TP=DTIn(|¢|) < 2|¢)*> € LY(RYN) (see (3.5)). By dominated conver-
gence,

lim J; =,u/ |¢>|21n || dx. (3.12)
k—o00 RN
By using (3.8), (3.11) and (3.12) into (3.7) we obtain (3.6).
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Now, let (¢n)nen C C°(R2) and v € H(S2) such that ¢, — v in H(Q) asn —
oo. Assume that v € H() is a weak solution of (1.4); in particular, &7 (v, v) +
1 fgn [v[*Infv|dx = 0. Since Jy is of class C! over H(S) (see [25, Lemma 3.9]),
ErL(n, dn) + ,ufRN |6n12In |pn|dx = o(1) as n — oo. Then, by the continuous
embedding of H(LQ) into L?(), %|¢n|% — %|v|§ as n — oo. This concludes the
proof. O

We quote the following result from [25, Lemma 3.5].
Lemma4 Let u € H)(R) for some s € (0, 1). Then u € H(2) and there is C; =
Ci(N) > 0and C, = Cp(R) > 0 such that |Ep (u, u)| < Cllulf + %Ilullf and
> < Colul3 + § llull3.

3.2 Uniform bounds

To prove Theorem 3 we need some uniform regularity a priori estimates and a fine
analysis of the constants involved.

Lemma5 Lets € (0, }1), g e LN/sz(Q), and let u be a weak solution of (—A)’u = g
inQandu = 0in RN \ Q. Then,

lullieg < (14 (InRD + 5 = ow )s +0)) gl e, ass — 07,
(3.13)

where R := 2 diam(2) and py is given in (2.2).

Proof For the first part of the proof, we argue as in [19, Proposition 1.2]. We consider
the problem

(=A)'v=lg|] in RV, (3.14)

where g has been extended by zero outside €2. Using the fundamental solution (see,
e.g., [35, Theorem 5] or [1, Definition 5.6]), we have the function v : RY > R given
by

L5 —5)

sl S
Yoo N T ST () N2

DF 0 3.15
Q lx — y|N=2 19

v(x) =cnN,—s

is one solution for (3.14) (note that there can be other solutions for (3.14)). Observe
that v > 0 and, by the comparison principle, —v < u < v, since —|g| < g < |g|.
From (3.15) and Holder’s inequality, we have, for x € €2, that

lg(WI
Q |x — y|N=2

1/q
= CN,—S”g”LN/SZ(Q) </;2 |lx — y|(2sN)qdy> ,
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1606 F. Angeles, A. Saldana

where ¢ = N . Without loss of generality, assume that 0 € 2 and let R :=
2 diam(£2) > 0. Then Q2 C Bgy2(0) and, for x € Q,

R
/ |x _ y|(2s—N)q dy < / |y|(2s—N)q dy — |SN_1|/ IO(ZS—N)quN—l d,O
Q Bgr 0

2y RNU-@)+2gs 2y R
T NA -9 +2¢s T 1)

N

where t(s) :== N(1—¢q) +2gs = N(z_m and |SVN~1| = ( . Thus, we have proved
2

that [lullL=(@) < Cillgll v/2 g where

2

» _$2

Ci=Ci(Q, N,s.p) 2P\ rd o (R h(s)

= ’ 737 - N = S).
Y P T (s)r> \ 16

Then, C; = h(0) + sh’(0) + o(s) as s — 0T. A direct calculation shows that 4(0) =
limg_, g+ h(s) = 1 and

"' (0) = nrg+ W(s) =In(R*) +y + % —2In2) — ¢ (¥) = In(R» + % — PN

where pp is given in (2.2). This ends the proof. O
Proposition 1 Let Q@ C RY be a bounded domain, let (sp)peny C (0, 1), (Pu)nen C

(1, 2) be such that lim,, s, = 0, k := lim,_, ﬁ € [0, 00), and let u, be a
weak solution of

(=A)*ru, = |un|p"_2un inQ, u,=0 inRY \ Q. (3.16)

Then |uy|co < (Rze%*/’N)k 4+ o(1) as n — oo, where R := 2 diam(£2).

Proof By [32, Proposition 8.11, u, € L¥(RV). Let C = In(R?) + 1 — py, where
pn 1s given by (2.2) and R := 2diam(€2) > 0. By Lemma 5, for n sufficiently large,

liunloe < (1+ 50 Ct + 0(su)) un| "~y

2

2(17" L4
= (14 5,C1 + o(sp)) (/ |un |0 dx)
Q

< (14 5,C1 + o(su)un 227 1Q 7.
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Sn

1 Sn —rn .
Then, |u,|co < ((1 +s,C1 + o(sn))3|Q|W)2 " Letk = lim zi”p > 0, then
n— 00 n

1 sn %,n
lim ((1 + 5, Cq +0(Sn))3|§2|w)2 o kCr (RZe%—pN)k
n—oo
(see [25, Lemma 3.1]), as claimed. O

3.3 Upper and lower energy bounds

Now we show lower and upper energy bounds for the unique positive solution u,,
of (1.1). The lower bound is used in the proof of Theorem 1, the upper bound is
presented as a result of independent interest and for comparison with the bound given
in Proposition 1.

In the following, for each s € (0, %), @s denotes the first Dirichlet eigenfunction of
the fractional Laplacian (normalized in Lz-sense) and A1 ; its first eigenvalue, that is,

(=AY gy =hiyps in Q, ¢;=0 onRV\Q, [gl5=1. (3.17)

Due to the variational formulation of the first eigenvalue,

lul5 < lul?  forevery u € Hj(Q) and foreach s € (0,%).  (3.18)

1,s

Lemma 6 Let (sp)uen C (0, 1) be such that lim s, = 0, (pp)nen C (1, 2), and let
n—oo
uy, be a positive solution of (3.16) then,

2
n DPn 2=pn ypp—=2 _
O 2R = uall?, = 1, |05, 13 2 aln > G Y
Dn Al s, |9, |2 Pn—2 2Pn
(3.19)

Proof Letay, := A1, 195,13, by := lgs, |5, t > 0, and note that

2

t tPn As 2 tPn
Jg, (tgs,) = — 2 g, S = 2 — — s, I3
50 (105, zllwsnllsn o @s, 5" > |@s, 12 o @s, "

1
Then J, (t¢;,) < 0ift < (%Z—Z) 2=mn, Let u, be a positive solution of (3.16). Since
the least energy solution is tﬁe unique positive solution of (3.16) (see [7, Section 6]),
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1608 F. Angeles, A. Saldana

