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Abstract

In this sequence of work we investigate polynomial equations of additive functions. This is
the continuation of the paper [5] entitled Polynomial equations for additive functions I. We
consider here the solutions of the equation

Do LiGP)gi) =0 (xeF),

i=1

where n is a positive integer, F C Cisafield, f;, g;: F — C are additive functions and p;, g;
are positive integers for all i = 1, ..., n. Using the theory of decomposable functions we
describe the solutions as compositions of higher-order derivations and field homomorphisms.
In many cases, we also give a tight upper bound for the order of the involved derivations.
Moreover, we present the full description of the solutions in some important special cases,
too.

Keywords Homomorphism - Derivation - Higher-order derivation - Exponential
polynomial - Decomposable function

Mathematics Subject Classification 43A45 - 13N15 - 16W20 - 39B32 - 39B72

1 Introduction

As a continuation of our former work [5], in this paper, the additive solutions of a class of
functional equations are studied. According to the results, this class of equations turns out
to be appropriate for characterizing homomorphisms and derivations, resp. acting between
fields. The question of how special morphisms (such as homomorphisms and derivations)
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can be characterized among additive mappings in general are important from algebraic point
of view, but also from the perspective of functional equations.

Concerning all the cases we consider here, the involved additive functions are defined on
afield F C C and have values in the complex field, therefore we introduce the preliminaries
only in this setting.

In what follows, we adopt the standard notations, that is, N and C denote the set of positive
integers and the set of complex numbers, respectively.

Henceforth assume ' C C to be a field.

Definition 1 We say that a function f: F — C is additive if it fulfills

fx+y)=f@)+fQ) &,yeh).

An additive function d : F — C is termed to be a derivation if it also fulfills
dxy) =d(x)y +xd(y) (x,y€l).

An additive function ¢ : F — C is said to be a homomorphism if it is multiplicative as well,
in other words, besides additivity we also have

p(xy) = o@)e(y) (x,yel).

If F = C and ¢ is an isomorphism, then ¢ is called a complex automorphism.

In this paper we investigate the solutions of

Y fiPgi(0f =0,  (xelF). (1)

i=1

where n is a positive integer, F C Cisafield, f;, g;: F — C are additive functions and p;, g;
are positive integers for alli = 1, ..., n. Our primary aim is to show that the solutions can be
represented with the aid of compositions of homomorphisms and (higher-order) derivations.
Using that we describe the solutions in many cases.

Observe that the above equation contains as a special case several well-known equations
that characterize (higher-order) derivations. For instance, in [1, 2, 6] the additive solutions
of the equation

infnﬂ—i(xnﬂii) =0 ((x€eR)

i=0

and also that of

Y f@Pxt =0 (xeR)
i=0

were described on rings.

The core of the paper starts from the second section, where the results concerning (1) can
be found. Firstly we prove some elementary yet important statements. The purpose of these
lemmata is to figure out under what reasonable conditions we should make, while studying
these equations. For instance, the so-called Homogenization Lemma (see Lemma 1) enables
us to restrict ourselves to the case when for the parameters

pitg=N (=1,...,n
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hold.
Based on the remarks and examples that can be found at the beginning of Sect. 2, we will
provide characterization theorems for equation (1) under the following conditions

C(i) the positive integers pi, ..., p, are arranged in a strictly increasing order, i.e.,
P1<:- < Dn;
C(i) foralli =1,...,n wehave p; +¢q; = N;
C(ii) foralli, j e{l,...,n},i # j wehave p; #q;.

Further, according to Lemma 2 below, the solutions of the above functional equations
are sufficient to determine ‘up to equivalence’. This is because of the observation that if
the functions fi,..., f, and gi, ..., g, fulfill equation (1), then for any automorphism
¢: C — C, the functions g o f1,...,90 fpandgpo gy, ..., ¢ o g, also fulfill (1).

Although Eq. (1) contains only one independent variable, we seek the solutions in the class
of additive functions. This property (i.e., additivity) will enable us to enlarge the number of
independent variables in Eq. (1) from one to N. Briefly, this is the so-called Symmetrization
method. After that, it is possible to prove that the functions fi, ..., f, and g1, ..., g, are
decomposable functions on the multiplicative group F*. From this, we deduce that they are
generalized exponential polynomials on the group F*. Further, Theorem 14 says that for all
i =1,...,n,inthe variety of the functions f; and g; there is exactly one exponential, namely

m;, provided that for the parameters ¢q1, ..., g, we assume g; < — foralli = 1,...,n.

Our next aim is to get an upper bound for the degree of the involved higher-order derivations
that appear in the solutions. In connection to this, firstly we prove an alternative theorem, see
Theorem 18. After proving Theorem 18 for equation (1), we focus on some special cases.
Here we consider equation (1) under the condition that all functions f;, g;, i = 1,...,n are
derivations or the linear functions and assume that

o the order of the higher-order derivations in the representations of the functions fi, ..., f,
is the same and we conclude that for alli = 1, ..., n we have g; (x) = X;x (x € [F), see
Corollary 19;

o the order of the higher-order derivations in the representations of the functions g, ..., g,
is the same and we conclude that for alli = 1, ..., n we have g; (x) = X;x (x € [F), see
Corollary 19;

e foralli = 1,...,n we have fi(x) = c¢igi(x) (x € F) and we deduce that f;(x) =
rix (x e F,i =1,...,n), see Corollary 20.

These results motivate Conjecture 21, where we formulate that we conjecture that the order of
the higher-order derivations in the representations of the functions fi, ..., fyand g1, ..., g,
is at most n — 1. In a separate subsection, we close the last section with some special cases
of equation (1).

As we wrote above, this paper can be considered a natural continuation or completion of
our former one [5]. In that paper, we considered the same situation a rather similar equation,
namely

n
D AP =0 (xeF), (%)
i=1
where n is a positive integer, F C C is a field and f;, g;: F — C are additive functions for

alli=1,...,n.
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Besides equations (1) and (), the equation

n
Y fiPiglh =0 (x €F) ()
i=1
can also be considered. Unfortunately, the similar statements as for equations (1) and (x), are
not satisfied for equation (o), even though with assumptions C(i)—C(iii). After symmetriza-
tion, we can deduce that the involved additive functions are linearly dependent. At the same
time, in the case of equation (¢), arbitrary additive functions can appear in the solution
space. More precisely, let f: F — C be an arbitrary additive function and suppose that the
complex constants Aq, ..., A, and uy, ..., wu, fulfill
n
2 M =0,
i=1

then the functions

fi) =2 f(x) and  gi(x)=puif(x) (xek)

fulfill equation (¢).

Obviously, not only the structure of these equations but also the setup is rather similar. This
is mainly because these problems are special cases of a much more general problem. More
concretely, the problem-raising, the solution methods of this paper and also that of the previous
ones in [1-3, 5-7] can be regarded as initial steps for the general problem below. Let n be
a positive integer, P be a given multivariate complex polynomial and Qy, ..., Q,: F — C
be polynomials. What can be said about the additive functions fi, ..., f,: F — C if they
fulfill equation

P(f1(Q1(x)), ..., [a(Qn(x))) =0 (®)

for all x € F. In connection with equation (e), it is necessary to first clarify under what
additional conditions it is expected that we can state something more about the unknown
functions involved (obviously beyond additivity). Further, one of the heaviest difficulties
with this equation is that it contains only one independent variable (this typically carries
little information), but the number of unknown functions can be large. However, additivity
provides the opportunity to increase the number of independent variables. These are done
typically by proving Symmetrization lemmata. After that, our goal is usually to show that
the involved additive functions have a ‘good connection’ with the multiplicative structure, as
well. More concretely, our objective is to show that these additive functions are decomposable
functions on the multiplicative group F*. This is the first point where (at least at the level
of the proofs) it becomes clear that equations (x) and (1) cannot be handled with the same
method. Observe that compared to equation (%), in equation (1) the role of the parameters is
not equal. It is clear from the comparison of the methods of [5] and this paper that this fact
(the role of the parameters) has both advantages and disadvantages.

The asymmetry in the parameters makes it possible for the statement of Lemma 8 to hold
under more general conditions (during the proof it is enough only to use that the parameters
pi, ..., pp are different.) At the same time, in the case of equation (x) it is possible to
verify in one step that the functions f1, ..., f, and g1, ..., g, are decomposable functions
on F*. In the case of equation (1) first we can only show that the functions fi, ..., f, are
decomposable (cf. Lemma 8). Based on this, finally the decomposability of the functions
g1, ..., &n can also be deduced, see Theorem 13. This and also the subsequent results show
that in the case of equation (1), new solution methods were necessary to develop.
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2 Reduction of the problem

This part begins with some elementary, yet fundamental observations. Our aim here is to
show that in any case the original problem can be reduced to a simpler equation. Concerning
the notations, the terminology, and the most basic results about polynomials and exponential
polynomials, here we follow the monograph [12, Chapter 1]. Although the proofs of Lemmata
1 and 6 are analogous to that of Lemmata 4 and 6 of [5], for the sake of completeness, we
present their proofs in the Appendix located at the end of this work.

In the table below, we briefly summarize the three most important results of this section.

Homogenization Lemma 1 We can assume that p; +¢; = N holds foralli =1,..., n
Equivalence Lemma 2 Solutions are enough to determine up to the equivalence relation ~.
Symmetrization Lemma 6 Equation (1) implies % ZJEYN Yot fiGay - X (py))

8i (X (p;+1)) 8 (o () = 0.

2.1 Multi-additive functions and the Homogenization lemma

Definition2 Let G, S be commutative semigroups (written additively), n € N and let
A: G" — § be a function. We say that A is n-additive if it is a homomorphism of G
into S in each variable. If n = 1 or n = 2 then the function A is simply termed to be additive
or biadditive, respectively.

The diagonalization or trace of an n-additive function A: G" — S is defined as
A*X)=A(x,...,x) (xeG).

