Rev. Real Acad. Cienc. Exactas Fis. Nat. Ser. A-Mat. (2024) 118:107
https://doi.org/10.1007/s13398-024-01605-z

ORIGINAL PAPER

®

Check for
updates

Bernstein—-Kantorovich operators, approximation and shape
preserving properties

Ana-Maria Acu'® - loan Rasa? - Ancuta Emilia Steopoaie?

Received: 18 September 2023 / Accepted: 10 April 2024
© The Author(s) 2024

Abstract

Inspired by the construction of Bernstein and Kantorovich operators, we introduce a family of
positive linear operators /C, preserving the affine functions. Their approximation properties
are investigated and compared with similar properties of other operators. We determine the
central moments of all orders of IC,, and use them in order to establish Voronovskaja type
formulas. A special attention is paid to the shape preserving properties. The operators /C,
preserve monotonicity, convexity, strong convexity and approximate concavity. They have
also the property of monotonic convergence under convexity. All the established inequalities
involving convex functions can be naturally interpreted in the framework of convex stochastic
ordering.

Keyword Bernstein—Kantorovich operators - Shape preserving properties - Inequalities for
convex functions

Mathematics Subject Classification 41A36 - 26A51

1 Introduction

The classical Bernstein operators are the prototypical positive linear operators used in
Approximation Theory. They approximate the continuous functions, preserve the functions
ep(x) = 1 and e1(x) = x and have remarkable shape preserving properties. The classical
Kantorovich operators can be used to approximate integrable functions and preserve e, but
not ej. Their properties were intensively investigated from several points of view (see, e.g.,
[2, 3,7, 8, 14-16] and the references therein). Some papers (see, e.g., [6, 28]) are devoted to
modifying the Kantorovich operators in order to preserve ep and e;. Beside their importance
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in classical Aproximation Theory, the Kantorovich polynomials play an important role in the
theory of generalized sampling operators. The classical sampling operators are of discrete
type and use point evaluations of the approximated function f. The Kantorovich type gener-
alized operators use mean values of f on suitable intervals and consequently perform better
than the classical ones from several points of view (see, e.g., [11-13] and the references
therein).

In this paper we introduce a family of Bernstein—Kantorovich type operators /C,, preserv-
ing the affine functions. Their structure is inspired by the construction of the Kantorovich
and Bernstein operators. The family depends on several parameters. In a limiting case the
operators /C,, reduce to Bernstein operators. For special parameters one obtains the operators
investigated in [28]. As mentioned above, the classical Kantorovich operators were the start-
ing point for new developments in the theory of generalized sampling operators, leading to
important results in digital image processing with medical and industrial applications. Our
modified operators /C,, could also be used in this context.

The operators /IC,, are defined as follows. For a given integer n > 2 letay,, 1, ..., dp -1
be real numbers such that

1
O<appr <—, k=1,...,n—1. (1.1)
n

Define the functionals F}, s : C[0, 1] — R as
Foo(f) :== fO0), Fun(f):= f(1),

1 %"'an.k
Forx(f) = — f@dt, k=1,...,n—1. (1.2)
zan,k %7(1,17/(
Let pu(x) := ()x¥(1—x)"*, k=0,1,....,n, x €[0,1].
Consider the operators K, defined by

Knf () =Y Fax(f)pas(x), f€Cl0,1], x €0, 1]. (1.3)

k=0

They are positive linear operators on C[0, 1] and
Kneo = eo, Kner = ey, (1.4)

where ej(x) :=x/, j=0,1,..., x €[0,1].

Section 2 contains the Voronovskaja type formula for the sequence /C,,, which coincides
with the corresponding formula for the sequence of Bernstein operators B,,. Proposition 2.1
presents an example of a function for which the approximation in the sense of Voronovskaja’s
formula, provided by /C,, is better than that provided by the classical Kantorovich opera-
tors. The central moments of C,, are described in Proposition 2.2 and used to present the
Voronovskaja formula of order two for the sequence /C,,. The operators KC,, have useful shape
preserving properties. Theorem 3.1 shows that they preserve the monotonicity. The images
of a convex function f under B, K, and the genuine Berstein—Durrmeyer operators U,, are
compared in Sect. 4. The proof of the main result Theorem 4.1 is based on Ohlin’s Lemma,
a result from the theory of convex stochastic ordering (see, e.g., [22, 23]). In fact, all the
inequalities presented in this paper and involving convex functions have natural interpreta-
tions in the framework of convex stochastic ordering. Theorem 5.1 deals with the preservation
of convexity. Theorems 5.2 and 5.3 describe the behavior of the operators /C,, with respect to
the parameters in their structure. The monotonic convergence under convexity is an important
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property of the Bernstein operators. Theorem 6.1 shows that the operators /C,, have also this
property. Strongly convex functions and approximately concave functions were investigated
in several papers. The preservation of the corresponding properties under the Bernstein oper-
ators was studied in [18]. The preservation of these properties under /C, is presented in Sect.
7. Section 8 is devoted to conclusions and further work.