1
we have that u,, is the least energy solution. Let #,, := % (pl 2—") “then
n Yn

1 1 _J <7 2 bn 2=pn 1’n 1 1
z - E ”un” Sn (up) < Sn (tn‘Pa,,) = 4 Pn tin E - 2Pl

(3.20)

and the lower bound in (3.19) follows. On the other hand, by (3.18), for every u €
S
n (Q)

1
Js, (u) = —IIMII

Sn

1 1
- _|M|£Z == || ||5n C(snv pl’L’Q)anu”SPHn’ (321)
Pn 2 Pn

1 2—pn
where C(sp, . ) 1= (A1) 2|2 2. For t > 0 let

1
f@) = t —p—C(sn,p,,, Q)PngPn,

n

1
Then, f'(t) =t — C(sp, pn» P17~ = 0 implies that f) = (m) " isa
critical point of f. By computing the second derivative and evaluating we obtain that
(o) = 1 = C(sy, pn, QP (py — l)to'ﬁ2 =2 — p, > 0, implying that f is the
minimizer for f. Using fo in f we obtain a lower bound for the energy functional J;, ,

2
given by f(fp) = ”" (C(sn, Pns )P")m Thus, for every u € H;' (), it holds
that Js, (1) > p" (C(s,,, D, Q)Pr) 2= o . Therefore,

1 1 2 DPn — 2 2
<§ - E) ||ul’l||_yn = Js, (up) > ;Pn (C(Sn, Pns Q)pn)zfp” >

and the upper bound in (3.19) follows. O

Recall that ¢;, denotes the first Dirichlet eigenfunction of the logarithmic Laplacian
(normalized in the L2—sense) and AIL its corresponding eigenvalue, that is, Laog; =
AngoL in 2, oy =00on RN\ Q, and |<pL|% =1
Lemma7 Let (Sy)neN, (Pn)nen, and p as in (1.3), then lim (Al,sn)% =

n— o0
g

exXp T .
Proof The claim follows from the definition of x and the fact that

My, =14+sAl 406,  as n— oo (3.22)

(see [14, Theorem 1.5] or [22, Theorem 1.1]), because lim,_, o+ (1 4 sa + o(s))% =
e’ =limg_ o+ (1 + sa)% for all a # O (see, e.g., [25, Lemma 3.1]). ]
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Lemma 8 Let (5,)neN, (Pn)neN, and  as in (1.3), then

2
2 Pn 2—pn 2)»1'
lim _Wsn—“’"z =exp(—=+ - fln(|¢L|)|¢L|2dx+l '
n—0o0 \ pyn )\l,s,, |§05n |2 a ¢

Proof Note that

2
(1 5B : +0(Sn)) smCarem

Y
Flw
N—
7
)
=
I

2 AL
and (L)%Pn — exp | —=2L ) as n — oo. Moreover,
}"l.sn 123

|95, 1 n —

2 1
-2
|(ps,,|2 Pn / f 1n|(/7sn||(psn|2+(pn_2)r drt dx
QJO

> —u/ In oz |lgL|? dx
Q

Sn

as n — 0o, by dominated convergence, see [22, Corollary 1.3 and Theorem 1.1 (ii)].
Therefore,

| gps | 2—217'1 /-’L 2—2l7n
Db ) 1—sn2—f In lgrllgr > dx + o(sy)
|(Ps,,|2 loLls +o(1) Ja

2
—exp | — 2/ln|<pL||<pL|2d)c asn — 0o.
loLl; Jo

2

b\ 2=pn 2k In dx

Thus’ A‘(pfn—lpnz — exp =M w + 1 asn — 00. The
Pn )“l.sn “ﬂxn ‘2 I |(/)L|2

claim follows since |<pL|% =1. O

Theorem 5 Let (sp)neN, (Pn)neN, 4, and (i) nen as in Theorem 1, then

In(2) 21k ) 5
o &P\~ 7 -2 1ﬂ(|<.0L|)|§0L| dx +1)|eLl; +o(1)

) 21k
= Nually, = [SHexp | === | +o(l)

asn — Q.

Proof The upper bound follows from Lemma 7 and (3.19). The lower bound follows

n—2_
from (3.19), Lemma 8, and the fact that A1 g, |¢s, |§2”p L 2112 =102 g
n
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L
Corollary 1 Let (u,)nen as in Theorem 5, then |un|% < |Q]exp (—2%) + o(1) as
n — oo.

Proof The result follows from (3.18) and Theorem 5, because 11 s = 1+ sn)»lL +o(sy)
asn — oo (see [22, Theorem 1.1]). O
4 Sublinear power nonlinearity

4.1 Asymptotically linear case

We characterize first the limiting profile of solutions u, of (1.1) when lim p, =2,
n—o0

which we call the asymptotically linear case (because |t|”" 2t — t as n — 00). We
begin our analysis with a study of the least energy solutions of (1.6).

4.1.1 A logarithmic sublinear problem
Recall that Jy : H(2) — R is given by
1 M 2 2
Jow) = ~EL,w)+ 1), Tw) =5 [ u (ln(u ) — 1) dx,
2 4 Ja
where ¢ > 0. This functional is of class C 1 see [25, Lemma 3.1]. We show first that

Jo is coercive.

Lemma9 lim Jy(u) = oo.
fluf|— o0

ueH(Q)

Proof Let u € H(R2). By (2.4), there is C = C(2) > 0 such that & (u, u) >
]| — Clul3. Moreover,

1 1 2 iz
Do) = Sllul = 3 (c + 5) ul? + ngu%n(uz)dx. 4.1)

Let & = |x € Q:nGl() > X + 1}. Then,

(C—i—%)/ﬁuzdx.

| =

ﬁ/ W2 Inu?) dx >
4 Js

Therefore,

1 1 K 2 M 210 (2
Jo(u)z—llullz——(C—i-—)/ u dx—i——/ u”In(u”) dx.
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2C ~
Since u? < e lin Q\Q2, there is C; = C1(£2, u) > 0 such that

1
- (C+ﬁ)f uzdx+5/ 2 In@w?) dx > —C
2 27 Ja\& 4 Jo\g

and then Jo(u) > %Hu |> — C1, which yields the result. m|

Theorem 6 For every . > 0 there is a nontrivial unique (up to a sign) least energy
solution of

Lavo = —pIn(Jug)vg in 2, ug € H(). “4.2)

Moreover, vy does not change sign.

