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Abstract
We prove the Lewy—Stampacchia’s inequality for elliptic variational inequalities with obsta-
cle involving Leray—Lions type operator whose simpler model case is given by the following

we Wy (@) o —ayu —div (Bl )

where € is a smooth bounded domain of RN with N > 2, Ayu denotes the classical N—
Laplacian operator and the coefficient B: 2 — R belongs to a suitable Lorentz—Zygmund
space. For this kind of obstacle problems, we also provide regularity results and amongst
them we give sufficient conditions to get boundedness of solutions.

Keywords Obstacle problem - Regularity results - Leray—Lions operator - Lower order
terms

Mathematics Subject Classification 35R35 - 35J25 - 35187

1 Introduction
We let 2 be a Lipschitz bounded domain of RY with N > 2.Inthe present paper, we consider
some obstacle problem involving a Leray—Lions operator of the type

Au = —divA(x, u, Vu), (1)

where A : © x RxRY — R¥ is a Carathéodory vector field satisfying the following
assumptions

for some « > 0 and some nonnegative functions a € LN log L(R2), ¢ € LN(Q) we have
A, u, &) € = alglN — (@@u)V — ¢V (x) forae.x € Q andforall (u, £) € R x RY;
2
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for some B > « and some nonnegative function b € L™* log L(£2) we have
AG, u, €] < BIEN T+ ) uhpN !+ ¢V 1 (x) forae x € R, andforall (u, &) € RxRY;
3)
(A(x,u,6) — A(x,u, ) - (E—n) >0 forae. x € Q, forallu e Rand&,n e RN with & £ 1.
“

The function space LY > log L(£2) is the Lorentz—Zygmund space (see Sect. 2.2 for more
precise definitions) which consists of real measurable functions u in €2 such that

1 |Q| *
esssuptV [ 1+ log— Ju™(t) < 00 )

0<r<|Q| t
where u* is the decreasing rearrangement of u. The structure assumptions (2), (3), (4) and
the presence of coefficients in the lower order term fulfilling (5) are modeled on an operator
of the form

|N_2M X

ylu
N—1
N—1 R | x|
x| (1 + log |x‘)

where y > 0, R := sup,.q |x]| and 0 € Q. In the right-hand side of (6) we adopt the usual
notation Ayu := div (|Vu|¥~2Vu) for the N-Laplacian operator.

Let us now give a more precise statement of the obstacle problem we consider in the
present paper. For a classical overview on topic we refer for instance to [25, 33]. We let
Y 1 Q — [—o0, +00] be a measurable function and consider the set

(©)

ANy u = —Anu — div

Ky () = {v e WIN(@) v >y ae.in Q}
Assume
®e WV (). @)
A function u € ICy, (£2) satisfying a variational inequality of the type
/ A(x,u,Vu) -V —u)dx > (P, v —u) Vv e Ky (2) (8)
Q

is called a solution to the obstacle problem involving the operator .A. Hereafter (-, -) denotes
the duality product between w-LN(Q) and WOI’N (£2) so assumption (7) means that

® =712 f —div (|FIV2F)
for some
FelNQ), FeLVQRY).
In turn, we have
(@, @) =/Q(|f|N*2f<p+|F|N*2F-v¢) dx  forevery ¢ € C5°(R).

We point out that obstacle problems for monotone or pseudomonotone operators have
been previously considered in [5-7, 17, 27, 29]. In the peculiar case ¥ = —oo, the solution
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of the obstacle problem is actually a solution of the Dirichlet problem

—divA(x,u, Vu) = ® in ©)
u=>0 on 02
in the sense that u € WOI’N(Q) is such that
/ A(x,u,Vu)-Vodx = (P, ¢)  forevery ¢ € Cj°(Q2). (10)
Q

The summability of the coefficients in the lower order term comes into play for the pairing
in (8) to be well defined. Thanks to the embedding Sobolev type theorem of Brezis-Wainger
[8] and Hansson [24], the membership of the coefficients @ and b to LN log L(S2) provides
a necessary and sufficient condition to get

A, u, Vuy € LT (2, RY)  whenever u € Wy (). (11

See Corollary 2.3 below for more details.

Linear and nonlinear operators similar to (1) with growth exponent p € (1, N) have
been already considered in literature. We point out that the treatment of problems involving
variational inequalities as in (8) in the limit case considered here differs from the case where
the principal part behaves like the p—Laplacian with 1 < p < N and the analogous of the
coefficients @ and b in inequalities (2) and (3) are in LN () [4,34] or in the weak-Lebesgue
space LN-%°(Q) with distance to bounded functions not large enough [14, 18, 22, 30, 37].
We refer to Section 7 for a discussion on the optimality of our assumptions. We also remark
that, when € is bounded, LN-® (Q) is strictly larger than LV (), while LY log L(R) is
strictly smaller than L™ (€2), and this aspect will be crucial in our context.

This paper concerns the existence and regularity issues of a solution to problem (8). Before
we enter into details, we recall that L% (2) is not dense in LN~ log L(£2), so one can define
the distance to L>®(£2) in LV log L(2) by setting

dist; v.oo10g () U, L7(R2)) = heli‘g}f(m[[u — kv 10g L() (12)

where

i RYw
[u] v 10g L) := €sssupt™ | N +log 22N )
0<t<|Q| t

with Rg := sup,.q |x| and wy denotes the measure of the unit ball in R".
We assume that

v e WhN(Q), (13)
such that
¥ <0 ondf. (14)

We point out that this inequality has to be understood in the sense of traces, i.e. (Y —w)™ €
W(; A () forallw € WO1 N (£2). This in turn implies that ICy, (£2) is nonempty, as the positive
part ¥ of ¢ is an element of Ky (2).

We define

g = ® +divA(x, ¥, V) (15)
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and we assume that g is an element of the order dual of W&'N (), that is
, +
g=g* — g~ where gt ¢ (W’I*N @) (16)

An el —1LN —1LN' +. Lp
nelementh € W (2) belongs to (W (Q)) if (h, w) > 0 forall w € Wy " ()
such that w > 0 a.e. in 2.