As a direct consequence of the definition each n-additive function A: G" — § satisfies

Aoy, oo Xt kX, X, oo X)) = KA, oo X1, Xiy Xig 1y - e, Xp)
X1, ...,x, € G)
foralli =1, ..., n, where k € Nis arbitrary. The same identity holds for any k € Z provided

that G and S are groups, and for k € Q, provided that G and S are linear spaces over the
rationals. This immediately implies that for the diagonalization of A we have

A*(kx) = K" A*(x) (x €G).

The above notion can also be extended for the case n = 0 by letting G% = G and by
calling 0-additive any constant function from G to S.

Based on the above notions and results our first lemma can be proved.

Lemma 1 [Homogenization] Let n be a positive integer, ¥ C C be afieldand py, ..., pn, q1,
.., qn be fixed positive integers. Assume that the additive functions fi, ..., fu, &1y, &n":
F — C satisfy functional equation (1), i.e.,

Y fiGP)gi(x)®% =0

i=1
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for each x € F. If the set {p1, ..., pn} has a partition P, ..., Px with the property
if pa, pg € Pj for a certain index j, then py + qu = pg + qp,
then the system of equations
D falxP)ga(x) =0  (xeF,j=1,...k
Pa€P;

is satisfied.

Remark 1 The above lemma guarantees that ab initio
pitg=N (=1...,n)

can be assumed. Otherwise, after using the above homogenization, we get a system of func-
tional equations in which this condition is already fulfilled. For instance, due to the above
lemma, if the additive functions fi, ..., fs: F — Cand g1, ..., g5: F — C satisfy equa-
tion

A1) + L)) + A g + fi(xD)gax) + f5(:P)gax)® =0
(x eF)
then the equations
HGE0@) + &2+ e =0 (el
and
f10) 8 + f5(6M)ga(x)* =0 (x € )
are also fulfilled (separately).

Remark 2 At first glance, the assumption that py, ..., p, are different seems a reasonable
and sufficient supposition. If the parameters p; are not necessarily different, then we cannot
expect anything special for the form of the involved additive functions. To see this, let p
and ¢ be positive integers and f: F — C be an arbitrary additive function, A be a complex
number such that 1 + A9 = 0 and define the complex-valued functions f1, g1, f2, g2 on F
by

1) =) g1) =) L) =fx) @) =1 f(x) @elF).

An immediate computation shows that we have

DG ) + fHLr(xP)g@)? =0 (xelF).

Note however, that p; = g; for some i, j € {1, ..., n} can be handled, which we emphasis
at some points of this paper. On the other hand, to avoid further difficulties throughout the
work we simply assume that p1, ... py, q1, - . ., g are distinct positive integers.

2.2 The Equivalence lemma

Given the above remarks, from now on, the following assumptions are adopted.

C(i) the positive integers pi, ..., p, are arranged in a strictly increasing order, i.e.,
PL < < Dn;
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C(i) foralli =1,...,n wehave p; +¢q; = N;
C(ii) foralli, j € {l,...,n},i # j wehave p; # q;.

Remark 3 Define the relation ~ on FC by
f ~ g if and only if there exists an automorphism ¢: C — C suchthat g o f = g.

Obviously ~ is an equivalence relation on FC that induces a partition on FC.

Lemma 2 [Equivalence] Let n be a positive integer, F C Cbe afieldand py, ..., pn, q1, - - -,
gn be fixed positive integers fulfilling the conditions C(i)-C(iii) of Remark 2. Assume that the
additive functions f1, ..., fn, &1,--.,8n: F — C satisfy functional equation (1), that is,
we have

n
D fiaP)g o =0
i=1
for all x € F. Then for an arbitrary automorphism ¢ : C — C the functions ¢ o fi,...,¢o
fns@ogl, ..., o0 gnalso fulfill equation (1).

Remark 4 We can always restrict ourselves to the case when all the involved functions are
non-identically zero. Otherwise, the number of the terms appearing in equation (1) can be
reduced.

2.3 The Polarization lemma and the Symmetrization method

One of the most important theoretical results concerning multi-additive functions is the so-
called Polarization formula, that briefly expresses that every n-additive symmetric function
is uniquely determined by its diagonalization under some conditions on the domain as well
as on the range. Suppose that G is a commutative semigroup and S is a commutative group.
The action of the difference operator A on a function f: G — § is defined by the formula

Ayf)=fx+y)—fx) (xyel).

Note that the addition in the argument of the function is the operation of the semigroup G
and the subtraction means the inverse of the operation of the group S. The superposition of
several difference operators will be denoted shortly

Aypynf = By By Ay, f (neN).
Theorem 3 [Polarization formula] Suppose that G is a commutative semigroup, S is a com-

mutative group, n € N. If A: G" — S is a symmetric, n-additive function, then for all
X, V15 .-y Ym € G we have

_ 0 ifm>n
T AGr, . ym) ifm=n.

Lemma4 Letn € Nand suppose that the multiplication by n! is surjective in the commutative
semigroup G or injective in the commutative group S. Then for any symmetric, n-additive
function A: G" — S, A* = 0 implies that A is identically zero, as well.

Definition 3 Let G and S be commutative semigroups, a function p: G — S is called a
generalized polynomial from G to S, if it has a representation as the sum of diagonalization
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of symmetric multi-additive functions from G to S. In other words, a function p: G — S'is
a generalized polynomial if and only if, it has a representation

n
p=>)_ A
k=0

where n is a nonnegative integer and Ay : G — S is a symmetric, k-additive function for
eachk =0, 1, ..., n. In this case, we also say that p is a generalized polynomial of degree
at most n.

Let n be a nonnegative integer, functions p,: G — § of the form

Pn = AZ:
where A, : G" — § are the so-called generalized monomials of degree n.

During the proof of Lemma 6 we use the following lemma from [5].

Lemma5 Let k and n be positive integers, F C C be a field and my, ..., m,: F — C be
generalized monomials of degree k. If

> mi(x) =0
i=1
holds for all x € T, then
ZMi(xl,u-,xk) =0
i=1

is fulfilled for all xy, ..., xy, where for all i = 1, ..., n, the mapping M;: F* — C is the
uniquely determined symmetric, k-additive function such that

Mi(x,...,x) =m;(x) xel).

Lemma 6 [Symmetrization] Let n be a positive integer, F C C be a field and py, ..., pn, q1,
.., qn be fixed positive integers fulfilling conditions C(ii). Assume that the additive functions
fisooes fur &1y -y gn: F — C satisfy functional equation (1), i.e.,

> fiaePgx)® =0

i=1

holds for each x € F. Then

1 n
NI Z Z JiGxo) - Xo(pi) - & Ko (pi+1)) -+ & (Xa(n)) =0

’ (767/\/ i=1

holds for all xq, ..., xy € TF.

3 Preliminary results

Decomposable functions will play a key role in the sequel. This notion was introduced by
E. Shulman in [11]. Besides this, we heavily rely on the work of Laczkovich [9].
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Definition4 Let G be a group and n € N, n > 2. A function F: G" — C is said to be
decomposable if it can be written as a finite sum of products Fj - - - Fy, where all F; depend
on disjoint sets of variables.

Remark 5 Without loss of generality we can suppose that k = 2 in the above definition, that
is, decomposable functions are those mappings that can be written in the form

F(X1,.--,xn)=ZZAJEBjE
E j

where E runs through all non-void proper subsets of {1, ..., n} and for each E and j the
function A f depends only on variables x; withi € E, while B ]E depends only on the variables
x; withi ¢ E.

The theorem below is about the connection between decomposable functions and gener-
alized exponential polynomials, see Laczkovich [9].

Theorem 7 Let G be a commutative topological semigroup with unit. A continuous function
[+ G — Cis a generalized exponential polynomial if and only if there is a positive integer
n > 2 such that the mapping

Gn9(xl’-~-’xn)'—>f(xl+"'+xn)

is decomposable.

Now we show that the functions fi, ..., f,, are decomposable functions. This together
with equation (1) will yield that the functions g, ..., g, are decomposable functions, too.
After this, we apply Theorem 7, which immediately yields that the solutions of equation (1)
are generalized exponential polynomials of the multiplicative group F*.

Lemma8 Let n be a positive integer, F C C be a field and py, ..., pn,q1,.--,qn be
fixed positive integers fulfilling conditions C(i)-C(iii). Assume that the additive functions
flooees fur &1y .-y gnt F — C satisfy functional equation (1), that is,

Y fiaP)gix)®% =0
i=1

for each x € F. Then all the functions f1, ..., f, are decomposable functions of the group
Fx.

Proof Let n be a positive integer, F C C be a field and pi,..., pn,q1,...,49n be
fixed positive integers fulfilling conditions C(i)—C(iii). Assume that the additive functions
Stseoos fnr 815 .-, gn: F — C satisfy functional equation (1) for each x € F. Let

S={pt,--.. P}

Then due to condition C(i) max S = p,. In view of Lemma 6, we have

l n
NI Z Zfi(xa(l)"'xo(p,'))'gi(xa(p,-+l))"'gi(xa(N)) =0

Toedy i=I
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for all xq, ..., xy €T, or after some rearrangement,

1
N Z FaGo @y X (pn) * 8n(Xo (put1) -+ (Ko (V)

oedy
1 n—1
=N DO filGoy Xa(p) * &Ko (pit) 8 (o))

cedy i=1

(xl,...,xN EFX).
Let now

Xppr1 == xy =1,

then the above identity says that g,(1)9' - f, is decomposable. If g, (1) were zero, but g,
would not be identically zero, then the would exists @ € F* such that g,(a) # 0. In this
case, the above substitutions should be modified to

xp:1+1 =4a, xpn+2 =t =XN= 1’

to get the same conclusion.
After that, let us consider the set S\ {p,} and apply the above argument for this set. This
step-by-step descending argument follows the statement of the lemma. O

To verify that g1, . . ., g, are also decomposable functions we have to introduce the notions
of exponential polynomials.