Proof By Lemma 9, there is a minimizing sequence (vi)xen for Jo, that is,
limy s o0 Jo(vr) = infycn(e) Jo(w) =: m. By the compact embedding of H(£2) into
L%(Q), there is vy € H(L) such that, up to a subsequence,

we—vo inH(Q), v —>vy in L*(R), v — v ae.in Q,
as k — oo. In particular, ||v|? < likm inf || ||%>. Moreover, since the function ¢ >
— 00

12 Int? is bounded below by a constant which is integrable over the bounded set €2, it
follows by Fatou’s Lemma that

/ v3 In(v3) dx < liminf / v In(v}) dx. 4.3)
Q k—oo Jo

Observe that

Ve (X)) v (y) vo(x)vo(y)
/;c,ye]RN ——————dxdy — [c,yeRN ——————dxdy

lx — yI¥ lx —yI¥
lx—y|=1 lx—y|=1

[ ) [[vr (y) — vo(¥)] [vo) vk (x) — vo(x)]

<

< ﬁc,yeRN =y dxdy + e yeRY P— dxdy

[x=y[>1 [x=y|=1
=11+ 1,
where

Ils/ |vk<x>|/ ok G+ ¥) — vo(x + y)ldydx
RN RN

=/ Ivk(x)IdX/ lue(y) — vo(y)ldy — 0,
Q Q
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and a similar argument shows that Z, — 0 as k — o0. Hence,

. Uk () vk (y) _ vo (xX)vo(y)
kli)n;o /;,yG]RN de dy = /;,yERN de dy (44)

lx—y|=1 lx—yl=1
As a consequence, Jo(vg) < likm inf Jo(vy) = m and vy is a least energy solution of
— 00

(1.4).
To see that vy is nontrivial, let ¢ € C°(€2)\{0} and observe that

2
t
Jowo) =m < Jo(tg) = = (&(go, ¢) + % f ¢*(In(r*) + In(p*) — 1)dx> <0
Q
4.5)
for t > 0 sufficiently small, because 1in(1) In(r?) = —o0. Therefore vy # 0.
t—

By [14, Lemma 3.3], &1 (Jvg|, lvo]) < EL(vo, vg); since vy is a global minimizer,
this yields that &7 (Jvg|, |vol) = &L (vo, vo), which, by [14, Lemma 3.3], implies that
vo does not change sign.

Finally, we show the uniqueness (up to a sign) of the least energy solution using a
convexity-by-paths argument as in [7, Section 6]. Assume, by contradiction, that there
are two least-energy solutions u and v such that u?> # v?. Recall that a least-energy
solution is a global minimizer of the energy. Let

vt u,v) = (1 — 0 +102)>  forz e [0, 1].
We claim that the function
g :[0,1] — R given byg(¢) := Jo(y (¢, u, v)) is strictly convex in [0, 1]. (4.6)
This would yield a contradiction, since the function g cannot have two global mini-
mizers (at + = 0 and at + = 1) and be strictly convex in [0, 1]. To see (4.6), we argue
as in [7, Theorem 6.1].

Note that g(t) = g1(¢) + g2(¢), where

g1®) =& (y(t,u,v), y(t,u,v)),

(1) = % /Q [y (t, u, v) ()P (n[y (¢, u(x), v(x))*] — 1) dx.

First, we show the convexity of g; in [0, 1]. Let #1, 7, 0 € [0, 1]. We claim that

g1((1 =01 +01y) < (1 —0)g1(t1) +0g1(12). 4.7
Indeed, set Uy := y(t1, u, v) and U, := y(t2, u, v). A direct calculation shows that

y((1 —=0)t1 + 00, u,v) = y(0, Uy, Ua).
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Now, for x, y € €, let
a=+~1-0Ui(x), b=+~1-0U|(y), c= x/gUg(x), d= «/§U2(y).

Then, by the Minkowski inequality, |(a+c?) L (b>+d?%) > | < ((a—b)*+ (c—d)z)% ,
which is equivalent to

(¥ (6, Uy, Ua)(x) — y (0, Uy, Up)(y))?
<A =OU(x) = Ui +0(Uz(x) — U2(»)>.  (4.8)

But then, using (2.5),

g1((1 =)t +012)
=& (y((1 =60)t1 + 012, u, v), y((1 —O)t; + 601, u, v))
=& (y0,U1,Ua), y(6, U1, U2))

_CN / / (y (0, Ul,Uz)(x)—7/(9,U1,U2)(y))2d
= xdy
2 JaJa lx —yI¥
+/Q(h9(x) + on)y (0, Uy, Up)(x)? dx. 4.9
By (4.8),
/ / (y (0, Uy, Ux)(x) — y (0, Uy, Ua)(»))? J
xdy
oo lx —yI¥
_ 2 _ 2
< _9)/ (U1 (x) U;V(y)) dxdy+6/ (U2(x) U?v(y)) dx dy
oo |x — ¥ oo lx — v
(4.10)
and

/Q (hey + )y (6. Uy, Up)? dx
= —9)/(hgz+pN)U12dx+9/(hQ+pN)U22dx. 4.11)
Q Q

By (4.9), (4.10), and (4.11),

g1((1 =0t +0n) < (1 =0)ELWU,, Uy) +0EL(Uz, Up)
=(1-0)gi1(t1) +0g1(t2),

which yields (4.7).
On the other hand, for x € €, let

F@) =y, u, v)()PAn(y (¢, u, v)(x)]1*) — 1)
= [(1 — Hu(x)* + tv(x)*1An[(1 — Hu(x)? + tv(x)*] - 1).
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Then £7(5) — &2 =v()? )’
en f"(t) = e 0 in (0, 1), whenever u(x) or v(x) are different

from zero. Since u # 0 (see (4.5)), we have that
t+— go(t) 1isstrictly convex in [0, 1]. 4.12)

By (4.7) and (4.12), we conclude that (4.6) must hold, which yields the desired con-
tradiction. O

4.1.2 Convergence of solutions

Theorem 7 Let (sk)keN, (Pr)keN, 1, and (ug)xeN as in Theorem 1. There is a constant
C = C(Q, p) > 0 such that ||ux||* = Eug, ux) < C + o(l) as k — oo.

