( .
Fractional Calculus and Applied Analysis (2023) 26:1016-1030 qractional Caleulus

(3 . .
https://doi.org/10.1007/513540-023-00160-5 & Applied Clnalysis
ORIGINAL PAPER
Check for
updates

On generalized K-functionalsin L, for0 < p < 1

Yurii Kolomoitsev'® - Tetiana Lomako'

Received: 24 November 2022 / Revised: 19 April 2023 / Accepted: 19 April 2023 /
Published online: 8 May 2023
© The Author(s) 2023

Abstract

We show that the Peetre K-functional between the space L, with 0 < p < 1 and
the corresponding smooth function space W;,p generated by the Weyl-type differential
operator ¥ (D), where v is ahomogeneous function of any positive order, is identically
zero. The proof of the main results is based on the properties of the de 1a Vallée Poussin
kernels and the quadrature formulas for trigonometric polynomials and entire functions
of exponential type.
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1 Introduction

The classical Peetre K-functional is defined by
K(f.t;X,Y):= ggfy(”f —glix +rlgly),

where (X, || - |lx) is a (quasi)-Banach space and ¥ C X is a complete subspace
with semi-norm | - |y. The K-functional is one of the main tool in the theory of
interpolation spaces. Moreover, it has important applications in approximation theory.
Namely, smoothness properties of a function as well as errors of various approximation
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methods can be efficiently expressed by means of K -functionals, especially when the
classical moduli of smoothness cannot be applied, see, e.g., [6], [7], [11], [15], [16].
In this paper, we are interested in the case, where X is an L, space and Y is a

smooth function space W[',p generated by the Weyl-type differential operator ¥ (D),
where v is a homogeneous function. The class of such differential operators includes,
for example, the classical partial derivatives, Weyl and Riesz derivatives, the Laplace-
operator and its (fractional) powers. Let us consider the K-functional for the pair
(Lp(T), Wf,‘ (T)), where T is the circle and W[‘} (T) is the fractional Sobolev space
defined via the Weyl derivative of order & > 0, i.e.,

K(f,8%L,, W% = inf — 8%)|g@ . 1.1
(f W) gear/lgm(llf gl +8%1g Iz, () (1.1)

Itis well-known thatif 1 < p < oo, then this K -functional is equivalent to the classical
modulus of smoothness of order «, see [8] for the case « € N and [4] for arbitrary
a > 0. A similar result for the Riesz derivative and special modulus of smoothness
was established in [21]. Properties and applications of the K-functionals between
the space L, on the torus T or R and the corresponding smooth function space

W;,p with a particular homogeneous function ¢ were studied in [2], [6], [14], [19],
[25]. Also, there are many works dedicated to the study of K -functionals in different
quasi-normed Hardy spaces H,,0 < p < 1, see, e.g., [10], [11], [16], [17, Ch. 4]. In
particular, as in the case of the Banach spaces L ,, the K-functional of type (1.1) in the
quasi-normed Hardy spaces is equivalent to the corresponding modulus of smoothness
of integer or fractional order, see, e.g., [10], [11], [17, Ch. 4].

In contrast to the case of Banach spaces and quasi-normed Hardy spaces, the K -
functionals in L, with O < p < 1 are no longer relevant. Namely, it was shown in [5]
that the K -functional (1.1) with O < p < 1 and the derivative of integer order « € N
is identically zero. In [19], exploiting the approach from [5], the same property was
established for the K-functional between the space L p('ﬂ‘d ) and the smooth function

space W;,b (Td ), where ¥ is ahomogeneous function of order > 1ifd = lando > 2
if d > 2. Note that the restriction on the parameter « is due to the fact that the proof
of the above property in [19] is essentially based on the results in [5] obtained for the
derivatives of integer orders. But it is well known that a solution of problems involving
fractional smoothness in L, with 0 < p < 1 usually is more involved than its integer
counterparts and very often requires development essentially new approaches, see,
e.g., [3], [20], [12], [13].