2 Voronovskaja type results

Let B,, n > 1, be the classical Bernstein operators,
[k
By f(x):=) f <7> puk@), f€Cl0, 1], x €0, 1].
n
k=0
According to Voronovskaja’s formula,

x(1 —x)

Jim n(Byf () = f(0) = ———f"(x), [ €C0,1], @n

uniformly on [0, 1].

Theorem 2.1 Foreach f € C2[0, 1] we have

1 —
Jim 0 06, 700 — 7o) = 2 e, 22)

uniformly on [0, 1].

Proof Letusremark thatfork =1,...,n—1,

K\ 1,
For(ex) = - +§an_k.

On the other hand, for f € C2[0, 1] we have (see, e.g., [4, Lemma 4.1])

k k2 (&
Fn.k(f) - f (;) = (Fn,k(eZ) _ <;> ) f (§ ,k)

with a certain &, x € [0, 1]. Therefore,

k 1
Fui(f) = f <7> = cani S G, k=1 - 1. (2.3)

Using (2.3) we can write

n(Kn f(x) = f(x)) = n (K f(x) = By f(x)) +n (B f(x) — f(x))

1 n—1
= on kan,kmaZ,kf”(sn,k) +n(Byf(x) — f(x)).

=1
Due to (1.1) we have

n—1

1 1
e D Prk @y [ En | < ol oo (1= (1= 0)" =2") = 0
k=1

uniformly on [0, 1]. Combined with (2.1), this leads to (2.2) and the proof is finished. m]
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Let K,, n > 1, be the classical Kantorovich operators,
k+1

"1t feco, 1,

k

Kof(¥) =+ 1Y pur(x)

k=0 n+l
It is known (see [10]) that
Jim (K, f () = /()

_ x(1—x)

= Tf”()f) + (% —X) [/ =:Vf@), fec?0,1], xel0,1].

x(1—x)

Set Wf(x) := Tf”(x) (see (2.2).

1
Proposition 2.1 Ler f € C2[0, 1] be decreasing on [0, 1], concave on |:O, §:| and convex on
—, 1.
2
Then,
[Vl = [Wf(x)], x €[0,1]. (2.4)

Proof 1t is easy to verify that for x € [O, %],
1
Vi) =IWfl— (5 —X) f1x) = W),
. 1
while for x € |:§, 1i|,

1
IVl =IWf)l+ (5 —x> () = [Wf(x)l.
This concludes the proof. O

The inequality (2.4) shows that, from the point of view of Voronovskaja’s formula, the
approximation of f furnished by /C, is better than that provided by K. For other results of
this type see [5]. In fact, the following figures show that for the functions f(x) = cos(wx)
and f(x) = arctan(x — 1/2), x € [0, 1],

IKn f () = fO] = [Kn f(x) = f(X)].

k
Remark 2.1 If a, y = — m, k=1,...,n—1, the operators C, reduce to the operators
n
K from [28]. A Voronovskaja type formula for the sequence (K;') was proved in [28, p.
6194].
. . 0 .
In the rest of this section we take a,x = —, k = 1,...,n — 1, for a given 6 € (0, 1]
n

and we denote by ICﬁ the corresponding operators /C,,. The next result presents the relation
between central moments of K and those of B,,.
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Fig. 1 Graph of K, f, ICy, f and
fforn=10and a, ; =1/2n

Fig.2 Graphof |K, f — f| and
|Kn f — flforn =10,
g =1/2n

Fig.3 Graph of K, f, KC;; f and
fforn=4anda,; =1/2n

x

[ IKuoft) )| =~ = [Kuoft)-fx)

f(x)=artan(x-1/2) I
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Fig.4 Graph of |K,, f — f| and