Proof By Lemma 4 we have that ||uy| is finite for all k¥ € N. Fix k € N and let
(@n)nen C C2°(S2) be such that ¢, — uy in Hf)" (2) as n — o0o. We begin with the
identity

”‘pn”A |‘Pn|2
Sk

T, = / / £ (PG )P dEdT. (4.13)
From the definition of J;, (see (2.1)) we have that

2
|(/’n|2

In

1 2 )
— (z-lsk(‘/)n) + _|§0n|5£) -
k Pk

1 2— px lonlb — lonl3
— (2Jsk(¢n> + ( ) |<on|§';> 4 e PRB
Sk Pk Sk

and since uy is a solution of (1.1) and @, — uy in Hy(2) as n — oo,

2 — pi 2 — pk

2J5.(pn) + < ) |l pg = 25, (ur) + ( ) luklp; 4+ o(1) = o(1)

as n — oo, thus,

k 2
|‘Pn|§k - |§0n|2
Sk

7, = +o(l) asn — oco. (4.14)

Observe that,

Pk 2 1
- —2
ol — \nlz _ P - f / lonPH P27 In(lg, 1) dx de
0 Q

Sk

) 1
_ P ( / / (PP D n |, dx d
Sk 0 {|§071|<1}
1
+ / / |¢n|2+<l’k2>f1n|¢n|dxdr)
0 JHlgal=1}
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—2 rl
P2 e g axdr
Sk 0 Hlgnl<1}

2 — pk 2—p
|2| sup [t][In|t]] <
Sk 1€(0,1)

k
192

IA

Therefore, by (4.14), we have that

2_
7, < =Lk

Q2|+ o0(1) asn — oo. (4.15)

On the other hand,

1
I, > / / P (g )2 6) P di d + / In(EP) 30 ()P d&
0 J{l&|<1} {I&]=1}
1
_ / / 1€ P In(E D)@ (6) 2 dE d
{I&]<1}
—/m ! IERIPAG] ds+f In(|&1%)1@ (§)1? d
-[ [, (P =) mGeP@r s dr+ [ e ag
{I&]<1} RN

> /RN In(&1*)1@0 (§) 1> d& = EL(¢n, pn)- (4.16)

By (2.4), there is C3 = C3(2) > 0 such that £ (¢n, ¢n) > l@nll> — C3l@,|3. There-
fore, (4.14), (4.15), (4.16), and Proposition 1 yield the existence of C4 = C4(£2) > 0
such that

2 — pr
lgnll? < T + C3lgnl3 <

2] + C4 + o(1) asn — oo. 4.17)

Using Lemma 4 and the fact that ¢, — uy in ’Hf)k (2) as n — o0, taking the limit in
(4.17) when n — oo we obtain that ||uk||2 < zz%ml + Cs = (u+0(1))|R2] + C as
k — oo. O

We are ready to show Theorem 1.

Proof By Theorem 7, passing to a subsequence, there is C = C(£2, u) > 0 such that,
llun |l < C for all n € N. Then, passing to a further subsequence,

up—ug in H(Q), u, — ug in L>(), u, — up a.e.in (4.18)
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for some uy € H(2). Let us first show that u( is a non-trivial solution of (2.7). Let
@ € C2°(R2), by (1.5) the identity

/un((ﬂ—i-SnLA@-l‘O(Sn))dx Z/ un(_A)S”¢dx=/ |un|pn_zun(pdx
Q Q Q

—2 rl
=/ (un—i—snpns / 1n(|un|)|u,,|<l’n2>fundr>¢dx (4.19)
Q 0

n

holds in L*°(2) for every n. Then, by (2.7) and (4.19),

EL(un, @) +o0(1) = / upLapdx 4 o(1) (4.20)
Q

Pn—2 : (Pn-2)1
= oo In(lun D) |n "~  uy drp dx, 4.21)

Sn

asn — oo for all ¢ € C2°(R2). Then, letting n — oo and using Lemma 2,

Er(ug, @) = —u/ In(|ug))uop dx forall ¢ € C2°(L). 4.22)
Q

By density, ug is a weak solution of (1.4). Now, let us show that u¢ is non-trivial. By
Theorem 5, we know the existence of C = C(£2, u) > 0 such that

Pn
2 , pn 2 :
C < unll, =/ |un|Prdx < 1| 2 (/ |t dX) :
Q Q

2 n—2
and so, CP7|Q|an < fQ |un|2dx. Letting n — oo we conclude that 0 < C <
fQ |uo|2 dx. Therefore, ug # 0. Since ug is a weak solution of (1.4), we have that

Er(uo, u
To(uo) = ¥+%fgu§ (1n(u3)—1> dx =—%/Qu(2)dx.

To see that uy is of least energy it remains to show that —%|uo|% = infyq) Jo. By
Holder’s inequality,

. . 2=pn
0 < limsup |u, — uglp, < limsup || 2n |u, — ugl =0,
n—oo n—oo
p}l

thus, using Proposition 1 and Lemma 1, lim ||un||§ = lim [|u,|p, = |u0|%. Then,
n—o00 n n—o0o

no > B S LT
=5 B, = =5 lim = =T luol3 = Jowo).  (4.23)

4 n—oo

On the other hand, by Theorem 6, there is vg € H(£2) such that Jy(vg) = infrq) Jo
and by [14, Theorem 3.1] there is a sequence (vg)xeny C Co°(2) such that vy — vg
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in H(2) as k — oo. Since vy € C°(2) for all k € N and u, is of least energy (by
uniqueness [7, Theorem 6.1]), we have that

1 1
= tim |2, = Tim sy < lim = ).
4 n—oo n—o00 §

By (3.6), we obtain the following inequality

M
—7 Jim lunlly, < ——|Uk|2+ 5L(vk,vk)+uf ok |* In [vg | dx
4- " 4 RN

= —ﬁ|vo|§+o<1> = Jo(vo) +o(1) = inf Jo+o(1) (424)
4 H(R)

as k — o0, according with Lemma 3. Therefore, by (4.23) and (4.24),
i TN S e , .
IH111(1§f2) Jo < Jo(up) = 1 luoly = 1 ngngo lunlly, < ﬁlg) Jo

as claimed. Since up € H(S2) is a least energy solution of (1.4), Theorem 6 implies
that u( does not change sign in 2.
To conclude the proof, we show that uy € L°°(2) and

luoloo < ((2diam(€2))%e*~P¥)# =: Co. (4.25)

By Proposition 1, |u,|ec < Co + o(1) as n — oo. Assume, by contradiction, that

there is ¢ > 0 and set @ C Q2 of positive measure such that |ug| > (1 + ¢)Co in w.
This implies that

lup(x) — ug(x)| = |lug(x)| — lup(x)| > (1 +6)Cop — Co =eCy fora.e. x € w.