We are in a position to state some existence result for a solution to the obstacle problem
satisfying a Lewy—Stampacchia type inequality.

Theorem 1.1 Let assumptions (2)—(4), (7) and (13)—(16) be in charge. If we suppose that
disty N0 100 1.0 (@ L¥(R)) < (N = D(wya)'/N, (17)

then there exists a solution u € ICy (R2) to the obstacle problem involving A satisfying the
following Lewy—Stampacchia inequality

0< —divA(x,u,Vu) —d < g™ (18)

The Lewy-Stampacchia’s inequality was established for the first time in [28] and it plays a
crucial role in existence and regularity theory for variational inequalities driven by various
kind of operators, see for instance [5, 11, 23, 29] and the reference therein. The existence of
a solution to the problem (9) under the only assumptions (13) and (14) is not addressed in
details in this paper, since it is a byproduct of the proof of Theorem 1.1 and it can be shown
in a similar fashion as [14, 15]. We explicitly remark that condition (16) is satisfied when
gelLN ' (£2) and it occurs just to show existence of a solution to the obstacle problem.

As a consequence of the interplay between a proper bound on the distance to L*°(2)
and the regularity of the obstacle function on one hand and the source term on the other,
we are able to prove some improvement of the summability of solutions (in the scale of
Lorentz—Zygmund spaces).

Theorem 1.2 Assume that (2)—(4) and (14) are in charge and let u € Ky (2) be a solution
to the obstacle problem involving A. For » > 1, let ¢, f € LNV log/\x;1 L(2) and F €
LNV 10" L(Q,RY). Let also y € W' LN log™ T L(Q). If

dist v 10g () (@, LO(R2)) < A7 (N = D(oye) /N, (19)
then
u e L% log™1 L(Q). (20)
In particular,
u € EXP;y/(n—1)(R). 1)

Concerning the existence of bounded solutions, we are able to prove the following result.

Theorem 1.3 Assume that (2)-(4) and (14) are in charge and let u € Ky (2) be a solu-
tion to the obstacle problem involving A. For y > 1, let ¢, f € LYN>®log" L(RQ),
F e LNlog? L(2, RN). Let also v € WYLN-®log? L(Q). Then u € L®().

The proof of Theorem 1.1 is based upon a penalization argument, which is a tool so effective
to provide both existence and validity of the Lewy—Stampacchia inequality (18). In few
words, a solution to the obstacle problem is obtained as the limit of a sequence of solutions
to suitable Dirichlet problems which are a generalization of (9). It is worth to mention here

@ Springer



Regularity results for solutions to. . . Page50f24 113

that condition (17) turns to be essential to get existence results for the Dirichlet problem (9).
We are going to discuss this issue in details in Sect.4. The proofs of Theorems 1.2 and 1.3
apply verbatim to the Dirichlet problem (9) (see Theorem 7.1 below for a precise statement).

In case the coefficients in the lower order term vanishes, an elliptic equation with right-
hand side in a Zygmund space has been considered in [13]. N-Laplacian type equations have
been also considered in [12, 20].

2 Preliminaries
2.1 Notation

If A and B are two quantities, we use A < B to denote that there exists a constant C > 0,
depending on the appropriate parameters, such that A < CB. We also say that a Banach
space X is embedded in another Banach space Y if there exists a bounded linear immersion
map: : X — Y. Equivalently, X can be identified with a subset of Y in a linear way - usually
in a natural way -and || - ly < || - |lx.

The truncation at a level o > 0 will be denoted by 75 (-) and is defined by

o ifz>o0
T5(2) =13z iflz] <o forall z € R.

—0 ifz < —o

2.2 Lorentz-Zygmund spaces

Throughout this section we let £ be a bounded domain in R" . For a real measurable function
u defined in 2, we let u,, : [0, o0) — [0, |2]] be the distribution function of u, namely

nu(k) = |{x € Q: lu(x)| > k}| fork > 0.
The decreasing rearrangement of u is denoted by u* and defined through the formula
u*(t) :=inf{k > 0: u,(k) <t} fort €0, |].

As an immediate consequence of the latter definition, one gets that u and u* have the same
distribution function. Also, it is well known that the following Hardy-Littlewood inequality
holds

fe]
/Iu(x)v(x)ldx</ w*(t)v* () de
Q 0

for all real measurable functions # and v defined in €.
For p, g € (0, 00] and « € R the Lorentz—Zygmund space L?*4 log® L(2) consists of all
real measurable functions u in €2 such that the quantity

1_1 121\ .,
lullpratog iy == |t7 ¢ 1+10gT u*(t) (22)

L4(0,1€2)

is finite, where we use the convention 1/00 = 0. In particular, if ¢ < oo we have

o] 121\“ a qe\ 4
llwll pa10g® L(2) = (/0 <tl/p <1+10g7> M*(t)> 7)
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while
1 121\ ,
lullLp.ootoge L(2) = €sssupt? [ 1 +log — ) u™(2).
0<t<|9| t
The quantity || - [|Lr.a10g* L(22) defines a quasinorm which is equivalent to a norm with

respect to which L7 log® L(S2) is complete. Moreover, the space L”-9 log* L(2) includes
the Lorentz spaces L?-4(2) (which corresponds to the case « = 0) and the Zygmund space
L? 1og? (2) (which corresponds to the case p = g and & = pp).