[Knf — flforn =4, 0.08+
apx =1/2n ol
0.061
0.05 1
0.04 1
0.031
0.02 1
0.011
0 T J
0 02 04 06 08 1
.
[— Kt fi)| — [Kefl-f)
Proposition 2.2 For k > 1 one has
o +1\2j
0\ , . |
X <;> [Ba (1 — )% 275 x) — (1 — x)"x 2720 — xn (1 — x)2%=2]];
- 1 (2%-1
(i) KO ((t — )15 x) = B, ((t — )% 15 x) + 3 ﬁ( 5 )

0\ ‘ . |
X (*) [Bn (([ — x)2k—1—2]; x) (1- x)nx2k—l—2] _ x"(l _ x)2k_1_2]],
n

Proof The proof is based on straightforward calculation and we omit it. O

Remark 2.2 The central moments of Bernstein operators are investigated in detail in [9, Sect.
2.9]. In particular it is known that

B, ((t —x)'x) =0 (n[s?]> ,

where [a] is the integer part of a.
Combined with Proposition 2.2 this leads to

Ki(t—x);x)=0 (n*[%}b .

The important conclusion is that the classical result of Sikkema [26] can be applied to the
sequence (sz). So, in this case we have another proof of Theorem 2.1 and moreover, for
feco,1],x €0, 1],

Jim n [n (K f @) = f(x0) = @f@(w]

0, x € {0, 1},
[ éf(z)(x) + éx(l — )1 =2x) D x) + %x2(1 — )2 D), 0<x < 1.
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It is well known that (see, e.g., [1])

Jim [0 8,1 = g = 207 0|
- éx(l —0)(1=2x) D)+ %xZ(l —0)2fPw), 0<x < 1.

We conclude that
0, x €{0,1},

nli)ngonz (Kzf(x) —Byf(x)) = i éf(Z)(x), 0<x<l.

3 K, and increasing functions
Consider the general case, i.e., 0 < a, r < 1/n.
Theorem 3.1 If f € CI0, 1] is increasing, then IC,, f is increasing.

Proof Using p;, , (x) = n (pu—1k-1(x) = pa—1x(x)), n > 1, we get

n—1
(Knf) (x) =n Z (Fak1(S) = Fux () Pr—1.k(x).
k=0
Clearly
%‘Hln,l
Fo1(f) — Fao(f) = 7 / f@®dt — f(0) =0
Ap, 1 %—a,,yl
and

Fn,n(f) - Fn,n—l(.f) = 0.
So,letk € {1,...,n —1}. Then

1 %+an,k+1 1 §+an,k
Foir1(f) = Fax(f) = f@de — / f@)dt
2an 11 JEL g, 14, 2ank JE—q,,

k
1 n Tk k k+1
2ank JE_q, an k n n

n

k k
Moreover, for s € [f — ank, — + ank | we have
n n

an k+1 (S—E>+k+1 =

an k n n
and so

Fukr1(f) — Fni(f) = 0.
Summing-up, we see that (IC,, f)’ > 0. O
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4 Approximating convex functions

A well known consequence of (1.4) is
Proposition 4.1 If f € C[0, 1] is convex, then
Knf=f, n=1l (4.1)
In order to prove the main result, Theorem 4.1, we need two lemmas.
Lemma4.1 Leti > 1, j > 1 be integers. Then

G+pt it jr 1

ij= - = 4.2
T T 2 “2
Proof First, we have
. 1N/ 1\ -G+
M:(H,) <1+. ) <1
Yiij J i+
" 1 _
Theny; j <yvi1=|1++ < o and the proof is completed. O
i

Lemma4.2 (Ohlin’s Lemma) [22] Let X, Y be two random variables such that EX = EY.
If the distribution functions Fx, Fy cross exactly one time, i.e., for some xq holds

Fx(x) < Fy(x) if x < xo and Fx(x) = Fy(x) if x > xo,
then E f(X) < Ef(Y), for all convex functions f : R — R.

Remark 4.1 Szostok noticed in [27] that if the measures py, ny corresponding to X, Y,
respectively, are concentrated on the interval [a, b], then, in fact, the relation E £ (X) < Ef(Y)
holds for all convex functions f : R — R if and only if this inequality is satisfied for all
continuous convex functions f : [a, b] — R.