Thus, [q luy —uol*>dx > [ |un —uol* dx > eColw| > 0, which contradicts the L2-
convergence of u,, to ug. Therefore, (4.25) holds. In consequence, up to a subsequence,
the convergence u,, — ugin LY(2) forany 1 < g < oo now follows by the dominated
convergence theorem. Finally, since (1.4) has a unique least energy solution, we have
that the limit ug is independent of the chosen subsequence of (u,),cN, therefore the
whole sequence (u,),cN must also converge to ug in L2(§2). O

Remark 1 One could also phrase the statement of Theorem 1 as follows: Let @ c RV
be an open bounded Lipschitz set. Let & : (0,1) — (0, 1) be a function such that
h(s)/s — u € (0,00) as s — 0. For s € (0, 1), let ug be the unique positive
solution of

(—ANuy =ul™"® inQ,  u;=0 onRV\Q.

Then uy; — wug in LY(RV) as s — 01 forall 1 < ¢ < oo, where ug € H(Q) N
L°°(22)\{0} is the unique nonnegative least energy solution of (1.4).
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Since the nonlinearity —u In |u|u can change sign even if u > 0, one cannot use
standard maximum principles to characterize the sign properties of the solution; how-
ever, in the next result we show a strong maximum principle for continuous weak
solutions of (4.2) by working on small neighborhoods and using the negative sign of
—.

Lemma 10 Let v € C(RYN) be a nontrivial nonnegative weak solution of (4.2), then
v>0inQ.

Proof By contradiction, assume that there is xg € €2 such that
v(xg) = 0. (4.26)

By continuity and because v # 0, there are § > 0, anopenset V C {x € Q : v(x) >
8}, and r > 0 such that

—wln|vjv >0 in B,(x9) and dist(B,(xg), V) > 0.

By [14, Corollary 1.9], we can consider, if necessary, » smaller so that L A satisfies
the weak maximum principle in B, (xo) and le > 0, where XIL is the first eigenvalue
of L. Now, a standard application of the Riesz representation theorem yields the
existence of a unique solution t € H(2) of

Lat=1 inB.(xg), t=0 inRY\ B.(x0).

Moreover, by [12, Theorem 1.1], we know that 7 is a classical solution, namely, that
Lat(x) = 1 holds pointwisely for x € Q. This implies that 7 > 0 in B, (xp), since if
7(yp) = 0 for some yg € €2, then

1 =Lat(yo) = _CN/ Q)

Y4y <o,
B, (xo) 1Yo — IV

which would yield a contradiction. Now we argue as in [18]. Let yxy denote the
characteristic function of V and note that, for x € B, (xg), xv (x) = 0 and therefore

v
vlx —yV

Layxy(x) = —sz/
R

1
=—cy | ———dy <—cy|V| inf (z—yI™).
ﬂWX_ﬂN y vI_inf (2=

Let K := cy|V|inf ep, (r)(Iz—yI V) and @ := 574 xy. Then, Lap < K/2—K <
0in B, (xg). Moreover, since v > § in V, we have that

La(v—38¢) > 0in B.(xg), v—238¢p>0inRY\ B, (x) 4.27)
in the weak sense. Then, by the weak maximum principle (see [14, Corollary 1.8]) we

obtain that v > §¢ > §t > 0in B, (xp), a contradiction to (4.26). Therefore v > 0 in
Q. |
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Proof Existence and uniqueness of least energy solutions follow from Theorem 6, and
the estimate (1.8) follows from (4.25), by uniqueness. Assume now that €2 satisfies a
uniform exterior sphere condition, then, since v € L% (), it follows that In |v|v €
L*°(R2), and, by [14, Theorem 1.11], we have that v € C(Q). The estimate (1.9)
follows from [12, Corollary 5.8] and a standard density argument. The fact that [v| > 0
in Q follows from Lemma 10. O

Remark2 Note that the regularity in (1.9) is not enough to guarantee that u is a
classical solution, namely, that L Ao u can be evaluated pointwisely. This would require
a refinement of [12, Theorem 1.1], see [12, Section 6, open problem (1)].

4.2 Asymptotically sublinear case

Now we focus our attention on the analysis of solutions u,, of (1.1) whenlim,,_, o p, €
[1,2), which we call the asymptotically sublinear case. We begin by considering an
auxiliary nonlinear eigenvalue problem in a rescaled domain. Let (s,) C (0, 1) be

such that lim;_, 5 5, = 0,

pn C (1,2) besuchthat lim p, =p €[l,?2).
n—o0

Let A := || and 2, := L (note that |2, ] = 1). Set

=7z

Ao :=inf{/ lv]>dx : ve L*(,) and / |v]P dx = 1}, (4.28)
Q Q)

A, = inf{||v||§n v e HI(Q), |l = 1}, (4.29)

and let xq, denote the characteristic function of €2;.
Lemma 11 The infimum Ag is achieved at xg,; in particular, Ao = 1 = |XQX|%.

Proof Clearly, Ag < 1, because |2,| =1 = |XQ)\|% = |XQ)L|§. On the other hand, for
eachv € {v e L*(Q,) : v=0in RM\Q; and |v|, = 1} it holds that 1 = |v|}) <
lv]5, thus 1 < A,. m]

Proposition2 For every n € N there is v, € H‘E)” (2)) such that A, = ||vn||§n.
Moreover, v,, — 1 in Lz(QA), A, = lasn — oo, and (v,)neN IS a minimizing
sequence for Ay.

Proof Using the compact embedding of ’HB” (£2,) into LP"(2,) and standard argu-
ments, we have that the infimum A,, is achieved at some nontrivial v, € Hg" (€2,). We
can assume w.l.o.g. that v,, is nonnegative. By the Lagrange multiplier theorem, each
v, 1s a solution of

(—A)rv, = Aol in Qv € M), (4.30)
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Let ¢ € C2°(2,)\{0} and recall that lim,, .o pr = p € [1,2), then

2 2

lells, — lols

- 2 2
lol2, — 1el?