It is worth to mention here that, for y > 0 the class L log!/? L(£2) coincides with the
space EXP” (€2) of exponentially integrable functions, which is defined as the class of real
measurable functions u in €2 for which there exists A = A(x) > 0 such that

/ (IM(X)I’”>
exp dx < o0
Q A

Inclusion relations among these spaces can be described taking into account several dif-
ferent cases. We start by recalling that Lorentz—Zygmund spaces decrease with the primary
index regardless of what the other exponents does, in the sense that

LPv4 1og*t L(2) € LP>»% 1og™ L(2) if p; > pp andforany 0 < qp,q2 < 00, a, B € R.
On the other hand, if the primary exponent does not change and is finite, then

either ¢; < g2 and o] > oy
LP 9 log"" L(Q2) C LP910g™ L(Q) if

or g1 >¢q» and o1+ 1/q1 >+ 1/q2
while

either o) + 1/q; > az +1/¢2
L9 Jog™ L(Q) C L% log™ L(Q) if
or g <q» and o1+ 1/g1 =a2+1/q2 <O0.

It is also interesting to see the dual of L7*9 log® L(2). It can be shown [3] thatif | < p < o0
and 1 < g < oo the duality relation
(L7 log® L(R))* = L7 log™ L(R)

holds, where as usual, for an exponent p € [1, co] we denote by p’ € [1, o] its conjugate
exponent defined by the relation

with the convention 1/00 = 0.
We will later need to use the following generalized Holder-type inequality for Lorentz—
Zygmund spaces.

Lemma 2.1 Let Q C RY be a bounded open set. Let 1 < p, p1, p2,q1,q2 < o0 and o € R
be such that

1 1 1 1 1
+ + —.
P1 P2 q1 q2 P
Then

||fg||L1’(S2) < ||f||LP1"11 log® L(2) ||g||LP2~qz log™® L(2)
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forall f € LPV9'1og” L(2) and all g € LP>92Jog™* L(2).

Proof From the Hardy-Littlewood inequality weknow that || fgllzr@) < | f*(1)g* (D) IlLr©, Q) -
We therefore have

I fellr < IfF@)g" O lLro, o)

1 121\ ., 11 1N\ ,
(;m a1 <1+10g7> f (t)) R (1+10g7> g ()

Lr(0,12])
T 1221\* 11 10\
T (1+10g —) @ tr @ <1+log —) g @
d La1(0,|22]) 4 L92(0,|22)
= [ fllLrra log® L(Q)||g||Lpz,qz log™® L(2)*
The proof is complete. O

2.3 Lorentz-Zygmund-Sobolev spaces

Let 0 < p,g < oo and ¢ € R. We define the Lorentz—Zygmund—Sobolev space
WILP-910g” L(Q) as the space of all f € LP71og* L(22) N W 1(Q) such that

[flwipra log® L(Q) *— IV £l Lpa log® L(Q) < X

endowed with the norm || flly1 1.4 1007 £.(2) = I f lLra10g2 L) + [fTw1Lra100% L(2)» and
its subspace Wol LP-9]og* L(2) as the closure of the space C2°(2) in WLP-910g% L(R),
endowed with the norm |||V (:) ||l 1p.g Jog® L(Q)-

Now, we discuss some embedding results in the scale of the Lorentz—Zygmung spaces.
First, we want to recall that Yudovich [36], Pohozaev [32] and Trudinger [35] indepen-
dently proved that WOI’N(Q) s EXPN/N=D(Q). This embedding result have been later
generalized in the independent papers Brezis—Wainger [8] and Hansson [24], where it is
shown that Wol’N(Q) s [N log_l L(£2). Such embedding is optimal in the context of
rearrangement—invariant space and there is a relevant Sobolev type inequality naturally con-
nected with this embedding. To provide a sharp form of such inequality, we follow [10]. Let
wp be the measure of the unit ball in RV . If

Rg := sup |x|,
xeQ

for p, g € (0, 00] and o € R we define

1/q
@l R¥oy \" T
[ulLratog L) = (/ (tl/p (N + log Qz N) u* (1) - if g < o0,
0

(23)

1 RYw ¢

1 N

[u]Lp.oot0g® L(2) = esssupt? | N +log Q u*(1).
0<r<|Q t

(24)
For the cases we are interested in, (23) and (24) define quasinorms equivalent to

|- IIZra10g” L(2)-
With this notation at hand, we have the following Sobolev type inequality.
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Theorem 2.2 Ler 2 C RY be a bounded open set with Lipschitz boundary. Ifue WOI’N ()
then u € LN log_1 L(Q2) and

1
(N = Doy ™ [ul oo 1og1 10 < 1Vl L3 - 25)
Inequality (25) appears in [10] (see formula (1.13) there) and it is known to be equivalent to
the Hardy inequality

N —1 N N
(T) / v - dx g/ Vo[V dx (26)
x|V (1 + log %) @

which holds true for every v € W(}’N(Q), provided €2 is a smooth bounded open subset of
RY with0 € Q and D > Rq.

Since Lemma 2.1 holds also for the [-]zr.a 10¢* 7 nOrms, a consequence of Theorem 2.2 is
the following corollary.

Corollary 2.3 Let Q C RY be a bounded open set with Lipschitz boundary. Then

I fglivy < SNIfIivectoq L IVEIILN (@)

forall f € LN-®log L(Q) and g € W)" (Q), where Sy = (N — D",

We remark that L°°(£2) is not dense in L”**°log® L(2) for | < p < oo. For such spaces,

distance to L™ has been widely studied along with its applications - see for instance [1, 2,
9].

2.4 Fixed point theorems and approximation results

To prove existence results, we shall use the Leray—Schauder fixed point theorem in a version
proposed in [19, Theorem 11.3 pg. 280].

Theorem 2.4 Let F be a compact mapping of a Banach space X into itself, and suppose there
exists a constant M such that ||x||x < M forall x € X and » € [0, 1] satisfying x = AF(x).
Then, F has a fixed point.

We recall that a continuous mapping between two Banach spaces is called compact if the
images of bounded sets are precompact.
In the sequel, we will need the following approximation result (see [29]).

Theorem 2.5 Assume that ¢ > 1 and Q is a Lipschitz bounded domain of RN. Let h €
(W‘l’q,(Q)>+. Then, there exists a sequence (hy),eN of nonnegative functions in Wé’q ()
such that h,, — h strongly in W’l"//(Q).

We mention here a weak compactness result proved in [14, Lemma 2].