In the papers [14] and [16], it was stated without the proof that the K-functional
K(f,t; Ly(£2), W;‘(.Q)), where 2 = T¢ or R, is identically zero for any positive
o > 0and 0 < p < 1. But, as it was pointed by S. Artamonov, this fact has not
yet been established anywhere. The purpose of the present paper is to improve this
drawback by showing that in the case 0 < p < 1, the K-functional is identically zero
for various differential operators v (D) generated by a homogeneous function ¥ of
any order & > 0. Our approach is different from the one presented in [5] and [19] and
is based on properties of the de la Vallée Poussin kernels and the quadrature formulas
for trigonometric polynomials and entire functions of exponential type.
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1018 Y. Kolomoitsev, T. Lomako

2 Notation and definitions

Let R? be the d-dimensional Euclidean space with elements x = (xq, ..., x4), and
(x,y) =x1y1 + - - -+ xava, |x| = (x, x)1/?. Let N be the set of positive integers, z4
be the integer lattice in R?, and T¢ = R /27 Z¢. By {e g };l:] we denote the standard

basis in R?. For n € N, the space of trigonometric polynomials of degree at most than
n is defined by

71, = span{ei(k’x) k€ [—n, n]).

As usual, the space L,(£2) consists of all measurable functions f such that
I flliL,2) < oo, where

1
</ |f(x)|de>p, 0<p < oo,
22

ess sup | f(x)], p = 0.
xe

IfllL, ) =

Note that || f|lz,2) for 0 < p < 1 is a quasi-norm satisfying | f + gllip(m <

IIfIIZP(Q) + IIgIIZP(_Q). By Co(R%), we denote the set of all continuous functions f
such that lim |y, o f(x) = 0. For any g € (0, oo], we set

g, 0<q <1,
N=11,1<q <00

Iffe Ll(']I‘d), then its k-th Fourier coefficient is defined by

1

10 =Gy

/ e @R gy,
'ﬂ'd

By A}, f,wherer € Nandh € R4, we denote the symmetric difference of the function

s
nfx) = g(—l)“C)f (x + (r —2v)h).

We say that a function i belongs to the class Hy, ¢ € R, if ¥ (&) # O for
£ e RI\ {0}, ¥ € C®@4\ {0}), and ¥ is a homogeneous function of order «,
ie.,

V(tE) = %Y (), >0, £eR?

@ Springer



On generalized K-functionals... 1019

Any function  defined on Z4 \ {0} generates the Weyl-type differentiation operator
as follows:

YD) : Y e ™D > N yrkycre ™.

kezd kezd\{0}

Important examples of the Weyl-type operators generated by homogeneous functions
are the following:

— the linear differential operator
gki+-+kq

Pn(D)f= Y aD'f, D=

ki kq’
ky+-tkg=m dx;" -+ 0xy
d
keZJr

with

vE = Y alE)" . E)N:

ky+-tkg=m
d
keZZ

— the fractional Laplacian (—A)%/? f with ¢ (£) = |£]%, & € RY;
— the classical Weyl derivative f© with ¢ (£) = (i£)%, £ € R.

Lety € Hy,a > 0and0 < p < 1.By W,‘,// (T?) we denote the space of y-smooth
functions in Lp(’IFd), ie.,

Wy ) ={g e Li) : y(D)g e LT
with

81y = 1V (D)L, ra)-

3 Main result in the periodic case

Theorem1 Let 0 < p < 1,0 < g < o0, @ > max{0, d(1 — 1)}, and ¥ € Hg. Then,

q
forany f € Lp(']I‘d) and § > 0, we have
K(f,8, Ly(Th, WY (Th) =0.