Ay ||vn||5n o(1) asn — 00,

because ||, — ||, and ||go||§n — |(p|% as n — oo. Thus, passing to a subsequence,

A, = ||v,,||%n — A{ asn — oo for some Aj > 0. Observe that
|§0|2 00
5 < | |2 for all ¢ € C2°(£2,)\{0}. (4.31)
2

Let Ag be as in (4.28). By Lemma 11, (4.31), and the density of C2°(£2) in L3(),

% |Un|% ”Un“s
|vn|p |Un| | n|
as n — 0o, where we have used that 1 + o(1) = Ay, = inf{||v||2 v €

Yn

Hy' (£2,) and |v|z = 1} as n — o0, see [22, Theorem 1.1]. Notice that, by Proposi-

t10n 1, the sequence (vy,),en is uniformly bounded in L°°(£2,,). Thus, Lemma 1 yields

that |fQ [unl? — [ [valP"| = o(1) as n — o0 and, since |vy|,, = 1, lim [v,], = 1.
n—od

Then Ao < Afj and therefore A9 = Ag, namely,

loal? = Ay — Ao as n — oo. (4.32)
. lald _ loal?, ) -1
Now, since Ag < 2 S
’ 0= T2 = Tl “osn’

(14 0(1) Ag = a3 A0 < [val3 < (k1) An = (1+0(1)) (Ag + o(1))
as n — 00. As a consequence, v, is a minimizing sequence for A, namely,
lunl5 = Ao as n — oo. (4.33)

Finally, we show that v, — 1 in L?(;) as n — oo. By Lemma 11 we have
that Ag = 1. By contradiction, assume that there is § > 0 and n¢p € N such that
Jo, lvn — 11>dx > 8 > 0 for all n > ng. Then, using (4.33),

8
/ vydx <1 — 7 + o(1) asn — oo. (4.34)
Q)
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Leta, :=2(pp— 1), B : =2 — pp, 1y := %, qn = Bi" Notice that r,,, g, > 1 for
alln e N, r—ln + qln = 1 and o, + B, = pn. Then, by Young’s inequality,

L= ol =/Q V@ 0B dx < (py — DIl + Q@ — po)loali. (435
A
Then by (4.33), (4.34), (4.35),

1 <(pn—1)A+0(1))+ 2~ pn) (1 +o(1) — %)
=(p—1+0(1)(I+01)+ Q2= p+o(l) <1 +o(l) — g)
—1- 2_Tp8+0(1)

as n — oo and the contradiction follows. O
We are ready to show Theorem 3.

Proof Letu, € H(S)” (£2) be the positive least-energy solution of (1.1) and let wy, (x) :=

- . .. .
A Zrny, (Ax). Then w, is a positive least-energy solution of

(=D wy = |wa | Pwy,  w, € Hy' (), (4.36)

Q _ 2 2sp—N pnN—=2pnsp—2N .
Q) = e and ||wplls, =2 ZPmAT 2 fluplls, =2 2 luyls,. Passing to a

subsequence, let v, be the minimizers of A, given in Proposition 2. By uniqueness
of positive solutions of sublinear problems (see e.g. [7, Theorem 6.1]), the equations
1

(4.30) and (4.36) imply that w, = A,f"if2 v,. Then, by Proposition 2 and Lemma 11,

)»_%un()»x) = w, — 1in L%(Q;) as n — oo. Since lim,—o pp € (1,2), we
conclude thatu, — 1in L%(2) asn — 00, as claimed. The convergence in L9 (2) for
1 < g < oo now follows from Proposition 1 and the dominated convergence theorem.
Note that the limit 1 is independent of the chosen subsequence of (u,),cN, therefore
the whole sequence (i,), <N must also converge to 1 in L7(2) for 1 < g < oo. This
ends the proof. O

Remark 3 One could also phrase the statement of Theorem 3 as follows: Let & c RV
be an open bounded Lipschitzset, i : (0, 1) — (0, 1) be afunction such thath(s) — p
ass — 07 forsome p € [0, 1) and, fors € (0, 1), letu, be the unique positive solution
of

(=Aug =u" inQ, u;=0 onRM\Q.
Then uy — 1in LY(RV) ass — 07 forall 1 < ¢ < oo.
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5 Other sublinear-type problems
Recall that © c RY is an open bounded Lipschitz set. In this section, (s,),eN 1S a
sequence in (0, 1) such that lim,_, » s, = 0. Let @ C R¥ be a bounded open set with
Lipschitz boundary, and let

e >0, A >0, r>2. 5.1
Define

LoGw) = Hul, + 2jull, %= {v e @0 L@ : 1 e} =1},
5.2)
and consider the following variational problem
O, :=inf{L,(u) : ue,}. (5.3)
Using the compact embedding HB(Q) <> L%(Q) and standard arguments, it follows
that the infimum ®,, is achieved at a non-trivial function v, € X, which does not
change sign (since & (|v,|, [vn]) < E(vn, vy)). Throughout this section we assume

that

v, € X, is a non-negative function such that ®, = L, (v,). 5.4)

5.1 Auxiliary nonlinear eigenvalue problems

Lete > 0, A > 0,r > 2, define G(u) := || e [, |u|* dx and

Ju) %|u|§+é|u|;, (5.5

o : {veLz(RN)mL’(RN) cu=0inR\Q, Gu) = 1].

Let ®g :=inf {J(u) : u € Xo}.

Theorem 8 Let @ C RN be an open bounded Lipschitz set. Then, ®g = ‘Ql 4+ 4 8, /2

. A r
Proof Since ¢~ 1/2xq € %, we have that © < lmlz + rl‘ff/zzl = lil + :‘Elf/zzl On the

elul3

other hand, for every u € L"(2) such that IQ\ = 1, Holder’s inequality yields that

9 < |ul;. Then, by 5.1), §2 + 49 < ‘“'2 + A4 holds for all u € Xo. This
proves the result. O

Theorem 9 Let Q@ C RY be an open bounded Lipschitz set. Then

®, > Oy asn — o0 (5.6)
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and (V) neN Is a minimizing sequence for ©, that is

|w@+Amw
2

— B¢ asn — oo. 5.7

12
Proof Let ¢ € C2°(S2)\ {0} and set ¢ := (@> £ so that [¢f3 = 2. Then,

2 2
loallZ, N Alvaly _ 1915, n Algl;
2 r - 2 r

2 r r
= %+ Ally (1)—u A|¢| + o(1)
2 r 2¢e r

0, =

as n — 00, where (Sn)neN C (0, 1) is the sequence associated to ®,,. Then, up to a

”UnH;n + A|v,1

subsequence, ®, = Al © as n — oo for some ®F > 0. In particular,

it holds that

Q A Q r/2 r
oy < 2L ARV g e e (0).
2¢ ro\ ¢ lply

Using the definition of ® and a density argument, it follows that
0F < Op. (5.8)

On the other hand, using that v, € L"(2) and |v,1|2 |Qle™ Lforalln € N, together
with (3.18),

2 -1 2
o < 1B Al _ Gos) 7, Alvaly.
2 r 2 r

(5.9)

implying that ©9 < ©, + o(1) = Of + o(1) as n — oo. This inequality combined

with (5.8) yields (5.6). Then, by (5.9), ©¢ < |Un|2 4+ = Alv" =0,+0(1) =0y+o(1)
as n — 0o, which proves (5.7). O

The following result characterizes the minimizer of ®.