Lemma 2.6 Let B be a nonempty subset of W(;’p(Q) with p > 1. Assume that there exists a
constant C > 0 such that

1Vullp g0, < € (1+ 1l ni0ra,) ) @)

forany o > 0 and u € B, where Qy 1= {x € Q: |u(x)| = o}. Then, there exists a constant
M > 0 such that

lullwir@) < M (28)

foranyu € B.
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3 A technical tool

Throughout this section we let all the assumptions (2)—(4), (13)—(16) be in charge and for
subsequent purposes, we want to describe the properties of Carathéodory vector field

A u,n) = A, u+vF, n+ vy, (29)

The vector ﬁelfi A satisfies some conditions similar to (2), (3) and (4). We want to discuss the
properties of A providing some details, as for instance (19) is made in terms of the constant
« and the coefficient a. As in [16], we prove the following.

Lemma 3.1 Let the assumptions (2)—(4), and (13)—(16) be in charge. For all ¢ > 0 and
¥ € (0, 1), we obtain

A, u, &) -8 = alglN — @luh - o, (30)
where

N b+cea
a:=

N @ Ny oN
a:=(—pBe")v", 3

and ¢; is a suitable nonnegative function in L' (). Moreover, the following estimate holds
diStLN,oo lOg L(Q) (&, LOO(Q))

1+ e
o

<

diStLN,oolog L(Q) (a, LOO(Q)) + ”a”LN.oo log L(Q2)* (31)

Vel + )
s
Proof By Young’s inequality one gets
A, 68> @—peM) g+ VurtY = (a¥ + eV V) u+ ytY - gy

with a suitable ¢; € L'(R2). AsR > ¢ — ||V is convex, there exists C = C(d, N) > 0
such that

lE+ vy TN = orEN —CcvyTIY, a1 <o N +Cly Y.

Hence, (30) is proved. Estimate (31) follows by the definition of a. m]

4 Auxiliary Dirichlet problems

We consider the following

—divA(x,u,Vu) + B(x,u) =® inQ

u=20 on 02 32)
where B: Q x R — R is a Carathéodory function satisfying
|B(x,u)| < ylul|+M(x) forae.x € Qandforallu e R (33)
with y > 0 and M € LV (), and a sign condition of the type
B(x,u)u >0 forae.x € Qandforall u € R. (34)
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113 Page 10 of 24 F. Farroni, G. Manzo

Proposition 4.1 Let ® € WV (Q) and A: @ x RY — RN g Carathéodory vector field
satisfying (2), (3) and (4). If

disty . jog 1) (@ L¥(R)) < (N = D(wya)'/", (35)
then there exists u € WOI’N(Q) solving problem (32).

Proof We divide this proof into several steps.
Step 1: the case of bounded coefficients.

Here we consider the case in which A satisfies (2) and (3) witha, b € L*°(R2). Asin [14]
we consider, for a fixed v € WOl ’N(Q),

Ay(x,8) = A(x,v,8),  By(x) = B(x,v).
Thanks to a classical result by Leray and Lions [26] we obtain existence of a solution to
—divAy(x, Vu) + By(x) = O, (36)

which is unique because of the monotonicity assumption (4). It is not difficult to prove that,
for a fixed ® € W1V (Q), the map

FiveWyN (@) uew, Q)

sending v to the solution u of (36) is compact.
We want to use Leray-Schauder fixed point theorem to the map F to construct a solution
u e WOI’N(Q) to problem (9). Let 0 < ¢ < 1 and let u be a solution to u = 1 F(u), i.e.

1
—divA <x, u, ;Vu) + B(x,u) = &. 37

By using condition (34) we have
Bx,u)To,(u) >0 ae.inQ (38)

We use T, u as test for some o > 0 and use conditions (2) and (38) to obtain

az“NfQ IVToulV dx < 1@l y-1v@ IV Toull v g +f9<a|u|)N Xul<o) + " X{juj<o) dx.
Applying Young inequality and using the fact that '~V > 1 we get

a/Q IVT,u@)| dx < at'™V /Q [VT,u()|N dx

< ||¢||W—1,N’(Q) ||VT0M||LN(Q) +/
{lul<o

} (@@) lu@)DHY + ¢V (x) dx

1 ’ o
<—— oy + 5 IVToulgy g

antiy V@

+ f (@) lu@)DHN + ¢V (x) dx
{lul<o}

and therefore

2 v < ——oV + llallzoo g lull Y, + llell¥
N’ L(ul<o)) = B WL () LO@IUN LN (u <oy T 1PN ()
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and we apply Lemma 2.6 to obtain that |[u||yy1.~ ) < K for some constant K independent
of u.
Step 2: we prove the result in the general case by using an approximation argument.
For n € N we define
T, (max {a(x), b(x)})
max {a(x), b(x)}

and we see that the field A, (x, u, §) := A(x, O,u, &) satisfies

On(x) =

(An(x,u,8),8) = alN — (Ta)uhY — e (x) V(x,u, &) e @ x RxRY;

(39)

|An (e, u, ) < BIEIN T + (L) )N ™ + oV 7H ) V(x, u,8) € @ x Rx RY;
(40)

(Ap(x,u, &) — Ap(x,u,n),E—n) >0 VYx,u) € 2 xR 41

forall £ # nin RV.
Fora fixed ® € W~V (Q), what we proved in Step 1 provides the existence of a solution
Uy € W&’N(Q) to the problem

:—divA,,(x, U, Vity) + B(x, 1) = ® in Q )

u, =0 on 0L2.