Definition 5 Let G be a commutative group. The function f: G — C s called a polynomial
if, there exist n is a positive integer, a (classical) complex polynomial P: C" — Cinn
variables and additive functions a;: G — C (k =1, ..., n) such that

f(x)=Pai(x),...,a,(x)) xeqG).

Remark 6 We recall that the elements of N” for any positive integer n are called (n-
dimensional) multi-indices. Addition, multiplication, and inequalities between multi-indices
of the same dimension are defined component-wise. Further, we define x* for any n-
dimensional multi-index « and for any x = (x, ..., x,) in C" by

n
x% = qui
1
i=1

where we always adopt the convention 00 = 0. We also use the notation |a| = oy +- - - +ay.
With these notations, any polynomial of degree at most N on the commutative semigroup G
has the form

px)= > cua(®)®  (x€G),

la|<N

where ¢, € Canda = (ay,...,a,): G — C" is an additive function. Furthermore, the
homogeneous term of degree k of p is
Z caa(x)*.

la|=k
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Lemma9 [Lemma 2.7 of [12]] Let G be a commutative group, n be a positive integer and
let

a=(ay,...,a),

where ay, . . ., a, are linearly independent complex valued additive functions defined on G.
Then the monomials {a®} for different multi-indices are linearly independent.

Definition 6 A function m: G — C is called an exponential function if it satisfies

m(xy) =mx)m(y)  (x,y€G).

Furthermore, on a(n) (generalized) exponential polynomial we mean a linear combination of
functions of the form p - m, where p is a (generalized) polynomial and m is an exponential
function.

The following lemma shows that generalized exponential polynomial functions are linearly
independent. Although it can be stated more generally (see [12]), we adopt it to our situation,
when the functions are complex-valued.

Lemma 10 [Lemma 4.3 of [12]] Let G be a commutative group, n a positive integer,

mi,...,my: G— C(@{ =1,...,n)bedistinct nonzero exponentialsand py, ..., py: G —
K@ =1,...,n) be generalized polynomials. If Y "7_, p; - m; is identically zero, then for all
i =1,...,n the generalized polynomial p; is identically zero.

However, we will need the analogue statement for polynomial expressions of generalized
exponential polynomials which was proved in [6].

Theorem 11 Let K be a field of characteristic 0 and k, 1, N be positive integers such that
k,l < N.Letmy, ..., my: K* — C be distinct exponential functions that are additive on
K, letay,...,a: K* — C be additive functions that are linearly independent over C and
forall |s| < N let Py: C! — C be classical complex polynomials of | variables. If

Z Ps(ai,....apm) - -mF =0
[sI<N

then for all |s| < N, the polynomials Py vanish identically.

It is easy to see that each polynomial, that is, any function of the form
x > P(a1(x), ..., ax(x)),

where n is a positive integer, P: C" — C is a (classical) complex polynomial in n variables
and ar: G — C (k = 1, ..., n) are additive functions, is a generalized polynomial. The
converse however is in general not true. A complex-valued generalized polynomial p defined
on a commutative group G is a polynomial if and only if its variety (the linear space spanned
by its translates) is of finite dimension.

The notion of derivations can be extended in several ways. We will employ the concept of
higher-order derivations according to Reich [10] and Unger—Reich [13]. For further results
on characterization theorems on higher-order derivations consult e.g. [1-3] and [6].

Definition 7 Let F C C be a field. The identically zero map is the only derivation of order
zero. For each n € N, an additive mapping f: F — C is termed to be a derivation of order
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112 Page 12 0f 35 E. Gselmann, G. Kiss

n, if there exists B: F x ' — C such that B is a bi-derivation of order n — 1 (that is, B is a
derivation of order n — 1 in each variable) and

SOy —xf(y)— fx)y=B(x,y) (x,yeF).

The set of derivations of order n of the ring R will be denoted by 7, (F).

Remark 7 Since %y(F) = {0}, the only bi-derivation of order zero is the identically zero
function, thus f € 2;(FF) if and only if

fay)y=xfM+ 0y «yek),

that is, the notions of first-order derivations and derivations coincide. On the other hand
for any n € N the set 2, (F) \ Z,—1(F) is nonempty because dj o --- o d, € 2,(F), but
dio---ody ¢ Z,-1(R),wheredy, ...,d, € () are non-identically zero derivations.

For our future purposes, the notion of differential operators will also be important, see

[8].

Definition 8 Let IF C C be a field. We say that the map D: F — C is a differential operator
of degree at most n if D is the linear combination, with coefficients from F, of finitely many
maps of the form dj o- - - ody, where dj, . .., di are derivations on F and k < n.If k = 0 then
we interpret dj o - - - o di as the identity function. We denote by &), (I) the set of differential
operators of degree at most n defined on F. We say that the degree of a differential operator
Disnif D € 0,(F)\0,—1(F) (where 0_1(F) = @, by definition).

The main result of [8] is Theorem 1.1 which reads in our settings as follows.

Theorem 12 Let F C C be a field and let n be a positive integer. Then, for every function
D: F — C, the following are equivalent.

(i) D € Zy(F)
(ii) D e cl(0,(F))
(iii) D isadditive on, D(1) = 0, and D/ j, as a map from the group F* to C, is a generalized
polynomial of degree at most n. Here j stands for the identity map defined on .

Note that according to Lemma 8, if the additive functions f1, ..., fu, g1,--., &n solve
equation (1), then the functions f1, ..., f, are decomposable functions on the multiplicative
group [F*, but this lemma tells nothing about the functions g, ..., g,. Now we show that
the functions g, ..., g, are also decomposable functions on the multiplicative group F*.

Theorem 13 Let n be a positive integer, F C C be a field and p1, ..., pn,qi,---,qn be
fixed positive integers fulfilling conditions C(i)-C(iii). Assume that the additive functions
fis-eos fur &1y gn: F — C satisfy functional equation (1), that is,

Y fiP)gix)®% =0

i=1

foreach x € F. Then all the functions f1, ..., f,and g1, ..., g, are decomposable functions
of the group F* i.e., all are generalized exponential polynomials.
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Proof Due to Lemma 8, the functions f1, ..., f, are decomposable functions, hence gener-
alized exponential polynomials on the Abelian group F*. At the same time, they are assumed
to be additive on . Thus these functions are higher-order derivations on the field [F. There-
fore, x —— f;(xP") is a linear combination of the products of higher-order derivations.
Let us denote all derivations on [F by 2. If g; are not in & then there is a summand in the
decomposition of g;, which is not in Z. Let us denote it by a. Then, by Lemma 10, we get
that

DAY (e ae)T =0 (xel),

i=1

with some constants ¢y, . .., ¢, € C, since these are exactly those terms that contain a. Using
the fact that ¢; are distinct and Lemma 10, we have that a and thus g1, ..., g, have to be in
2. Hence notonly f1, ..., f,, butalso g1, ..., g, are decomposable functions. O

Remark 8 Note that the statement of Lemma 8 holds under milder conditions. Indeed, com-
pared to equation

n
Y fiP)gx®) =0  (xel)
i=1
that was studied in [5], in equation (1) the role of the parameters is not equal. During the
proof, it was enough to use only that the parameters py, ..., p, are different. This is important
because in such a way it becomes clear that equation

n
Y fiPHxt =0 2
i=1
is a special case of equation (1). We remark that equation (2) plays a fundamental role in the
characterization of higher-order derivations, see [1-3, 6].

4 Main results

Theorem 14 Let n be a positive integer, ¥ C C be a field and p,, ..., pn,q1,...,qn be
fixed positive integers fulfilling conditions C(i)-C(iii) and we further assume q; < % for all
i=1,...,n

Suppose that the additive functions fi, ..., fu, &1, ..., & F — C satisfy functional equa-
tion (1) for each x € F. Then there exists a positive integer 1, there exist exponentials
m;: F* — C and generalized polynomials P;, Q;: F* — C of degree at most | such that

fix) = Pi()mi(x) and  gi(x) = Qi(x)m;i(x)  (x € FX) 3)
foreachi =1,...,n.
Proof Part I. Due to Lemma 8, the solutions fi, ..., f, and g1, ..., g, of equation (1) are
decomposable functions. Hence, they are generalized exponential polynomials on the Abelian
group F*. Accordingly, there exists a positive integer /, forall j = 1,...,l,i = 1,...,n

there exist exponentials m ; : F* — C and generalized polynomials P; ;, Q; j: F* — Cof
degree at most / such that

i i
i)=Y "Pij@®m;(x) and gi(x)=Y Qijm;jx) (xeFX). @)

=1 j=1
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Part 2. We can assume that I is finitely generated. If so, then the generalized polynomials
P; j, Q;,; are polynomials of degree at most /. This technical assumption makes the argument
simpler, since whenever we getthat f; = P;m; and g; = Q;m;,where P;, Q; are polynomials
of degree at most / for all finitely generated subfield of F, then f; = Pim; and g; = Q;m;
holds on IF, where P;, Q; are generalized polynomial of degree at most /.

Part 3. Suppose contrary that there is an i € {1, ..., n} such that there are j; # j» so
that P; j, # O and P; j, # 0. We can assume that j; = 1, j» = 2. Since, by Theorem 11,
all P; - m; are algebraically independent, the additive functions f, and g; are also satisfy
equation (1), where

fi=Pii-mi+Ppo-my g =Qi1-m+ Q2 -mo.