Consider the genuine Bernstein—Durrmeyer operators U, defined by

Un f(x) == f(O)pno(x) + f(1)pun(x)

n—1 1
+n—-1) (/0 pn72,k71([)f([)dt) Pk (X).
k=1

Now we are in a position to state

Theorem 4.1 Ifa, = —, 1 <k <n—1,and f € C[0, 1] is convex, then

1
n
f<Buf <Kuf <Unf. (4.3)

Proof The first inequality is well known, as a consequence of the fact that B, preserves the
affine functions. According to the Hermite-Hadamard inequality we have

k+1

k n [
f<2>§§/k;1 fdt,k=1,...,n—1,
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and this implies the second inequality in (4.3). So, it remains to prove that

L=9% 1
%ﬁ_l f@dt < (n— 1)/0 DPn—2k—1@) f()dt, k=1,....,n— 1. (4.4)

n

To this end, fix k € {l,...,n — 1} and consider a random variable X uniformly dis-
k—1 k+1
tributed on , + and a Beta-type random variable Y having the density (n —
n n
D pn—2.k-1@), t € [0, 1]. The distribution function of X is
k—1
0, xr < —,
1 k—1 k+1
Fx(x)={ ~(nx —k+ 1), wx<tl
2 n n
k+1
1, )
n
and the distribution function of Y is
0, x <0,
X
Fy(x) = / (n — Dpu—2k-1()dt, x € (0, 1],
0
1, x > 1.
k
Wehave EX =EY =—,k=1,...,n—1.
n
(1) Letk = 1. Then
0, x <0,
1 2
Fy(x) = Enx, 0<x< —
2
1, x> —,
n
and
0, x <0,
Fr)=4{1-(1—-x)""10<x<1,
1, x > 1.

It is easy to prove the existence of xg € (0, 1) from Ohlin’s Lemma.

(2) The case k = n — 1 can be treated similarly.
(3) It remains to consider the case 2 < k < n — 2. Define H (x) := Fy(x) — Fx(x),x € R.

Clearly
k—1 k+1
Hx)>0, xe|l|—00,—— )Jand H(x) <0, xe| —, 0.
n n

k—1 k+1 k—1 k+1
Moreover, H <7> > (0and H <i> < 0. For <x < + we have
n n n n

H'(x) = (1 — D pp_sp1(x) — g

<( 1 k—1 n
<(n Pn—2k—1 w2 3
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n=2) k=D1(n—k—1r*1

(n—2)""2 (k—1)! n—k—1)! 2
Using Lemma 4.1 we get
, n—1 n 1
H(@x) <= -5 =—.
2 2 2
S . k—1 k+1 . .
Therefore H is strictly decreasing on , and the existence of x¢ from Ohlin’s
n n
Lemma is proved. Summing-up, according to Ohlin’s Lemma we have E f(X) < Ef(Y)
and this is (4.4). ]

1
Returning to the general case with 0 < a, x < — we have the following two remarks
n

Remark 4.2 Recall the operators K, from [28] (see also Remark 2.1). Using the technique
based on Ohlin’s lemma, it is not difficult to prove that for each convex function f € CI[0, 1]
we have

1
6)) If0<an,k§3—, k=1,....,n—1,then f <K,f <K} f;
n

n—11
- <
2n—1n —

(i) If ,k=1,...,n—1then f <K)f <K,f.

Remark 4.3 We have

O 7] LTI ) Pty
U . 2x(1 —x)
nea(x) —ez(x) = il

Therefore, in light of the classical result of Shisha—Mond [25],

Ax(l—
K f (1) — F ()] < 20 (f; 3’“(,1)‘)) ,

2x(1 —
Un () — f )] < 20 (f; ,/m) .

So, from this point of view, the approximation of a function f € C[0, 1] provided by K, is
better than that provided by U,,.

5 KCn and convex functions

0
In this section we take a, x := —, k =1,...,n — 1, for a given 6 € (0, 1]. Consequently,
we denote the functionals by Ff « and the operators by K9. So, we have

k+6

n n
Fy () ::%/kj fde, k=1,...,n—1.
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Theorem 5.1 If f € C[0, 1] is convex, then ICZf is convex.

Proof First, we have
n—2

Ko @) =nn =10 (Fieia(f) = 2F7 1 () + FL () Puaa(x)

k=0

(i) In order to prove that F‘9 2(f) 2F9 1 (H+ Fe 0(f) > (0, it suffices to show that it holds
for the functions () = 1, ¢(t) =t, p(t) = max{t—x 0}, ¢, x € [0, 1] (see [19, p. 645,
B.4. Proposition and B.4.a. Proposition]). This can be done by elementary calculations.