We want to apply again Lemma 2.6. We test problem (42) by T, u and we use (39) and (38)
to obtain

o [ 19Tl 0 < 101y g IV Tty + [ (@)Y 10 + 0 .
Q Q

The latter relation clearly implies

1
1 N
av [|[VT,u, ”LN(Q) < ||<D||W—1.N’ Q IVT5uy, ”LN(Q) + Ha”nX{lun\«r}” N + ||(P||LN(Q)-
() LN(Q)

We now take M > 0 and write a as (a — Tyra) + Tya, so if we apply the triangle inequality
we obtain

”aunX{\un\«r} ||LN(Q) < ” (@ — Tya) un X{ju,| <o} ||LN(Q) + ” (Tma) un X{ju,| <o) ”LN(Q)
< || (a - TM(Z) Un X{|u,|<o} ” LN(Q) +M Hun X{luy|<o} ” LN@©Q) "
We can now use Corollary 2.3 to manage the first term in the right hand side
” (@ — Tpa) un X{ju,| <o} || LN(Q) < Syfa - TMa]]LN=°° log L(2) IVT5un ”LN(Q)'
Using assumption (17) and the fact that
dist; v 10g £.(0) (@ L7(Q) = A/Ili_fﬁoo[[a — Tua] L= 10g L()
that can be proved as in [14], we can choose M large enough to have
1
SN [[a — TM(I]]LN,OO log L(2) <aoN

so that we have
1
N
CIVTyunlpney < (1911w o) IV Tottnll vy ) + Ml xigunt<o vy + 1910 -
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Applying Young inequality we show that the assumptions of Lemma 2.6 and obtain
lunllwivg <K VneN (43)

for some K > 0 independent of n.
Due to (43) we can assume that there exists u € WOI’N (€2) such that

up—u in Wy ()
u, — u in LY(Q) forall 1 < ¢ < oo and a.e. in 2.

We test equation (9) with T (u,, — u) and obtain
/ An(x,upn, Vuy)V(u, — M)X{lu,,—ulgl} = (D, VT (u, — u)).
Q

Since T (4, — u)—0in WOI’N(Q), we have

n—o00

lim A, (x,up, Vu,)VTi(u,, —u) =0.
Q
Let us show that

lim A, (x,uy, Vu)VTi(u, —u) =0.
Q

n—0o0

Wl,N
Since Vu,, 0 Vu, it suffices to prove that A, (x, u,, Vi) X{(ju,—u|<1} is compact. Using
growth condition (3) we have

(A, s VY gy —ai<y < € (196l + 9" + Gl + Blitn = u)® 20, -u1<n))
and since b € LY-® log L(2) — LY (Q) we can pass to the limit. We therefore have

lim [ (An (x, un, Vip) — Ay (X, U, V) V (U = 1) X(ju,—ui<1) =0
Q

n—00
and, up to a subsequence,
(Ap (x,up, Vup) — Ay (x, uy, Vu)) V(u, —u) — 0.
Reasoning as in [26, Lemma 3.3] we obtain Vi, — Vu a.e. in  and
An (X, i, Vi) —Ax, u, Vu) in LV ()
which concludes the proof. O

To conclude this section, we provide an example which shows that a condition on the distance
as in (35) is crucial to get existence of a solution to our problem.

Example 4.1 Let y > 0 and consider the problem

—Au — div <+u> = —div (%) in B
[x[=(1 — log |x]) [x]=(1 = log |x[)¥ (44)
u=20 on dB

foru e W&’Q(B), where B is the unit ball in R?. The underlying operator for problem (44)
is given by
X

u
A ) v X
(x,u, &) $+V|x|(1—log|x|) |x|
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By using Young’s inequality we get

A 1 1 5
(x,u,§)-&§=> EISI -3 (ya(x)u)

where
(x) !
a(x) = ———.
Ix[(1 — log |x|)
If we consider the adjoint problem
yx - Vv .
—Avt+——————— =0 inB
|x[=(1 —log |x[)
v=20 on dB

we have that a solution is given by

1 1- :
o(x) = o1 (1= (1 =loglx'~7) ?fy#l
—log(1 — log |x|) ify =1,

and in particular it satisfies

X

V= ——————————,
U7 xR0 = log [x])

(45)

(46)

Let us now assume that there exists a solution « to problem (44). If y > % we have that

Ve WOI’Z(B), so we can test it in (44) and we obtain

0= / [Vv|? dx,
B

which is impossible and therefore problem (44) does not admit a solution if y > 5

result is also sharp in terms of the parameter y. For the function a it results that

a*(t)—n%t_% 1+110 T o
- 2 %85
and a direct computation (see for instance [31]) gives us

diStLZ,oo log L(B) (a, LOO(B)) = Z\E.

Taking into account (45), if we impose condition (35) we are forced to require y < 5.

5 Regularity

In this section we prove Theorems 1.2 and 1.3.

5.1 Improving the summability in the scale of Lorentz-Zygmund spaces

Proof of Theorem 1.2 We divide the proof in several steps.
Step 1: we prove that

ul* € Wy ()

. This

47
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under the assumption
¥ <0 aeinQ. (48)

Clearly, (47) implies (20).
We notice that v = Tyu is a valid test function since if u > 0 then v > 0 > ¥, while if
u < 0thenv > u > . Using the structural assumption (2) we obtain

a/ |Vu|Ndx<f |f|N_]|u—Tku|dx+/ |FIN "N Vu| dx
Ex Ey Ej

+ | (auhV dx+ | ¢Ndx
Ex Ex

where Ej := {x € Q : |u(x)| > k}. Applying a Young inequality we obtain
@ [ wuax< [ [+ + el + 6] ax
E Ex

where ¢ > 0 is a parameter we will choose later and C is a constant depending on &.
Multiplying by k*~DN=1 and integrating on [0, K] gives, thanks to Fubini theorem,

(a —5)/ \VulV | Tgu|*=DN dx g/ (C|f|N + CIFIN + 1wV + @aluh™ +¢N)
Q Q
X ITKMI()‘_”N dx
which implies
(a _8)% ”V” |TK”|A_1”LN(Q) <C (”f|TK”|A_lHLN(Q) + HF |TKM|A_1||LN(Q))
+ “” | Txul™"! ||LN(SZ) + ”a” |Txul"™! ”LN(Q)
+ “¢|TKM|X_]”LN(Q)'

Let M > 0. If we write a = Tya + (a — Tya), we can give an estimate of

law | T ”LN(Q):

”au |TKM|)L_1 ||LN(Q) g H (a - TMa) u |TKM|)L_1 “LN(Q) + H(TMCZ) u |TKM|)L_1 ||LN(Q)
< H(a —Tya)u |TKM|)L_1 ”LN(Q) +M ”u |TKM|)L_1 ”LN(Q) .