As P;1,P;2, Qi1,0Qi2 are now polynomials, they can be written of the form
P(aj(x),...,a,(x)), where P is a classical complex polynomial in n variables and ay, . . . a,
are additive functions from F* to C (usually called logarithmic functions). Again, by the
algebraic independence, equation (1) holds for each monomial terms of P (a;(x), ..., @, (x)).
Thus, without loss of generality, we can assume that there are some ; 1, @; 2, 8i.1, Bi.2 € C
such that

fi =i imi +aiomy g = Piimy + Pioma, 5)

which satisfy (1). Itis clear that for each monomial term of polynomials P; 1, P; 2, Qi 1, Qi 2
we have the same type of equations as above multiplied by a fix monomial. Furthermore, if we
can prove that in this case «; 1 = f;;1 =0ora; 2 = fi2 =0hold foreveryi € {1, ..., n},
then this argument can be applied for each monomial terms and different indices j; # j».
Hence we get the statement. Therefore, the statement is equivalent to show that if (5) is a
solution of (1) then; 1 = B;;1 =0ora; 2 = Bi2 =0hold foreveryi € {1, ...,n}.

Part 4. We collect and compare the coefficients. We can write

D AHGPEE @) =Y (eiaml + e omd) (@) (Biimy + Biama)®(x) =0. (6)
i=l1

i=1

: . o o
First we assume that ;1 # Oforalli € {1,...,n}.Leta; 1 = #, ai2 = .2 - and
(Bi, 1% (Bi )
bi = Pia . Then the previous equation can be reformulated as
il
n
Y @@amy" +ai om5 ) my + bimy)¥ = 0.
i=1
In this case, all the coefficients of miv_lm[2 have to vanish for each/ = 1, ..., N. In other

words, we have

n
qi ! qi N-—I
(1ot (1 )0

where <qll) and ( ai ), resp. are defined to be 0 if [ > ¢g;, resp. N — [ > q;.

N —1
Note that till now we have not used the assumption ¢; < % Asg;+p; = Nandall p;, g;
are different we have that p; > ¢; and hence we can assume that p; > --- > p, > ¢q, >
- > ¢1. The condition ¢; < % implies that forevery [ € {1,..., N}andi € {1,...,n}at
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least one of the summand of (ql")aiylbf + (" l)az,,-b{v ~! vanishes. Furthermore, for [ = g,

N—
quni

the coefficient of m} ~4"mi" is (Z")a”vl - bi" = 0. Similarly, the coefficient m{"m5 s

(Zz)ang - bl ™% = 0. This implies that either a, | = a2 = 0 or b, = 0. In the first case,

we get f_,l = 0, then n can be reduced to n — 1. In the second case, we get that g, = B, 1m
and g, does not influence any term that contains m5. In both cases, we can reduce from n to
n — 1 and now we can proceed by an inductive argument from n to 1.

Suppose that for | < s < n we have that f; # 0 and g = B;.1m1, Bi.1 # O for all
q. —ds

. . . N N
s < i < n. Now we consider the coefficients of m| “mi* and m? m,

which are

respectively,

N_
a1 -b¥F =0 ago-by T =0.

Indeed, fori < s both () = (,% ) = 0, while for i > s the coefficients of m%m 7% and
N gs N—qs 172

ny 7%"1? are 0, since ¢; > g5 and g¢; > p;. Hence we have that either a5,; = a5 2 = 0 or

by = 0. Then either f; = 0 or g5 = B, 1m1.

Ifnotall ;1 # 0, thenforthosei’ € {1, ..., n}suchthat ; ; = Owehave g, = ;7 2mo.

In other cases, a similar argument works as above. Thus we get thatevery g; (i € {1, ..., n})
is either B; ymj or B; omy. Now we show that if g; = B; 1m (reps. g = i m>), then
fi = ai1mq (reps. fi = a; 2m2). In this case there are disjoint subsets /1, I of {1, ..., n}
such that I} N I, = {1, ..., n} and equation (6) can be written

D (i aml +aiamE) ) Brim ) () + Y (i im{’ + @ amd) () (i 2m2) (x) = 0.

ielh iel

Let ¢; and ¢ denote the coefficients of the monomial m}"m?%" and m9'm%" respectively. Then

. 0 ifi € Iy . ai 1Bl ifiel
1= P e 2= ) o .
a oy ifiel 0 ifi el

Eliminating those terms where g; = 0, we get that if 8; | # 0, then «; » = 0 and similarly
if Bi 2 # 0, then «; 1 = 0. This completes the proof of the theorem. O

As we noticed, the statement of Theorem 14 is not necessarily true without the assumption
qgi < % foralli € {1, ..., n}. In the following, we show an example where neither f;, nor
gi is of the form P - m.

Example 1 Letn = 2 and p; = 2, p» = 1 in equation (1), i.e., assume that we have
AP0 + e ) =0 (xeF).

Let further m and m, be different exponentials on F* and define the functions fi, f>, g1, &2
on F* by

S1(x) = mi(x) — ma(x)

(X)) = ma(x) —my(x) §
01 = mGo) +mytry G EF):
g2 (x) = my(x) +ma(x)
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Then

fieg) 200 + gy T ()
= (m{@) =m3@)) - (1) +ma@)V 2 + (m2(x) = m1 () - (1 (x) +ma ()"
= (m1(x) = ma(x)) - (m1(x) +m2(x)) - (m1 () +ma ()2
+(=1) - (m1(x) — mp(x)) - (m(x) +m2(x))N_1 -0

for all x € F*. Since the involved functions fi, f>, g1, g2 were assumed to be additive,
as well, we get that if ¢, ¢2: F — C are homomorphisms and we consider the following
functions

X)) =p1(x) —p2(x)

£(x) =@2(x) — @1 (x) x
G =)+ o0 FEF)
g2(x) = @1(x) + p2(x)

then the above equation is fulfilled for all x € F. This shows that the condition ¢; < >
cannot be omitted from Theorem 14 in general.

Remark 9 1t is very important to emphasize that when we talk about the solutions of equation
(1), we look for the solutions among additive functions.

Consider equation (1) and now assume that the functions in it are exponential polynomials
on the multiplicative group F* of degree different from zero. Then with a similar argument
as above, one can show that there could be found solutions having similar form (i.e., there
are at least two different exponentials in the solutions). To see this, let m 1, m, be different
exponentials and @ be an additive function on the multiplicative group F* and consider the
functions

f1(x) = ax)(m(x) —ma(x))

£ &) = =2a(x)(m(x) —ma(x))
g1(x) = my(x) + ma(x)

g2(x) = my(x) + ma(x)

(x GIFX).

An easy computation shows that in this case, we have
6D 2@ + f)gy T ) =0

holds for all x € F. It is important to emphasize however that these functions will be
additive only if the functions a and m, my appearing in the above representations satisfy
mi(x) —ma(x) = 0ifa(x) # 0, i.e., the previous system of equations becomes trivial. From
Lemma 24 one can also deduce that the above functions are not additive in general.

As an intermediate result in connection to Theorem 14 and Example 1 is the following
example we show that the assumptions of Theorem 14 are not sharp, as not all of the param-
eters should satisfy ¢; < % As a counterpart of Example 1, we prove that the solutions in
the following case are of the form f; = P;m and g; = Q;m, for generalized polynomials
P;, Q; and exponential m.

Example 2 Consider equation
OGO+ AN D) =0 8)

forall x € IF, where [ + 1 < k < %
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As we showed above in this case there are solutions that can be represented as
fi(x) = aiimi(x) +aijoma(x)  gi(x) =mi(x) +bima(x)  (x €F).

Now we show thatif none of f; and g; vanishes, thenb; = b, = 0. Calculating the coefficients
of the term m mév ~*, we can observe that it is taken only from the first term f; (x*) g1 (xN—Ky,

ifl <s < N — [.If further s < k, then the coefficient of mimév ¥ satisfies

N —k
( ; )al,zb{V—H:o.

Similarly, for the coefficient of m} ~*ms we get that

N —k
( >a1,1b‘i =0.
N

These equations imply that either b1 = 0 or a;,1 = a; 2 = 0. The latter is not possible as fj
is not identically zero, thus b1 = 0. Hence equation (8) reduces to

(a1,10m (x) + a1 2m5 ()|~ (x)
+(azam ™ () 4 azam () (m1 () + bama () = 0.

In this case a2,2b£\1 = 0 can be obtained as the coefficient of mé\' , and agylbl2 = 0 is given
as the coefficient m}lv_lmlz, if k # [. A similar argument as above shows that > = 0. Hence
we can assume that g1 = go = m. It is straightforward to verify that fj = a; 1m; and
f> = aj pm in this case, which as in the proof of Theorem 14 implies that every solution of
(8) is of the form f; = P;m and g; = Q;m, where P;, Q; are generalized polynomials and
m is an exponential on F*.

Note that if we omit the assumption that there exists an s such that [ < s < k, then the
coefficient mimév " forl < s < N — [ appears in more than one term in the expansion of
fi (xk )(g1 (x))¥~*, which makes the whole calculation much more complicated and it is not
clear whether we can get similar result.

Remark 10 Although Example 1 shows that equation (1) cannot automatically be reduced
to solutions of type (3), by Theorem 11, algebraic independence guarantees that if a system
of solutions is of the form (4), then there are also solutions of the form (3) just keeping the
terms containing a given m in each f; and g;. These reduced functions are additive as well
and satisfy (1). Therefore, from now on we are dealing with those solutions that are of the
form f; = P;m and g; = Q;m. By the equivalence relation ~ introduced in Remark 3, we
can assume that f;(x) = P;(x) - x and g;(x) = Q;(x) - x, where P;, Q; are generalized
polynomial on F* of degree at most K . Hence by Theorem 12, these are derivations of order
at most K on any finitely generated subfield. Thus, we may restrict ourselves to functions
that are of the form

fi) = Pi(x)-x=D;(x) and g(x)=Q;(x) x=D;x)
(xeF*,i=1,...,n). ©)

Every higher-order derivation on [ is a differential operator on any finitely generated
subfield of I (see Theorem 12 and [8]). Hence on these fields the solutions are differential
operators. Moreover, if every solution on any finitely generated subfield of IF is a differential
operator of order at most 2, then every solution on [ is a derivation of order at most n. By this
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fact, from now on, instead of finding solutions as higher-order derivations we may restrict
ourselves to look for differential operators as solutions.