To prove this theorem, we need the following auxiliary results and notations. In
what follows, the de la Vallée Poussin type kernel is defined by

AN
._ =) yitkx)
Vi(x) = E v (n) e ,

kezd
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1020 Y. Kolomoitsev, T. Lomako

where v € C®°(RY), v(¢) = 1 for & € [—1, 1]¢ and v(§) = O for £ € R? \ [-2, 2]¢

Lemma 1 (See [24, Ch. 4 and Ch. 9].) Let 0 < p < 1 and ¢ € C®(R?) have a
compact support. Then

1
sup g4d-3)

e>0

Y wlek)e Y

keZd

< 00.
L, (Td)

1
In particular, |Vyl ey < cpn dd=3).

We will also use the following quadrature formula and the Marcinkiewicz—
Zygmund inequality.

Lemma2 LetT, € Ty, txn = 22n73f1, k € [0,2n]%, and 0 < p < oo. Then
! / Ez(x)dx —1 Z T (tk n) (31)
2y Jpa n + 1)d )
€[0,2n]9
and
—1 P~
ke[0,2n]d

Proof Equality (3.1) can be obtained by applying the univariate quadrature formu-
las for trigonometric polynomials in [26, Ch. X, (2.5)] to each variable one after
another. Similarly, using the univariate Marcinkiewicz—Zygmund inequality in [18,
Theorem 2], we can prove (3.2). m]

Proof of Theorem 1. In what follows, for simplicity, we write || /|| , = || f L,(Td)- Note
that in view of the obvious inequality

K(f.18, Ly(T?), W) (1)

3.3
< max{1, 1}K (f. 8, Ly(T?), WY (T9), 8.t >0, G-

it is enough to prove the theorem only for the case § = 1. Let ¢ > 0 be fixed and let
T,, € 7, be such that

If = Tuld < 3
It is clear that

K(f. 1, Ly(T), Wl (TH)" < §+ K(Tu, 1, Ly(Th, W) (TH)". (3.4

@ Springer



On generalized K-functionals... 1021

Letm > u, m € N. We set

d
1
Van(x) = =2 3 AL Vo (x)
j=1

k )
= Z (Sinz kl + .. 4+ sin2 kd)U (2_m> el(k,x)

kezd

and

_ 40) y
NE = o §e2\ 0

Then, denoting

1
R?\ {0},
V) = e & e R\ {0}

we see that equality (3.1) implies

Tu(x) = (n )d/ Y1(D)T, (1) - Y (D)Vam (x — t)dt + T (0)
1 D\T. DYV 70 3.5)
(2M + l)d OXZ:M]d Y1 (D) M(te) ' 1//( Wam (x — t¢) + /L( ),

where M = 42" and tp = 10 = 2%/74&1

Letn > m, n € N. From the definition of the K-functional, it follows that

K(Ty, 1, Lg(T9), WY (T%)

1 - —~
<TG 2 VDT - P DWrlx — 1) = T, (0)
£€[0,2M 74 a
+Hm Z 1//1(D)T,L(l‘() -Vzn(x —Iz) = Il +12~ (3~6)
£e0,2M 4 r
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1022 Y. Kolomoitsev, T. Lomako

Using (3.5), (3.2), and a telescopic sum, we obtain

~ q1
= Hm > YiD)Tu(te) - (D) (Var (x — 1) — Vom (x — 1))
Lel0,2M4 q
- q1
< @A 2 MOTu)
Lef0,2M]4 3 7)
< [T DYV (x = 1) = Vi x = 1) | ©.
< Cq @M + DWWy (DY, G [9(D) Var = Vo) |7
< Cq @M + D'y (DTG D [ F(D) (Vywsr = Vo) |2
Next, denoting
K\ v(5) = v(&) £ eI\ (0)
kezd 0, §=0,
we get
V(D) (V2v+l (x) = Vo (x))
: k i(k,x
20‘“ Z (s1n ki + - + sin? ka)n (2—v) PACEY
kezd
1 d
= a2 2 Ae N
j=1
and hence
~ q1
”W(D) (VZV‘H Vz”) ‘ql (av+2)q1 Z NZV
4 (3.8)
4l-aq
< S ]2
If 0 < g < 1, then with the help of Lemma 1, we obtain
Cq,n
|2 g = 2d(—gw’ (3.9

where we have used the fact that n € C*®(R?) and supp n is compact. Next, for
1 < g < oo, exploiting the Nikolskii inequality of different metrics (see, e.g., [24,
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4.3.6]) and again Lemma 1, we get