To simplify this inequality, we use Corollary 2.3 on the first term on the right hand side to
obtain

[(@— Tya) u | Txul*~! ||LN(Q) < Snla — Tualv.ciog L) IV (u |TK“|)\_1)||LN(Q) :
We now notice that V (u |TKu|)\_1) < A Vu| ITKulk_l, so that
|(@— Twa)u|Txu*! ”LN(Q) < ASyla — Tya] v toq ey | Vit I Tul™ ™! “LN(Q)

and recalling the assumption (19) we have that by choosing M large enough and & small
enough we get

[Va Tl gy S 1 1Tl v gy + 1 F 1Tkul™ | gy + a1 Tl v

+ o1 Tkul™" v gy -
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If we use Lemma 2.1 we can write

A—1 r—1
11Tkl vy SIS gt g N T ] g 1) o
r—1
=11 g5 1 1T

LOooAN Jog~ Lo

and similarly for F and u. We can then apply Corollary 2.3

ITeal™ ! = [ITkul I

el 5
LN log™ % L(Q) S VulTkul™ 5,

LOCNlog’l L(Q) ~ ||V | Tiul” ”LN(Q)

to obtain

r—1
HVM [Tk ul ”LN(Q) (”f”LN M log L(Sz) + ”F”LN AN Jog L(Q)

|
A=1|| 7%
xa L PRSI Y V- L(Q))||W|Tku| | e

< F ﬁ
N(nfan1 S L R

+ lull = + el

A
A1 .
LNN Jog L@ LN«"ANlogTL(Q))

Taking the limit K — +o0o we finally get
[VIul | vy S <||f||WNl T L T ST

+liell

A
LNANlog L(Q))’

which concludes the proof, since u € LN-*N log%1 L(Q) — WOI’N(Q).
Step 2: we get rid of assumption (48).

We consider the vector field A as in (29) and we define 1/A/ = — YT As 1} < 0ae.
in €, we obtain the existence of a function # € K " (£2) such that the following variational
inequality

/A(x u, Vi) -V —u)dx > (®,0 — ) (49)
Q

holds true for every admissible function v € I% (£2). Since any v € Ky (£2) can be rewritten
as v = 0 4+ T for some ¥ € IC@ (€2). Hence, the variational inequality (8) holds true
with u := i + ¥ and any admissible function v € Iq// (7). It remains to show that
u satisfies the required summability. By Step 1, we observe that |i]* Wé ’N(Q) and so

i € LN Jog=% L(). On the other hand Y+ € L% log=% L(£2) by Theorem 4.2 in
[21] and this proves the result. ]

5.2 Boundedness

Let us now prove the boundedness result.

Proof of Theorem 1.3 We divide the proof in several steps.
Step 1: we prove the result under the assumption (48).
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Let k£ > 0 and let us define the function

sign(z)

eR =
b4 = ox(z) = N —

(T Y = a+12)').

We have oy (1) € Wy () and
Vu
(U+ v X5
where Ey := {|u| > k}. It is not difficult to prove that vy := u — oy (u) € Ky (£2). Indeed,

ox(u) = 0 on the set where |u(x)| < k. On the other hand, if u(x) < —k then o (u) < 0.
Finally, if u > k we notice that vy = V (1) with

Vo (u) =

A+0)=N -1 +-N
N—1 ’

and V'(z) > 0 for z > k, which gives vy > 0 > . We can therefore test our problem with
v and applying assumption (2) and Poincaré inequality we get

\v/ N N N N
of T [ W
£ (1+ ful) £ (L Jul) £, (1+ |ul)

+f |f|N“|ak(u>|dx+f |FIN! Vo ()] dx

V(z) i =z—

< llallYyig + 19125 gy + € (L1 + IFINT G, ) IVok@ v g
(50)

We observe that |Voy (u)|V < (1I-Vr|u||)N Xk, - Hence, by using Young inequality and reabsorb-

ing in the left-hand side, we obtain

IV 10g(1+ Dl v s S 1A Iv g + IF gy + lally gy + 1018 5,)-

For subsequent estimates, it is convenient to compute the norm || xG Il o.n 10g-7 1.() ©Of the
characteristich function of a measurable set G contained in Q. As (x6)* = x(0,/G)), the
definition Of || - || foc.n j0g- 1 (y—NOrm leads to the following

1/N

1G] 1
1XG 1l Loo¥ 1og7 Le) = / — i
0 (1 + log ‘Q‘)

1

(yN — 1)~ % <1+1 |Q|>N_y
yN — 0g — .
1G]

In the last line we compute the exact value of the integral since y > 1/N. We proceed further
and because of Lemma 2.1 we deduce

||f||LN(Ek) =1 f xE “LN(Q)
S xE N oo 10g L) 1 v 1007 L)

|€2]

1
1 N
=(yN-1"WN (1 + log ﬁ) AN N 10g7 L(92)5
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and similarly

1 21\ ¥

IFllgy gy < (N =17~ {1+ log 1Ll I Fll w00 1007 L(2)s
L S

lallivgy < (yN-=1D"¥[|1+1o gﬁ lallzy.oot0gr L)
1 2\

lellng,y) < (YN -1 <1 + log ﬁ) Pl Ln.o0 1007 L(22)-

We take into account previous estimates and we get

|Q| ﬁ_V
IV Tog(1 + ey < € (1+log 1=

where
c=C (N, Vo 1N o t0gr Liys IF V.o 1007 (@) Nall N0 10g7 Liys 111N 1607 L(Q)) .