The space of differential operators is a linear space. On the other hand, settling on a
useful basis is not trivial. The following lemma provides such a basis. Its proof is based on
generalized moment sequences and the notion of (multivariate) Bell polynomials. For further
details, we refer to [5, Subsection 3.4].

Lemma 15 Let F C C be a field, r be a positive integer and dy, . .., d,: F — T be linearly
independent derivations. For all multi-index « € N, a = («ay, ..., «y) define the function
d*(x): F — Cby

d*(x)=d" o---0d(x=djo---odjo---0odro---0d(x) (x eFX).
S———— ~——
o) times o, times
Then (d“(x))qenr constitute a basis of the differential operators constructed by d,, . . ., d
inF.
For a multi-index & = (a1, ..., ;) we denote |o| = > | o.

Corollary 16 By Theorem 11, the elements of d“ are algebraically independent, for all a €
U,enN’. Let dy, . ..d, be derivations as in Lemma 15 and oy, ...,a, € U,enN'. Then
equation (1) can be written in the following form

n qi

DUAE@EE =Y | Y dary || Yo dPw | =0 e,

i=1 i=1 \Ja|<k; |Bl<li

Now we fix an a € N’ such that |a| is maximal in f;’s and B € N' is taken to be maximal
in those g; where d“ appears as a summand in f;. Then by algebraic independence we can

restrict to those o' € N and ' € N' such that o, < o (k = 1,...,7) and ,B;. < Bj
(j=1,...,t). This we denote by o’ < a and B’ < B, respectively. Hence
. " qi
Y AEP T =Y [ Y dar | [ Dodw] =0 e,
i=1 i=1 \k<l|ex| [=IBI
where d is an arbitrary derivation (of order 1). In other words, we can substitute dy, . .., d,

byd ind®,d? in each case whenever o' < o and B < B.

Our next aim is to understand the arithmetic of composition of derivations of the form
do---od times(x), where d is a derivation (of order 1), k € N, as they are building blocks
———

k
of differential operators. Lemma 15, together with [4, Proposition 1], implies the following

statement.

Proposition 17 Let F C C be a field and d: F — C a derivation. For all positive integer k
we define the function d* on F by

d*x)=do---0dx) (xeF).

ktimes
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Then for all positive integers p we have

d'ah= Y (h kJ)-dl‘(x)---le(x) (x1,...,xp €F),
vl

ool p>0
Il p=k

k!

k
where the conventions d° = id and = —
I, ..., 10, ng

- [ are adopted.
!

Reordering the previous expression we can get the following

k _ k o P
e =) (l,...,l,.‘.,s,...,s>.n(',!).<1,...,1>
=1 J
——— e ——

,j1+"f+j“':p<<p ———
J1+2j2 4 +sjs=k i Js »

X(@d@) - (@ @) P (x € F)

where ji, ..., js denotes the number of d(x), ..., d*(x) in a given composition of d* (xP).

Theorem 18 Let n be a positive integer, ' C C be a field and p1, ..., pn.q1, ..., qn be
fixed positive integers fulfilling conditions C(i)-C(iii). Assume that the additive functions
Siseoos fnr 815 ..., gn: B — C defined by

fix) =Di(x) and g(x)=Di(x) (xeF¥) (10)

foreachi =1, ..., n, satisfy functional equation (1) on F, where for all indexi =1, ..., n,
the mappings D;, D; are higher-order derivations on F. Then one of the following two
alternatives holds:

(A) there existsi € {1,...,n} such that gi(x) = c; - x and f; contains, as a summand, a
derivation of order K, where K is the maximum order in each D;, D;.
(B) fiandg;isoforderatmost I foralli € {1,...,n}andthereareiy, iy € {1,...,n},i1 #

ip such that qi, = qi, + 1 (pi, = piy — 1) and f;,, &i,. fi,, &i, is of the form

fir = A 1d(X) + Aiy 0X, giy (¥) = Ay 1d (x) + Ay 0,
fi (X) = iy 0%, gi, (¥) = Aip,1d (x) + Ajy 0%, (11)

where Aj, 1, Aij 1, Mis,0, Aiy,1 are nonzero complex numbers satisfying
Piy - A1+ i D 4 Ay 0+ (g, T = 0. (12)
Proof Part I. Substituting the form (9) to equation (1), we arrive to

0= fixP)gl(x) =Y PixP)xP - QF (x)x

i=1 i=1
=Y DixP))(D;())% (x € FX).
i=1

For simplicity, from now on we assume that I is finitely generated. Then the corresponding
functions can be represented as

fi)=Dix)= Y d*x) and g =Dix)= )y d’x) (xeF),

] <ki 1Bl<li
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where « and 8 are running multi-indices and k; and /; are some natural numbers depending
on f; and g;, respectively. By Corollary 16, we can take only derivation d in each composition
of each d* and d” so that the corresponding f;’s and g;’s still satisfy (9). We can represent
these functions as

ki li
fi)=Dix) =) "ni;d/(x) and gi(x)=Di(x) =) %i;d/(x) (xeF¥)
i—0 i=0

with an appropriate derivation d: F — C and complex constants A; ; (i = 1,...,n,j =
0,....k) Xi,j G=1,....,n,j =0,...,1;), where k; and /; denote the the highest order
term of those derivations that appear in f; and g;, respectively. This means that A; x;, Xi,l,»
are nonzero foralli =1, ..., n.

If we write these representations into (1), we especially get that

n [ ki li a
> Migd! Py | DY Rgdl @) | =0 (x e FX).
i=1 \j=0 j=0
By introducing the following quantities
ki—1
S(piki—1) =Y Aijd ") (x e FX)
j=0
and
I qi
T(gili =) =Y %ijd/ )| —Gipd )  (xeFX).
Jj=0

Dividing the above sum into smaller ones, we get

qi

I
S S migdl ey || D o ()
i= j=0
=3 (Rt @ )+ Spiki = D) - (G d ) + T(qili = D) (x €F¥).

Let K = max; {k; + [; - ¢;} and for simplicity let us assume that this K realized for indices
i € {1,...,m} for some m < n. Suppose that k; maximal. Now we assume that [; # 0.
Otherwise, we immediately get the result, that the order of f] is maximal and g1 = ¢ - x.

Part 2. Now, we investigate the coefficient of d1(x)(d" (x))? in the expansion. As K is
maximal this can be taken only from the product of the first terms of the previous expression,
i.e., from

D ik Gy db (P (" ()9 (13)

i=1
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By Proposition 17, we have that

ki iy — ki
i) = Z <1 1,...,s s)

Jitet=p <p ST
J1H2ja4 s js=ki ji Js
N 1 p~
x . ! (A (@ o)) PP
E ) (1 1)
= e —
p/
CodRi(x) - xPiTV 4+ R(piL k), ifk > 1
_ (pl (x)-x + R(pi 1)) 1 i = (xeG.i=1. .n),
xPi, ifki =0

where each term in R(p;, k;) contains the product of at least two derivations of order less

than k;.

The term d* (x)(d" (x))?' is automatically appears in the expansion of d*1 (x ) (d'1 (x))4!.
As it has to vanish in the sum we should observe how we can get terms of the form
d*1(x)(d" (x))? from the expansion of d¥i (xPiy(dhi (x))% for somei € {2, ..., m}.

Part 3. We have to distinguish several cases and subcases.

Case 1.

Case 2.

d*1(x) stems from the expansion of d¥i (xPi). Then, by the maximality of k1, we
obtain k; = k1. Asky +11gq1 = ki +1;q; and g; # g1 we have that [ # [; and hence
we cannot get (d" (x))? from (d' (x))%, which is a contradiction.

d*1(x) stems from (d (x))% . Then k; = I; and we have several subcases. Case 2.1. If
gi > 1,thenly =1;, and d*1(x)(d" (x))? can be reformulated as d! (x)(dF1 (x))71.
Similarly, d*i (xPi)(d" (x))% can be reformulated as d¥i (x?i)(d*1 (x))%.

Case 2.1.1. If k1 = k;, then we get a contradiction as in Case 1.

Case 2.1.2. If ky # k;, i.e., ki > ki, then d*1 (x) can only stems from (4% (x))%. As
gi > 1, it follows that /; = ky, which implies k; = 0. Thus d*1(x)(d* (x))9" have
to be the same as (@1 (x))%. Hence ¢; = ¢1 + 1, and hence p; = p; + 1 > 2.
Case 2.1.2.1. k; > 1. Since p; > 2, the expansion of d*1(xP1)(d® (x))? contains
a term of the form d (x)d*1~1(x)(d*' (x))?'. This cannot appear in the expansion of
dki(xPiy(d'i (x))% for any j € {2,...,m}. Indeed, if k; = k; and d(x)d"1 ! (x)
stems from dXi (xP7), then we get a contradiction as in Case 1. If k; = k; and
d(x)d*1=1(x) stems from (@i (x))%/, then ky = 2,1; = 1,q; = 2, and (d*! (x))?!
stems from the expansion of @*i (x”/ ). Hence by the maximality of k, we get kj =k
and g1 = 1. On the other hand, if ¢ = 1, then g; = 2 as well as ¢}, hence ¢; = g,
but k; = 0 and k; = ki, which is a contradiction.

Case 2.1.2.2. k; = 1. Ask; < ky,thenk; = 0.Inthiscase ki =11 =[; = 1 and
ki = 0. There is no other k; = 1 for any j € {2,...m} \ {i}, since /1 is maximal,
and if [y = 0, then k; is not maximal. If k; = 0, then the corresponding term is
xPi(d'i)%i | where j+4qj = q1 + 1 = K could be possible, but by the maximality
of k; and [ the term (d'7)% cannot be eliminated. Thus there is no other k j = 0 for
any j € {2,...m}\ {i}. Therefore, i = m = 2 and the term d(x)(d(x))?' can only
be eliminated using the terms corresponding to k; and k,. Namely,

fi =1 -dx) +Aox, g1(x) = A1 -d(x) + A1 0x
f2(x) = Ao ox, g2(x) =Xz -d(x)+ A2 ox
and g2 = g1 + 1, so that

MG ) pr - xP T )T g oG x P d (0t = o,
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hence p1Aii 1 (Xm)ql + Az,odz,])m“ = (. Repeating the whole argument recur-
sively for K; = max(k; + l;q;) \ {K1, ..., Kj_1} we get that either there is an
fi of degree at least 2 and, then there exists a f; of maximal degree K; such that
gi = ¢; - x,orevery f; has degree at most 1, and the corresponding functions have
a strong connection as described above.