(ii) The proof of the inequality
Fyn(f) = 2F] (1) + F,5(f) =0

is similar.
(iii) It remains to prove that

Fr?,k—s-z(f) 2F0k+1(f)+ f,k(f)Z()’ k=1,...,n—3.
This follows by integrating
1 1 1 n—1
Jlt=—=)+/lt+-)=z2f0), —=t=
n n n n

. k+1—60 k+1+0
on the interval s .

n n

O
Theorem 5.2 If f € C[0, 1] is convex, then K, f < K[ f whenever0 <o <t < 1.
Proof Tt suffices to prove that F"k(f) < nfyk(f), k=1,...,n—1.In fact, we will prove
that
d—ang’k(f) >0,0<6<1.
Indeed,

d 5 1 (k+0\ 1 (k-0
@Fn,k(f) 292/ f(t)dt+—[;f( - )+;f< . )}

k—6 k+0
|/ <T>+f (*)
= 5 29[ fde | =0, (5.0

where the last inequality follows from the Hermite-Hadamard inequality.
In the next result we estimate the differnce between K, f and Ky, f.
Theorem5.3 LetO <o <t <1, f € C2[0, 1] and x € [0, 1]. Then
I f () = K5, f ()| <f(f—0) ||f//||oo(1_(1_x)n_ x"),
where || - |0 is the supremum norm.
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Proof Denote ¥, x(0) := Fek(f) 6 € (0, 1]. We have, for a suitable 6 € (o, 1),

[V k(D) = Y (@)| = (T = ), (O]

Using (5.1) we can write

i) = -
do " T g

Applying the trapezoidal rule we get

f(k—9>+f(k+9)
7?[ n k+9 92
29/ fdt| < —

5 < 2 1 o

From (5.3) and (5.4) it follows that

T
1Y, 1 (O)] < ﬁ”f//”oo-
Combined with (5.2) this leads to
|Fy i () = F () <r(T—0) ||f”||oo

Therefore,

KCh f (x) = K f ()] < ankom () = E (D)

st(t—o)z3 ||f”||oo(l—(1—x) x")
and this concludes the proof.

Remark 5.1 For 0 — 0, from Theorem 5.3 we get

2
KX f(x) = Buf(x)] < %nf”noo(l — (=0 —x™).

Estimating directly with (2.3) we obtain

k "
ran-1 ()| - < e (5 )) L0 (Y 1 e

This produces the better result

|KCE f () — Bf(x)|_62||f“||oo<1—<1—x> ).

@ Springer
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6 Monotonic convergence under convexity

In this section we consider again the case a, y = 6/n,n > 1,k =1,...,n — 1, for a given
0 € (0, 1].

Theorem 6.1 If f € C[O0, 1] is convex, then ICZf > ICsz, n>2
Proof First, we have
K f @) = Koy f ()
- (" e+ T g - B e
k=1
6.1)

The proof is similar to that of Proposition 2.10 from [9] and we omit it. It follows that

>i|ds
+1
n(n+1) n— l+6
)/ [—f()+ )~ f ( +1>]‘”
n—1
n b l— n+1
+EZyM—n“k<k>

[ k n+1—k 1 n 1
[n+1f(s)+ n+1 f<s+;>_f<n+ls+n+l>i|ds

=L+ L+ 1.

KO f(x) — Ko, f(x)
146

nn+1) a [ 1
= 5 —x(1-) /9 [—f()+—f(>—f(

Since f is convex, by Jensen inequality we have

L (0)+L (s) — n >0
n+1f n+lfs ! n )=

(1) " L B
! _f(n+ls+n+1)_’

1
T

andso I1 > 0, I > 0. Concerning /3, we have

- =Tk n+1—k 1 n 1
31:/@_9 [mf“”ﬁf(”;)‘f(nﬂ”?)]ds
>/kw[f<s+”“"‘)—f("s+ )]
= Jr=1-0 nn+1) n+1 n+1
=/t gnf@Ms—A——f/ f(s)ds.
n+l n n+
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Let y(s) be a polynomial function of degree at most 1 whose graph is a support line to the

k
graph of f(s) ats = ——. Then
n+1

AT n41 [t
[ vwas =5 [T soas,

_0 k=6
n+l n n+l
so that
- arrtn n+1 e
I3 > /k (f(s) —y)Nds — —— (f(s) —y(s))ds.
= no S

Setting g(s) := f(s) — y(s) we have g(s) > 0 and the above inequality can be written as