Letus define w(z) := log(1+|z|)signz and L := log(1+k). We set G (m) := m — Trm for
m € R.Then G, (w(u)) € W, (%) and in particular G . (w(u)) = sign(u) 1og(lﬁ+‘z‘> XE..
Hence, Sobolev embedding theorem applied to G (w(u)) provides the estimate

1 1+ |ul
IV Iog(l + [uD v g, = Sy log T+x ) XE
1 1
> 1 iog + |ul
SN 1+k
> < )”XEh”LOONlog’IL(Q)
1
(N—=1)"w (H—h)( €2 >*V
> lo 1+ log —
Sy E\T+k S 1Ex]

1 <1+1 '9')”_V
_L og
Loe 21 < | E|
Enl) T g LEh
1+k

LN Jog=! L(Q)

LN Jog~! L(Q)

as long as & > k. This implies

ifh>k>0.Ifweseth =expn— 1,k =expkx — 1 and define, for r > 0,

Vo2 ) if | Eexpr—1] > 0
() 1 —1| >
$(1) = S Eepr 1| ept=tl =,

0 otherwise

we obtain

1
o) S ——0F (k)
7] — K
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1
with g = )1/_ 1+ > 1, s0 ¢ satisfies the assumptions [34, Lemme 4.1] and there is @ > 7 such

that ¢ (0) = (])V, or equivalently that |u(x)| < log 8 almost everywhere.
Step 2: we get rid of assumption (48).

We adopt the same argument as in previous Step 2. By adopting the same notation, the
only fact that we need to prove is that u = @i + 1T is bounded in Q. As 7 is bounded in by
previous step, we show that i+ is bounded in Q as well. Asy > 1, wehave Vyr+ e LV-1(Q)
and so ¥ is bounded in by Theorem 4.5 in [21]. O

6 The Lewy-Stampacchia inequality
6.1 A penalized problem

In order to prove Theorem 1.1, we need to consider a penalized problem of the type

1
—divA (x, us vV, Vug) = & + gW —us)™  inQ
us =0 on 02

(D

where § > O and s Vv ¢ := max {s, ¢} for all 5,7 € R. We add the following assumption on
the obstacle function

Y <0 ae.in Q. (52)

As a consequence of Theorem 4.1 we easily prove the following a priori estimates related
to the penalized problem (51).

Corollary 6.1 Let assumptions (2)—(4), (19) (16) and (52) be in charge. For every § > 0,
there exists a solution ug to problem (51) satisfying the estimate

IVuslyy g < C (53)

for some positive constant C independent of §. In particular, there exists u € ICy (2) which
is a solution to the variational inequality (8) and

us — u in LN (Q), (54)
Vus—Vu in LN (Q:RY) and a.e. in Q. (55)

Proof Estimate (53) can be proved by using the same argument which gives (43). It is clear
that (53) implies the existence of u € WOl ’N(Q) such that (54) holds and Vus— Vu weakly
in LN (€; RY). Next stage of our proof consists in proving that u is greater than or equal to
the obstacle function v a.e. in Q. To this aim, we test equation (51) by (¥ — ug)™, and we
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get in turn
%/Q | — Ma)+|2 dx = —(®, (¥ —us)™) + /Q A(x,us vV, Vug) - V(@ —us)™ dx
—(@, (¥ —us)*) + /Q A, Vug) - (@ = us)* dx
< (@,  —u)h)| +/ (BIVusI¥ " + @lush =" + ") |V (¥ — us)*| dx

< C (UPlly-1v gy + 110t e 1 V13 oy + IV Iy + 1913 )
X |V —us)* v g
We have that
IV —us)* vy < IV @ —us) v < I Vuslipy gy + IV v g

and using estimate (53) we obtain that
1 2
5 1@ —u) [ dx <CWNV, Q. 00,0, 9, 9),
Q

where in particular the right hand side does not depend on §. Letting § — 0 we obtain that
(¢ — u)™ = 0 almost everywhere, i.e. u € Ky (€2).
We claim that Vus — Vu a.e. in 2. We test problem (51) with 77 (us — u) to obtain

/QA(x, us vV, Vug) - V(us — 1) X{jus—u|<1) dX
= (D, T1(us — u))
1
+ < / (W —us)TTi(us — u) dx
3 Ja
<D, T (us — u)).

Since us —u < us — ¥ < 0 when ¥ — us > 0 (up to a negligible set). Moreover, since
u > Y, the remaining term on the right hand side goes to zero as well, so that
lim sup/ A(x,us vV ¥, Vus) - V(us — W) X{lus—u| <1} dx <0.
=0 JQ
Using the fact that us — u in LV () and assumption (2) we can apply the dominated

convergence theorem to show that

giH}) AQx,us vV, Vu) - V(us — u) X{jus—u|<13dx = 0
-0 Jq

and therefore

lim sup/ (A(x,us vV, Vug) — A(x,us vV, Vu)) - V(us — ) X{jus—ui<1y dx < 0.
§—0 Q

Assumption (4) implies that we must also have
(ACx,us Vi, Vus) — Alx,us vV, Vu)) - V(us — ) X{jus—ui<1) — 0 ae.in
and since us — u in LY (Q)

(A(x,us V¥, Vug) — A(x,us vV, Vu)) - V(usg —u) — 0 ae.in Q.
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We conclude the proof of our claim by using [26, Lemma 3.1]. O

Proposition 6.2 Ler assumptions (2)—(4), (16), (19) and (52) be in charge. Assume further
that

g e WM Q).

Then, the solution u € Ky (S2) provided by Corollary 6.1 satisfies the Lewy—Stampacchia
inequality (18).

Proof To simplify the proof, we set
Ms = é(l/f —us)", (56)
and also we define
wi=8 —é(w—ua)Jr-
Therefore, the equation in problem (51) gives us

25 =g +div[AQx,us V¥, Vug) — Alx, ¥, V).