Case2.2.1fg; = 1,then we have that &1 (x) stems from d’i (x),sok; = I; and/i-q1 =
k;. In this case d¥1 (x)(d" (x))9' stems from the expansion of dR (xP1y(dh (x))D
and of d%i (xPi)(d")% = a1 (xN—Ndk1 (x). As g; = 1, we have that g; > 1 and
pi = N —1 > 1, as p;, g; are distinct. Furthermore, as k; is maximal and /1 # 0
(otherwise we automatically get the result), we obtain k1 > k; > l1q1 > 2.
Now we take the term d/191~! (x)d (x)d* (x), this term stems from d*i (x?i)(d" )4 =
dha (xN-Ngki(x) as pi = N — 1 > 1. Therefore, there mustbe a j € {1, ..., m}
with j # i so that d"9 =1 (x)d (x)d¥ (x) stems from d*i (xPi)(d'i)%i. As we have
dh =1 (x)d (x)dk (x) is the product of 3 terms and g; # 1 as g; = 1 we have get
that g; = 2. We have three cases.
Case 2.2.1. d(x)d*' (x) = (d'i)2. Then k; = 1, which contradicts the fact that
ki > 2.
Case 2.2.2. d"9=1(x)d* (x) = (d%)%. Then ki = l1q1 — 1, then ki = l1q1 > ki,
which contradicts the maximality of k.
Case 2.2.3. d(x)d"9~1(x) = (d'/)?. Then l;q; = 2,and as ¢; > 2 and [; > 1
we get that /; = 1 and q; = 2. This implies ¢g; = ¢ and hence j = 1.
Thus, d¥ (x?i)(d)4 = d?>xN~1d* (x). Now we take the term d2(x)d*! (x).
As it stems from the expansion of the previous expression, there should be a
j € {2.....m}, where j # i (and also j # 1) so that d*(x)d" (x) stems from
the term d%i (xPi)(d' (x))% . Then gj = 1 which is a contradiction as ¢; = 1 and
i #£].
Part 4. Summarizing these results we have
e either /; = 0, which indicates that the order of f} is maximal and g;(x) = ¢ -x (x € F)
for some complex number cj,
e otherwise, for every i = 1, ..., n the functions f; and g; are of degree at most 1.

Furthermore, if f;, and g;, is of the form
v = hipad () + hiy 0%, 8iy () = hiy 1d () + iy ox
then there exists an i € {1, ..., n} such that
8y = Ain,0X, &ir,(X) = Xiz,ld(x) +xi2,0x

where and ¢;, = g;; + 1 (pi, = pi;—1), so that &;, 1, Xil,l, Ain.0, Xiz,l are nonzero complex
numbers satisfying

Pi - kint - G DT+ Ao - Gy, DT = 0.
O
Remark 11 We get more than it is stated in Theorem 18. Namely, if alternative (A) happens
then the maximal order of K is greater or equal to k; +¢; - [; foralli € {1, ..., n}, where k;
is the maximal order of f; and /; is the maximal order of g;. Thus, if k; +¢; -1; = K and
kj # K for some j € {1,...,n}, then we typically k; and /; is much smaller than K. On

the other hand, it is worth mentioning that the possibility that such k;, /; do exist cannot be
excluded by our results.
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Corollary 19 Under the conditions Theorem 18 suppose that one of the following conditions
is satisfied.

(A) The functions g1, . .., gn, as higher-order derivations, have the same order:
(B) The functions f1, ..., fn as higher-order derivations, have the same order.
Then foralli =1, ..., n there exists a complex number A; such that

gix)=xrxx (xelF)

and equation (1) is then of the following form

n
Z)ngvfifi(xi)foi -0,

i=1

where some A; € C can be 0. In this case we have f;i € P,_1(F) foralli = 1,...,nas it
was shown in [3, 6].

Corollary 20 Under the conditions Theorem 18, suppose that
fix)=ci-gi(x) (xeF)
holds for all for all i € {1, ..., n} with some nonzero constants c; € C,i =1, ...,n. Then
i) =hx (e,
and hence
gi(x) =cirix (x el
with some complex constants A; for alli = 1, ..., n. Further these constants also have to
Sulfill Y1 8T = 0.

Remark 12 1t seems that all of the previously mentioned examples lead to the equation

n

Z)\fvfifi(xi)xlv_i =0.

i=1

We note that the class of solutions of equation (1) is wider in general.

The simplest example is the following. Let p1, g1, p1 — 1, q1 + 1 be distinct positive
integers with p; > 1 and d: F — C be a derivation. Define the functions fi, f2, g1, g2 by
fi=g =g =dand

HLE)=—pix (xe€F).
Then

AP N + (P g = d(xPNd ()T + (—praP THd () !
= pixP @) d ()9 + (—p1xPHd ()9 =0

forall x e F.

The corollaries and the remark above motivate the following conjecture.
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Conjecture 21 Let n be a positive integer, F C C be a field and py, ..., pn,q1, ..., qn be
fixed positive integers fulfilling conditions C(i)-C(iii). Assume that the additive functions
floeees fus81s-osgnt F — C satisfy equation (1). Then every function is a generalized
exponential polynomial function of degree at most n — 1. In particular, if

i) =Dix) and  gi(x)=Di(x) (xeF¥) (14)
for some derivations D;, 5, (i =1,...,n), then the order of D;, Bi is at mostn — 1.

Although we cannot verify the conjecture in its full generality, we can handle the case
when ¢g; > % We note that this condition complements the one in Theorem 14.

Theorem 22 Let n be a positive integer, F C C be a field and py, ..., pn,q1,-..,qn be
fixed positive integers fulfilling conditions C(i)—C(iii) and q; > % Assume that the additive

Sfunctions fi, ..., fu, &1,--., &n: F — Csatisfy functional equation (1). Then every function
fi (resp. gi) is generalized exponential polynomials of degree at most n — 1.

Proof Part 1. By Lemma 8, the solutions f;, g; of (1) are decomposable functions for all
i =1,...,n,ie., theyare generalized exponential polynomial functions of the form )~ P;jm
and ) Q;m , respectively. If restricting the equation to the terms containing m ; for fixed j
as in Remark 10 we can prove that the degree P; is at most n — 1, then it holds in general for
the original solutions f;, g;. By the equivalence relation ~ we can assume that m ; (x) = x.
Then, by Theorem 12, the solutions can be seen as derivations D; and D; having the same
order as the degree of P; and Q ;, respectively.

Part 2. Now we can apply Theorem 18. This implies that either there is some f;, = Dj,
of maximal order and the corresponding g;, is of the form g;,(x) = ¢;, - x (x € F), or the
order of f;, g; is at most 1 for each i = 1, ..., n. In the latter case, we get the result, as
n — 1 > 1. The preceding case is more technical. First, we restrict our attention to finitely
generated subfields of I, since the result on these restricted fields implies the statement on
F. Hence from now on we assume that [F is finitely generated. In this case, the derivations
are differential operators. Now as in the proof of Theorem 18, using Corollary 16, we can
assume that every differential operator is a function of a given derivation d and hence f;, g;
(i =1...,n)can be represented as

k,‘ li
fix) = Di(x) =Y ni jd/ (x) and g (x) = Dy (x) = Yy "% jd/ (x) (x € F¥)
Jj=0 j=0

and equation (1) as

qi

n ki li
YD mgdiary | D widl | =0 (xeFX).
i=1 \j=0 j=0
As in the proof of Theorem 18, homogeneity argument lead to
m
> ik (i) dN (xP) (@' (x)% = 0, (15)
i=1
wherei = 1, ..., m are those indices that satisfy K = k; +1/;¢; and K is the largest possible.
Now we have that ip € {1,...,m},ie., ki, = K and [;, = 0.

Part 3. We have to show that K < n — 1 which immediately implies the statement. Assume
contrary that K > n. In the expansion of equation (15) all monomials of x, d, d?, ..., d¥
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have to vanish. Suppose that the first m’ indices satisfy that k; = K,[; = 0 forall i €
{1, ..., m’}. This also means that A; ¢ # 0 and A; o # 0. Take monomials

A5 @)XV for 1=0,...,n— 1. (16)
Note that ¢; > % immediately implies that ¢; > n for alli = 1,...,n. Hence, if [; >
0, i.e., i > m’, then none of the terms defined in (16) can appear in the expansion of
d¥i (xPi)(dh (x))% if i > m’. Hence these terms in (16) can stem only from the expansion of
dX (xPi)(x)%, wherei = 1...m'.Inthiscaseforanyt =0, ..., m’'—1 thetermd X~ (d (x))’
stems from dX (xPi). By Proposition 17, its coefficient is

)

pi—t+1

As the coefficient of dX ' (d(x))'xV~'~! has to vanish we get that

m’ K pi

A v O )9 . ! =0 (t=0,....m"—1
Sratior( ), ") =0 w=0mon
i=1 " —

t+1

This can written in the following matrix form

(") (")

my  (hw M,K(Zl.o)q‘ 0
I e I T W
i P : |
(11)(11) Aot K gy 0) 9’ 0

Note that none of the rows of the previous matrix is identically 0. Indeed, there exists p;; > m’
for some i’ € {1,...,m’}, since all p; (i =1, ..., m’) are different and positive integers. In
this case, it is straightforward to verify that the previous matrix equation is equivalent to

p1 - P .k (1, 0) 0

... Pi/ A,k (A2,0)P? 0

P )\ o ) 0
The matrix of this equation is a Vandermonde matrix of p;. As p; are all different the
equation has only trivial solution& Thus A; x (Ai0)? = Oforeveryi € {1, ..., m'}, whichis
a contradictiog as A; k # 0and A; o # 0. This contradiction shows that the maximal order
K of D; and D; is at most n — 1. This also finishes the proof of the theorem. O

The most important results of this section are briefly summarized below.