_1 cq,
[N, < 210=0 | N |, < 2[1(%—_”1” (3.10)

Thus, inequalities (3.7), (3.8), (3.9), (3.10), and the condition & > max{0, d(1 — %)}
imply that, for sufficiently large m > mo (T, ¥, g, ¢),

Hai(@td(G=D)+2(1-q1) 4

q 1%q1,m q
11 =< 2q1(a+d(l—l)) ) “wl(D)Tu”ql
q

(2m+2+2'u+ Ddd-a) ¢
St —tm 3

(3.11)

Now we estimate />. An application of the Marcinkiewicz-Zygmund inequality (3.2)
and Lemma 1 yields

1
P - 14 n p
5= G 2 WOl Vel
£e[0,2M14

< 4dCp2M + )P |y (D) T, |12 Var | (3.12)

r/q
< 4de,Cp2M + DAO=P) |y (DYT,, |15 - 24P=D < (g) '

for sufficiently large n > no(Ty,, m, ¥, p, &).
Finally, combining (3.4), (3.6), (3.11), and (3.12) for appropriate n > ng and
m > mg, we obtain that K(f, L, L, (Td), W;,p (’]I‘d))ql < ¢. This proves the theorem.
O

4 Main result in the non-periodic case

To formulate an analogue of Theorem 1 for non-periodic functions, we introduce
additional notations. As usual, by S and S’ we denote the Schwartz space of infinitely
differentiable rapidly decreasing functions on R? and its dual (the space of tempered
distributions), respectively. The Fourier transform and the inverse Fourier transform
of f € L1(R?) are given by

FFE) = f€) = / FO0e 1) 4y

(2 )d/z

and

F© = G [, 10O,

(2 )d/z

@ Springer



1024 Y. Kolomoitsev, T. Lomako

The convolution of two appropriate functions f and g is defined by
frglx) = /Rd F(glx — ydx.

For f € S’, we define the Fourier transform fand the inverse Fourier transform F~! f
by (f, ) = (f, @) and (F~' f,9) = (f, F~'¢), ¢ € S. Next, by By, = B, ,(RY)
with 0 > 0 and 0 < p < oo, we denote the Bernstein space of entire functions of
exponential type o. Thatis, f € B, , if f € L ,,(Rd) N S'(R?) and supp Ff C
[—o, O’]d.

Similarly as in the periodic case, by W;,// (R?) we denote the space of y-smooth
functions in L p(Rd), that is,

Wy R ={g € S® : y(D)g € LR
with
181yt iy = 1V (D8Il ey, Where y(D)g = F~'(¥2).

Theorem2 Let0 < p < 1,0 <g < o0, > max{d(%— 1),d(l —ql)}, and yr € Hy.
Then, for any f € L,(R?) (f € Co(RY) if g = 00) and § > 0, we have

K(f.8, Lg@R, W) (®RY) = 0. (4.1)

To prove Theorem 2, we will need the following analogue of Lemma 2 for entire
functions of exponential type.

Lemma3 1) Letl < p <00, 1/p+1/q =1, and o > 0. Then, for all g € Byrs,
and h € Brs,q, we have

1 k k
(g*h)(x):;Zg(;)h(x—;), xeR?, (4.2)

keZd

The series on the right-hand side of (4.2) converges absolutely for all x € R? and this
converges is uniform on each compact subset of RY.
2) Let0 < p < ocoand o > 0. Then, for all g € By, p, we have

=2 ()

kezd
Equality (4.2) can be found, e.g., in [22, Lemma 6.2]. For the Plancherel-Polya-type
inequality (4.3), see, e.g., [24, 4.3.1].
Recall also the following convolution inequality, see, e.g., [23, 1.5.3].