As g™ € WOI’N(Q), also zs € WOI’N(Q), so we may test problem (51) by —z5 and by using
the obvious relation —z5 z5 = |75 |2 we obtain

/ Izglzdx = / [A(x,us vV ¥, Vus) — A(x, ¥, V)] - Vzg dx — (g*, z5). (57)
Q Q

We observe that zg vanishes on the set where us > v and we recall that g+ is a nonnegative
element of W1V ,(Q). We deduce from (57) that

f |z5 1% dx g/ [A(x, ¥, Vus) — A(x, ¥, V)] - Vzj dx. (58)
Q {25 #0)

As already mentioned, to obtain the latter relation we used the fact that v > us a.e. in
{zg # 0}. Moreover, it is clear that g~ — us < O a.e. in {z; # 0}, and so (58) gives us

/ |25 I* dx <1/ [A(x, ¥, Vus) — A(x, ¥, V)] - (VY — Vug) dx
Q 8 Jiz 20)
(59)
—/ [A(x, ¥, Vus) — A(x, ¢, V)] - Vg~ dx.

{25 #0)

By monotonicity, the first term in the right hand side of (59) is less than or equal to zero, so
we have

/ |25 |? dx é/ X>us) |AG, ¥, Vus) — Ax, ¢, V)| Vg™ | dx. (60)
Q Q

By using (54) and (55) we deduce that x{y>us) |A(X, ¥, Vus) — A(x, ¥, V)| —0 weakly
in LY /(Q) and so z; — 0 strongly in L%($2). Finally, we obtain the Lewy—Stampacchia
inequality (18) passing to the limitas 6 — Oin us — g~ < zj. O

We now consider the general case.
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Proof of Theorem 1.1 We assume at first that (52) holds, namely ¥ < 0 a.e. in . Let us
consider a sequence g, € WOI’N(Q) with g, > Oa.e.in Q suchthat g, — g~ in WO_I’N (Q).
Accordingly, we define

O, =g — g, — divA(x, ¥, V).

By Proposition 6.2 we easily see that there exists u,, € WOI’N (£2) solving the obstacle problem
/ A, up, Vuy) -V —up)dx = (O, v —u,) Yv € Ky ().
Q

Moreover, the Lewy—Stampacchia inequality
0 < —divA(x, uy, Vuy) — ®, < g (61)
holds. We remark that u,, — T (1) € Ky (£2) and reasoning as in Proposition 4.1, the estimate
IVuplipvgy <M

holds with a constant M > 0 independent from n, and satisfying a Lewy-Stampacchia
inequality. As before, there exists u € WOI‘N(Q) such that u, — u in LY (Q) and Vu,—Vu
in LN (Q; ]RN). Testing with w,, := u,, — T1(u,, — u) and reasoning as we did previously, we
get Vu,, — Vu a.e. in Q.

We fix 1 > 0and observe that u, — 1), (u, —v) € Ky (R2) forafixed v € ICy (R2). Therefore
we have

f A(x,up, Vuy) - VT (uy —v)dx <Dy, T).(up — v)).
Q

Using again the dominated convergence theorem, we are able to pass to the limit as n — oo,
to get

f Alx,u,Vu) - VT)(u —v)dx < (P, T (u — v)).
Q
It follows that
/ Ax,u,Vu) -Vu —v)dx < (P, (u —v))
Q

by passing to the limit as A — oo. On the other hand, the Lewy—Stampacchia inequality
claimed in the statement of Theorem 1.1 follows by passing to the limit in (61). To get rid
of assumption (52) we construct an operator A as in Lemma 3.1 and use it to deduce a result
for our case as done in the last parts of the proofs of Theorems 1.2 and 1.3. O

7 Concluding remarks

A careful inspection of the proofs of both Theorems 1.2 and 1.3 allows us to conclude that
those regularity results hold for all solutions to problem (9) under the same assumptions on
f, F, ¢. Precisely, we have the following result.

Proposition 7.1 Letu € Wé’N(Q) solve the Dirichlet problem (11), under the assumptions
Q=) If ¢ € LNV 10g™T L(Q), f € LN*N 1og™T L(Q), F € LNV log™ L(Q, RV)
for some A > 1, then (20) holds true. Moreover, if ¢, f € LY ®log’ L(Q), F €
LN-®log? L(2, RY) for some y > 1, then u € L>®().
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The first part of previous theorem would dare to say that boundedness of solutions to problem
(9) can be obtained only by assuming that

a e clos (LN~°° log L(2), LOO(Q)) and f,F e LV ®log L(Q).
Here clos (LN'Oo log L(£2), LOO(Q)) denotes the closure of L®(2) in LN log L(), or
equivalently the class of all g € LY log L(2) such that

so in particular, recalling that

. - . [
dlStLN,oolog L(Q)(f, L*(R2)) = limsup A (g (1)) log ——.
A—>00 Ha (L)

then clos (LY-*°log L(£2), L>()) contains any function such that

1/N< 12 >
esssup A (g (1)) 1+ log p(l) < o0
A>0 Ha(X)

with p being a positive function such that lim; _, ., p(A) = oco. The following counterexample
shows that the set of assumptions we introduced before does not lead to boundedness of
solutions, even if the stronger assumption

£, F e clos (LN’Oolog L), LOO(Q))
is in charge.

Example 7.1 Let6 € (0, 1) and B the unit ball in R?. Consider, foru € W(; ’2(B) the equation

—Au — div (a(|x|>u(x)i|> = —div <F<|x|>|i—|)

|x
u=20 on dB

(62)

with
1 1
, F@r)=- R
r (1 —logr) (1 —log(l —logr)) r (1 —logr) (1 —log(l —logr))
forr € (0,1). Inparticular,a € L>* (log L) (log log L) (B) and F € L>* (log L) (loglog L)? (B),

which can be defined in an obvious way and are both contained in clos (Lz’ ®log L(B), L*® (B)) .
It can be shown that the function

a(r) =

1
u(x) = o (1 = log (1 = log [x)) (1 = (1 — log (1 — log [x)) ")
is the unique solution of problem (62). O
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