Special cases of equation (1)

Now we consider equations of the form

AGMEOT + L)@ =0 e, an
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where f1, f2, g1, g2: F — C denote the unknown additive functions and the parameters
P1, P2, 41, q2 fulfill conditions C(i)-C(iii), i.e., p1 < p2, p1+q1 = p2+q2and p1, p2, q1, ¢2
are all distinct and positive integers. Even in this case, which can be considered as the
‘simplest’ example (as it contains only two summands), the description of all solutions
is elaborate. First, in Theorem 23 we characterize all solutions, where the corresponding
functions are of the form P(x) - x. Secondly, in Lemma 24 we consider the case when the
additive solutions (that are exponential polynomials on the multiplicative group) contain
more than one exponential in their representations.

In Lemma 8 we have shown that all solutions of (17) are generalized exponential poly-
nomial functions of the form Zi P;m;, where P; are generalized polynomials and m; are
exponential functions on F*. In Example 1 we illustrated that the solutions can be sums of
generalized exponential polynomials, however in all examples g;’s are linear combinations
of different exponential functions. At the same time, we can concentrate on the solutions,
where all f;, g; are of the form P;m and Q;m for a given exponential function m. Using the
equivalence relation ~ (see Lemma 2) we can assume that solutions are of the form P; (x) - x,
that is, those solutions are higher-order derivation or linear functions. Note that these solu-
tions are the building blocks of the solutions in general, since by algebraic independence of
exponential polynomial functions, necessarily equation (17) has such a solution, in any case.

Theorem 23 Suppose that f1, f2, g1, 82: F — C are higher-order derivations that also
Sulfill equation (17) so that the parameters p1, p2, q1, q2 satisfy conditions C(i)-C(iii). Then
all of them (as higher-order derivations) are of order at most 1 and the solutions are one of
the following.

(A)
J1() = A11d(x) + Arox, falx) =2ro0x,  (x €F)
g1(x) = pi1d(x) + pi0x, g(x) = p21d(x) + p2ox, (x €F)
where A1.1, A2,0, 1.1, 42,1 € C are nonzero, g = q1 + 1 (i.e, po = p1 + 1) satisfying
proans s (0?4 X0 - (2, =0.
Equivalently, there is a function h(x) = d(x) + ax such that
fi@P) =1 prh)x” 1 6100 = piih(x) and g2(x) = pa,1h(x).
(B)
f1) =A11d(x) +A10x, fa=hAox (x€TF)
g1(x) = prox, g(x)=p21d(x)+p20x  (x €F)
where M11, A2.0, (41,0, 42,1 € C are nonzero, g = 1 (i.e, pp = N — 1) satisfying
pr-Ana - (u10)? + 22,0 - 21 = 0.
Furthermore, f1(xP1) = c1g2(x)xP' 71, g1(x) = c2 fo(x), where ¢| - ¢y = _)‘;Oql'
(€)

S1(x) = A1d(x) + A 0x, fo=2A1d(x) +Az20x, (x €F)
g1(x) = py0x, gx)=pz0x, (x€F)
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where A; j, io € Cforalli € {1,2}, j € {0, 1}, that satisfies

p1ohin s (0) + p2 Ao (p2,0)® = 0.
Ao (m1,0)? + A0 - (u2,00” =0
In particular, (xP2~P1) fi(xP') = cfa(xP?) for some ¢ € C.

We note that this case includes those when all solutions are linear functions.

Proof Part I. Due to the results of Theorem 18, we get that the solutions of (17) are either
of the form as in Case (A) or one of g;, say g1, is a linear function, and f} as a derivation is
of order K, where K is maximal. In this case let us denote the orders of f, and g2 by k, and
I, respectively, so K = k> + l>¢»>. Hence equation (17) can be written

(Al,KdK(xpl) + -+ Al,oxp‘)(p,l’ox)ql ()Q,kzde(xPz) +...
22,067 (2,1, d? (x) + -+ + p2,0x)? =0,

where A1 k, A2 k,. 12,1, are nonzero by assumption. The expansion of d¥ (xP1) must be
covered by the expansion of d*2 (xP2)(d"™ (x))22, otherwise A1k = 0. This immediately
implies that [, < 1. We will show that if [, = 1, then Case (B) happens, and I, = 0 implies
Case (C).Part 2. Let us consider alternatives (A), (B), and (C), respectively.

(A) Equation (17) can be reformulated in case (A) as follows.
(M1ad (xP") + Ay, 0x”) (1.1d (x) + p1,0%) + A2,06” ™ (pa,1d (x) + po 0x) ",
(x € F),

where we assume at least one of Aj 1, (1,1, 2,1 is nonzero. This implies that none of
them is 0. The equation above is equivalent to

(P1a11d (x) + 21,00 (U1,1d(xX) + 1,0%) + A20(p2,1d(xX) + paox) !, (x e F).

Now we use the algebraic independence of d(x) and x, therefore every coefficient has to
vanish in the expansion of the previous equation. This also means that we can substitute
other polynomially independent elements to the equation, so instead of the pair (x, d(x))
we can substitute the pair (1, y). Hence, we get

1
A0 wi0\? pa0\ "
DP1A11M1,1 <y+ ) (y—i—— = —A2,0M12,1 y+E ,(yel).

P1AL1 1,1
Note that Since the main coefficients have to be equal we get p1A1 11411 = —A2,0M42,1-
Thus we can eliminate these terms. Introducing a = p’l\kﬁl b= % and ¢ = % we
get that

G+a)y+b)" =+t

Since the polynomials in C are uniquely determined by their roots, hence a = b = ¢
should hold. This immediately implies the second part of Case (A).

(B) Recall that f; as a derivation is of order K, g is a linear function, and the orders of f>
and g» are k» and />, respectively, so K = ky + g2 Itis clear that p; = 1 is not possible
ifkp # K (i.e.,lp = 1).If [, = 1 and p; # 1, then we get that g = 1, otherwise we
cannot eliminate the coefficient of d*2 (x)d42 (x)x?1 =2 in the expansion of dX (x?!) (here
we use that p; > 2). Hence we have thatky + 1 =K

e If K > 4 (and p; > 2), then the coefficient of d¥=2(x)d?xxP1~2 cannot be elimi-
nated.
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e If K = 3 then the expansion of d3(xP1)x9" and the expansion of d*(N — Dd(x).
Since p1 +q1 = p2 + g2 = N > 5, if p; = 2, then (d(x))> can only appear in the
expansion of d*(xN _l)d (x), hence Ao g, - 2,1, = 0, which is a contradiction. On the
other hand if p; > 3, the d°(x) appears only in the expansion of d>(x?1)x9! which
implies A1, x = 0, a contradiction.

o If K =2, thend?(x) appears only in the expansion of d3(xP1)x4" (note that p1 > 2).

e If K = 1 then we get that the solutions are of the form as in Case (B).

As g = 1 and K = 1, equation (17) in Case (B) can be written of the following form
(1,1d (xPY) + Ay 0xPD) (11,007 + Ao0x ™ TN (w1 1d (0) + poox) =0 (x € ),
where at least one (and hence all) A1 1, 11,1 is nonzero. Equivalently, we have

1o (prarad(x) + A10%) + A20(u2.1d(x) + p20x) =0 (x € F).

: q : : _ A0 _ M20
Since Pl}‘l,llh,o = —A2,0M12,1, introducing a = PR and b = o e get

d(x) +ax =d(x) + bx.

Hence a = b and we get all statements of Case (B).
(C) If [, = 0, then K = k», hence g3 is a linear function as well as g;. Thus the equation is
of the form

1k dS (P 4 - 4 A ox D) (g 0x) ™!
+ 0,k dX (xP2) 4 - 4 A 0xP1) (12,0%) P = 0,

where Ay k., A2 k., (41,0, 42,0 ar€ NONZETO.
Suppose that K > 2. If min(p1, p2) > 2, then the following system of equations

(11,07 A1, 8 p1 + (12,0)P A,k p2 =0

(1,02 kp1(pr — 1) + (u2,0)Pr2 k pa(p2 — 1) =0

implies that w1 0xA1, k = 2,022,k = 0, which is a contradiction. If min(py, p2) = 1,
say p1 = 1, then (d(x))? can only appear in the expansion of d¥ (xP2), hence Ak =0
gives a contradiction. Hence we get that K = 1 and the functions are of the form as in
Case (C). The rest of the statement follows by direct calculations.

In all cases, we showed that every solution (as a higher-order derivation) is of order at most
1. O

Now we turn to the case when more than one exponential appears in the solution. Restricted
to each exponential the restricted solutions are equivalent to one of the solutions described in
Case (A), Case (B), and Case (C). Hence the task is to decide which are compatible with each
other. By a case-by-case argument, it can be shown that only the sum of different exponentials
is possible as a solution. In the following proof we study when Case (C) can be compatible
with itself (containing different exponentials) and exclude that any of the functions in the
solution contain a derivation as a summand. Similarly, the other cases can be excluded, but
because of the length of the argument we left it to the reader.

@ Springer



112 Page 300of 35 E. Gselmann, G. Kiss

Lemma 24 If the solution of (17) contains more than one exponential function, then it con-
tains exactly two. This is possible only if py = 2, p» = 1 i.e., equation (17) is of the form

f@g @+ H0Ng P =0 (xel).
and the solutions are the following.

f1(x) = ar(e1(x) + c;pz(x))

) = ar(@(x) — o1 () .
0100 = i) — ey FEF)
22(0) = by(1(x) — cga(x),

where @1 and @; are distinct automorphisms of C, c € C* and a;, b; € C* satisfy albiv_l =
—azbév_z.