3 = ., | [T ,
Iz > /k Qg(S)s—;/d g(s)ds

ntl " n n+1
oAy | e
+ / g(s)ds — 7./ g(s)ds | = J1 + J».
ko nJ k.
n+1 n+1
k+0 . . . . .
Leth :=g pan & With notation from Fig. 5, using the convexity of g and elementary
n
. . . n+1
geometric considerations we find that H = h,
k46
n+1 +n h =+ H 9 (2n 4+ 1)h9
g(s)ds = =55 :
kto 2 nn+1) 2n-(n+1)
w5t ho
f g(s)ds = o ———.
20+ D

Therefore, Jo > 0, and similarly J; > 0. We conclude that f3 > 0, hence I3 > 0, and the
proof is complete.
O

Remark 6.1 Let 11, v be probability distributions (Borel measures on R, u(R) =v(R) =1).
If [p(x)dv(x) < [@(x)du(x), for each ¢ : R — R convex, v is said to be smaller than ;1
in the convex stochastic order. One uses the notation v <., u (see, e.g., [23, 24]).

The operators in this paper can be represented under the form

taf = [ sdien, Mot = [ sav,

with suitable probability distributions ¢, vy.
Moreover, they satisfy inequalities of the form (see Theorems 4.1, 5.2, 6.1)

M, f < L, f, forall convex functions f.

This is equivalent to

/ fdv, < / fdu,, for all convex functions f,
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Ve

K/(n+1)-8/n (k-8)/(n+1)  ki(n+1) (k+8)/(n+1)  ki(n+1)+6/n

Fig.5 Support for the proof of Theorem 6.1

and hence to
Vn <cx Mn-

Therefore, Theorems 4.1, 5.2, 6.1 have natural interpretations in the theory of convex
stochastic ordering.

7 IC,? and strongly convex functions with modulus ¢

For the definitions of strongly convex functions and approximately concave functions with
modulus ¢ see, e.g., [17, 18, 20, 21] and the references therein. We need the following
characterizations of these functions.

Lemma7.1 (i) A function f : I — R is strongly convex with modulus ¢ > 0 if and only if
the function g : I — R defined by g = f — cej is convex.

(ii) A function f : I — R is approximately concave with modulus ¢ > 0 if and only if the
function g : I — R defined by g = f — cej is concave.

Theorem 7.1 (i) If f € C[0, 1]is strongly convex with modulus c, then ICﬁ is strongly convex
02\ n—1
with modulus ¢ (1 — —) n .
6 n
(ii) Let f € CIO0, 1] be approximately concave with modulus c, then ICZ is approximately

62 n—1
concave with modulus c (1 — —— | ——.
3.on-2 n

Proof (i) Let f € CJ0, 1] be strongly convex with modulus c¢. Then f — ce; is convex.
According to Theorem 5.1, ICZ f— cICZ e, is convex. Therefore,

KLf) = c(Kber)”.
We have
n—1 2 2

1 0
x —l—;x—l—?’?[l—(l—x)"—x"],

ICZ er(x) =
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and so

n—1 6*n-—1

n 3 n

(Kpe2)"(x) =2 [ =02 +x"72)

It follows that

0 " 92 n—1
(Kpe) " (x) 2 c|2— — ,
3 n

02\ n—
ie., ICZ f—c <1 — —) " ey is convex. This shows that Kﬁ f is strongly convex with

6 n
62\ n—1
modulusc |1 — — " .
6 n
(i1) The proof is similar to the previous one and we omit it. O

8 Conclusions and further work
Letc €e R,n e R,n > cforc > 0 and —n/c = [ € N for ¢ < 0. Furthermore, let

I. =1[0,00) forc > 0and I. = [0, —1/c] for ¢ < 0. Take f : I. —> R given in such a way
that the corresponding integrals and series are convergent.

Let0 < ayx < —. Define
n

o0 K fank
g f. lc] n t5 m
Klel(f:x) = FO)p, o) + > kE 1 pn,k(x)/K fdt, ¢c>0,

7w " An.k
l n it ik
K (f1x) = FO PG + f (;) Pl + 5 3 i) f fdr, ¢ <0,
k=1 n " An.k

with the corresponding basis functions

k
n
. kaef”x ,c=0,
P =1 Kl 8.1)
o xk(l + cx)_(?"'k) c#0
and a®F = f:ol (a + cl), a0 := 1. As further work we propose to investigate the

o [c]
perators Cj, .

We intend to consider all these modified Kantorovich operators in the framework of
generalized sampling operators with applications in medical and industrial domains.
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