P
= Cpllgly gay; 43)
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Lemma4 LetO < p < land o > 0. Then, forall f, g € Bs, p, we have

d(+-1
1f * gllg, ey < cpo TN F L, @ayllgle, oy
Proof of Theorem 2. The proof of the theorem is similar to the one of Theorem 1.
However, because several steps are different, we present a detailed proof.
In what follows, we denote || - ||, = || - ||Lp(Rd). By the same arguments as in (3.3),

we can restrict ourselves to the case § = 1. Let ¢ > O be fixedandlet g, € S, u > 1,
be such that supp g,, C [—-2#, 2#]¢ and

If —gulld < 3
Then, as in the periodic case, we have
I3
K(f. 1. LR, W) RH)T < 3+ K (2w 1, Ly@®RY), WY RD)". (4.4
For A > pwandm > u, A, m € N, we introduce the following functions:

fun) = F (v g (8)) (x),
gur(x) = gu(x) — fua(x),

and
Van () = F~ (0 () () with v (§) = v (27"E) .
Further we denote

| lel, d=1,
272141, d =2

where [-] is the ceil function, and consider the functions

d

1 r
V@) = iz 2 A Vo ()
j=1

= FH((sin2 2718 + - + sin"2 271 Eg)um (6)) (x),

W@) _ou+l +11d
Y2(€) = { sin’22HEp + - - +sin2 27HE,’ § e [-2H7, 27190\ {0},
0, otherwise,
and
J v § € \{0}
=1 ¥E
V() {0 £ =

@ Springer



1026 Y. Kolomoitsev, T. Lomako

Let us show that there exists g > 1 such that
V2(D)gus € Lg®RY) 4.5)
and
J(D)Von (x) € Ly (RY), (4.6)

where 1/q 4+ 1/q’ = 1. Indeed, relation (4.5) is obvious since ¥2g,.. € S. To
verify (4.6), we use the following representation

d d
V&) | D sin27 g | v = b)), 4.7)
j=1 j=1
where

rn

g.
hj(E) = wé@ e C®[R?\ {0})) and go,»<5)=<

sin 27HE;

£j

rn
) v (§) € S.

Since £ is a homogeneous function of order r, — a > 0, we have that fz; belongs
to C(R? \ {0}) and it is homogeneous of order —(r; — o + d), see, e.g. [9, Theo-
rems 7.1.16 and 7.1.18]. Thus, applying the properties of convolution and choosing
oy, such that supp v, C {|§| < o}, we obtain

|F (o)) = [(h), G =) = Mﬁ(y)@-(& — y)dy
<[ E»@E- i
& —yl<om

(4.8)
< max |/?,-<y>|f 15 (»)dy
Rd

- ‘E*ﬂfﬂ'm
<c),, max ly| 2t d < el
‘%‘_ﬂfgm

for |§] > 20y and y = r2 — a +d > d. Moreover, since hjp; € Li(RY), it
follows from the standard properties of the Fourier transform, that (h j¢;) € Co (RY).
Therefore, F(hp;) € Ly (R9) forall s > 1.1In particular, we have that Fl (hjpj) €
Ly (]Rd), which together with equality (4.7) implies (4.6).

Now, taking into account (4.5)—(4.6), we can apply Lemma 3, which yields

guar(x) =gu(x) — fuar(x)

= [ 9201 51T DIV (5 = ) wo)

=M~ (D) gy (t) ¥ (D)o (x — 1),

Lezd
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where M = p + 2"l and 1, = .
Letn > m, n € N. We have

K (gu- 1. Lg@®R?), W) (RY))