Theorem 10 Let J, X, and G be as in (5.5). If u € X is a minimizer for ®y, then
lu| = e 12 ge in Q.

Proof Clearly, both J and G are differentiable on L"(€2). Assume that u € X is
a minimizer for ®g. Since u # 0, there is a test function ¢, € C2°(€2) such that
Dy, G(u) = 21Q| e fQ upudx # 0, where Dy, G (u) is the Gateaux derivative of G
at u in the direction ¢,,.

Then, by the Lagrange multiplier theorem (see, for example, [24, Ch. 2, Sec 1,
Theorem 1]), there is areal number A y; such that the equation Dy J (1) — Ay Dy G (1) =
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0 holds for all ¢ € C2°(2), that is,
f (u Al "2 — 2AM|Q|*‘eu) pdx =0 forall ¢ € CX(R).
Q

In consequence, u satisfies that u +Alul"2u =229 teu = 0ae.in Q. Ifx; € Q
is such that u(x1) # 0 then, Alu(x))|" =2 = 24y|2| e — 1. Therefore,

lu| = Koxvp, Vo ={xeQ:u#0} (5.10)

for some constant Ky > 0. Since # must satisfy that G(u) = 1, it follows that

|Q| 1/2
Ko = , (5.11)
0 (HWJ

. . r/2 .
and in particular, |u| = w”%m Now, let us assume that | V| < |€2|. Given that

u is a minimizer, (5.10) combined with (5.1) and Theorem 8 imply that

3 Alul! 1 19| A Q2
Op= —=+—TL = V|| ———
0=t Vol Se 1vor T 72 (Vo2

v (LIS A el el
M\ 2e Vol T e 2 Vol 2¢

—519 = @q,

a contradiction. Therefore, |Vy| = |€2|. This implies that |2 \ V| = 0, which leads us
to conclude that xy, = xq a.e. in 2, and by (5.11) that Ko = e~1/2. The result now
follows from (5.10). O

Recall that A1 s = A1 5(£2) > 0 denotes the first Dirichlet eigenvalue of the frac-
tional Laplacian (—A)® in a domain €2 (see (3.17)).

Proposition3 Lete > 0, A > 0, r > 2, and n > A1 (2). There is a positive weak
solution u € Hy(2) N L" () of the equation (—A)’ u + Au""' = nu in Q, that is,

&(u,d))—i—A/ ur_lqbdx—n/ updx =0  forall ¢ € C°(Q). (5.12)
Q Q

1
Moreover, u < (%) =2 g.e. in RV,

Proof The existence of u follows by global minimization and standard arguments

(see, for example, [7, Corollary 6.3]). Let no := (%)5 and ¢ := (9o —u)— =
—min{0, no — u} > 0; then,

_ r=2 _ r=2
M¢ — _u¢2u <0,

umy”ﬂfﬁ¢=w%*—uF%m_u —
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since (176_2 —u""%)/(no — u) > 0. Moreover, u(x) — no = —(no — u(x)) = —(no —
u(x))+ + ¢(x), thus u(x) —u(y) = (u(x) —no) — (u(y) —no) = (no —u(y))+ —
(o —u(x))4+ + ¢ (x) —¢(y), and

(ux) —u(y)(@(x) — ()

= () —d(M)* + [0 — u(¥)+ — (o — u ()1 (x) — p(»))

= (p(x) —p()* + (10 — u(M)4+0(x) + (o — u(x)+0(y) = (p(x) — p())*:

but then, by (5.12),

0=2E&(u,¢) + A/ u) W 2 (x) =y () dx > E(d, ¢) = 0,
Q

which implies that ¢ = 0 and u < 59 in Q. O
Lemma 12 Let v, be as in (5.4). Then, the sequence (v,),eN is bounded in L*°(R2).

Proof Since v, is a minimizer of L, (given in (5.2)) under the restriction G, (u) :=
|Q|_1£|u|§ = 1, the Lagrange’s multiplier theorem implies the existence of a real
number A, such that v, is a weak solution of (—A)% v, + Av,ﬁ_l = 21,19 Leu in
Q2. Moreover,

2 r
v +A v -2
Ay _M_@HJF Alv, 7, (5.13)
2 2

where ®, is given in (5.3). By Theorem 9 it follows that A, is bounded and, by
1
Proposition 3, v, < ((24,]2217'¢)/A)7=2, which yields the result. o

Theorem 11 Let v, be as in (5.4). Then v, — £~ '/% in LP(Q) as n — oo for every
1<p<oo

Proof By Theorems 8, 9, and the fact that v, € %,,

ros2 a3 ol AR

A
| I,/2—7|vn|;=®o— > +o (1)—®o—2—+ o(l) = ,/2+0(1)
(5.14)
as n — oo, which implies that the sequence (wy),eN = (vﬁ)nEN is bounded in
L"/?(2). Then, there is w* € L"/?(2) such that, up to a subsequence,
wp—w* in L'/*(Q) asn — oo. (5.15)

2. 2 L.
In consequence, |w*|:§2 < liminf |w,1|: jz = liminf |v,|}.. Then, by Theorem 9,
n—oo n—o0

n—oo

Q A Q A
12 + —|w*|§j§ < '2—| + lim inf (—|v,,|;) = 0. (5.16)
r
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By (5.15), for every open set O C €,

05/ v,%dx:/ v%xgdx%/w*xgdx:/ w* dx. (5.17)
O Q Q (@)

Hence, f(’) w*dx > 0 for every open set O C 2 and thus, Lebesgue’s differ-
entiation theorem yields that w* > 0 a.e. in . Moreover, taking O = Q in
(57, 1Qle7! = [qvidx — [qw*dx. Therefore, [, |w*|"/?dx = |v/w*|\ and
fqw*dx = |Vw*3 = |Qle~!. Then, (5.16) yields the inequality 1[vw*|3 +
é|\/ﬁ|i < g, which implies that Jw* € L"(Q) is a minimizer of the func-
tional J (u) with the restriction G (1) — 1 = 0. Consequently, Theorem 10 yields that
Vw* = e~ 12yq. From (5.14) and (5.15),

1
v,%—\g inL’"/>(Q) asn — oo. (5.18)

Since (5.14) means that |v5|:ﬁ = g,% 4+ o(1) as n — o0, this result together with

(5.18) implies that v% — ¢ Lin L"/2(Q) as n — oo. Finally, since (v,), is bounded
in L°°(2) and, up to a subsequence, v, — ¢~ 1/2 ae. in Q, from the dominated
convergence theorem it follows that v, — e~ Y2inLP () forevery 1 < p < 00, as
desired. Since the limit is independent of the chosen subsequence, the convergence
holds for the whole sequence, as claimed. O

Finally, as a consequence of this last result, we can show that the bound obtained
during the proof of Lemma 12 can be improved.