Proof Suppose that f;, g; (i = 1, 2) contain terms depending on two exponentials, i.e., there
are two automorphisms ¢; # ¢ of C and derivations dj, d> such that every function is of
the form cj¢; o di + c2¢1 + ¢392 o do + cap2, where we assume that @1 o di # @2 o da,
otherwise we can reduce the previous term.

Now we just investigate the case when restricting the solutions to ¢; or to ¢» we get
Case (C) in both cases. We show that in this case, all functions are the linear combination of
automorphisms, i.e., they do not contain nontrivial derivations. For other pairs of cases, the
argument is similar but slightly different. Those we left to the reader.

Hence we assume that

fi=derodr +A001 A2 102 0d2 + A2002, g1 = 1,001 + 12,092,
fi=A101 0d1 + A1 + A2 102 0do + Ao 092 81 = jL1,0901 + (12,002,

where 11,0, 42,0, 41,0, 12,0 are nonzero and for each i = 1, 2 at least one of Ai, 0, Ai, 1
is non-zero. Similar holds for A; j(i = 1,2, j = 1,2). These conditions are necessary
otherwise (17) reduces to Cases (A), (B) or (C).

If o1 # @2 and g1 od| # @y 0d>, then @1 ody, @1, 2 0d>, @o are algebraically independent
over C. Therefore we can substitute them functions by X, Y, Z, W, respectively. Note that
in this case ¢ o d1 (xP) = pp odi(x) - P~ (x) = X - YP~1,

In this case equation (17) can be reformulated as follows.

(P XYP T 2 0Y P+ prag UVPT 4 00 0VE) (1,0Y + p2,0 V)9

H(P2R 1 XY P27 4 00,0V P2+ podaa UV 4000 VI2) (10 + fi20V)® = 0.

(18)
Without loss of generality, we can assume that p; < p>. Now we take the coefficient of
xXyri—lya Ag p1 < pa, we have g1 > ¢> and hence this term appears only once with
coefficient pjA1 12,0 which is then vanishes. ~Hence, A1 = 0 (u2,0 # 0 was assumed).
Similar argument for Y9! U V71~ shows that A1,1 = 0. Repeating the previous argument
now for XY?2~1y% and y2y v r2-! implies that 12,1 = 0 and X2,1 = 0. Hence all f; are
the linear combination of ¢ and ¢;.

We show that p; = 1, pp = 2 and the rest of the statement. By substituting V = 1 we get
the following equation, we get the following equation.

1,0Y P + 22,00 (11,0Y + 12,007 = —(h1,0Y P2 + X2,0) (fi1,0Y + 12,00 = 0. (19)
Thisis apolynomial equationin Y over C. First we note that P (Y) = A1 oY ' +X2,0 (and reps.

Py (Y) = ):LOYPZ +5»2,0) has no root with multiplicity greater than 1, since (P; (Y), PI.’(Y)) =
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1 (i = 1,2). On the other hand, Q1 (Y) = (1,0Y + p2,0)9" (and resp. Q2(Y) = (ft1,0Y +
f12,0)9%) has only one root with multiplicity g; (resp. g2). These immediately implies that
g2 + 1 = g1 (noting that p; < py and p; + g1 = p2 + ¢2). This means that one root of
P>(Y) is the same as the root of Q(Y) and the root of Q>(Y). The other roots are the same
as the roots of P (Y). However, the roots of P;(Y) and P»(Y) are constant multiples of p;’th
and (p; + 1) = p2’throots of unities, respectively. They can be equal only if p» = 2, hence
pr=1.Thusqgi =N —-1,¢o =N —2.
In this case equation (19) is of the following form

(1.0Y 4+ 22.0)(1.0Y 4+ 2,00V = =G 0¥? + h2.0) (10Y + fizg)¥ 2 =0,

H2,0 H2,0 . 22,0 H2,0 22,0 A2,0
where == = === Introducing c; = ==, ¢y = == = ==~ 3 = == we get
1,0 1,0 gci *o’ 2T o firo’ 3 *1.0 g

Aonlo (Y + e (Y +c2) = —Aiouio" P + o).

Hence Al,ouf’gl = —5\1,0/111\'62 and ¢y = —c¢p and ¢3 = —C%. This means that all solutions
of (17) that contain two exponentials are

fi = ai(g1 +cg2), g1 = bi(ga — cga), fr = ar(p1 — p2), g2 = ba(92 — cgn),

where ¢ € C is arbitrary and «;, b; € C satisfies alb{vfl = —azbévfz as we stated.
It is simple to prove using the previous result that there is no solution containing three
exponentials. O

In the following two special cases are presented as illustrations of our results.

Corollary 25 Let N be a positive integer; F C C be a field, and p, q be different positive
integers (strictly) less than N and assume that g # N — p, let further k be a nonzero complex
number. Suppose that the additive functions f, g: F — C are not identically zero and satisfy

FaNg@N P =k faxDgN T (xeF),
then one of the following alternatives are possible
(A) there exist a derivation d: F — C and nonzero complex constants ,o, A1, jLo such that
f(x) ~xdx)+Xrox and  g(x) ~ pox xel),
where the above constants have even fulfilled that
dopg TA—wepd ™ =0 and  ripg "(p—kquiH =0
(B) there exist nonzero complex constants Ao, [Lo such that
f(x) ~Xxox and g(x)~ pox x eF),
where the above constants have even fulfilled that
rorg P —kpf ™ =0
(€
f@x) =alpi(x) —@2(x))  and  g(x) = b(p1(x) + ¢2(x)),
where @1, @2 F — C are arbitrary but distinct field homomorphisms, a, b € C* such

thata — kb = 0 and if p1 < p2, then p1 =1, py = 2.
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Corollary 26 Let N be a positive integer;, F C C be a field, and p, q be different positive
integers (strictly) less than N and assume that g #= N — p, let further k be a nonzero complex
number. If the additive functions f, g: F — C satisfy

FENFONTT =kgxDg)" ™" (xeF),
then there exist nonzero complex constants Lo, jLo such that
f(x) ~Xxox and g(x)~ pox (xelF).

The results of this subsection are summarized in the table below.

Appendix A Proofs of Lemmas 1 and 6

Proofof Lemma 1 Let n be a positive integer, F C C be a field and py, ..., pn,q1,---»qn
be fixed positive integers.

Assume that the additive functions fi, ..., fu, &1,...,8n: F — C satisfy functional
equation (1) for each x € . Assume further that the set {pi,..., p,} has a partition
P1, ..., Pr with the property

if py, pp € P; for a certain index j, then py + g0 = pg + qp.
Observe that for alli =1, ..., n, the mapping
F3xr— fi(xP)gi(x)?
is a generalized monomial of degree p; +¢;. Indeed, it is the diagonalization of the symmetric
(pi + gi)-additive mapping
FPHGE s (x1, o Xpyg) > fi(o 1) - Ko (o) & (Ko (pi41) ** * 8i (Ko (prtg))-

Since F C C, we necessarily have Q C F. Let now r € Q be arbitrary and substitute rx in
place of x in equation (1) to get

n
Y fiex)P)girn)T =0  (reQ.xel).
i=1
Using the Q-homogeneity of the additive functions f1, ..., f, and g1, ..., g, we deduce

n

0= fir)P)g(rn)¥ =Y firPxP)(rgi ()% =Y rPita fi(xP)g; (x)

i=1 i=1 i=1
k

=Y Y et f (xP)ge ()% (reQux eF).
Jj=1pa€P;

Note that the right-hand side of this equation is a (classical) polynomial in » which is iden-
tically zero. Thus all of its coefficients should be (identically) zero, yielding that the system
of equations

3 fuP)ge ) =0 (xeF.j=1,....k)
Pa€P;j

is fulfilled. O
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X017 ~ ()8 pue x0¢ ~ (x) [

(0 + () 1d)g = ()8

pue ()b — (1) 1d)p = (x) [

Q) @>3x  x0 ~ (v)8

pue X0y ~ () /(D @>x)  x01 ~ (0)3
pue x0y + (0)ply ~ (0) £ (V)

(A > x)

0= EN%ENRE_Lﬁ (%) T%E I/

@30 oy (VSO = g_ (O (V) pued — N # b b#£d N > b'd

@30 oy (DSOS = g (DS () pued — N # b b#£d N > b'd

97 K1e[jo10)

Gz Arefjoio)

0] seonpar (£]) uonenbs o1 =7 ‘g = 1d uonouny [enuauodxad QUO UY) AI0W UTBIUOD SUOIIN[OS Y} pue (/) uonenbyg ¢ BWwd|
pIoy (D) pue ‘(g)

‘(V) seAneurale pue ()& > 8 18 ¢/ “1f @3 %) 0= gp(N)B (g Y+ 15(0)18(14%) L) “o1(LT) uonenby €7 waroay],

uorsnouo) suonIpuo) juswd)eI§
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Proofof Lemma 6 Let n be a positive integer, F C C be a field and p1, ..., pn,q1,---»qn
be fixed positive integers fulfilling conditions C(ii). Assume that the additive functions
fts-ees fur &1, ..., gn: F — C satisfy functional equation

n

> fiaeMgix) =0

i=1
for each x € F. Due to the additivity of the functions f1,..., f, and gy, ..., g, for all
i =1,...,n, the mapping

x> fi(xP)gi ()

is a monomial of degree p; +¢q; = N. Further, it is the trace of the symmetric and N -additive
mapping

1
Fi(xy,...,xn) = I Z fixa)y - Xo(pi) - & Ko (pit1) -+ - & X))

.(7671\/
x1,...,xy €F).

Therefore, the statement follows from Lemma 5. ]
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