< g =M™ > Ya(D)gu(t) Y (D)Var (x — 1) = fun
i g (4.10)
+ HMd Z Y2 (D)gurte)Vor (x —1g) + ¥ (D) fus|| =1 + L.
Lezd p
Using (4.9) and the Plancherel-Polya-type inequality (4.3), we obtain
- q1
I = HMd > Vo (D)gualte) - Y (D) (Vo (x — 1) — Vam (x — 1))
tezd 9
< MUY (D) gy ()]
Lezd

X [ (D) (Var (x = 1) = Vam(x — 1) | (.11
< Cy Md(l—ql)||1ﬂ2(D)gu,x||Z: ”1/7(D) (Van — Vom) HZI

n—1
< Co MU 1yy(D)guallgs D [T (D) (Varir = Viv)

v=m

|‘]1.
q

Note that in the above relations Y2(D) g1 € Ly, (R?) because V28,5 € S. Next,
denoting

v(5) — v(E) J
Nas(o) = FH (1 (27°6)) (1) with n@®) =1 — gy o <X MO
0, £=0,

we get

(D) (Va1 (x) — Var (1))
LF ((sin™ 27F) + -+ + sin™ 27 &4)n (27V¢)) (x)

= 20[1)

d

DA, N ().

Jj=1

1
- 2av(24)r2

@ Springer



1028 Y. Kolomoitsev, T. Lomako

Thus, taking into account that 7 € C°°(R?) and supp 1 is compact, we obtain

d

) 1 q1
q1 _ "
||W(D) (V2v+l - VZV) ||q == 2(0[”+r2)q1 Z Azz—ﬂejNZU
j=I g (4.12)
(1-grg 200=a0ng |5 f ¢
< w2l = i = e
Davar T Haletd(G=Dy  Hqietd(g=1)y

Then, combining (4.11) and (4.12), it is easy to see that

q1(@+d(2-1y)
24 1 CqiCqi

1‘11 < D q1
L= Jaerdd-n) 1V2(D)gpla “.13)
QM2 42 + 1dd-a) ¢
X 1 < —
41 (atd (g =1))m 3
for sufficiently large m > mo(gu.a, ¥, q, €).
Further we find
J P
1 < MY Ya(D)guate) Ve (x — )|+ 1¥(D) fually
Lezd r (4.14)
=J/+73.

First we estimate J;. Taking into account that F ) e B, p(Rd Yfora > d(1/p—
1), see, e.g., [20] (this can also be verified as (4.8)) and applying Lemma 4, we obtain

B =2 F (@ w@g) [, =27 MIFT W @u@M) * gl
< 2" GG 2L R0 2R ) gl

—art+d(E —D)(u+D+d(L DA —
= ¢, 270G DHG DM 2 )| llggl -

Thus, for sufficiently large A > Ao(gu, ¥, p, &), we get

1 se\p/a
p_ e
i0<3(3)" (4.15)

Next, the Plancherel-Polya-type inequality (4.3) yields

JP <M= 1Yo (D)gua i)l 1Vl
Lezd

< 22dCp M P (D) guallp IV I 4.16)
=272dCpep (i + 2" TP |1y (D) g s L D) - 24P~ D

- % (;)p/ql

@ Springer
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for sufficiently large n > no(gu.x, m, ¥, p, &), which together with (4.14), (4.15),
and (4.16) implies that

< ; 4.17)

Finally, combining (4.4), (4.10), (4.13), and (4.17) for appropriate A > Ao, n > no,
and m > mg, we obtain that K(f, 1, L, (Rd), W;,/f(Rd))‘“ < &, which proves the
theorem. O

Remark 1 If we suppose that 0 < ¢ < 1 in Theorem 2, then (4.1) holds for any o > 0.
Indeed, according to [1, Theorem 5.1 and Corollary 2.2], there exists g,, € S such
that supp g, C [—2,2#19 \ [=1,1]1? and || f — gull§ < &. Thus, in the proof of
Theorem 2, we can put A = 1, g, = g,,1, and fj, » = 0, which implies that we do
not need to estimate the term J,, where the restriction « > d(1/p — 1) appears.
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