Corollary 2 Let (v,),en be as in (5.4), then

1
1 2-r\r=2
Ofvnf(z+£2) +o(l) asn — oo.

1 1
Proof By Proposition 3, we have that v, < A2 (24,|Q|~'e)"=2. Using (5.13),

1
L 1 r—2 r—2
v = AT 20907 e (0, + () Alual; .
r

Since, by Theorem 11, |v,|; — 8_’/2|Q|, we have, by Theorems 8 and 9, that

1
v <Aﬁ 2121 e @+A|9|+o(1) 2
"= Qe 2e"/?

1 2—r i
A2-r <1+A8 2 ) 4+ o0(l) asn — oo.
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The following is an easy calculation that will be useful for our next result.

Lemma 13 For M,r > 2, a € [0, M}, b =0, a # b, let F(a,b) := “—=Y""_ There
are C = C(r,M) > 0and o = a(r) > 0 such that F (a, b) > Cb".
Proof If r —2 > land z := %, then
F(a,b) 7721
a3 43 (2 —-D(E3 41’
Since lim,_, % = % we can find C = C(r) > 0 such that F(a, b) >

C(r)@ 3 +b ) foralln e N.
If0 < r —2 < 1, then the function f(y) = yr_2 is concave, which implies that
F(a,b) > F(M,b) foralla < M and b € R, where blinl}/[ FM,b)=(r— 2)M’_3.

Therefore, there is Coy = Co(r, M) > 0 such that F(a, b) > Co > 0. O

We are ready to show the main result in this section.

Theorem12 Lete >0, A >0,r > 2,190 :=1+ Asz%r, and let (sy)nen C (0, 1) be
such that lim,,—, s, = 0. For n sufficiently large, the problem

(=A)*"uy + A= —nou, =0 in @, u, =0 onRM\Q, (5.19)
has a unique positive solution u, € Hf)" (2) N L"(2). Moreover,

—12

Up —> € in LP(2) asn — oo for every 1 < p < oo.

Proof Since lim,_, , s, = 0, by (3.22), there is ng € N so that no := 1 + Ae% >
A, for all n > ng. Then, the existence and uniqueness of a positive solution u, €
H(s)" (2) N L"(£2) of (5.19) follows by arguing as in [7, Corollary 6.3].

Let v, and ®,, be as (5.4), and X,, be as in (5.13). In particular,

(=A) v, + AT =0, =0 inQ,  n, =2(Q e, (5.20)

By (5.13) and Theorems 9 and 11, we have thatn, — ngpasn — oo.Letw, := u,—v,,
then

(=8 w, + (Auy ™ = 0) wy = (0 = mn — A@2 = vy ) vy inQ,

ar72 _br72

Define F'(a, b) := = and notice that F > 0 fora # b, a, b > 0. Then,

lwal?, + / (4w = o) wl
Q
= (no—nn)/ vnwndx—A/ F (i, v)w2vy, dx
Q Q

< (10 — mn) f vty dx = o(1), (5.21)
Q
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because 1, — 1o as n — oo and because wy, v, € L°°(L2), by Proposition 3 and
Corollary 2.
Now we argue as in [8, Proposition 6.2]. By using standard arguments, the problem

2 r=2 2

v||s + Au — o) vodx
o= e 1 Jal - ) : (5.22)
veHI (\{0) lvl3

has a nontrivial non-negative solution z, € Hé” (R2) for each n € N. In particular, z,
is a weak solution of (—A)*1z, + (Au;,_2 — yo) Zn = MUnZp in Q. Testing with u,, and
integrating by parts,

0= [ (80 + (40,2 = mo) ) 2 dx = un [ zandr. (529
Q Q

by (5.19). Let us show that i, = 0. By Proposition 3, u,, < (no/A)ﬁ, and then
(=A)ruy, = (no — Aul™2) u, > 01in Q; by (5.1), we can apply the strong maximum
principle (see, for example, [27]) to conclude that #,, > 0 in Q. Since z, > 0 and
zZn # 0, (5.23) implies that i, = 0. Then, by (5.21) and the definition of w,,

0= plwnl3 < llwally, + f (Aul% — noyw; dx
Q

=o(1) — A/ Fy (it vy)w?v, dx < o(1)
Q

as n — o00. In particular, lim AfQ F(uy, vn)w,zlv,, dx = 0. Since Proposition 3
n— oo

guarantees the existence of a constant M > 0 such that u,, < M for all n € N, we
have, by Lemma 13, that there are C; = C1(r, M) > 0 and @ = a(r) > 0 such that
F(uy,, v,) > Crvy. As a consequence,

0= lim A/ F(un, v)wlv, dx = Cy lim [ v*Tw?dx >0, (5.24)
Q

n—0o0 n—o0 Q

that is, lim fo ve w2 dx = 0. Furthermore, by Theorem 11 and dominated con-
n—oo

atl
vergence, we have that lim, o [, |1 — & 2 v%"!|dx = 0. By Proposition 3 and
Corollary 2, there is C > 0 such that |wnlc2>o < C and then

a+1 a1
05f wﬁdxs[(1—87v3+l)w5dx+87/ W2 dx = o(1)
Q Q Q
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asn — 0o, i.e., nl;n;) Jo w2 dx = 0. Finally,

2
/|un—e”/2|2dxs/ (1wl + 10, —71721) " dx
Q Q

54/ w,%+|v,, —8_1/2|2dx — 0 asn — oo,
Q

which proves the result for p = 2. The general case, | < p < oo, now follows
from the dominated convergence theorem since, by Proposition 3, (u,), is bounded
in L®(£2). O

Proof The proof follows directly from Theorem 12 usingr = p+ 1, A = 1, and
2
e=(k—1)T7 = (k—1)T7. o
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